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Introduction. An efficient technique of tensor field scalariza-
tion is successfully used while investigating tensor elastic
fields of displacements, stresses and deformations in the lay-
ered structures of different materials, including transversally
isotropic composites. These fields can be expressed through
the scalar potentials corresponding to the quasi-longitudinal,
quasi-transverse, and transverse-only waves. Such scalariza-
tion is possible if the objects under consideration are tensors
relating to the subgroup of general coordinate conversions,
when the local affine basis has one invariant vector that coin-
cides with the material symmetry axis of the material. At this,
the known papers consider structures where this vector coin-
cides with the normal to the boundary between layers. Howev-
er, other cases of the mutual arrangement of the material
symmetry axis of the material and the boundaries between
layers are of interest on the practical side.

Materials and Methods. The work objective is further devel-
opment of the scalarization method application in the bounda-
ry value problems of the dynamic elasticity theory for the
cases of an arbitrary arrangement of the material symmetry
axis relative to the boundary between layers. The present re-
search and methodological apparatus are developed through
the general technique of scalarization of the dynamic elastic
fields of displacements, stresses and strains in the transversally
isotropic media.

Research Results. New design ratios for the determination of
the displacement fields, stresses and deformations in the trans-
versally isotropic media are obtained for the cases of an arbi-
trary arrangement of the material symmetry axes of the layer

materials with respect to the boundaries between layers.

Beéeoenue. Tlpu wuccienoBaHUM TEH30PHBIX YOPYTHX MOJEH
MepeMenIeHU, HapsHDKEHHH U JeopMaIuii B CIIOMCTHIX KOH-
CTPYKIMSAX W3 PA3IMYHBIX MaTepHaoB, BKIIOYas TPaHCBEP-
CaJbHO-M30TPOIHBIE KOMIIO3HTHI, YCIENIHO IPHMEHSIETCS
3G PEKTUBHBIN METOJ] CKaJIpU3aAIMU TCH30PHBIX moei. JlaH-
HBIE [IOJISI MOTYT OBITh BBIPQKCHBI Yepe3 CKaJSIPHbIE IOTEHIIH-
anbl, COOTBETCTBYIOIUE KBa3UIIPOJOJBbHBIM, KBa3UIOIEped-
HbIM M YHUCTO IONEPEYHbIM BOJIHAM. Takas CKausipu3anus
BO3MOJKHA, €CJIH pacCMaTpHBaeMble OOBEKTHI SIBISIOTCS TCH-
30paMH OTHOCHTENIBHO IIOATPYIIIBI OOIIMX MpeoOpa3oBaHHUN
KOOPJIMHAT, KOT/Ia JIOKAIbHBIH apQUHHBIN 6a3uc MMeeT OAuH
WHBapUaHTHBIA BEKTOp, KOTOPBIN COBMAJAET C OCbIO MaTepu-
aNbHON CUMMeTpuH MaTepHaia. [Ipu 35ToM B U3BECTHBIX pabo-
Tax pacCMaTPHUBAIOTCSI KOHCTPYKIIMH, TAE 3TOT BEKTOP COBIIA-
JaeT ¢ HOPMalbi0 K TpaHUNe Mexny ciosmu. OpHaxo, st
MIPAKTUKH MPEICTABIIOT UHTEPEC U IPyrue Cllydal B3aUMHO-
IO PacloJIOKEHUsI OCH MaTepHalbHOW CUMMETpPHUU MaTepuala
U TPAHULIBI MEXKAY CIOSMHU.

Lenbto siBIseTCA AanbHeilee pa3BUTHE IPUMEHEHHS METo/a
CKaJIIpU3allii B 'PAaHMYHBIX 3ajayax JUHAMHUYECKOH TEOpHUu
YIPYTOCTH HA CIy9ad IPOMU3BOJIBHOTO PACIIOJIOKEHHS OCH
MaTepHaTbHOH CHMMETPHH 0 OTHOMICHHIO K TPAHHIE MEXTY
CIIOSIMH.
Memoowl UCcneo008aHusl. [Ipenyaraemsirii Hay4HO-
METOJMIECKHH ammapaTr pa3paboTaH Ha OCHOBE HCIIOJIB30Ba-
HHUs OOOOLIEHHOTO METoJa CKALSIPU3ALUKM JUHAMHYECKUX
YOPYTHX TOJIeH mepeMeleHnid, HalpshKeHuH i nedopMarnuii B
TpaHCBEPCAIbHO-U30TPOIHBIX Cpeiax.

Pezynomamul uccneooganus. IlomydeHbl HOBBIE PacuETHBIE
COOTHOIICHUSI [UIS ONpeIelNeHHs IIoJIed IepeMelleHHH,
HanpspKeHUit U nedopmaiii B TpaHCBEPCaIbHO-H30TPOITHBIX
cpenax Ha CIydJad IIPOHM3BOJIBHOTO PACIIONIOXKEHHSI OCeH Mare-
pHaNbHOM CHMMETPUH MaTepHajioB CJIOEB IO OTHOLICHHIO K

r'paHuam Mexay ClI0sAMHU.
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Discussion and Conclusions. The present research and meth-
odological apparatus are successfully used in determining the
stress-strain state in the layered structures of transversally
isotropic materials, and in analyzing the diagnosis results of
the state of the plane-layered and layered cylindrical structures

under operation.
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Obcyacoenue  u  3axmovenus. llpenyaraeMplii  HaydHO-
METOANYECKUH anmapaT yCHEIIHO HUCIONb30BaH IPH OIpere-
JIEHUH HAIps)KEHHO-Ae(OPMHPOBAHHOTO COCTOSIHUSI B CJIOH-
CTBIX KOHCTPYKLUSX, BBINOJHEHHBIX W3 TPaHCBEPCAIbHO-
U30TPOITHBIX MaTepHajoB, U MPH aHAIN3E Pe3yIbTaToB IHa-
THOCTHKU COCTOSIHUSI IUIOCKOCIIOUCTBIX U CIOUCTBIX IMJIMH-

JPUYECKUX KOHCTPYKUUH, HAXOSIIUXCS B OKCILTYaTallUH.

KiroueBbie cjioBa: METOJ CKaJIsipru3ali, TPaHCBEPCAJIbHO-
H30TPOIIHAA Cpe€aa, aKyCTUYCCKHUE BOJIHBI, KOMIIO3UIIUOHHBIE
MaTepualibl.

Oébpasey ona yumupoganus: Mupomnudenko, U. I1. 0600-
IIEHHBII METOJI CKaSIPU3AIN JTUHAMHYECKUX YIPYTHX MOIei
B TPaHCBEPCAIbHO-N30TPONHBIX Cpellax M €ro HOBEHIE IpUMe-
uernus / U. I1. Mupomandenko, B. I1. Cuzos // Bectuk JloH-
CKOTro roc. TexH. yH-ta. — 2018. — T.18, Ne3. — C. 258—264.
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Introduction. When investigating the displacement, stress, and strain tensor elastic fields in layered struc-
tures of various materials, including transversely isotropic composites [1-3], an efficient method for scalarization
of tensor fields proposed in [4] is successfully used. Then, the checked fields can be expressed through scalar po-
tentials corresponding to quasi-longitudinal, quasi-transverse, and transverse-only waves, respectively. This sca-
larization is possible if the objects under consideration are tensors relative to the subgroup of general coordinate
transformations, when the local affine basis has one invariant vector that coincides with the material symmetry
axis of the material. Structures where this vector coincides with the normal to the boundary between layers are
considered in [5]. However, on the practical side, other cases of the mutual arrangement of the material symmetry
axis of the material and the boundaries between layers are of interest.

Materials and Methods. The work objective is the further development of the application of the scalari-
zation method for the boundary problems of the dynamic elasticity theory to the cases of an arbitrary arrangement
of the material symmetry axis with respect to the boundary between layers.

At first, in the coordinate system with an admissible reference point, there are components of the dis-
placement and stress tensors relative to this frame. Then, knowing all the components of the tensor fields in the
given reference coordinates, we can find the normal and tangential displacement and stress components corre-
sponding to the area lying on the boundary by passing to the coordinate system associated with the boundary be-
tween layers. These components are used later to satisfy the boundary problem conditions [5].

To dig deeper into the foregoing, we will discuss it in the context of solving problems for the plane-
layered structures.

Let us consider the case when the principal symmetry axis of a transversally isotropic material makes an-
gle o with the normal of the plane boundary surface between the layers (Fig. 1). At this, we assume that the field

is independent of the coordinate; .
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Fig. 1 Computational pattern
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Design ratios
In accordance with [4]:

(L) (L) 1 ()
U, =(Dl V,+8 D, v,j¢+ D=V, +g8 |wtfg@ V-8 V),
g
(L) (L) (L) (L)
o, =(d, g, +d, 88 +d, 8V \V,+d,V,V Yo+ (M

(1) @ @ (1)
+(d, g;V, +d,d; 8‘/. V, +d, S(IVJ.) +d,V, V,Vw+

+2\gla, (V, 85V =V 8 VE) +a,(8 85V -8/8 VWV, Tv.
Components of the tensor fields of displacements U, and stresses o, in the coordinate system associ-

ated with the anisotropy of the material x’,x* can be written as follows:
)
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Here, the potentials of quasi-longitudinal ¢ and quasi-transverse w waves should satisfy the wave equation

w
with the corresponding wave number g (g or g ), and they have the form:

Ly o
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w=we TP,
Where §2+[32=g2; (A+g2)¢:O. (4)
w
The coefficients D and d entering (2) are determined in [5] and are as follows:
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(7)
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where C; are elasticity moduli of the material written down by the contracted index [6-7].

In the formulas (5) and (6) for these coefficients:
cos0 sin®
=& p=—""—g.; g:L~
cos(o+0) cos(o+0) cos(a+0)
The boundary conditions of the dynamic elasticity problems include the components of displace-

ments U, U_, and stresses G, G, written in the coordinate system related to the boundary (Fig. 1).

The reference coordinates Z , ¥ andx’, x*, u, are interlinked through the relations[8]:
z =—x"sino+x’ cosa; X = x* coso+x” sina (8)
or:
x¥ =Xcosa—Zsina; x’ =¥sino+Z cosa. ©)
Using relations (8) and (9), from the formulas [5]:
U.:axn.q ;6..:%%6 ,
e MY o ax! ™

where the coefficients with a bar tab refer to the coordinate system z , x (let us call them “new” coordinates),

(10)

and without a bar tab — to the coordinate system x’, x* (“old” coordinates).
We can write the components of the displacementU_, U, and stressG_, G, fields entering the bounda-
ry conditions through the components (2):
U. =cosal, —sinaU, ;
U, =sinalU, +cosal,; (11)

= 2 . ) .
G, =C08 00, —Sin200 , +sin” 0G,, ;

G, =%si112oc(cru—cs,<,<)+(l—23in2 )G . (12)
In the “new” coordinates, the potential functions (3) have the form:
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™
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>

and the displacements (11) are written as follows:
) )

_ W w W Mg oo W (g2 (D
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Here, the wave numbers §, B, g are determined with respect to the “old” frame (Fig. 2).
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Fig. 2.Wave numbers “relations” diagram

The wave numbers &, B which are the projections of the vector g onto the “old” frame x’, x*, and the
wave numbers g _, g, that are the projections of the vector g onto the “new frame” z, X are interlinked

through the following relations:
cos0 _ cosO o sin® _ sin®

p

- sin(a.+ 0) £ cos(a +0) £ P sin(o. + 0) £ cos(o+0)

— - g){ — gl . (15)
sin(a+0) cos(a+0)

Substituting (15) into (14), we obtain expressions for displacements in the “new” coordinates:

_ w W o _ @ )
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U, =ig (LS00 (| ) SIS g oy St +D)c0sD " (16)
cos(o+0) cos(o+0) cos(o.+0) cos(o.+0)
where, in accordance with (13) and (15):
_ W @ m_ 1
d=de e w=we' e 17)

Similarly, using (2), (14), and (15), from (12), we obtain the relations for the stress components enter-

ing the boundary problem conditions:
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6. ={cos’o[d,+d,—(d,+d,)————g*]+sin 20 di+d,)——— +sin’ a d-d, ——— N+
= =1 [d,+d,=(d, 4)cosz(oc—i-e)g ] ( )cos (oc+6)g ( sz((x+6)gz)}¢
T (1) (1) @) (D) 2 @) i @ 1@ @D 2 @)
oo a—20 o @ drdi-d,— 0 g2y sinaq—00 i Lyl 8 g2,
cos(a+6) cos”(a+0) cos(a +0) 2 cos“(a+0)
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+sin 200 cosH g (d- czos 0 @)l
cos(a+6) cos”(a+0)
@ @ (WL 2 @ W in? <L> @ W @ _
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2 cos(o.+0) cos’(o.+0) cos(a+0) 2 cos” (o +0)

Thus, the displacement and stress components entering the boundary conditions (the coordinate sys-
temz, X is associated with the boundary) are determined by the relations (16) - (18) where the projections of

the wave vector g in the coordinate systemsZ, X and x’, x* are linked through the relations (15).

The matrices C describing the wave properties of the layers [9-10] used in [5] and being the key ele-
ments in the development of concrete solutions to the boundary problems in the layered structures in this case,

when the axesZ, X form the angle o with the frame components ¢’, €, have the form:

cz[% ij, (19)
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where
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za,—a,———-&,
cos(aa+0) 2 cos”(a+0)

Where a. =0, the elements (21) of the matrix C coincide with the corresponding elements of this ma-

cos(a+0) cos’ (o +0)

trix for the case of coincidence of the normal to the boundary and the material symmetry axis direction that are
represented by the formulas (3.82) in [5]. If a = g , then we get the case when the symmetry axis of the materi-

al is tangent to the boundary surface, and the formulas (21) coincide with the expressions (3.89) - (3.91) in [5].
Knowing the expressions for matrices C , one can construct solutions to various problems using the research
and methodological apparatus described in [5].
Conclusions. The present research and methodological apparatus were successfully used for determining the
stress-strain state in the layered structures made of transversely isotropic materials, and for analyzing the diagnostics
results of the state of flat-layered and layered cylindrical structures in operation.
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