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Introduction. It is acknowledged that electroelastic modules 
do not depend on the amplitude and frequency of oscilla-
tions. This approach is reflected in the Russian and foreign 
standards for determining the complete set of electro-elastic 
piezoceramics modules. For example, to determine 𝑑𝑑31 pie-
zo-module of a disc-shaped sample, it is required to take 
measurements in three frequency domains: in the first and 
second resonances, in the antiresonance region, and at fre-
quencies much below 1 kHz. Accordingly, it is assumed that 
when determining 𝑑𝑑31, the modules of the ceramic under 
study in the frequency range from 1 KHz to the second reso-
nance are independent of frequency. The work objective is to 
study the frequency dependence of electro-elastic ceramic 
modules. In this case, a disc-shaped sample from LZT (lead 
zirconate titanate) is used. 
Materials and Methods. Techniques of setting and solving 
problems of the stationary electroelasticity and sections of 
the electrical engineering basics are applied. To implement 
the finite element method, the perturbation technique and the 
ANSYS application package are used. The experimental 
results are processed in the MATLAB environment. 
Research Results. For the LZT piezoelectric ceramics, the 
frequency dependences of various modules (piezoelectric 
𝑑𝑑31, dielectric  ε33

𝑇𝑇  and elastic modules of compliance - 
𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13) were investigated. Radial oscillations of a disc-
shaped sample with electrodes on the ends were considered. 
The sample thickness was 1 mm, the diameter was 40 mm, 
and the oscillation range was up to 700 KHz. First, the fre-
quency dependence was studied for the elastic ceramic mod-
ules from the determination of ten resonance frequencies. 
Then, the frequency dependence of 𝑑𝑑31𝑎𝑎𝑎𝑎𝑑𝑑  ε33

𝑇𝑇  modules 
was determined from the measured values of the sample 
conductivity. For this purpose, we used the expression for the 
electrical conductivity obtained from the solution of the radi-
al oscillations of the disc considering its thickness. 

 Введение. Принято считать, что электроупругие модули 
не зависят от амплитуды и частоты колебаний. Это под-
ход отражен в российских и зарубежных стандартах для 
определения полного набора электроупругих модулей 
пьезокерамики. Например, для определения пьезомодуля 
𝑑𝑑31 образца в форме диска необходимо провести измере-
ния в трех частотных областях: в области первого и вто-
рого резонансов, в области антирезонанса и на частотах 
много ниже 1 кГц. В связи с этим предполагается, что 
при определении 𝑑𝑑31 модули исследуемой керамики в 
диапазоне частот от 1 КГц до второго резонанса не зави-
сят от частоты. 
Целью данной работы является исследование зависимо-
сти от частоты электроупругих модулей керамики. При 
этом используется образец в форме диска из ЦТС (цир-
коната-титаната свинца). 
 Материалы и методы. Использованы методы постанов-
ки и решения задач стационарной электроупругости и 
разделы теоретических основ электротехники. Для реали-
зации метода конечных элементов применены метод воз-
мущений и пакет прикладных программ ANSYS. Резуль-
таты экспериментов обработаны в среде MATLAB. 
 Результаты исследования. Для пьезокерамики ЦТС ис-
следованы зависимости от частоты различных модулей 
(пьезоэлектрических 𝑑𝑑31, диэлектрических  ε33

𝑇𝑇  и упругих 
модулей гибкости 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13). Рассмотрены радиальные 
колебания образца в форме диска с электродами на тор-
цах. Толщина образца — 1 мм, диаметр — 40 мм, диапа-
зон колебаний — до 700 КГц. Сначала исследовалась 
частотная зависимость для упругих модулей керамики из 
определения десяти резонансных частот. Затем по изме-
ренным значениям проводимости образца была опреде-
лена зависимость от частоты модулей 𝑑𝑑31 и ε33

𝑇𝑇 . С этой 
целью использовалось полученное в работе выражение 
для электрической проводимости из решения радиальных 
колебаний диска с учетом его толщины.  

                                                 
* The research is done within the frame of the independent R&D. 
 

**E-mail: epohrbats@gmail.com, igorro@rambler.ru, kruglov@sfedu.ru 
*** Работа выполнена в рамках инициативной НИР. 



ht
tp

://
ve

st
ni

k.
do

ns
tu

.ru

144

Vestnik of Don State Technical University. 2019. Vol. 19, no. 2, pp. 143–150.   ISSN 1992-5980 eISSN 1992-6006 

 
Discussion and Conclusions. A technique is developed for 
determining the frequency dependence of LZT piezoelectric 
ceramic modules. The disc-shaped sample was studied in 15-
650 KHz frequency range. It is shown that in the range up to 
650 KHz, 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13  elastic modules with E superscript (it 
is omitted) or measured at dc field are practically independ-
ent of frequency. In the specified range, ε33

𝑇𝑇 , d31, kp con-
stants have an insignificant frequency dependence for the 
considered radial oscillations. 

Обсуждение и заключения. Разработана методика для 
определения зависимости от частоты модулей пьезоэлек-
трической керамики ЦТС. Образец в форме диска иссле-
довался при диапазоне частот 15–650 КГц. Показано, что 
в диапазоне до 650 КГц упругие модули 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13 с 
верхним индексом Е (он опущен) или измеренные при 
постоянном электрическом поле практически не зависят 
от частоты. В указанном диапазоне константы ε33

𝑇𝑇 , d31, kp 
для рассматриваемых радиальных колебаний имеют не-
значительную частотную зависимость. 

   
Keywords: piezoelectric ceramics, electroelastic modules, 
equivalent circuit, frequency dependence, disc, finite-element 
technique, perturbation method. 

 Ключевые слова: пьезоэлектрическая керамика, элект-
роупругие модули, схема замещения, зависимость от 
частоты, диск, метод конечных элементов, ANSYS, метод 
возмущений. 
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Introduction. A significant number of papers study and develop mathematical methods for solving problems 
of piezoelectric body oscillations. Being a component of the piezoelectric devices, piezoelectric elements serve to excite 
and register oscillations caused by external effects. The selection of piezoelectric material for measuring transducers 
and the analysis of their characteristics requires a large amount of information on the parameters of materials. Such in-
formation includes: 

- a complete set of electroelastic modules [1], 
- losses, 
- analogous electrical circuits, or equivalent circuits of piezoelectric elements [2]. 
The reactive dynamic parameters (L, C) of the equivalent circuits are determined by elastic dielectric and pie-

zoelectric modules, as well as by the density of piezoceramics [3]. It is considered that the electroelastic modules - the 
equivalent circuit parameters are constant; they do not depend on the amplitude (weak electric fields) and on the oscilla-
tion frequency. All this is reflected in the Russian [4] and foreign [5, 6] standards for determining a complete set of 
electroelastic piezoelectric ceramics modules. For example, to determine d31 piezo-module of a disk-shaped sample, it is 
necessary to carry out measurements in three frequency domains: in the first and second resonances, in the antireso-
nance region, and at frequencies much below 1 kHz. Accordingly, it is assumed that when determining 𝑑𝑑31, the mod-
ules of the ceramic under study in the frequency range from 1 KHz to the second resonance are independent of frequen-
cy. 

The work objective is to study the frequency dependence of electro-elastic ceramic modules. In this case, a 
disc-shaped sample from LZT (lead zirconate titanate) is used, as precisely this type of ceramics is most well known. 
The ANSYS program [7] is used to verify the correctness of the presented methodology.  

Materials and Methods. Consider a piezoelectric disk with the thickness of 2h and the radius a. We introduce 
a cylindrical coordinate system (r, Θ, z) where z axis coincides with the direction of the polarization axis. The coordi-
nate plane z = 0 coincides with the midplane of the disk. Based on the known linear piezoelectric ratios, the equations of 
the continuum dynamics [1] and Maxwell equations [8], the system of equations for the axisymmetric oscillations of the 
piezoelectric disk can be written as follows: 

𝜕𝜕1𝑇𝑇𝑟𝑟𝑟𝑟 + 𝜕𝜕3 𝑇𝑇𝑟𝑟𝑟𝑟 + 𝑇𝑇𝑟𝑟𝑟𝑟 —𝑇𝑇θθ
𝑟𝑟 + ρω2𝑈𝑈 = 0, 

𝜕𝜕1𝑇𝑇𝑟𝑟𝑟𝑟 + 𝜕𝜕3 𝑇𝑇𝑟𝑟𝑟𝑟 + 𝑇𝑇𝑟𝑟𝑟𝑟 
𝑟𝑟 + ρω2𝑊𝑊 = 0;  𝜕𝜕1𝐷𝐷𝑟𝑟 + 𝜕𝜕3 𝐷𝐷𝑟𝑟 + 𝐷𝐷𝑟𝑟 

𝑟𝑟 = 0. (1) 

Henceforward, the following notations and definitions are introduced: U, W are mechanical displacements along r, z 
coordinate axes, respectively; ω is circular frequency; ρ is density; 𝑇𝑇𝑚𝑚𝑚𝑚   are mechanical stresses; 𝐷𝐷𝑟𝑟 , 𝐷𝐷𝑟𝑟  are compo-
nents of the electric induction vector; 𝜕𝜕1 and 𝜕𝜕3 are operators of derivatives with respect to r and z. 
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of piezoelectric body oscillations. Being a component of the piezoelectric devices, piezoelectric elements serve to excite 
and register oscillations caused by external effects. The selection of piezoelectric material for measuring transducers 
and the analysis of their characteristics requires a large amount of information on the parameters of materials. Such in-
formation includes: 
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The work objective is to study the frequency dependence of electro-elastic ceramic modules. In this case, a 
disc-shaped sample from LZT (lead zirconate titanate) is used, as precisely this type of ceramics is most well known. 
The ANSYS program [7] is used to verify the correctness of the presented methodology.  

Materials and Methods. Consider a piezoelectric disk with the thickness of 2h and the radius a. We introduce 
a cylindrical coordinate system (r, Θ, z) where z axis coincides with the direction of the polarization axis. The coordi-
nate plane z = 0 coincides with the midplane of the disk. Based on the known linear piezoelectric ratios, the equations of 
the continuum dynamics [1] and Maxwell equations [8], the system of equations for the axisymmetric oscillations of the 
piezoelectric disk can be written as follows: 
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𝑟𝑟 = 0. (1) 

Henceforward, the following notations and definitions are introduced: U, W are mechanical displacements along r, z 
coordinate axes, respectively; ω is circular frequency; ρ is density; 𝑇𝑇𝑚𝑚𝑚𝑚   are mechanical stresses; 𝐷𝐷𝑟𝑟 , 𝐷𝐷𝑟𝑟  are compo-
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           In case of axial polarization, the linear piezoelectric effect equations for weak electric fields in the cylindrical 
coordinates can be written as follows [1]: 
 

𝑇𝑇𝑟𝑟𝑟𝑟 = 𝑐𝑐11𝜕𝜕1𝑈𝑈 + 𝑐𝑐12
𝑈𝑈
𝑟𝑟 + 𝑐𝑐13𝜕𝜕3 𝑊𝑊 + 𝑒𝑒31𝜕𝜕3 φ, 

𝑇𝑇θθ = 𝑐𝑐12𝜕𝜕1𝑈𝑈 + 𝑐𝑐11
𝑈𝑈
𝑟𝑟 + 𝑐𝑐13𝜕𝜕3 𝑊𝑊 + 𝑒𝑒31𝜕𝜕3 φ, 

𝑇𝑇𝑧𝑧𝑧𝑧 = 𝑐𝑐13𝜕𝜕1𝑈𝑈 + 𝑐𝑐13
𝑈𝑈
𝑟𝑟 + 𝑐𝑐33𝜕𝜕3 𝑊𝑊 + 𝑒𝑒33𝜕𝜕3 φ, 

𝐷𝐷𝑧𝑧 = 𝑒𝑒31(𝜕𝜕1𝑈𝑈 + 𝑈𝑈
𝑟𝑟 ) + 𝑒𝑒33𝜕𝜕3 𝑊𝑊 − ε33𝜕𝜕3 φ; 𝐷𝐷𝑟𝑟 = 𝑒𝑒15(𝜕𝜕3𝑈𝑈 + 𝜕𝜕1𝑊𝑊) − ε11𝜕𝜕1 φ. 

(2) 

The following notation is introduced in the relations (2) and further: cmn are elastic constants in the matrix des-
ignation measured on samples with shorted electrodes or at the constant electric field E (E upper index of the ceramics 
constants is omitted here and further); emn are piezoelectric constants; εmn are clamped dielectric constants; φ is electric 
potential where E = –grad φ [2, 8]. 

Assume that the boundary conditions are set at the electrode ends and on the lateral surfaces of the disk [1, 2]: 
 at z = ±h  𝑇𝑇𝑧𝑧𝑧𝑧 = 0; 𝑇𝑇𝑟𝑟𝑧𝑧 = 0;  φ = 2𝑉𝑉,  (3) 
 at r = a  𝑇𝑇𝑟𝑟𝑧𝑧 = 0; 𝑇𝑇𝑟𝑟𝑟𝑟 = 0; 𝐷𝐷𝑟𝑟 = 0.    (4) 
In (3), 2V value is electric potential difference applied to the ends [2, 8]. Let us introduce dimensionless coordinates and 
quantities from the formulas: 

ξ = r
a ;  ζ = z

h ;  ε = h
a ;  Ω = ωh√ ρ

c44
;  Ω𝑎𝑎 = ωa√ ρ

𝑐𝑐11
p ;   c11

p = c11 − c13
2

c33
. 

 
The solution to the boundary value problem (1-3) consists of the sums of two solutions: 
- homogeneous solution at zero boundary conditions at z = ±h; 
- particular solution that satisfies only nonzero conditions at the ends (3). 
The constructed system of homogeneous solutions will enable to further satisfy the boundary conditions (4) on 

the lateral surface (as a rule, using variational methods). 
It is not difficult to construct the particular solution 𝐷𝐷𝑧𝑧

0 = const and 𝐷𝐷𝑟𝑟
0 ≡ 0, which satisfies automatically the 

third equation from the system (1) and the boundary conditions at the ends (3). According to the first two equations of 
the system (1), the mechanical and electrical components of the particular solution are equal: 

𝑇𝑇𝑟𝑟𝑟𝑟
0 = 𝑇𝑇θθ

0 = 𝐴𝐴(𝑒𝑒31 + ε33𝑐𝑐13
𝑒𝑒33

)χ sin(χζ) + 𝑒𝑒31𝐾𝐾; 𝑈𝑈0 = 0; 𝑇𝑇𝑟𝑟𝑧𝑧
0 = 0; 

φ0 = 𝐾𝐾ℎζ + 𝐴𝐴ℎ sin(χζ);  𝐷𝐷𝑧𝑧
0 = −ε33𝐾𝐾; 𝑇𝑇𝑧𝑧𝑧𝑧

0 = 𝑒𝑒33𝐾𝐾 + 𝑒𝑒33
𝑝𝑝 𝐴𝐴χ cos(χζ); 

𝐴𝐴 = − 𝑉𝑉
ℎ  𝑒𝑒33

𝑒𝑒33
𝑝𝑝 (χ cos(χ) − 𝑘𝑘𝑡𝑡

2 sin(χ)) ;  𝐾𝐾 = 𝑉𝑉
ℎ  1

1 − 𝑘𝑘𝑡𝑡
2 tan(χ)

χ
. 

(5) 

The following notation is introduced in (5): 

χ = Ω√𝑐𝑐44
𝑐𝑐33

𝐷𝐷 ;   𝑒𝑒33
𝑝𝑝 = 𝑒𝑒33 + 𝑐𝑐33ε33

𝑐𝑐33
2 ;  𝑘𝑘𝑡𝑡

2 = 1 − 𝑐𝑐33
𝑐𝑐33

𝐷𝐷 . 

If the vector of external forces and the electric potential are zero on the end surfaces, then the construction of 
homogeneous solutions is associated with the definition of the dispersion equation roots [9]. For symmetric oscillations, 
the dispersion equation has the following form: 
 𝑎𝑎𝑛𝑛𝑀𝑀𝑛𝑛 tan−1(β𝑛𝑛)  =  0, (n = 1, 2, 3).  (6) 

The following notation is introduced in (6): 
𝑎𝑎𝑛𝑛 = α2𝑐𝑐13𝑘𝑘1𝑛𝑛 + 𝑐𝑐33𝑘𝑘2𝑛𝑛 + 𝑒𝑒33𝑘𝑘3𝑛𝑛;  𝑏𝑏𝑛𝑛 = 𝑘𝑘1𝑛𝑛β𝑛𝑛 + 𝑘𝑘2𝑛𝑛; 

𝑀𝑀1 = 𝑏𝑏2𝑘𝑘33 − 𝑏𝑏3𝑘𝑘32;  𝑀𝑀2 = 𝑏𝑏3𝑘𝑘31 −  𝑏𝑏1𝑘𝑘33;  𝑀𝑀3 = 𝑏𝑏1𝑘𝑘32 −  𝑏𝑏2𝑘𝑘31. 
Here, 𝑘𝑘𝑚𝑚𝑛𝑛 are algebraic compliments to the elements of the third determinant row of the system for symmetric oscilla-
tions (1); β𝑛𝑛 is binary cubic root from [9], α is non-dimensional wave number of oscillations along r axis. 

To find the roots (α) at the given values of Ω, it is necessary to solve the dispersion equation (6) in combina-
tion with the binary cubic. A detailed analysis of the dispersion equation roots of symmetric lossless oscillations for the 
piezoelectric layer is given in [9], considering losses – in [10]. It is the sum of the particular and homogeneous solutions 
that will allow satisfying the boundary conditions both at the ends and on the lateral surfaces of the disk. 

With an arbitrary ratio of disk sizes, the inverse problem of its forced oscillations (1–4) is very difficult to ana-
lyze and has a finite analytical solution only in some special cases (for example, oscillations of a thin disk or without 
considering its thickness when ε ≪ 1). Therefore, when determining the modules of ceramics, it is more convenient to 
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solve the inverse boundary problem using approximate methods with allowance for thickness corrections for low-
frequency radial oscillations of the disk. In this case, we can get an analytical solution in the form of finite formulas. In 
this paper, we seek the solution in the form of expansion with respect to ε small parameter: 

  α2 = ε2Ω𝑎𝑎
2  + γε4Ω𝑎𝑎

4  + ηε6Ω𝑎𝑎
6 …  𝑈𝑈 = 𝑈𝑈0 + ε2Ω𝑎𝑎

2 𝑈𝑈2 + ε4Ω𝑎𝑎
4 𝑈𝑈4

 +… (7) 
 
Here, 𝑼𝑼𝒏𝒏 is vector function with 𝑼𝑼(𝑈𝑈, 𝑊𝑊, φ) components; n is the order of the constructed approximate theory of sym-
metric disk oscillations considered in the paper;  γ, η are unknown constants which depend on the modules of piezoelec-
tric ceramics, they are determined from (1, 2) and satisfy the homogeneous (zero) boundary conditions (3). 

Omit the cumbersome manipulations. We confine ourselves to the terms with ε6 to determine α2 wave number, 
the terms with ε2 for 𝑼𝑼 vector function in (7), and we give the final result of the considered boundary value problem 
with the boundary conditions (3) at the ends [11]: 

γ = 𝑐𝑐13
2

3𝑐𝑐33
2  ;     ν = − 𝑠𝑠12

𝑠𝑠11
;    𝑘𝑘𝑝𝑝

2 = 2𝑑𝑑31
2

ε33
𝑇𝑇 (𝑠𝑠11 + 𝑠𝑠12) ;  t = 𝑐𝑐13

𝑐𝑐33
= −𝑠𝑠13

𝑠𝑠11 + 𝑠𝑠12
; 

η = γ ( 2
15 𝑡𝑡 + 2𝑐𝑐11

𝑝𝑝

5𝑐𝑐33
+ γ) + 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝; 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑡𝑡2

45𝑐𝑐11
𝑝𝑝 ε33

𝑇𝑇 (1−𝑘𝑘𝑝𝑝2) [ 𝑑𝑑31
𝑠𝑠11+𝑠𝑠12

− 𝑐𝑐11
𝑝𝑝 (2𝑡𝑡𝑑𝑑31  + 𝑑𝑑33)]2. 

Here, Smn are flexibility modules with E constant; d31 is piezo-module; 𝑘𝑘𝑝𝑝 is planar coupling coefficient; ν is planar 
Poisson ratio; ε33

𝑇𝑇  is free dielectric constant of the disk. 
Next, we introduce the following definitions and notation: α0

2 = ε2Ω𝑎𝑎
2  is approximate zero-order wave number; 

α2
2 = ε2Ω𝑎𝑎

2 + γε4Ω𝑎𝑎
4  is approximate wave quadratic number; α4

2 = ε2Ω𝑎𝑎
2 + γε4Ω𝑎𝑎

4 + ηε6Ω𝑎𝑎
6 is approximate quartic wave 

number; С is disk capacity. 
        Table 1 presents the results of the exact solution of the wave number (α) of the PZT4 ceramics depending on the 
frequency from the dispersion equation (6) and an approximate calculation from (7) at ε = 0.033 for various approxima-
tions of α𝑚𝑚. 

Table 1 
An example of calculating wave number (α) at various frequencies for the piezoceramic disk under study 

 
 

f, kHz Ω α from (6) α0 α2 α4 с piezo = 0 α4 

50 0.085 0.045055 0.045049 0.045055 0.045055 0.045055 

250 0.425 0.2262 0.2252 0.22603 0.22605 0.2261 

500 0.85 0.4578 0.4505 0.4568 0.4574 0.4575 

700 1.1903 0.6522 0.6307 0.64777 0.6514 0.6518 
 

The results given in Table 1 show that for the disk 1 mm thick and with frequencies up to 700 KHz, the cal-
culation of the wave numbers from the dispersion equation (6) and the approximate calculation for α4 almost coincide, 
and the piezo correction can be neglected. In this case, the decomposition (7) for α2 depends only on the disk geometry, 
density, and moduli of flexibility – 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13. 

Omitting the relatively cumbersome manipulations, we give the expression of Y conductivity for the piezoelec-
tric disk. It is obtained from the approximate solution (7) for various  ε2. 
Y000 is zero approximation of ε = 0, or the known equation of radial oscillations of a zero-thickness disk: 

𝑥𝑥 = α0
ε ;    𝑌𝑌000 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥) − (1 − ν)J1(𝑥𝑥)).   

 Y040 is approximate quartic wave number: 

 𝑥𝑥 = α4
ε ;    𝑌𝑌040 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥)−(1−ν)𝐽𝐽1(𝑥𝑥)).   (8) 
Y042 is approximate quartic wave number, quadratic particular solution: 

𝑌𝑌042 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝
2 + 𝑐𝑐44

Ω2𝑝𝑝33
2

3ε33
T 𝑐𝑐33

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥) − (1 − ν)𝐽𝐽1(𝑥𝑥)). 

Y242 is approximate quartic wave number, quadratic homogeneous and particular solution: 

𝑌𝑌242 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝
2 + 𝑐𝑐44

Ω2𝑝𝑝33
2

3ε33
𝑇𝑇 𝑐𝑐33

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑝𝑝𝑧𝑧 (1 − 𝑐𝑐44
Ω2𝑝𝑝33𝑐𝑐13
3𝑝𝑝31

𝑝𝑝 𝑐𝑐33
2 )) ; 
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solve the inverse boundary problem using approximate methods with allowance for thickness corrections for low-
frequency radial oscillations of the disk. In this case, we can get an analytical solution in the form of finite formulas. In 
this paper, we seek the solution in the form of expansion with respect to ε small parameter: 

  α2 = ε2Ω𝑎𝑎
2  + γε4Ω𝑎𝑎

4  + ηε6Ω𝑎𝑎
6 …  𝑈𝑈 = 𝑈𝑈0 + ε2Ω𝑎𝑎

2 𝑈𝑈2 + ε4Ω𝑎𝑎
4 𝑈𝑈4

 +… (7) 
 
Here, 𝑼𝑼𝒏𝒏 is vector function with 𝑼𝑼(𝑈𝑈, 𝑊𝑊, φ) components; n is the order of the constructed approximate theory of sym-
metric disk oscillations considered in the paper;  γ, η are unknown constants which depend on the modules of piezoelec-
tric ceramics, they are determined from (1, 2) and satisfy the homogeneous (zero) boundary conditions (3). 

Omit the cumbersome manipulations. We confine ourselves to the terms with ε6 to determine α2 wave number, 
the terms with ε2 for 𝑼𝑼 vector function in (7), and we give the final result of the considered boundary value problem 
with the boundary conditions (3) at the ends [11]: 

γ = 𝑐𝑐13
2

3𝑐𝑐33
2  ;     ν = − 𝑠𝑠12

𝑠𝑠11
;    𝑘𝑘𝑝𝑝

2 = 2𝑑𝑑31
2

ε33
𝑇𝑇 (𝑠𝑠11 + 𝑠𝑠12) ;  t = 𝑐𝑐13

𝑐𝑐33
= −𝑠𝑠13

𝑠𝑠11 + 𝑠𝑠12
; 

η = γ ( 2
15 𝑡𝑡 + 2𝑐𝑐11

𝑝𝑝

5𝑐𝑐33
+ γ) + 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝; 

𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 = 𝑡𝑡2

45𝑐𝑐11
𝑝𝑝 ε33

𝑇𝑇 (1−𝑘𝑘𝑝𝑝2) [ 𝑑𝑑31
𝑠𝑠11+𝑠𝑠12

− 𝑐𝑐11
𝑝𝑝 (2𝑡𝑡𝑑𝑑31  + 𝑑𝑑33)]2. 

Here, Smn are flexibility modules with E constant; d31 is piezo-module; 𝑘𝑘𝑝𝑝 is planar coupling coefficient; ν is planar 
Poisson ratio; ε33

𝑇𝑇  is free dielectric constant of the disk. 
Next, we introduce the following definitions and notation: α0

2 = ε2Ω𝑎𝑎
2  is approximate zero-order wave number; 

α2
2 = ε2Ω𝑎𝑎

2 + γε4Ω𝑎𝑎
4  is approximate wave quadratic number; α4

2 = ε2Ω𝑎𝑎
2 + γε4Ω𝑎𝑎

4 + ηε6Ω𝑎𝑎
6 is approximate quartic wave 

number; С is disk capacity. 
        Table 1 presents the results of the exact solution of the wave number (α) of the PZT4 ceramics depending on the 
frequency from the dispersion equation (6) and an approximate calculation from (7) at ε = 0.033 for various approxima-
tions of α𝑚𝑚. 

Table 1 
An example of calculating wave number (α) at various frequencies for the piezoceramic disk under study 

 
 

f, kHz Ω α from (6) α0 α2 α4 с piezo = 0 α4 

50 0.085 0.045055 0.045049 0.045055 0.045055 0.045055 

250 0.425 0.2262 0.2252 0.22603 0.22605 0.2261 

500 0.85 0.4578 0.4505 0.4568 0.4574 0.4575 

700 1.1903 0.6522 0.6307 0.64777 0.6514 0.6518 
 

The results given in Table 1 show that for the disk 1 mm thick and with frequencies up to 700 KHz, the cal-
culation of the wave numbers from the dispersion equation (6) and the approximate calculation for α4 almost coincide, 
and the piezo correction can be neglected. In this case, the decomposition (7) for α2 depends only on the disk geometry, 
density, and moduli of flexibility – 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13. 

Omitting the relatively cumbersome manipulations, we give the expression of Y conductivity for the piezoelec-
tric disk. It is obtained from the approximate solution (7) for various  ε2. 
Y000 is zero approximation of ε = 0, or the known equation of radial oscillations of a zero-thickness disk: 

𝑥𝑥 = α0
ε ;    𝑌𝑌000 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥) − (1 − ν)J1(𝑥𝑥)).   

 Y040 is approximate quartic wave number: 

 𝑥𝑥 = α4
ε ;    𝑌𝑌040 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥)−(1−ν)𝐽𝐽1(𝑥𝑥)).   (8) 
Y042 is approximate quartic wave number, quadratic particular solution: 

𝑌𝑌042 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝
2 + 𝑐𝑐44

Ω2𝑝𝑝33
2

3ε33
T 𝑐𝑐33

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑥𝑥𝐽𝐽0(𝑥𝑥) − (1 − ν)𝐽𝐽1(𝑥𝑥)). 

Y242 is approximate quartic wave number, quadratic homogeneous and particular solution: 

𝑌𝑌242 = ω𝐶𝐶 (1 − 𝑘𝑘𝑝𝑝
2 + 𝑐𝑐44

Ω2𝑝𝑝33
2

3ε33
𝑇𝑇 𝑐𝑐33

2 + 𝑘𝑘𝑝𝑝
2(1 + ν) 𝐽𝐽1(𝑥𝑥)

𝑝𝑝𝑧𝑧 (1 − 𝑐𝑐44
Ω2𝑝𝑝33𝑐𝑐13
3𝑝𝑝31

𝑝𝑝 𝑐𝑐33
2 )) ; 

Madorsky V. V. et al. Study on frequency dependence of polarized piezoceramics constants in equivalent circuits 

 
 𝑧𝑧𝑧𝑧 = [𝑥𝑥𝑥𝑥0(𝑥𝑥) − (1 − ν)𝑥𝑥1(𝑥𝑥)] [1 + ε2α0

2𝑡𝑡 (1
3 + 𝑡𝑡

6)] − ε2α0
2γ 𝑥𝑥𝑥𝑥0(𝑥𝑥);   (9) 

𝑒𝑒31
𝑝𝑝 = 𝑒𝑒31 + ε33𝑐𝑐13

𝑒𝑒33
= 𝑑𝑑31

𝑠𝑠11 + 𝑠𝑠12
.

 Table 2 shows the numerical analytic calculation results. The conductivities of the exact solution (5, 6) and 
approximate solutions (8, 9) with respect to ε2 were found using the MATLAB program [12]. For the disk made of 
PZT4 [13] with the thickness of 1 mm and the diameter of 30 mm, numerical calculations were carried out in the AN-
SYS and ACELAN systems [14]. The latter software package was developed by the employees of the Southern Federal 
University (SFU) and focused on the calculations of piezoelectric devices.  

Table 2 
Conductance calculation for various frequencies 

Frequency, kHz ANSYS, Cm/m Solution (5,6), Cm/m Y000, Cm/m Y040, Cm/m Y042, Cm/m Y242, Cm/m 
350 5.03 5.032 4.9688 5.014 5.0457 5.028 

554.4 8.74169 8.741029 8.478 8.5864 8.73237 8.735 
700 10.98 10.97 10.376 10.682 10.957 10.96 

 
Table 2 shows that in the construction of approximate theories of the type (8, 9), it is required to use the de-

composition (7) to calculate the wave number at least of the second order. 
Research Results 
1. Study of the dependence of the elastic ceramic moduli on frequency. For a sufficiently well-studied PZT 

piezoceramics, we will investigate the frequency dependence of the following modules: piezoelectric 𝑑𝑑31, dielectric  ε33
𝑇𝑇  

and flexibility modules - 𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13. Consider low-frequency radial oscillations of a disc-shaped sample with elec-
trodes on the ends. The sample thickness is 1 mm, the diameter is 40 mm, and the oscillation range is up to 700 KHz. 

First, we study the frequency dependence for elastic modules. To do this, according to [15], we precheck the 
first three resonant low frequencies fr (the major resonance and its two overtones). Elastic constants are determined 
from the solution of the frequency equation (9) of the radial oscillations of the disk considering ε relative thickness: 
three equations for three unknown variables. It is ε relative thickness that distinguishes the above frequency equation 
(9) for radial oscillations of the finite thickness disk from the known frequency equation for radial oscillations of the 
disk with “zero thickness” [15]: 

R J0(R) = (1 – ν) J1(R). 
The introduction of  ε thickness correction into the solution of the known equation of radial oscillations of a 

disc-shaped sample improves the accuracy and measurement informativeness of the elastic modules. 
The elastic compliances determined by [11, 15] through the technique of three resonances for the considered 

ceramics turned out to be equal: 
s11 = 12.29e – 12, s12 = –4.05e – 12, s13 = –5.28e – 12. 

Table 3 shows the first ten resonant frequencies for the PZT19 ceramics. In the “Experiment” stock, the fre-
quencies measured on the WK 6500B conductivity measuring device at the Institute of High Technologies and Pie-
zotechnics at the Southern Federal University are given. In the “Analysis” line there are  𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13, calculated by the 
formula (9) for the frequency-independent elastic modules defined by [11, 15]. Measurement errors did not exceed the 
values recommended by the standard [4]. 

Table 3 
First ten resonant frequencies for PZT19 ceramics 

 Resonant frequencies fr, KHz 
Experiment 50.8 132.8 211 2884 364.6 439.4 513.2 585.4 654.4 722.8 

Analysis 50.8 132.8 210.95 288.1 364.8 440.7 516 590.4 663 735.4 

Table 3 shows that in the frequency range up to 600 KHz, the difference between the calculated and experi-
mental data with constant elastic moduli does not exceed 1%, therefore the following conclusion can be made: “For the 
ceramics considered, s11, s12, s13  elastic modules with Е superscript (it is omitted) or measured at a constant electric 
field are practically independent of the frequency in the range up to 650 kHz.” 

2. Study of the dependence on the frequency of 𝒅𝒅𝟑𝟑𝟑𝟑 and  𝛆𝛆𝟑𝟑𝟑𝟑
𝑻𝑻  modules. We use the expression (8) for Y040 

conductance from the solution of the radial disk oscillations considering its thickness, as well as the values of imaginary 
parts of the complex conductivity of the piezoceramics under study measured at room temperature. In this case, it is 
possible to investigate the dependence of d31 and  ε33

𝑇𝑇  modules on the frequency in the range from 10 KHz to 600 KHz. 
To determine two unknown d31 and  ε33

𝑇𝑇 , measure Y at two frequencies – f1, f2. The difference between d31 and  ε33
𝑇𝑇  is 

selected so that we can neglect the dependence of d31 and  ε33
𝑇𝑇  modules on the frequency in f1– f2 range.  
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a constant electric field are practically independent of frequency. In the indicated range, ε33

𝑇𝑇 , d31, kp constants for the 
radial oscillations considered have an insignificant frequency dependence. 

Only the frequency dependence of real part of the ceramic modules was studied, the losses were not consid-
ered. Therefore, the experimentally obtained frequency dependences of the imaginary part of the ceramics conductivi-
ties were measured far from resonances, where the effect of losses was absolutely null. Even so, in the future, both the 
real and imaginary parts of the modules must be considered. This means that losses are included. This problem is sup-
posed to be studied considering the frequency dependence of the complex modules of the ceramics under study. 

In the present paper, the radial oscillations of the sample are considered to obtain more complete information 
when measuring a larger set of constants (except for the piezoelectric and dielectric modules,  𝑠𝑠11, 𝑠𝑠12, 𝑠𝑠13 elastic mod-
ules are measured). This technique can be extended to other forms of samples (rods, plates, etc.), since in these one-
dimensional problems, there is a simple replacement of Bessel functions by trigonometric functions. 
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