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Introduction. The investigation of the contact problems for
cylindrical bodies is urgent due to the engineering contact
strength analysis on shafts, cores and pipe-lines. In the present
paper, a new contact problem of elastostatics on the interaction
between a rigid band and an infinite two-layered cylinder,
which consists of an internal continuous cylinder and an outer
hollow one, with a frictionless contact between the cylinders,
is studied. The outer cylindrical band of finite length is press
fitted. By using a Fourier integral transformation, the problem
is reduced to an integral equation with respect to the unknown
contact pressure.

Materials and Methods. Different combinations of linearly
elastic materials of the composite cylinder are considered.
Asymptotics of the symbol function of the integral equation
kernel at zero and infinity is analyzed. This plays an important
role for the application of the analytical solution methods. A
key dimensionless geometric parameter is introduced, and a
singular asymptotic technique is employed to solve the inte-
gral equation.

Research Results. On the basis of the symbol function proper-
ties, a special easily factorable approximation being applicable
in a wide variation range of the problem parameters is sug-
gested. The Monte-Carlo method is used to determine the
approximation parameters. The asymptotic formulas are de-
rived both for the contact pressure, and for its integral charac-
teristic. Calculations are made for different materials and for
various relative thickness of the cylindrical layer including
thin-walled layers.

Discussion and Conclusions. The asymptotic solutions are
effective for relatively wide bands when the contact zone
length is bigger than the diameter of the composite cylinder. It
is significant that the method is applicable also for those cases
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Beeoenue. AKTyadbHOCTb HMCCIEJOBAHUS KOHTAKTHBIX 3a/1ad
Ul IWINHAPUYECKUX Tel OO0yCIOBICHA HEO0OXOIUMOCTBHIO
MPOBE/ICHNS] MH)KCHEPHBIX PAacyeTOB HA KOHTAKTHYIO IMPOY-
HOCTh BaJIOB, CTEpKHEH M TpyOOmpoBoaoB. B Hacrosmieii pa-
60Te M3ydaeTcsi HOBask KOHTAKTHAs 3ajadya CTaTHYECKOH Teo-
pHUH YIPYTOCTH O B3aHMMOJIEHCTBUH KECTKOTO OaHIaxa ¢ Oec-
KOHEUHBIM JIBYXCJIOWHBIM IIWJIMHIPOM, COCTOSIIMM W3 BHYT-
PEHHETO CIUIOIIHOTO M BHEIIHEro MOJIOTO IMHAPOB, MEXIY
KOTOPBIMU  BBINIOJNHSIOTCSL  yCJIOBHS IJIAJKOTO KOHTAKTa.
HapyxHbIif DVMIHHAPHYIECKUH OaHAaX MOCaXEH C HaTSIrOM U
UMeeT KOHEUHYIO IIHHY. IIpu moMouy WHTerpanbHOro Impe-
obpasoBanusi Dypee 3agaya CBOAUTCA K HWHTETPAIBHOMY
YPaBHEHUIO OTHOCHUTEIBHO HEHM3BECTHOI'O KOHTAKTHOTO aB-
JICHUSL.

Mamepuanvt u memoowi. PaccMaTpuBaroTcs pa3Hble KOMOWHA-
UM JINHEHHO-yIPYTHX MaTepHajoB COCTABHOTO IMIMHIPA.
Hccnenyercss acMMNTOTHKA (QYHKIUHM-CHMBOJIA SIIpa HHTE-
TPAILHOTO YPaBHEHMS B HyJNe M OECKOHEYHOCTH, MTIPAroIias
BOKHYIO POJIb JUIS HCIOJIB30BAaHMS AHAJIMTHYECKAX METOMOB
peurenus. s penieHns: HHTErPaIbHOTO YPaBHEHUsI BBOAUTCS
OCHOBHOM 0e3pa3MepHBIIi T€OMETPUIECKUIT ITapaMeTp W IpH-
MEHSIETCS] CHHTYJISIPHBIA aCHMITOTHYECKUI METO.
Pesynvmamut ucciedoganus. B cOOTBETCTBHH CO CBOHCTBaMH
(hYHKIMH-CUMBOJIA TIPEIUIOKEHA CIeIHabHAs JIETKO (hakTo-
pu3yeMasl annpoKCUMAIHs 3TOH (QYHKIMH, MPUTOJHAS B IIH-
POKOM JMana30He M3MEHEHHWs mapaMeTpoB 3amadn. [Ipm mo-
Momu Merona MonTe-Kapiao paccunTaHel mapameTpbl 3TOMH
anmpokcuMaruu. [TomydeHsl acHMITOTHYeCKre GOPMYITBI KaK
JUIA KOHTAKTHBIX }IaBHeHHﬁ, TaK U JJId UX HHTeraﬂbHOﬁ Xa-
PaAKTECPUCTHUKH. Pacuernr CIACJIaHbl IJI1 pa3HbIX MAaTCpPUAJIOB U
OTHOCHTEJBHBIX TOJIIUH IIIHHAPHIECKOTO CJIOS, B TOM YHC-
JIe 1711 TOHKOCTEHHBIX CJIOCB.

Obcyarcoenue u 3axnovenus. TlonydeHHbIE aCHMITOTHYECKHE
peuteHust 3Gp(EKTUBHBI Ui OTHOCUTENBHO IIMPOKUX OaHIa-
XKeH, Korja pa3Mep 0O0JacTH KOHTaKTa MPEBBIIACT JUAMETP
COCTAaBHOTO NWIMHApA. BakHO, YTO HCIIONB3YyeMBI METO[
OCTacTCd NPUMEHHUMBIM U IS CIIy4acB, KOorjaa BHEITHUH nu-
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when the outer cylindrical layer is treated as a cylindrical
shell. The asymptotic solutions can be recommended to engi-
neers for the contact strength analysis of the elastic barrels
with a flexible coating of another material.

Keywords: elasticity theory, contact problems, composite
cylinder, approximation, asymptotics.
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JIMHAPUYECKUHN CIIOM MOXHO paccMaTpuBaTh Kak LMWJIMHAPHU-
YEeCKyI0 000JIOUKY. ACHMITOTHYECKHE PELICHUS MOXHO pe-
KOMEHJIOBaTh MHXKEHEpaM I aHalM3a KOHTAKTHOM IpOdYHO-
CTU YIpPYTHX JeTaneil HUIHHAPUYIECKOH (OPMBI C YNPYTHUM
MOKPBITHEM M3 IPYroro MaTepuaa.

KiioueBble c10Ba: TEOpUs YNPyrocTH, KOHTAKTHBIC 3a]a4H,
COCTaBHOM IIMIIMH/IP, AIIIPOKCUMAINS, aCUMIITOTHKA.
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Introduction. A dynamic contact problem for a prestressed elastic liquid-filled cylinder is studied in the paper
[1]. Static contact problems for homogeneous elastic cylindrical bodies were considered in the papers [2-6] using regu-
lar and singular asymptotic methods. It was found [4] that for cylindrical bodies, kernel symbols of integral equations of
the contact problems are characterized by a more complex asymptotic behavior at zero and infinity than, for example, in
contact problems for resilient strip. This required applying complicated approximations of the symbols easily factored
by functions when using the singular asymptotic method. The approximation for hollow thin-walled cylinders is particu-
larly complicated [6]. The suggested approximation [6] is advantageous even for the cases when a thin-walled elastic
cylinder can be considered as a cylindrical shell [7]. The contact problem on the interaction of an elastic ring and a flex-
ible cylinder was studied [8]. The elastic cylinder wear was analyzed in the paper [9]. This work objective is to obtain a
solution to the contact problem for a composite two-layer elastic cylinder on the basis of a singular asymptotic technique
and an effective approximation of the kernel symbol of the integral equation.

Materials and Methods. In the cylindrical coordinates r, z (with axisymmetry), we consider an infinite elastic
composite cylinder of outer radius R which consists of an inner solid cylinder of radius R/ <R with elastic parameters
v1, G (Poisson's ratio and shear modulus) and an outer cylindrical layer with elastic parameters v, G. Between the layer
and the inner cylinder, the sliding binding conditions are met. We consider the contact problem on the interaction of the
described composite cylinder and a rigid band in the domain |z|[<a. For the given band preload 9, it is required to esti-
mate contact pressures o, =—¢(z) (jz| <a). Using the integral Fourier transform to solve the properly mixed (contact)

boundary-value problem for Lame’s elastic equilibrium equations and introducing non-dimensional notations (the
primes are further omitted)

R 5 z q(©)(1-v) G, R
7\4:_9 8/:_5 /:_9 ! ! = 9 8:_]’ k:_l<l’ 1
. . o P ©) e G R (1
we obtain the following integral equation for g({):
1 ©
| q(&)k[%jda =78 (G<D. k()= [ L(w)cosqur)du, @)
-1 0
where the kernel symbol takes the form
d d
L(“):_jll_ij 3)

d= (A55A66 - AssAas )[(A12A31 - A11A32 )(A23A44 - A24A43) -
_A13A31 (A22A44 - A24A42) + A14A31 (A22A43 - A23A42 ) +

+A13A32 (A21A44 - A24A41 ) - A14A32 (A21A43 - A23A41 )] +
+A35A56 [(A23A44 - A24A43 )(A12A61 - A11A62 ) +
+(A22A44 - A24A42 )(A11A63 - A13A61) + (Azz A43 - A23A42 )(AMAG] - Al 1 A64 ) +

+(A21A44 - A24A41 )(A13A62 - A12A63) + (A21A43 - A23A41 )(A12A64
+(A21A42 - A22A41 )(A14A63 - A13A64 )]’

d, = (A13A44 - A14A43 )[Asz (AS6AGS - ASSAGG) - A35A56A62 1-
_A35A56 [AIZ (A43A64 - A44A63 ) - A42 (A13A64 - A14A63 )],

- A14A62 ) +
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dz = _(A13A44 - A14A43 )[ASI (A56A65 - A55A66 ) - A35A56A6l ] +
+A35A56 [An (A43A64 - A44A63) - A41 (A13A()4 - A14A63 )]9

A, =ul,-20-V)I,, A, =-uK,~2(0-V)K,, A,=ul,, A,=-ukK,,
A, =GB=2Vul, - + 41—V, A, =—(3—-2vuK, -’ +4(1-V)K,,
Ay =u(l, —ul,)), A, =-u(K, +uk,),

A, =20-WI, A, =20-V)K', A,=-41-v)I,

A, =ukl; -2(1-v)I;, A, =-ukK, -2(-V)K;, A,=ul’, A,=-ukK],
A, =ukl] —2(~v)I*, A, =ul,

A, =G—2v)ul’ — Wk +4(1- VK,

A, =—G—2v)uK; — Uk +4(1-v)kHK,

A, =uk'IT =L, A, =-uk'K -u’K],
A, =—[3—2v )l — Pk + 41—V, Ay = —eu(IT k™ —ul?),
I,=1w), K,=K, W), I,=1uk), K, =K, (uk), n=0, 1.

Here, 1,(u), K,(u) are modified Bessel functions. The dimensionless parameter A characterizes a relative width
of the contact region.
Function L(u) at zero and infinity behaves as follows:
(v=D(1+e-v, +&v,)+k’g
2(v=D[(v+D)(1+e—v, +ev,)+k’g,] ’

}gr(} Lw)=L(0)= g =(v+D(v, =D —e(v-1)(v, +1). 4

L(u):l+22+o(u’2) (u > +0), D=1-2v.
u u

At k=0, value L(0) is the same as the known value for the homogeneous solid cylinder [4].

To solve the equation (2), we apply the singular asymptotic method [3,4] effective for sufficiently small values
of A. To apply the Wiener-Hopf technique [10], we used an easily factorable approximation of the function L () (3) by
the expression

L(u)= )

u’+

i+ B o D u? + A*G? oo A’B o D

c P\ st ) w46 L) P10t )
At calculations, two cases were taken: 1) iron inside, zinc outside (e=2.126, v=0.27, v;=0.28); 2) aluminum
inside, zinc outside (e=0.779, v=0.27, v;=0.34). Table 1 gives the approximation parameters values (5), its relative error
on the real axis 0 (%) calculated using the Monte Carlo method for different relative thicknesses of the outer layer £.

Table 1

Approximation parameters

A B G 0 4 | B | @ 0
k Iron inside zinc Aluminum inside zinc
0.01 1.230 1.549 4.638 2.5 0.451 6.113 3.394
0.03 1.291 1.563 4.042 2.5 0.888 5.977 3.029
0.05 1.296 1.851 5.006 2.399 1.467 2.524
0.07 1.258 2.057 6.376 0.720 7.945 2.512
0.09 1.024 4.360 92.381 1.481 9.890 9.369
0.099 3.540 24.178 5.347 1.178 5.535 235.946 10
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Considering, as follows from (4),

limL(0)=— 1~
k1 2e(1-v)(1+v))

(6)
then, in the case of small ¢, the approximation (5) for thin outer layers is to be complicated by increase in

number of the parameters included into it.

Research Results. As a result of applying the Wiener-Hopf technique, the principal term of the asymptotic solution to

the integral equation (2) for small A can be constructed in the form of

"@%{“(IKC]“’(IXC)‘L(IO)} (Ixk<D), )
o(s) = %, I(s) = —%j;W(s 1)K, (10°1)dr,
W(s) = eXpJ(EBS) + e erf(JBs) +(— - le(AG 5),
O(F,s) = \/_exp< —Fs)erf(\[(B—F)s) +—erf(«/B_s>

Here, erf(x) is error function integral.

For the integral characteristic of the solution
1
P=[q(©)dg 8)
-1

on the basis of the formulas (7), we obtain the expression

P 2 2 2 2 D 2
g—m[Z(xj-FJ(xj}—m, J(S)——;.([Z(S—T)KO(IO T)dT, (9)
Z(S)ZL (S_L_Flj erf(«/Bs + iexp(—Bs) +(l—1jT(AG S)

JB 2B C \an A o

T(F,s):\/%{(s 213 é ;j erf(\/Bs +\/:Bexp( Bs)}
_[1_CN\XPCES) o [ B=F)s
(1 FJ merf( (B—F)s).

Calculations show that the asymptotics (7), (9) error for A<l does not exceed (5+0) %, where 0 is the ap-
proximation (5) error.

Table 2 shows the values of the integral characteristic P8 calculated from the formulas (9) at different values

of kand A.
Table 2

Values of P&

)= N 0.25 2 | v | os | o2

k Iron inside zinc Aluminum inside zinc
0.1[]| 3.25 5.77 10.9 21.1 3.22 5.71 10.8 20.9
0.03 3.37 6.02 11.4 22.2 3.20 5.65 10.7 20.7
0.05 3.67 6.65 12.7 24.8 3.09 5.51 10.5 20.4
0.07 4.22 7.78 15.0 29.4 2.96 5.33 10.2 19.9
0.09 5.60 10.3 19.6 38.2 2.93 5.28 9.99 194
0.099 6.91 12.3 23.2 449 2.99 5.31 9.94 19.2
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Discussion and Conclusions. As Table 2 shows, with decrease in A, the integral characteristic of the contact
pressures increases, which is associated with the extension of the contact area. For the case of a stronger material inside
zinc (iron), contact pressures are higher than for aluminum inside zinc.

With thinning the zinc layer around the iron (with increasing k), the contact pressures increase essentially. This is
hardly in evidence during thinning the layer of zinc around aluminum, since the modulus of longitudinal elasticity (and
also shear modulus) of aluminum is slightly less than that of zinc. The asymptotics found can be recommended to
engineers for analyzing the contact strength characteristics of the coated cylindrical parts.
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