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Introduction. Algorithms for the parallel binary tree construc-
tion are developed. The algorithms are based on sorting and

N

described in a constructive form. For the element set, the

T(R)=0() ,,q T(R)=0(log, N)

time complexity has esti-

2
mates, where R=(N"-N)/2

is the number of processors.
The tree is built with the uniqueness property. The algorithms
are invariant with respect to the input sequence type. The work
objective is to develop and study ways of accelerating the
process of organizing and transforming the tree-like data struc-
tures on the basis of the stable maximum parallel sorting algo-
rithms for their application to the basic operations of infor-
mation retrieval on databases.

Materials and Methods. A one-to-one relation between the
input element set and the binary tree built for it is established
using a stable address sorting. The sorting provides maximum
concurrency, and, in an operator form, establishes a one-to-one
mapping of input and output indices. On this basis, methods
for the mutual transformation of the binary data structures are
being developed.

Research Results. An efficient parallel algorithm for construct-
ing a binary tree based on the address sorting with time com-

plexity of T(N) = Ollog, N) is obtained. From the well-known
analogues, the algorithm differs in structure and logarithmic

estimation of time complexity, which makes it possible to

achieve the acceleration of ?4V R , @ 21 order analogues. As
an advanced version, an algorithm modification, which pro-
vides the maximum parallel construction of the binary tree
based on a stable address sorting and a priori calculation of the

stored subtree root indices is suggested. The algorithm differs

in structure and estimation of /(=0 ime complexity. A

similar estimate is achieved in a sequential version of the mod-
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Bseoenue. Pa3zpaboTaHbl arOPUTMEI MTapajuIeIBHOTO HOCTPO-
€HHSI TBOMYHOTO AepeBa. ANTOPUTMBI BHIIIOTHEHBI HA OCHOBE
COPTHPOBKH M ONHCAHBI B KOHCTPYKTHBHOI (opme. 11t MHO-

N

OJIEMEHTOB BPEMCHHAA CJIOKHOCTH UMCEET OLICH-

T(R) =0, T(R)=Olog, N)

JKECTBa M3

K1 rae 4Yucio Ipouecco-

2
pOBR =W =miz JlepeBo CTpOMTCS CO CBOMCTBOM €IWH-
CTBEHHOCTH. AJTOPUTMBI MHBAapUAHTHBI OTHOCHUTEIBHO BHIA
BXOJHOW TOCNeNoBaTeNbHOCTU. Llenpio paboTel SABISLIACH
pa3paboTKa M HCCIeJOBaHUE CIIOCOOOB YCKOPEHHMs Ipolecca
OpTaHM3alMk W TPeoOpa3oBaHMil JPEBOBUIHBIX CTPYKTYp
JTAHHBIX Ha OCHOBE AJTOPUTMOB YCTOMYMBON MaKCHMaJIbHO
HapayieTbHONH COPTUPOBKU U MX NMPUMEHEHHs K 0a30BBIM
orepanusM HHGOPMAIIMOHHOTO TIOMCKA B 0a3aX JTaHHBIX.
Mamepuanvt u memoovl. B3aMHO OIHO3HAYHOE COOTBET-
CTBHE MHOXECTBA BXOJHBIX 3JIEMEHTOB H ITOCTPOEHHOTO IS
HEro JBOMYHOTO JiepeBa YCTAHABIMBACTCS MHPU MOMOIIN
yCTOWUMBO# anpecHON copTHpoBKU. COpTHpPOBKAa obOnamaer
MaKCHMaIbHBIM MapaiIeIM3MOM, B OIEPaTOPHOH Qopme
YCTaHABIIMBACT B3aHMHO OJHO3HAYHOE COOTBETCTBUE BXOJ-
HBIX U BBIXOAHBIX MHAEKcoB. Ha 3Toit ocHOBe pa3pabarhiBa-
I0TCS. METO/IbI B3aMHOTO MPeoOpa3oBaHMs IBOMYHBIX CTPYK-
Typ AaHHBIX.

Pesynomamor uccneoosanus. TlomydeH 3¢GeKTHBHBIA mapa-
JIETbHBII alNrOPUTM ITOCTPOSHHMS TBOUYHOTO JiepeBa Ha OCHOBE
aJpeCHOM  COPTHPOBKH  C

BpeMeHHOﬁ CJIO)KHOCTBIO

T(Nz) = O(log, N). OT U3BECTHBIX aHAJOTOB AJTOPUTM OTIIH-
YaeTcsi CTPYKTYPO U JIOrapu(pMUYECcKoil OLIEHKOH BpEeMeHHOI
CJIO’KHOCTH, IO3BOJIAIOIIEH IOCTUraTh yCKOPEHHs aHaIOroB
nopsiaka O(N®), a>1. B kadecTBe ycOBEpUIEHCTBOBAHHOTO
BapHaHTa MpeUIoKeHa MOMU(UKAINS aJrOpUTMa, 00ecIedH-
BaIOIasi MAaKCUMAJILHO T1apajljIeIbHOE TIOCTPOEHUE IBOMYHOTO
JlepeBa Ha OCHOBE YCTOHYMBOW agpecHOM COPTUPOBKH U
aIpUOPHOrO BBIYKCICHUS XPAHUMBIX MHAEKCOB KOpPHEH MOJX-
JIEpeBbEB. AJITOPUTM OTIHYAETCA CTPYKTYpOH M OIEHKON
BpeMeHHOH cinoxHocTH 7(1) = O(1). AHanoruyHas OIeHKa

JIOCTHTACTCsl B MOCJICAOBATEIILHOM BapHaHTEe MOIU(PHIIUPO-
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ified algorithm, which allows obtaining the acceleration of

O(N") o> 1

known analogs of order.

Discussion and Conclusions. The results obtained are focused
on the creation of effective methods for the dynamic database
processing. The proposed methods and algorithms can form an
algorithmic basis for an advanced deterministic search on the
relational databases and information systems.

Keywords: data structures, data processing algorithms, binary
tree, algorithms for parallel sorting.
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BaHHOTO aJrOPHTMa, YTO MO3BOJSET JOCTHIaTh YCKOPESHUS
W3BECTHBIX aHAIOTOB mopsiika O(N*), o> 1.

Obcyscoenua u  3akmouenue. IlodydeHHbIE pPE3yNbTAaThI
HAIpaBJICHbl Ha OpraHu3anyio 3G (EeKTHBHBIX CIOCOOO0B THHA-
MHYECKON 00paboTku 0a3 maHHBIX. [Ipe/ioKeHHbIe CIIOCOOBI
Y alITOPUTMBI MOTYT COCTaBHUTh aJITOPUTMUYECKYIO OCHOBY JIJIS
YCKOPEHHOTO JICTCPMHHUPOBAHHOTO TIOMCKA B PEISIIMOHHBIX

ba3ax JJAHHBIX U I/IHq)OpMaL[I/IOHHLIX CUCTCMax.

KnioueBble ciioBa: CTPYKTYyphl JaHHBIX, aJrOpUTMbI oOpa-
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Introduction. There is a tendency to the convergence of parallel information processing technologies and various
processor architectures in the field of modern high-performance computing. Despite the variety of processor architectures and
ways of presenting information, the idea of parallel processing is one of the most important tasks of computer science to in-
crease the data-rate. To accelerate processing speed, the authors propose to use a stable address sorting algorithm with maxi-
mum parallelism.

Method of parallel construction of a binary tree. For 4= ( Ay, Ayy ey aH) array, the comparison matrix is developed
according to [1, 2]. a,, element of this matrix is defined as
+, a >a,
Jj i
a,, =sign (a/. —a[.)z 0, a =a,

- a <a
J 1

>

where 7, j=1,2, ...,n.
a, element in C:(co, Clyvns CM) sorted array gets the number kzga,j , where a,, >0 ati< j,a, >0 at

i> j. All comparisons are mutually independent; the sorting is stable and as parallel as possible with the estimate of

2
T (%) = 0(1) time complexity. On this basis, you can perform a parallel construction of a binary tree [3, 4].

Suppose we are given a set of N elements, all elements of which are represented as a single-dimension array.
On the set, < ordering relation is assumed. It is required to convert the array into a binary tree. For this, the described

array sorting is performed. C medial array cell has j,_ = [%—‘ index and is taken as the root of the tree [3]. All C array

components to the left of C, form a left subtree (left subarray). The components to the right of C, form a right subtree

(right subarray). The left subarray is interpreted as a new array. It similarly contains

1 1 . .
T s = lrzgg—‘ —lj-l = [LPT—‘ root index. Here, C, i the left-nearest descendant of the root of C| tree. All

components of the subarray to the left of C, ~ ~ donotexceedC,  ;all components of the subarray on the right are

. . . N I(| N . Jo 1] .
. - Simultaneously, the root index of j_ . ., = By + Sl 7 “L||=j,+ 2 right subarray

not less than Cj

8. 1

is determined. At this, C,  is the nearest descendant of the root of C, tree. The process recursively resumes in

each pair of the adjacent subarrays:



Romm Ya. E. and the others. Parallel construction of binary tree based on sorting

Pomm A. E. u op. Ilapannensnoe nocmpoenue 060utH020 0epeea Ha 0CHO8e COPTHPOBKH
]

; _ ']cp.:u:m e 1
']cp.uea. 12,1 - 2 B
Jopren v — 1
Jeposen 122 = Jopen. 127 +|V B >

. I ]cp.npan. 1727 - Jcp,npas. 1272 _1
]cp.npas. A ]cp.npaB. 172 2 4

J, o -1
. . p.mpas. 1/2 cp.mipas. 1/2 .
‘]cp.npas. 1/2',2 _]cp,npas,l/Z”‘ +}V > 1_13 25 LR IngN'

2

As a result, all components of the lower level of the binary tree are formed in O(l) time. The process can con-

tinue until log, N exhaustion of the levels of the binary tree.

The number of algorithm steps for constructing the binary tree in a parallel form is the sum of the sorting step
and the step sequence when calculating the indices of the roots of subtrees. From here,
T(R)=log,NT+1=0(log, N), where R is the number of processor elements, 7is the time of binary comparison,
and 7Tis the time for calculating one root index. R number of processors is determined by the maximum AN parallel
sorting of input elements, and then — through the calculation of indices with doubling by the number of tree levels.

When calculating the indices, this number will not exceed 2" = N /2, therefore the number of processors involved

2

in sorting is sufficient. As a result, R will be less than [3]. Finally, the time complexity of the parallel algo-

rithm for constructing the binary tree will be

T(sz—zv) =0(log, N).

Example [3]. The binary tree for an array of 15 elements
X:(14, 9, 24, 7, 11, 20, 28, 3, 8, 10, 13, 17, 21, 25, 30) is constructed as follows.
The result of the sort is the array

C=(3,7,8 910,11, 13, 14, 17, 20, 21, 24, 25, 28, 30)

The root of the binary tree is the medial element of C array: j, ={%—|=8, C, =14 The left subarray has

8-1 . L
Jo = {——l=4 root, C, =9 element is the root of the left subtree, which is the left-nearest descendant of C.
p. sieB. 1/2 2 4 Jep

. . 8—-1 . .
medial component. The right subarray has jcp. pas. 12 = 8+[T—‘ =12 root, C,, =24 element is the root of the right
. . 4-1 .
subtree and the right-nearest descendant of C, root. Further, j =|—1|=2, C, =7 element is the root of
£ p. nes. 1/4,1 2 2
the subtree on the left and the left-nearest descendant of the root of C, = subtree. In the right subtree, the root has

4-1 . . . .
Je =4 +|V——‘ = 6 number, C, =11 element is the root of the right subtree and right-nearest child of C,
p. JaeB. 1/4,2 2 6 Jep. ne

Similarly, to the left of C, " j o 141 = 12—[$—‘=10 root is determined, C,, =20 element is the root of
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the left subtree from it and the left-nearest descendant of C,  subtree root. For the subarray, adjacent to the right one

pas. |

. 12-8-1 . .
discussed above, the root has j_ .14, :12-{7—1214 number, C, =28 element is C, = right-nearest

descendant and the right subtree root. The lower level of the tree will be formed by the descendants remaining to the left

and to the right of each of four identified roots (Fig. 1):

0 level

] =12

=4 /cp. mpas. 1/2

jcp. nes. 1/2

1 level

]cp. nes. 1/4,1 =

]cp. npas. 1/4,1 = 14

-/cp. new. 1/4,2 6 Jcp. npas. 1/4,2

2 level

Jep. nen g1 = 1 Jep. nen 18,2 =3 Jep. nen. 18,3 = 5 Jep. aen. 18,4 =7 Jep. npas. 18,1 = 9 Jop sz = Jop mpan 183 =13 Jep npan. 1.4 =

Fig. 1. Example of constructing binary tree based on sorting

There is Theorem 1 [3]. For a single-dimensional array of N components, a binary tree can be built in parallel

using sorting with T (NTZJ =O(log, N) time complexity.

The used sorting is stable; the binary tree is implied to be constructed with uniqueness. The indices of all me-
dial components (all roots of subtrees) can be identified [3]. Considering this modification, all the indices from the
above example for N subtree values can be calculated synchronously and mutually independently. This leads to a sin-
gle estimate of the build time of the binary tree. For each specific V, all the values of the tree node indices can be cal-
culated a priori and stored in the computer memory. With their help, the sorted components can be synchronously and
mutually independently addressed to all the tree nodes. Formulas for calculating the node indices depend only on the
total number of N input elements and are in no way dependent on their mutual arrangement after the stable sorting. To
simplify memory addressing, the computed indices can be ordered at each level and arranged in ascending levels. Then,
the entire population of the ordered node indices is read from N key. It only remains to arrange the sorted tree elements
by the read-in addresses. Based on the above, there is

Theorem 2. For a single-dimensional array of N components, a binary tree can be built in parallel using sorting and

2

prior calculation of indices with T (7) = 0(1) time complexity.

The following unified table contains the formal estimates of time complexity of sequential and parallel algo-

rithms for constructing a binary tree versus the proposed algorithms.
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Table 1

Comparative estimates of time complexity of sequential and parallel algorithms for constructing binary tree versus

proposed algorithms
Accelerati h i
. . Algorithm time Acceleration when using unit C(,:e er? lo,n whett usmg,
Binary tree algorithm . . . ) logarithmic time-complexity
complexity time-complexity algorithm .
algorithm
Algorithm of A. il ~ e ~ el
- L] T N * T N*
Lagana and V. Kumar T=0(Nk j [5] =0T ?zO e N =0(NIn2)
(2004) [5] 08:
Algorithm of P. P 7 N?
T _ 2 L _ — 2
Chalermsook (2015) T=0(N") [6] = O(N?) -=0 T O(N’1In2)
[6]
. . ~ ~ 7"'., 3
Polynomial algorithm T:0(N3) 7] 120(N3) I_o N :O(N3 1n2)
(2016) [7] T T log, N
“Left child — right y 7 7 N
sibling” algorithm T=0(N") [8] -=0(N?) 770\ |=o(V'n2)
(2014) [8] r °¢:
Pattern-based T= 0(|D| log, D) i _0 |D|log, D i _o |D|log, D
algorithm (1991) [9] [9] T 1 T log, N
The presented
algorithm with
logarithmic estimate T =0(log, N) [3] - _
of time complexity
(2015) [3]
The presented
algorl'thm with 'smgle -0 (1) . B
estimate of time
complexity (2015) [3]

In Table 1: D is capacity of the template dictionary, N is the number of input elements of the binary tree, &

is the dimension of the space in which sorting is performed.

The table shows that the proposed algorithm with a logarithmic estimate of time complexity abstractly im-
proves estimates of the known algorithms. Minimum acceleration is achieved with respect to the algorithm from [5]:

T

= O(N : ln2) , or T = O(N ); and maximum acceleration is achieved relative to the polynomial algorithm from [7]:

NN N

, -
= OLIN—N] or 7 = O(N } ) . Regarding the proposed algorithm with a single estimate of time-complexity, the eval-
0g,

uation of the known algorithms also improves. In this case, minimum acceleration is achieved relative to the algorithm

from [5]: e = O(N ) , and maximum acceleration is achieved with respect to the polynomial algorithm from [7]:

|'ﬂz

=0(N?).

*

~

Conclusion. The developed algorithms differ from the known techniques [5—7, 10, 11] of constructing a binary
tree in that they use maximum parallel sorting to calculate the indices of the nodes. In this case, either a logarithmic
number of steps is consumed by building a tree, or additional time is not spent at all, if the values of the indices are a
priori calculated for all N values in some real boundaries and stored in the computer memory. The proposed parallel
algorithm for constructing a binary tree can be used to organize efficient methods for dynamic processing of databases.
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