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The problem of infinite plate loaded with normal force following a complex trajectory”
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Beeoenue. Tlpennaraercs MeTOH PEIICHHUs 33Ja4d O OECKOHEY-
HOM IUIacTHHE, JeXallel Ha ynpyroM ocHoBaHuu. Ha ninactuny
JleficTByeT nepuoAndecKas Harpy3ka B BUJE CHIIBI, IepeMelna-
IoLIeiicsl 0 MPOU3BOJIBHOW 3aMKHYTOW Tpaekropuu. Llens uc-
ClIeIoBaHMsT — pa3paboTKa YHCICHHOTO METO/a PeIIeHHS 3a1ad
TEOPHH YNPYTOCTU AN Tel, HaXOMAIIMXCS MOJ JeHCTBUEM IIO-
JIBUXKHOW HArpy3KH.

Mamepuanvt u memoovi. YUNTBIBasi MEPUOIMIHOCTD paccMat-
prBaeMoi Harpy3Kku, oHa packiajabiBaercs B psia Oypbe Ha Bpe-
MEHHOM OTpe3Ke, /UIMHa KOTOPOrO paBHA INEPUOJIY Harpys3Ku.
Pemennie ncxonHou 3a1auu CTPOUTCS MOCPEACTBOM CYNEPIIO3U-
LUK PEUIeHUH 3a7a4y, COOTBETCTBYIOIUX Harpyske, 3ajaBaeMoil
cllaraeéMbIMH OIHCaHHOTO BhIme psima Pypre. OxoHUaTETBHOE
pelIeHne 3a/1auu MPeACTaBIIeTCs B BUE OoTpe3ka psaa. Kaxmoe
claraeMoe IpU 3TOM COOTBETCTBYET DEIICHHIO 3aJaud O BO3-
JIeWCTBUH Ha OECKOHEYHYIO IIACTHHY HarpysKHd, pactpe/eieH-
HOMW 10 3aMKHYTOH KpUBOH (TpaeKTOpUU IABHXKEHUS CHIIBI). [l
HaXOXIEHWUs 3THX PEUIeHHH HCIONb3yeTcsl (yHIaMeHTaIbHOE
pelieHre ypaBHEHHs KoieOaHHs OECKOHEYHOH IUIACTHHBI, Jie-
JKalle Ha ypyroM OCHOBaHHH.

Pezynomamut ucciedosanus. IIpeutoskeH HOBBI METOJ pelie-
HUS 33/1a4 TEOPHU YNIPYTOCTH AJIL Tl C Harpy3KoH, IBIDKYIIEH-
csl 10 3aMKHYTOH TPaeKTOPHUH MPOHU3BOJBHOW (Gopmel. PemeHa
3amaya 0 OECKOHEYHOM IUIOCKOCTH, TI0 KOTOPOH C MOCTOSHHOM
CKOPOCTBIO JIBIXKETCS cocpeoToueHHas cuiia. OnpeseneHo, 4To
TPAeKTOPHs ABIDKCHUS IPEJCTaBIsIeT cO00H TIafKylo 3aMKHY-
TyI0 KPUBYIO, COCTOSIIYIO M3 Iyr OKpyXHOcTell. PaccMorpen
XapakTep W3MEHEHUs IepeMeIeHNI W HaNpsDKeHWH BOIM3H
JBIDKYLIeWcs cuibl. M3ydeHo pacnpocTpaHeHHe SHEPIUU yIpy-
rux BoJH. C 3ToM LCJIbI0 BBINNOJHEHO BBIYMCIICHUE KOOpAWHAT
BekTopa YmoBa — [loiiTunra. MccnenoBaHo BIUsSHUE CKOPOCTH
JIBIDKEHMS CHJIBI Ha ATIMHY BekTopa YMoBa — IloiiTunra.
Obcyarcoenue u 3axaroyenus. MeTox IpUMEHUM H IIPU PacCMOT-
peHun Oonee CIOKHBIX OOBEKTOB (IUTHTBHI CIOXHOW (HOPMBI,
CJIONCTBIE TUINTHI, BSI3KOYNpyrue IUmThl). Ero mpemmymectBo
— 9KOHOMHYHOCTb, TaK KakK JJIS TIOCTPOSHHS PEIICHHS UCTIONb-
3yIOTCS Y>K€ M3BECTHbIE pemieHus 3a1ad. OKoHYaTenbHOe pelie-
HHE BBIPAKAETCS B yJOOHOM BHJE — KaK CyMMa KPUBOJIMHEH-
HbIX uHTerpanoB. IlomydeHHble pe3ynbTaTbl MOTYT OBITH HC-
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Introduction. A method for solving the problem of an infinite
plate on an elastic foundation is proposed. The plate is affected
by a periodic load in the form of a force following an arbitrary
closed path. The work objective is to develop a numerical
method for solving problems of the elasticity theory for bodies
under a moving load.

Materials and Methods. Given the periodicity of the load under
consideration, it is decomposed in a Fourier series in a time
interval whose length is equal to the load period. The solution
to the original problem is constructed by superposition of the
solutions to the problems corresponding to the load specified
by the terms of the Fourier series described above. The final
solution to the problem is presented as a segment of a series. In
this case, each term corresponds to the solution of the problem
of the impact on an infinite plate of a load distributed along a
closed curve (the trajectory of the force motion). To find these
solutions, the fundamental solution to the equation of vibration
of an infinite plate lying on an elastic base is used.

Research Results. A new method is proposed for solving prob-
lems on the elasticity theory for bodies with a load following a
closed path of arbitrary shape. The problem of an infinite plane
along which a concentrated force moves at a constant speed is
solved. It is determined that the trajectory of motion is a
smooth closed curve consisting of circular arcs. The behavior
of displacements and stresses near a moving force is consid-
ered. The energy propagation of the elastic waves is studied.
For this purpose, the coordinates of the Umov — Poynting vec-
tor are calculated. The effect of the force motion speed on the
length of the Umov — Poynting vector is investigated.
Discussion and Conclusions. The method is applicable when
considering more complex objects (plates of complex shape,
layered plates, viscoelastic plates). Its advantage is profitability
since the known problem solutions are used to build the solu-

tion. The final decision is expressed in a convenient form — as


Maxim
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M0JIb30BaHbl B IIpOIECCe MPOEKTUpOBaHUA naopor. H3ydeHue
pactpoCTpaHEHUs] SHEPTHH YNPYTUX BOJH OT JBIDKYIHXCS
TPAHCIOPTHBIX CPEICTB IO3BOJIUT OLECHUTH BO3JeiCTBUE yKa-
3aHHBIX BOJIH Ha CTPOEHUS, pPaclojokeHHble BOMm3u goporu. C
y4eTOM JaHHBIX O XapaKTepe M3MEHEHUs] MNepeMelleHHH Hu
HaINpsDKEHUH OLIEHUBACTCS. U3HOC JOPOXKHOTO IOKPBITHS.
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the sum of curvilinear integrals. The results obtained can be
used in the road design process. Studying the energy propaga-
tion of elastic waves from moving vehicles will enable to eval-
uate the impact of these waves on buildings near the road. The
wear of the pavement is estimated considering data on the be-
havior of displacements and stresses.
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Brenenmne. ccrenoBanie TUHAMUYECKUX SBJICHHI, 00YCIIOBICHHBIX JACHCTBHEM MOBHKHOM HATPY3KH, MPE/I-
CTaBJIsIET COOOH aKTyalIbHYIO 33/1a4y, UMEIOIIYO TIPUKIIaHOEe 3HaYeHUE (HalpuMep, MpU PelIeHHH BOIIPOCOB Pa3BUTHUS
TpaHcropTa). B paboTax, HMOCBSMIEHHBIX YKa3aHHOW NMpoOJeMe, PacCMaTPUBAINCH PA3IMYHbBIC 33aa4H C HOABHKHON
Harpyskoil. B 4acTHOCTH, MOKa3aHO, KaK Ha MOJYIUIOCKOCTh MIIH IOJIYIIPOCTPAHCTBO (YNPYyroe H30TPOITHOE, TPAHCBEP-
CaJIbHOE M30TPOITHOE, BSI3KOYNPYroe) JeWCTBYET HarpysKa, ABMXKYIIAscs M0 OECKOHEYHOW MPSIMOM JIMHUM C TIOCTOSH-
HOH CKOpOCTBIO. B 3TOM ciydae mpwu pelieHun 3ajadu BBOJWTCS IOJBIDKHAS CHCTEMa KOOPJIUHAT, CBS3aHHAS C JIBH-
KYIICHCS CHJION, YTO IMO3BOJISET UCKIIOUUTH BpeMs M3 YMCIa HE3aBUCHMBIX MepeMeHHBIX [ 1-5]. YacTs paboT mocBs-
IIeHa U3YYEHUIO JNEHCTBHS Ha OECKOHEYHYIO IUIACTHHY WJIM ToJiocy (YIPYTYIO MM BSI3KOYNPYTYIO) PAaBHOMEPHO JBH-
XKYILEHCs 0 MPSMOIMHEWHON TPaeKTOPHH Harpy3Kku. [Ipy 3TOM MCHONB3YeTCsl TOT Ke METO UCKIIOYEHUsI BpEMEHHOM
NepEeMEHHOM MM paccMaTpHBaeTCsl KBa3HCTaTHUECKasi MOCTaHOBKa 3anauu [6—12]. Haubonpmmii nHTEpEC mpeacTas-
JISIFOT 3371244, B KOTOPBIX JUIMHA TPAGKTOPHHU JIBW)KEHMS HAarpy3KH KOHEYHa, a camMa TPaeKTOPHs IPeNCTaBiIseT co0on
KpUBYIO JIMHUIO. YacTo 3TOM Cllyuae MCIOJIb3yeTCsl KOHEUHODJIEMEHTHOE MOIETIMPOBAaHKE JIBIKYIIEHCs: Harpy3ku [ 11—
13]. B psime paboT mpu perieHnr NOJ00HBIX 3a/1a4 UCTIOIB3YIOTCSl BAPHAIMOHHBIE METONBI (B YaCTHOCTH MeTox Pames
— Putna) [14-16] wim pa3HOBHIHOCTH MeTOAA [ alepKiHa, MO3BOJISAIONIAs CBOAUTE 33a/a9y K OOBIKHOBEHHBIM UM de-
PEHIMAIbHBIM ypaBHEHHAM. [Ipu 3TOM paccmaTpuBaioTcs pa3HOOOpa3Hble OOBEKTHI MPIIIOKEHUS TIOABHKHON HAarpy3-
Kd (TUTITBI, CIIOWCTBIC IUIMTHI, BSI3KOYIPYTHE IUTUTHI, TOJYNPOCTPAHCTBA — KaK HM30TPONHBIC, TaK M aHU3OTPOII-
Heie) [17-19]. B manHO# cTaThe MpeACTaBICH METO, KOTOPBIA pa3BUBACT HJIEH, N3JI0KEHHBIE B paboTax [20-23].

Marepuaibl 1 MeTOAbI. PaccMOTpHM OECKOHEUHYIO IUIACTHHY, JISXKAIIYI0 Ha YIPYTOM BUHKJIEPOBCKOM OCHO-
BaHWMH, KOTOPAasi HAXOAMUTCS MOJI ACHCTBUEM HOPMAIBHO NPHUIIOKEHHOM CHIIBI, TIEpEMEIAIONIeHCs 0 3aMKHYTOH Tpaek-
TOPHH.

3ajaya CBOJMTCS K MHTEIPUPOBAHUIO YPABHEHUS! IBIDKCHUS IIIIACTHHBI, JISKAIEH Ha yIPYroM BUHKIIEPOBCKOM
ocHoBaHuu [14]:

P
AW +2OW + kW =—, (1)

D

ER
rane W — nporu6 mnactuus; D = m ; E — Monyns HOHra; v — koaddunument Ilyaccona; 4 — TommuHa mia-
-V
-2 ph K

CTUHBL, ¢~ = B; — IUIOTHOCTh MaTepuana; k = D ; K — ko3 uieHT nosaTanBocTH ynpyroro ocHoBaHusi; P —

COCpEA0TOYEHHAs CUJIa, IBHXKYILASACA 110 3aMKHYTOM KPUBOH Y C IOCTOSTHHOM CKOPOCTHIO a.
Benem koopamHaTy s, OTCYMTHIBAEMYIO OT HEKOTOPOIl (PMKCHPOBaHHOW TOYKM KpuBo# Y. Toraa cuna P, nBu-
XKyIasics BJIOJb KPUBOH Y CO CKOPOCTBIO @, OyAET OIMCHIBaThCcA cooTHomeHneM P = P(s—at). ®ynkuus P(s—at)

L .
nepuoanyeckKas 1o ¢, ¢ nepuogom I = —, rae L — ajauHa KpUBOH 7.
a
Pemenne. PaccMoTpuM ycTaHOBUBIIHIACS pekuM. Paznoxum Qynkmuto P(s—at) B psag @ypbe 1Mo nepemMeH-

N L L
HOM ¢ Ha OTpe3Ke [—2—;2— . B atom ciyuae ko3 GUIMEHTHI pa3ioKeHUs TPEICTaHyT BUIE:
a 2a
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s

2iakmt,
¢ = I P(s—at)e ﬂ/Ldt.

_%a

Crenas 3aMeHy TepeMEHHON WHTETPUPOBAHHS B MHTETpAE S —af = Z , TIOMYYUM:
L 2ikrr.y
e L
b

a

2ikms
721k7r%‘dz e A _ dﬁk

2
= J. P(z)e
Nz
L L
rae d, — koddduimenTsl pasnoxenus B psajg Oypbe Ha OTpes3ke —E;E ¢ynkn P(z).

Torna noaBMKHYIO HArpy3Ky MOKHO IPEICTaBUTH B BHIE psiga Pypse:

1 i 2ikﬂ:(s—aty
P(s—at)=— d_e L,
( ) ; z k

k=—0
VuuteiBas THHEHHOCTD 3aa4u, €€ pCIICHUC MOXHO MMPCACTABUTL B BU/IC:
0
W= E d W, )
fk=—0

rae W, — nporuObl IIacTUHBL, 00YCIOBICHHbIE JEHCTBIEM BEPTUKAIBHON HAaIPy3KH, paclpe/ieieHue KOTOpoil BIOIb

. . 2ikrc/ . 72ikany
KPUBOM Y omuchIBaeTCs PyHKIMER e /L, u3amenstonieiicss BO BpEMEHH T10 3aKOHY € L,

Jns onpenenenus W, BocnoibzyeMmcs GyHIaMEHTaIbHBIM pellleHueM ypaBHeHHU: (1), KoTOpoe COOTBETCTBYET
2ikamn
L

Vcrnionb3yst MPUHIUI MPEACIBHOTO MOTJIOMICHUS U TPAIUIIMOHHBIC METO/IbI TIOCTPOCHHUS pelieHui nuddepeH-

2
K

P =8(x—x,)8(—yy)e ¥, rne o =

LUAJbHBIX YPaBHEHUI, MOKHO MOJY4YUTh (pyHIaMeHTanbHOEe pelieHne ypaBHeHus (1), kotopoe npu k > uMmeeT

BU:

Wi (%, 1, X0, V) = W+D[KO (o4 R)-K, (oczR)] ,

] 2 , A
rae R= [(x—x0 )2 +(y-x )2 }A ,e=4 k—wk% , 0 = ge'% , oy = geﬂ% , Ko(z) — dynxums Maknosansza.
c

2
Wy

Tpu k < —>- pellleHne UMeeT BUL:
c

Wk(xay:xoyyO) :4TC’Y;2D|:%H(()I) (YR)_KO (YR):| 4

2
ciz ~k, H (YR) — dynxums Fankess.

2ikn(s—at
Torna Vf/k = 4)wk (6, ¥, %0 (5), ¥o(s))e ( % ds . Vicnon3ys n3BecTHbIE (POPMYJIIBI TEOPHH TOHKUX IUIACTHUH U
¥
MTOJyYCHHYIO IO MPHUBEJCHHBIM BBIIIE COOTHOMIEHUSAM (OPMYIY, ONPEaeonIyo mporud W (2), MOXXHO BBIYHCIHUTH
HepeMENEHNS Uy, U, U HANIPSKEHHUS Gy, G, ¥ Gy, B TI0OOM TOUKE IJIACTUHBI.
[Tpu GonbmMx k MPUXOJUTCS BHIYUCIATH HHTETPAN OT OBICTPO OCIMIUTMPYIOMKX (QyHKIUHA. [{s 3TOor0o nemnomis-
30Bajlack KBajJpaTrypHas (OpMyja, OCHOBaHHas Ha 3aMeHEe KyOMYECKHM CIUIaHHOM Ci1ab0 OCHMUIMPYIOUIEH YacTH

MOJIBIHTETPATbHON (DYHKIMH, @ CHJIBHO OCLMUINPYIOUIMH MHOXHUTENb e21k% paccMmarpuBalicst Kak BecoBas (PyHK-
mus [15].

Pe3yabTaThl HccenoBanus. VTak, OeCKOHEYHas MJIACTHHA JIGKHUT HA YIIPYrOM BHHKJIEPOBCKOM OCHOBAHHH.
Ha nee neficTByeT HOpMaiibHas CHIIa, IEPEMENIAIOIIASCS 110 TPACKTOPHH, H300pakeHHOI Ha puc 1.
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Puc. 1. Tpaekropusi IBMKEHHS HATPY3KH

PacueTsl MPOBOIWINCH MPH CICAYIOIIUX HUCXOMHBIX AaHHBIX: h = 0,25 m; ¢ =221 m/c; E=232469-10 H/MZ;
v=0,36. Ha pic. 2 mpuBe/IeHBI Pe3yIbTaThl PACUeTOB, cooTBeTcTBYRomIe K = 1,864 M* 11 0 = 125Mm/c.
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4 4
2 2
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Puc. 2. I3MeHeHne nepeMeIie i 1 HanpsKeHu i
JlarHBIE TpadUKHM ONMKCHIBAIOT M3MEHEHUS MTEPEMEIICHU 1 HANPSHKEHUH B CHCTEME KOOPJMHAT, CBA3aHHOH C
TOYKOW NMPHIIOKEHHS IBHKYIIEHCs cuibl P. OCh ¢ HalpaBJIeHa M0 KacaTeIbHON K TPAEKTOPHY JBHMKCHHS [ , @ OCh 71 —
110 BHEIIHEH HOpMany K 00JIaCTH, OrpaHUYeHHOHN TpaekTopueit 7 (cM. puc. 1) mpu z = % .
IIpu 3TOM BEKTOpP NEpEMEIEHUH U TEH30p HANPSHKEHUI COOTBETCTBEHHO NPEACTaBISUIUCH B BUJIE
T =Ut-T+Un-i+W-k , S =St-T +Sn- 7 + Stn- (7 + 7T )

rae k — HOpMaIb K IIIaCTHHE.

Ha puc. 2 nokazaHo u3MeHeHHUE BAOJIb OCH { KOMIIOHEHT BekTopa nepemewmennit We,Utt,Unt , Ten3opa Hanps-
KeHuii Stt,Snt,Stnt v “3MEHEHME dTUX BEJIMYMH B0 ocu n — Wn,Utn,Unn u Stn,Snn, Stnn .

CorylacHO pacyeraMm, XapakTep IOBEJCHHUS YKa3aHHBIX BEJIWYHMH BO BCEX TOYKAX TPAEKTOPHU OCTACTCS HEU3-
MEHHBIM. PacueTsl nokasajim Takxke, 4To IPH U3MEHEHUH CKOPOCTH JIBM)KEHHMSI Harpy3Kku a B npeaenax ot 0 mo 125 m/c
KOMITOHEHTHI BEKTOpA MEPEMENICHUI U TeH30pa HalpsDKEHUH BO3pacTail He3HaYuTelbHO (Ha 3—4%).
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11 u3ydeHus pacipoCTpaHEHUsI SHEPTUU YIPYTMX BOJH BBIUUCISUINCH KOMIIOHEHTBI BeKTopa YMoBa — [loi-
THHTA €; =—S; - O,u; (S; — KOMIIOHEHTbI TCH30pa HANPSIKCHHH, 1; — KOOPJMHATB BEKTOPA NEPEMELICHHH), HArpaBs-

JICHHE KOTOPOIo yKa3blBaeT HANPABJICHHUE PACTIPOCTPAHEHUs SHEPTUH, a AJTMHA OMMCHIBAET KOJIUYECTBO SHEPTHUH, Iepe-
HOCHMOE 4epe3 eIUHUILYy TOBEPXHOCTH, NEPIEHANKYJIIPHOI K HalPaBJICHUIO JaHHOTO BEKTOPa B €MHUILY BPEMEHHU.
Ha puc. 3. mpencraBieHO pacnpOCTPaHEHUE SHEPTUU YIPYTHX BOJIH OKOJIO ABMXKYIIEHCS COCPENOTOUYEHHOU

cITbl (TI0JI0KEHUE CHITBI 0003HAYEHO KPACcHOH 3BE3/I0UKOIA).
T T T T

Puc. 3. PacripocTpaHeHue SHEpIUu yIpyrux BOJIH

Oo0cyxneHne U 3aK/I0YeHUsl. AHAIU3 NOJYYEHHBIX PE3YyJIbTATOB IOKA3bIBAET, YTO NPU yKa3aHHBIX BBILIE
npenenax U3MEHEHHs CKOPOCTHU JUIMHA BekTopa YMoBa — [IoWTHHra nmpakTH4YeCKH NPONOPIHOHAIbHA CKOPOCTH IBUXKE-
HUS Harpy3KH U KaueCTBEHHAs KapTHHA PacIpPOCTPAHEHHs YHEPTUH BOJIM3H CHIIBI ClIab0 M3MEHSEeTCs B MPOLecce JBH-
JKeHHd. XapakTep MOBEJAEHUS PaCCUUTAHHBIX BbIIIE NEPEMEIICHUI U HANPs)KEHUH BO BCEX TOUKAX TPACKTOPUHM OCTAET-
cs HEM3MEHHBIM, a UX 3HAUYEHUs C1ab0 3aBUCST OT CKOPOCTH JBMXECHUS HArpy3KH d NMPH W3MEHEHHHU 3TOH CKOPOCTH B
npeaenax ot 0 1o 125 m/c.

[IpumeHeHne MpeayIoKeHHOTO MeTo/Ia K OECKOHEUHOH IUIacTHHE, JIeKalleil Ha yIpyroM OCHOBAaHMH, HE HC-
YepIbIBacT €ro BO3MOKHOCTH. OH MOKET OBITH MCIOJB30BAH MPH PACCMOTPEHHUU 00JIee CIOXKHBIX OOBEKTOB (ILTUTHI
CIIO’KHOU ()OPMBI, CIIONCTHIE TUTUTHI, BSI3KOYIPYTHE TUTUTHI). PacCMOTpEeHHBIH METO OTIMYACTCS OT YIIOMSHYTHIX BEIIIE
OoJpIIel SKOHOMHUYHOCTHIO, TaK KaK MCIIONB3YeT AJI MOCTPOCHUS PEIICHHs YKe M3BECTHBIC perIeHus 3agad. OKoHYa-
TEJIBHOE PEIICHHE BBIPaXKaeTCs B yIOOHOM BHIe — KaK CyMMa KPHUBOJIMHEHHBIX HHTETPAJIOB.

[TomryueHHBIE pe3yIbTaTHI MOTYT OBITH UCIIOJIE30BaHBI B TIPOIIECCe TPOEKTUPOBAHUS 1opor. V3yueHne pacrpo-
CTpaHEHHUs SHEPIUM YNPYTUX BOJH OT ABMKYIIMXCS TPAHCIOPTHBIX CPENCTB MO3BOJIUT OLUEHUTH BO3/IEHCTBUE yKa3aH-
HBIX BOJIH Ha CTPOEHMUSI, PacloyIoKeHHbIe BOIM3H foporu. C yueToM JAHHBIX O XapaKTepe U3MEHEHUs NepeMeleHUH 1
HamnpsKeHUH OLIEHUBAETCS] U3HOC JOPOKHOTO TIOKPBITHSL.
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