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Introduction. The solution to the problem of transformation of
phosphorus, nitrogen and silicon forms is studied. This prob-
lem arises under modeling phytoplankton dynamics in shal-
low-water bodies including the Azov Sea. The phytoplankton
dynamics model is formulated as a boundary value problem
for the system of diffusion-convection-response equations and
takes into account the absorption and release of nutrients by
phytoplankton, as well as the transition of nutrients from one
compound to another. To calculate the initial conditions and
parameters of the equations under which the steady-state re-
gime occurs, the software is developed, which is based on the
model describing changes in phytoplankton concentrations
without considering current effects. This model is represented
by a system of inhomogeneous differential equations. Based
on the developed software, the initial conditions and parame-
ters of the phytoplankton dynamics model in the Azov Sea are
calculated experimentally.

Materials and Methods. A 3D model of phytoplankton dynam-
ics is considered taking into account the transformation of
phosphorus, nitrogen and silicon compounds based on the
system of nutrient transport equations. The case of a spatially
uniform distribution of substances is considered to specify the
parameters of the model at which the stationary modes occur.
Because of simplification, a system of ordinary differential
equations solved through the Runge-Kutta method is obtained.
Research Results. The software is developed to specify the
initial conditions and parameters of the phytoplankton dynam-
ics model considering the transformation of phosphorus, nitro-
gen and silicon compounds.

Several numerical experiments are performed under the as-

sumption that the development of phytoplankton is limited by

" The research is supported by the RSF (project no. 17-11-01286).

JloHCKOI1 rocyJapCTBEHHBIN TEXHUYECKHH YHUBEPCUTET, I'. PocToB-Ha-JloHy, Poccuiickas denepauus

Bseoenue. PaboTa nocBsIeHa UCCICIOBAaHNIO PELICHUS 3a/1a-
yn TpaHchopmaru Gopm pocdopa, azora u kpemHus. aH-
Hasg TpoOJeMa BO3ZHHMKACT IPU MOJCIMPOBAHHU JHHAMUKH
(DUTOIIIAHKTOHA B MEIKOBOJHBIX BOJOEMaX, B TOM 4HCIE B
AzoBckOM Mope. Mozenb AMHAMHKHA (UTOIUIAaHKTOHA CQOp-
MYJIMpOBaHa KakK KpaeBas 3ajgada Il CHCTEMbl ypaBHEHUH
T Hy3UH-KOHBEKIUH-PEAKIUH U yIUTHIBACT IOTJIOLICHHE U
BBIZIEJICHHE NTUTATEIbHBIX BEIIECTB (PUTOIUIAHKTOHOM, a TaKKe
Mepexos MHUTATeNbHBIX BEUIECTB M3 OJHOTO COCOWHEHHS B
npyroe. [lng pacuera HayaJlbHBIX YCJIOBUM M MapaMeTpPOB
YpaBHEHHUH, MPU KOTOPBIX HACTYMaeT CTAMOHAPHBIN PEXKHM,
pa3paboTaHO MPOrpaMMHOE 0OEeCIIeueHne, OCHOBOH KOTOPOTo
MOCITY)KWJIa MOJIeNb, ONMHCHIBAIONIAs W3MEHEHHs KOHIIEHTpa-
ouii QUTOIUIAaHKTOHA Oe3 ydera BIHSHUS TedeHWi. JlaHHas
MOZEINb MPE/ICTaBIeHa CUCTEMOW HEOJTHOPOIHBIX OOBIKHOBEH-
HBIX TuddepeHanpbHbpXx ypaBHeHuil. Ha ocHoBe paspabo-
TAQHHOTO MPOTPAMMHOTO OOECIIEUeHHSI SKCIEPHMEHTAIBHBIM
00pa3oM paccuMTaHbl HayaJbHBIE YCIOBHS U IapaMeTpbl MO-
JIeNT TUHAMHUKH (DUTOTUTAHKTOHA B A30BCKOM MOpE.
Mamepuanvr u memooul. PaccmarpuBaeTcs TpexmepHas MO-
JIeNb TUHAMUKY (UTOIUIAHKTOHA C y4eToM TpaHchopMmaiuu
coeanHeHNH (pocdopa, a30Ta U KPEeMHHsI, OCHOBaHHAsI Ha CH-
CTeMe YpaBHEHHMH TpaHCIOpTa OWOTeHHBIX BemlecTB. Jlis
YTOYHEHHSI IapaMeTPOB MOIENH, NPH KOTOPHIX HACTYMAIOT
CTal[MOHAPHBIC PEXKHMMBI, PACCMATPUBACTCS CIIy4ail IPOCTpaH-
CTBEHHO-OJTHOPOAHOTO pacmpeneneHus cyocraHnuii. B pe-
3yJIbTaTe€ YIPOIICHUS IIOMydeHa CHCTeMa OOBIKHOBEHHBIX
nuddepeHIanbHbIX ypaBHEHHH, KOTOpasl pelieHa MEeTOIOM
Pynre-KytTsI.

Pesynbmamul  uccieoosanus. Pa3paboTaHO HporpaMMHOE
obecriedeHre Uil YTOYHEHHS HaAdalbHBIX YCIOBHH W Iapa-
METPOB MOJIENN JAUHAMHUKU (DUTOIUIAHKTOHA C YIETOM TpaHC-
¢dopmanmu coenuHenui ¢pocdopa, azora U kpemuus. [Ipose-
JICHBI HECKOJIBKO YHCIIEHHBIX HKCIIEPIMEHTOB B MPEIIOJIONKE-
HUH, YTO PAa3BUTHUEC d)HTOl'[J'IaHKTOHa JIMMUTHUPYETCS €IUH-
CTBEHHBIM OHOTCHHBIM BEIIECTBOM. B pesynbrare BhMIHCIH-
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a single biogenic substance. As a result of the computational
experiment, it can be seen that with the obtained values of the
initial concentrations and parameters of the equations, station-
ary modes occur for the system of ordinary differential equa-
tions describing the case of the spatially uniform distribution
of substances.

Discussion and Conclusions. The mathematical model of the
transformation of phosphorus, nitrogen and silicon forms in
the problem of phytoplankton dynamics is studied. Stationary
modes for the system of ordinary differential equations are
obtained, for which the values of the system parameters and
initial conditions are determined. The results obtained can be
used in further simulation of the phytoplankton dynamics con-
sidering the transformation of phosphorus, nitrogen and silicon
compounds with account for convection-diffusion, salinity,

and temperature.

Keywords: phytoplankton, phosphorus, nitrogen, silicon, bio-
gen, chemical-biological source, convection-diffusion-
response equation, Cauchy problem for system of ordinary
differential equations, stationary mode.
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TEJILHOTO KCIIEPUMEHTa BHIHO, YTO MPU MOJYYECHHBIX 3HAYe-
HUSIX HAYaIbHBIX KOHIEHTPAIMH W MapaMeTpoB ypaBHEHHIA
HACTYMAIOT CTAIlMOHAPHBIC PEXHMMBI ISl CHCTEMBI OOBIKHO-
BEHHBIX JAU(QQEepeHINanbHbIX ypPaBHEHHH, OMUCHIBAIOIICH
cliydail  MPOCTPAaHCTBEHHO-PABHOMEPHOTO  PAaCIPECIICHUS
cyOCTaHIU.

Obcyscoenue u 3axnoyerus. B pabore nccnenoBaHa MaTeMa-
TUYecKas Mojeib Tpanchopmanuu dopm ocdopa, azora u
KpPEeMHUS B 33/1aue IMHAMUKH (DUTOIUIAHKTOHA.

[Mony4yeHsl CTaMOHAPHBIE PEKUMBI Ul CHCTEMBI OOBIKHO-
BEHHBIX MU()(EepeHIMAIBHBIX YPaBHEHHIA, JUTSI KOTOPBIX OIpe-
JICTICHBbI 3HAYCHHS apaMeTpOB CHCTEMbI U HadallbHBIC YCIIO-
Busl. IToydeHHBIC PE3yJbTaThl MOTYT OBITH HCIOJIb30BAHbI B
nporecce JalbHEHIIero MOJCIHPOBAHHS JUHAMHUKH (HTO-
IUTAaHKTOHA C YYEeTOM TpaHchopMaluu coeauHeHuit pocdopa,
a30Ta ¥ KPEMHHUSI C Y4ETOM KOHBEKIMH-AU((Y3HH, CONCHO-

CTH, TEMIIEPATYPHI.

KniwoueBsble ciioBa: puTomankroH, ¢ochop, a3oT, KpeMHHH,
O6uoTreH, XUMUKO-OHOJIOTHIECKHH UCTOYHUK, YpaBHEHHE KOH-
BeKIMU-TuGQy3un-peakiuy, 3amada Komm Uil CHCTEMBI
O0OBIKHOBEHHBIX AU(PEpEeHINANBHBIX YPAaBHEHHH, CTAIMOHAD-
HBIN PEKUM.
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Introduction. Because of the development of major cities on the coast of shallow water bodies and river systems

that flow into these water bodies, eutrophication has become more frequent. The growth of algae in reservoirs is caused
by an increase in the flow of nitrogen and phosphorus compounds from the adjacent land areas. Each water body is
unique and requires a thorough study. Field investigations [1] and mathematical modeling are used to explore water
bodies. Without downplaying the role of field experiments, we can say that mathematical modeling is less costly, and it
allows us to predict the behavior of the ecosystem.

To study the Sea of Azov, a three-dimensional model of hydrodynamics [2, 3] including the equations of motion
in three spatial directions was developed. In [4], this model was made for the case of dynamic rebuilding of the compu-
tational domain geometry due to the tidal effects. The investigation of this model accuracy is given in [5]. In [6-8], the
reconstruction of an ecological catastrophe that occurred in 2001 caused by an excessive concentration of algae in the
eastern part of the Sea of Azov is given. In [9], methods of controlling the suffocation phenomena arising in the Sea of
Azov were proposed. The [10-12] papers are devoted to studying the dynamics of phyto- and zooplankton.

The water condition in shallow water bodies is changing rapidly, and mathematical models need to be refined.
The parameters determination of the three-dimensional model of the phyto- and zooplankton dynamics is laborious;
therefore, it is proposed to use a simplified model to calculate these parameters.

The work objective is to improve the parameters of the model of the phytoplankton dynamics considering the
transformation of phosphorus, nitrogen and silicon compounds, under which stationary regimes occur with the assump-
tion of a spatially uniform distribution of substances.

Materials and Methods. The model is based on the system of equations for the transport of nutrients [15, 16],

the form of which for each F model block is
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_i+u_"+v%+w%:div(kgradql.)+R , (1)
o ox oy ez ’

where ¢, is concentration of the i-th component, [mg/l]; i eM, M={F,, F,, F3 PO, POP, DOP, NO;, NO,, NH,,
Si}; {u, v, w} are components of the velocity vector of the water flow, [m/s]; & is turbulent exchange coefficient, [m?/s];

R, is function-source of nutrients, [mg/l - s].

In equation (1), i index indicates the type of substance (Table 1).

Table 1
Biogenic substances in model of phytoplankton dynamics
No. Notation Name
1 F, Chlorella vulgaris green algae
2 F, Aphanizomenon flos-aquae green-blue algae
3 F; Sceletonema costatum diatom
4 PO, phosphates
5 POP suspended organic phosphor
6 DOP soluble organic phosphor
7 NO; nitrates
8 NO, nitrites
9 NH,4 ammonium
10 Si soluble inorganic silica (silicic acids)

Chemical and biological reactions are described by the following equations R, =C,. (1-K,,)q, — K, ,q, —K,.q; ,
i=13,

3
RDOP = ZSPKF,EqF, + KPDqI’OP _KDNQDOI’ ’
3
RPO4 = ZSPCF, (KER _l)qF, +KPNqP0P +KDNQD0P ’

r\(/2) (qmm ) 3 K Ie K
= ’ Sy (qNO Yo, > Du )QE +,Z:1:SN( w T F’E)qF’ ~ Rl »

-K

1390,

(1)
3 Sy o, 90,9, N
R 2 ZZSNCH (KF’R _1) N ( Noy» 1 No, NHA). qA\o2

9, tK
= Sy (QNOX 4o, » D wu, ) Do, T 4o,

29,

f}\(ll) (an3 9o, > D, ) ) 9o,
Iy (q,vq »Aro,» Dnn, ) 9o, T 4o,

RSi = ssrca (KF3R _1)qrJ +SSrKF3DqF3 .

3
R/voJ = ;SNCF, (KF,R _1) qr "'Kzsqzvo2 >

Here, K, is specific breathing rate of phytoplankton; K, ,is specific die-off rate of phytoplankton; K, is
specific excretion rate of phytoplankton; K, is specific rate of POP autolysis; K, is coefficient of POP phosphatifica-
tion; K, is coefficient of DOP phosphatification; K, is specific rate of ammonium oxidation to nitrites under nitrifica-
tion; K, is specific rate of nitrite oxidation to nitrates under nitrification; s,, s, , s, are normalization coefficients be-

tween the content of V, P, Si in organic matter.
Phytoplankton growth rate is determined by the following expressions:

CFL2 = KNF,_z min {fp (qP04 )’ fN (qn/o3 »Aro, 9 nm, )} ’

Cﬁ = KNE min {fp (qm4 )’ fN (qzvo1 Yo, Dnm, )’fs,' (qSi )} ’

where Ky is maximum specific phytoplankton growth rate.
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Fig. 1. Model scheme of biogeochemical transformation of phosphorus, nitrogen and silica forms

Functions describing nutrient content

qro,

— for phosphorus: = s
phosp AT —a
where K, is phosphates half saturation constant;

9

— for silica: f, (g, )=—""—,
foas) a5 + K,

where K is silica half saturation constant;

— for nitrogen: fN (qNo3 o, » D, ) = f;\(/]) (qzvo3 s o, > D, )+ 1\(12) (qNH4 ) ’

(Gro, + 9o, )eXP(—K ;G \.)
(1) _ Mwo, NO, psi ANH, (2) — ,
fN (qzvox ’ qlvoZ ’ qNH4 ) K,\,O} N (q,\,@ T qNO: ) ’ fN (qsz4 )

where K, is nitrates half saturation constant, K,, is ammonium half saturation constant, K, is ammonium inhibi-

tion ratio.

For the system (1), it is necessary to specify the vector field of the water flow velocities, as well as ¢, initial
values of the concentration functions
q,(x,,2,0)=q/ (x,5,2), (x,y,2) € G. t=0,ieM. 2)
Assume X boundary of G cylindrical region is piecewise smooth and~ =%, UX Uoc , where X, is surface of
the reservoir bottom, X is still water surface, o is lateral (cylindrical) surface. Suppose u, is vector component of the
water flow velocity normal to 2 , and » is outward normal vector to X . For ¢, concentrations, we assume:

— on side boundary:

q, =0, on o,if u <0,ieM; 3)
g, : .
i=0, %:O, ono,ifu 20,ieM;
on on
—on X there is reservoir surface:
%, _ o, jeM: (5)
oz
— on the bottom X, :
04,

6—281,,%’ ie{Fls F29 F3}s
z
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Zi =&, q,, ie {PO,, POP, DOP, NOs, NO,, NH,, Si}, (6)
z
where ¢, €,,are sedimentation rates of algae and nutrients to the bottom.

Stationary Mode. Consider the case of a spatially uniform distribution of substances (phytoplankton, forms of
phosphorus, nitrogen and silica); then each of the equations (1) is simplified; and as a result, we get the following sys-

tem of ordinary differential equations (ODE):

4 _ ¢ =13,
dt = /7( _KER)qE _KEDqE _Krrqr’ i=l, (7)

quOl’ S
Y, = ZISPKI-;I)qI-; - KPI)qPOP _KPNqPOP ’

dt
d 3
M = ZSPKFFqF +KPDqP0P _KDNqD()P ’
dt i-1 o
d
qPOA - ZS C ( l)qE +KPNqP0P +KDNqD()P >
(2)
q Yy, (NH,)
NH. _Zs Cr( rR—])f (NO NO N]—]) z]:s (KF,D+KEE)qF, _KAZqNH4’
N 1
d 3 Y(NO,, NO,, NH
& = ZS/\'CF (KI-'R - )fV ( 4)' T, qr +K4zq,vy _Kzquo >
dt = ' ' fyv(NO,,NO,,NH,) 9o, T 9o, ! B
Y o, f, NO,,NO,, Gro,
= _Z C ( FR ) ; ( ) - qE+K23QN02’

fw (N03 ’ NOz > 4 ) qNo2 + qNo3

%—s C

dt Si—F (KﬁR _1)q& +SSiKaqu; .

We solve the system of ordinary differential equations by the Runge — Kutta method [15—17]. We will conduct
several numerical experiments, assuming that the development of phytoplankton depends on a single limiting substance.

Research Results. For the ODE system (7), we calculate the initial conditions and parameters of the equations

at which the stationary regimes occur. Let us take the initial concentration values: g, (0) =2.5mg/l, q, (0) =2.6 mg/l,
4, (0)=0.91 mg/, q,,,(0)=0.07 mg/l, q,,,(0)=0.07 mg/l, q,, (0)=0.005 mg/, q,, (0)=0.11 mg/l, g, (0)
=0.0178 mg/l, q,, (0)=0.304 mg/l, q,,(0)= 0.4 mg/l; coefficients: K, =2.8 day”,K,, = 0.15 day o K,,=0.05 day”
!, K,,=0.15day ™, Kpp=0.015 day ', Kpy=0.02 day ', Kpy=0.1 day ', K= 0.9 day "', K»3=2.5 day ', K, = 1.46

day™, sp=0.01, sy = 0.016, 55 = 0.023, K,,, =0.024, K, =3.0, K, =2.0, K, =3.0.

The obtained stationary modes of the ODE system (7) on the assumption that the development of phytoplank-
ton is limited by a single nutrient (phosphorus, nitrogen or silica) are shown in Fig. 2—4, respectively. Fig. 2 describes
the effect of phosphorus on the development of various phytoplankton species; Fig. 3 describes the effect of nitrogen on

the development of various phytoplankton species; Fig. 4 describes the effect of nitrogen on diatom development.
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Fig. 2. Stationary mode of ODE system under assumption that phytoplankton development is limited by phosphorus:
a) green algae (ChV), b) green-blue algae (4F-A), ¢) diatom (SC), d) suspended organic phosphorus (POP), e) soluble

organic phosphorus (DOP), f) phosphates (PO,)
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Fig. 3. Stationary mode of ODE system under assumption that phytoplankton development is limited by nitrogen:
a) green algae (ChV), b) green-blue algae (4F-4), c¢) diatom (SC), d) ammonium (NH,), e) nitrites (NO,), f) nitrates (NO;).
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Fig.4. Stationary mode of ODE system under assumption that phytoplankton (diatoms) development is limited by silica:
a) diatom (SC), b) silica (S7).
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The result of the computational experiment shows that with the above values of the initial concentrations and
parameters of the equations, stationary modes occur for the ODE system (7), which describes the case of a spatially
uniform distribution of substances. The obtained values will be used in further simulation of the spatially inhomogene-
ous distribution of substances, saltiness and temperature considering the movement of the aquatic environment [18].

Conclusion. A mathematical model of the transformation of forms of phosphorus, nitrogen and silica in the
problem of phytoplankton dynamics is studied in the paper. The case of spatially uniform distribution of substances
(phytoplankton, forms of phosphorus, nitrogen and silica) is considered. The system is divided into three systems of
ordinary differential equations, each of which simulates the dependence of phytoplankton growth on a single nutrient.
These systems are solved by the Runge-Kutta method (Fig. 2—4); stationary modes are obtained, for which the values of
the system parameters and initial conditions are determined.

The results obtained will be used for the further simulation of the phytoplankton dynamics considering the
transformation of phosphorus, nitrogen and silica compounds, taking into account diffusion-convection, saltiness, and
temperature.
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