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Introduction. The solution to the problem on the centroidal
motion control synthesis (guidance problem) of an unmanned
aerial vehicle (UAV) with long-range capabilities in the boost
phase is considered. Control condition requires optimum fuel
consumption. The principle of dynamic programming consid-
ering the restrictions to the vector modulus of the thrust output
is used to solve the problem. The implementation of terminal
guidance requires the formation of control as a function of the
object state at the end of the ascent phase. The attainment of
these boundary conditions determines the further transition to
the ballistic flight phase.

Materials and Methods. Bellman’s principle of dynamic pro-
gramming is the most reasonable from the point of view of the
implementability of the computationally efficient on-board
algorithms and the solution to the problems in the form of
synthesis. With natural scarcity of thrust and energy resources
on board, this principle enables to obtain solutions free from
the switching functions. In this case, the optimal control is a
smooth function (without derivative discontinuity) of the cur-
rent and final parameters of the UAV.

Research Results. A new algorithmic method for the synthesis
of terminal motion control is developed. Its difference is that
the UAV movement control in the ascent phase is formed by
the function of the motion actual and terminal parameters.
This ensures movement along an energetically optimal
trajectory into the given region of space. The problem solution

results enable to build closed terminal guidance algorithms for

" The research is done within the frame of the independent R&D.

Bseoenue. CraTbsl TOCBSIIEHAa PENICHHIO 3aJa4d CHHTE3a
yIpaBlIeHHs ABIDKEHHEM IIEHTpa Macc (3ajada HaBEIEHHS)
OecrmotHoro JeratensHoro ammapara (BJIA) ¢ Gompmioit
JTAJIBHOCTBIO TT0JIeTa Ha PAa3TOHHOM y4acTKe. YCJIOBHE YIpaB-
JICHUS: ONTUMANbHBIA pacxoJ TomumBsa. st pemeHns 3agaqan
UCIIOJB3YeTCs NPHUHIUI AUHAMHYECKOTO MIPOrpaMMHPOBAHUS
C Yy4eTOM OTPaHMYEHHI Ha MOJYJb BEKTOpA TATH JBHIATEIIS.
Peanuzanys TepMHUHAIBHOTO HaBeleHUs TpeOyeT GopmupoBa-
HUS YIpaBlIeHHUs KaK (YHKLIUH COCTOSHHS OOBEKTa B KOHIIE
ydJacTKa BBIBEAEHHS. J[OCTMKEHHE 3THX TPAaHWYHBIX YCIOBHI
ompezensieT NaJbHEHWIINI mepexol K OaumMcTHYecKo (ase
HoJera.

Mamepuaner u memoowl. TIpHHIMI TMHAMHUYECKOTO MPOrpam-
MupoBaHus bemnmana sBisercss Hanbonee palMOHAIBHBIM C
TOYKH 3PEHUSI peaan3yeMoCTH 3()(GEKTUBHBIX B BHIYHCIATENb-
HOM OTHOILICHUH OOPTOBBIX aJITOPUTMOB M PEIICHUS 3a1a4d B
tdopme cuHTe3a. [IpH ecTecTBEHHOW OTPaHUYEHHOCTH BEJH-
YUHBI TSATH M SHEPreTHYECKUX PEecypcoB Ha OOpTy JaHHBIH
NPUHIUI TT03BOJISIET IIOMYYUTh PEIIeHHs, HE COAEpIKaIlue
¢yHKIME nepekmodeHns. ONTHMabHOE YIIPABICHHE B 3TOM
ciydae sIBIsieTcs riiagkoi GpyHkuuei (6e3 pa3pbiBa MPOU3BOA-
HOMW) TEKYIIMX U KOHEYHBIX apameTpoB BJIA.
Pesynomamut Pa3paboTan

UCCRe008anUsl. HOBBII

aNTOPUTMHYECKUH crrocob CHHTE3a TEPMHUHAIBHOTO
yIpaBlieHHs IBWKEHHs. Ero oTiuuue B TOM, YTO yrpaBiieHHE
nemxkeHrneM BJIA  Ha pasrOHHOM ydacTKe TpPaeKTOPHUHU
dhopmupyeTcss QyHKIHMEH TEKyIIMX M KOHEYHBIX MapameTpoB
nBwKkeHus. TakuM 00pa3oM oOecreYrBaeTCs IBMXKCHUE II0
SHEPreTHYECKA ONTHMAIGHOW TpPaeKTOPHH B  33/IaHHYIO
obmacth TPOCTpaHCTBA. Pe3ynpTaThl pelleHWs]  3aJaduH
HO3BOJISIIOT CTPOUTH 3aMKHYTBIE aJTOPUTMBI TEPMHHAIBHOTO
HaBEJCHUS U PA3rOHHOTO YydacTka Tpaektopun BJIA ¢

OOJIBILION MANbHOCTBIO MOJIeTa. Takue aaropuTMbl 00JIaaaloT
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the boost phase of the UAV trajectory with long-range
capabilities. Such algorithms have good convergence and
injection accuracy due to the prediction of parameters during
the flight at a shorter time interval.

Discussion and Conclusions. The most preferred is the
principle of dynamic programming. It should be used when
solving the problem on the centroidal motion control synthesis
(guidance problem) of the UAV with long-range capabilities

in the boost phase.

Keywords: unmanned aerial vehicle (UAV), terminal guid-
ance, direction cosines, pitching angle, angle of attack, bound-
ary conditions, boost phase, ballistic flight phase.
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XOpOIIEH CXOAMMOCTBIO M TOYHOCTBIO BBIBEICHHSA 3a CYET
NPOTHO3MPOBAHMS IapaMeTpoB B IIpollecce IojJeTa Ha
COKpAalIAIOLIEMCsl HHTEPBaJe BPEMEHH.

Obcyscoenue u saxaovenus. Hanbonee mpennoYTUTENIHHBIM
HpeCTaBIseTCs MPUHIIAIT JMHAMHYECKOTO
nporpamMMHupoBanus. IMEHHO ero cliefyeT HCIOIb30BaTh MPH
PCIICHUH 3a1a4i CHHTE3a ONTUMAIIBHOTO MO PacXoay TOILUIHBA
YIpaBIeHHS JBIKEHUEM LEHTpa Macc (3amada HaBEICHUA)

BJIA c 607p110# TanbHOCTHIO NOJIETa HA PA3TOHHOM y4acTKe.

KnioueBble ciioBa: OeCHMIOTHBIM JieTaTeNbHBIM ammapaT
(BJIA), TepMHuHaNEHOE HaBEICHHE, HAIPABIIAIOLINE KOCUHYCHI,
YroJ TaHra)ka, yrojl aTakd, TPAaHWYHBIC YCIIOBHS, Pa3TOHHBIN
Y4acToK, OayumucTuieckas ¢asa monera.

Oébpazey ona wyumuposanus: Crocod TEPMUHAIBLHOTO
YIpaBJICHHS Ha YYacTKE BHIBEICHHS OCCIMIIOTHOTO JIETaTelb-
HOro ammapata ¢ OaumcThdyeckod Qas3oii  monera /
H. 5. lonosunuyk [u np.] / BectHuk JIoHCKOro roc. TeXH.
yH-Ta. — 2019. — T. 19, Ne 1. — C. 93-100. https://doi.org/

10.23947/1992-5980-2019-19-1-93-100

Introduction. Currently, the capabilities and scope of applicability of the unmanned aerial vehicles (UAV)
have increased significantly. This is primarily due to the UAV flying range extension. Vehicles with a ballistic phase of
flight should be provided with the control in various areas, including the UAV positioning. For the control design, it is
reasonable to apply the principle of terminal guidance. The control should be developed as a function of the terminal
motion variables, and not as a temporal function.

A great many publications are devoted to this problem solution, but the task described above holds relevance.
In particular, the development of highly computationally efficient algorithmic methods of terminal guidance is of inter-
est. At the same time, the features universal for various types of launch vehicles should be considered. They have adap-
tive features and in a certain sense meet the optimality requirements.

Considering the guidance task, such a control, which uses the minimum amount of fuel, is valuable. The syn-
thesis of optimal control is based on the use of the Bellman dynamic programming method [1].

Materials and Methods. The solution to the problem of the synthesis of optimal control of the UAV motion in
the boost phase of power-on flight has been studied in many papers. However, the optimal control solution obtained in
most cases is reduced to the implementation of a time or parametric program. We will solve the problem of finding the
optimal control in the UAV ascent phase in the following formulation. The UAV motion parameters are known as Xj,
Yy, Zy coordinates of the current path point, obtained through solving the problem of navigation. X,, Yy, Z, parameters of
the final point satisfy the boundary state that fixes the transition to the ballistic phase of flight determined by the hyper-
surface in the phase space. The condition of Sy (X, Y., Z,) = 0 is satisfied by a whole set of finite parameters. It is re-
quired to synthesize optimal control in the task of UAV guidance, which ensures its transfer from the initial state to the
hypersurface of the final conditions.

The optimality criterion is the amount of fuel consumed in the boost phase:

() = [ in(e)de . (1)

where ri(¢) is fuel mass flow rate.

The following system of differential equations is adopted as a mathematical model of the centroidal motion:
R =V, 2)
V() =W@OE,0)+g(),
where R(t) is radius-vector, g(7) is terrestrial attraction vector, W(t) is module of control acceleration vector.
The module of the control acceleration vector (W (¢) ) is a specified temporal function, and it is determined by the

UAV engine performance. Unknown is the unit vector of control acceleration —Ew(t) . When solving the optimization

problem, it will determine the required properties of the UAV guided motion in the boost phase. There is no need in the
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thrust vector control (in a sense, this is apparent acceleration amount — #(¢) ). A more rational approach is to maximize

this value for the engine booster. This ensures the application of the solutions obtained for the case of using solid fuel
engines. The UAV engine performance is stable enough, and at 7i(¢) = const constant fuel-flow rate, the optimal con-
trol is determined by the combustion duration. In this case, the functional (1) will be a function of the upper limit of
integration. Hence, the problem of minimizing the fuel amount turns into an equivalent task of minimizing the flight
time, and speed-of-response will be the optimality criterion. The task of the synthesis is to find the orientation of the
thrust vector of the UAV engine, which is determined by the direction cosines of the thrust vector ( P(¢)) as a function

of the current parameters and the final state.

We admit two assumptions. The first is as follows. Since a large part of the boost phase lies outside the dense
atmosphere, we will not consider the angle rate of evolution of the thrust vector in space (longitudinal axis of the UAV)
as constraint. The second assumption is the following. Assume that the UAV motion is passing in a predetermined
plane.

The UAV final state for the transition to the ballistic phase of flight is fixed by satisfying the following bound-
ary condition [2]:

Slk =(kayk _'xltl/yk)[V;k (yk _yq)_Vyk (xk —X, ):|_
P XX, + V.Y, 3)
T, (x: +y;) 1- (xj +y} )1/2 (x:; +yf )1/2

Here, x,,y,,x,,y, are, respectively, the coordinates of the initial point and the point of the starting of the UAV opera-

tion on the final path segment. The current value of the boundary condition (S, (¢,) ) is a measure of non-compliance

with the condition (3). A mathematical notation for this condition corresponds to the hypersurface, which is a smooth
function of phase coordinates and describes the entire family of possible UAV ascent trajectories [2].

The boundary conditions are specified for the central field of attraction. For this case, the equations of the UAV
motion will have the following form:

X, :xi,
. T
X, =——x, +—Pcosa,,
"k =x, 4)
3 iw
T
o 0
X, =——x,+—Pcosa,.
r m

Here, m, = f-M, is constant of the central field of the earth’s attraction equal to the product of the gravitational con-
stant (f) and the mass of the Earth (M.); r =(x +x})", x,=x, x,=V_, x,=y, x,= V., P is thrust vector value; X, is aero-

dynamic drag force; Y, is aerodynamic lift.
Since the UAYV is fitted up with a steerable thruster, its direction cosines will determine its pointing. In this case,
the handling constraint will be determined by the ratio:

|P@)]={[P@)cosa, )] +[Pr)cost, (0] } <|P (). (5)

The handling constraint (5) is “hypersphere restriction”. This implies the solution in which optimal control is
not piecewise constant, without switching. In this case, the time optimal ascent trajectory in the phase space has no “an-
gles” and no discontinuities of the derivative. The time optimal control will be a nonlinear, continuous function of the
boundary conditions (3) [3].

The synthesis task is formulated as follows. The control object from an arbitrary current state, taken as the ini-
tial one and determined by the current value (S;;) at the time (%), is transferred to the hypersurface of the boundary con-
dition S, = 0 at the time (#). This takes into account the control acceleration amount (engine thrust module). It is re-
quired to find the optimal control in the form of synthesis, which provides such a transfer in the shortest possible time.

The plant state at the final instance satisfies the boundary condition S, [X(#,)]=0 and determines the moment
of transition to the ballistic phase of flight.

In accordance with R. Bellman’s dynamic programming principle [4], the necessary and sufficient condition
for optimality of the formulated problem will be the ratio:

min{iaT ﬁ(f,ﬁ)}:—l. (6)

R ] 8)6‘.

Considering the mathematical model of the object specified by the system (4), the dynamic programming equa-
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tion [4] with the optimality criterion, is determined by the relation:

. T’ 1 T’ T’ 1 T’
min xza - n_;)xl__ljx 6_+x46__ Tc_;)xz __])v 2 =-1, (7)
vey Oox, r m Ox. Ox r m ") ox,

2 3

where P, = Pcosa,,P, = Pcosa,.

Due to the methodology of Bellman’s dynamic programming, the minimization can be carried out through the
application of the Schwartz inequality [3] to the relation (5). This will significantly simplify the solution to the optimi-
zation problem. Then, the expression (7) with regard to inequality (5) will be determined by the relation:

0 0 02 N1
min| Lp 8L Lp 0T | _poy|| L) L[ LT . (8)
“ilm T ox, m " ox, m ox, m 0Ox,
In this case, the Hamilton-Jacobi equation will be as follows:
or’ m, or’ m,
X, ———2x X, ———2x —P'(f)x
o, T tax, 7 ©

1or'Y (1orY ] ' ®
x|| — +| — =-1.
m 0x, m Ox,

The equation (9) is solved considering the given boundary condition:

(x,x,x,x)es",. (10)
The calculation of the partial derivatives of S for phase variables ( x,,x,,x,,x, ) gives the following dependenc-
es:
oS’
o (—2x2x3x4 +X,0,%,, +2X,x, — XX, ),
1
os’
o = (2)c32x2 = 2X,X,%, = 2X,X, X, XX, Xy, XXX, ),
o (1)
=(2x2x, = 2x,x,%, — X} X, —X,X,X )
ax (x2x3 2774771 27730 274y )0
3
A
o = (2)c12x4 = 2x,%,%;, + 2X, 2%, +X,X,%;, + X,X,X,, )
4
Through substituting the relations (11) into (9) and performing simple transformations, we obtain the depend-
ence:

0

i P
{—(x, —x,) = 2x,x;x,, ——X
r m

><[(2x32x2 = 2X,X,5, = 20,0, X, + X X, X, + XXX, )2 + (12)

TO

-i—(2)cfx4 =2x,2,;, + 2X, XX, +X,%,X;, +X,X,X,, )2 1" 6_ =-1
’ o ’ oS,
with the boundary conditions
T°(S,) =0, at (x,, x,, x,, x,) €S, . (13)
The expression in curly brackets in (12), denoted by S'(x,) , can be written in a compact form:
o7’

S'(x)- =-1. 14
@) 3 (14)

The equation (14) with boundary conditions (13) can be solved in various ways, for example, by the method of
characteristics [5]. However, it is more rational to use the following method.
The expression (11) defines the optimal control structure [6]:

@< r i
WD/YWI (f) — _WED/YWI (f)’
where E(x) is unit thrust vector.
The ratio (15) in the scalar form:

P* =Pcosa,,
P =Pcosa,, (16)
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or
Ox,
cosa, = =,
0 2 0 2
orY for
Ox, Ox, .
or .
aZ = ax4 172

or'Y (or'Y
- + -
( 0x, ] [ ox, j

The equation (9) and relations (17) can be put in a more convenient form for the following reasons. According
to the formation of a set of perturbed trajectories, through varying the control, it is possible to construct a hypersurface
with equal ascent time, that is, an isochronous surface, in the phase space. Indeed, for each phase trajectory point, we
will calculate the optimality criterion value: J(¢), J(%y) ,..., J(%).

Hence, we obtain a set of trajectories for each ¢ € [t,,#]. Owing to the continuity of the dependence of x(f) and J
on the variable control, a set of trajectories forms a surface in the phase space (X). This boundary surface formed by the
set of vectors x[¢,J(¢,)], is convex and smooth. For transition conditions to the ballistic flight phase, the isochronous
surface has a tangency point with the hypersurface of the boundary conditions.

Under the qualitative implementation of the optimal control, the distance in the phase space between the hyper-
surface of the boundary conditions S; =0 and the isochronous surface T (x, Ry, £) = 0 will decrease. During some time,
the two surfaces will have a common point (Fig. 1).

Si(x, Ry, 1)=0

Xj

T(x,Ry,H)=0

v

Xi-1

Fig. 1. Geometric interpretation of hypersurfaces in phase space under guidance in boost phase

At the point S and 7°, they have a common tangency, that is, their gradients coincide in the phase space. In this
way:

- existence of the optimal trajectory x,,, () and optimal control u,,, (¥) is noted;

- termination of the boost phase of the trajectory (¢ =¢;) and the transition to the ballistic flight phase are deter-
mined.

At the tangency point, the isochronous surface and the hypersurface of the boundary conditions have a com-
mon tangency and a normal. Mathematically, the condition for the existence of a common normal is determined by the

expression [2]:
- Bl (18)
Ox, Ox,

where 4 is constant determined from the analysis of the convexity of both hypersurfaces.
From the relations (11) and (18), we transform (17). We obtain the expression for the direction cosines of the
thrust vector as a function of the current and final motion parameters:
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2 2
e (—2x2x3x4 +X,X,%,, +2X,X, —x4xm) (19)
a 2 2 2 2 2’
[(f2x2x3x4 +X,%, %, +2X,x, —x4xw) +(2x4x1 =2x,%,%; +2x,X,X,, +X,X.X;, +x2x3xw) }
2
(2)6l X, =22, +2X, %X, + X, 0,0, +X,X,X,, )
B= (20)

y

where 4=cosa,, B=cosa,.
From the relations (19), (20), it is easy to obtain a parameter natural for this UAV type to determine the orien-
tation vector of the control acceleration (in a certain sense, of the thrust vector), the pitching angle:

3(S) = arctg

2 2
|:(72x2x3x4 +X,X, X, +2X,x, — X, X,

2
cosa, (Zx] X, = 22,0.%, +2X,%,X,, +X,X,X;,

5 2 2 2
2
) +(2x4x1 =2x,X,%, +2X,X,%,, +X,X,%;, + X,X,X,, J

+x2x3xlw)

cosa,

(—2x2x3x4 +x

+2x;X, — X, X,

21

In our case, the UAV motion takes place in the given plane, and the yaw angle is ¢ () =0 . Using the proposed

methodology for the synthesis of terminal optimal control, an algorithm for calculating the pitching angle was devel-
oped [2], and the computational simulation of the UAV flight was carried out [7].
Research Results. The numerical studies have been conducted using the software that implements the pro-
posed method. We are talking about the algorithmic software for terminal guidance of ballistic aircraft based on the
solution to boundary problems of ballistics. The corresponding computer program was registered in 2013.
When modeling, a hypothetical accelerating tool was used with the characteristics and initial conditions for the

UAYV launch ascent, given in [8].
The initial conditions of the simulation and the calculation results of the early ascent are given in Table 1.

Table 1
Initial conditions for UAV launch ascent
t x/VX y/vy z/vz wx/tang wy/tet wl/alf
0.0000 0.0 0.0 0.0 0.0000 0.0000 0.0000
5.6323 —0.0000 322.6757 90.00 0.00 0.000
0.5537 3.1 3.1 178.7 —-0.0000 16.6000 16.6000
5.6323 11.1626 322.6756 90.00 1.98 —0.048
3.4580 34.7 120.9 1115.8 15.8242 103.4286 105.3386
21.4565 69.4705 322.6727 69.34 12.13 —7.881
13.0193 832.4 1683.4 4200.8 150.0000 386.9131 419.3209
155.6274 259.0827 322.6335 60.00 3591 0.011
230193 3384.5 5300.4 7426.8 362.7748 690.8797 790.8281
368.3725 464.9493 322.5441 50.02 43.59 -2.076
330193 8469.9 11009.1 10651.6 656.7462 1003.1187 1219.9140
662.2567 679.2317 322.4053 43.44 42.79 -2.582
43.0193 16923.8 18956.0 13874.7 1039.4134 1336.7768 1727.7590
1044.7345 915.1428 322.2176 38.74 40.11 -2.677
50.9898 26729.1 27089.4 16442.2 1424.0909 1630.6058 2211.8627
1429.1498 1131.2610 322.0334 36.01 37.94 -2.501

Fig. 2 shows the pitching-angle profile in the boost flight phase.
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Dependence of pitching and attack angles on apparent speed rate
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Dependence of UAV entrance angle on apparent speed rate
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— UAV entrance angle
Fig. 2. Variation of UAV pitching and entrance angles

Fuller information on the simulation results given in [8] is as follows.

1. The resulting control is suboptimal due to the use of boundary conditions in an analytical form. To improve
the accuracy of the boundary conditions in the navigation algorithm, it is necessary to introduce an up-date algorithm,
which is based on attracting more accurate models of the Earth’s gravitational field. Hence, the launch ascent accuracy
will be improved.

2. The effect of random disturbances is compensated by the adaptive properties of terminal guidance, as well
as by predicting the motion parameters and the formation of control at a decreasing time interval each time until the end
of the launch ascent process.

3. The obtained estimates under modeling allowed us to rationally select the discreteness of the navigation
and guidance algorithms and thereby limit the range of requirements for the FMC during its implementation.

4. The implementability of guidance algorithms based on the developed methodology on modern onboard
computers creates no difficulties. The required response rate is (1-1.5)x10° k.o./s.

Discussion and Conclusions. Thus, the principle of dynamic programming seems to be most preferable. It
should be used when solving the problem on the centroidal motion control synthesis (guidance problem) of the UAV
with long-range capabilities in the boost phase. The well-known remark on the applicability of dynamic programming,
the so-called “curse of dimensionality”, is inappropriate in the task of developing control as a function of the final state
[5]. In addition, the use of boundary conditions in an analytical form simplifies essentially the formation of suboptimal
control and enables to change strategically the flight missions. This scales up the applicability of this algorithm for
UAYV of various purposes.
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