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Introduction. A method for solving the problem of an infinite
plate on an elastic foundation is proposed. The plate is affected
by a periodic load in the form of a force following an arbitrary
closed path. The work objective is to develop a numerical meth-
od for solving problems of the elasticity theory for bodies under
a moving load.

Materials and Methods. Given the periodicity of the load under
consideration, it is decomposed in a Fourier series in a time in-
terval whose length is equal to the load period. The solution to
the original problem is constructed by superposition of the solu-
tions to the problems corresponding to the load specified by the
terms of the Fourier series described above. The final solution to
the problem is presented as a segment of a series. In this case,
each term corresponds to the solution of the problem of the im-
pact on an infinite plate of a load distributed along a closed
curve (the trajectory of the force motion). To find these solu-
tions, the fundamental solution to the equation of vibration of an
infinite plate lying on an elastic base is used.

Research Results. A new method is proposed for solving prob-
lems on the elasticity theory for bodies with a load following a
closed path of arbitrary shape. The problem of an infinite plane
along which a concentrated force moves at a constant speed is
solved. It is determined that the trajectory of motion is a smooth
closed curve consisting of circular arcs. The behavior of dis-
placements and stresses near a moving force is considered. The
energy propagation of the elastic waves is studied. For this pur-
pose, the coordinates of the Umov — Poynting vector are calcu-
lated. The effect of the force motion speed on the length of the
Umov — Poynting vector is investigated.

Discussion and Conclusions. The method is applicable when
considering more complex objects (plates of complex shape,
layered plates, viscoelastic plates). Its advantage is profitability

since the known problem solutions are used to build the solution.
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" PaGoTa BBIIIOJNHEHA B pamkax uHHIaTuBHOW HUP.

Beeoenue. [lpennaraercs METO] peIICHUS 33/1a4K O OECKOHEYHON
IUIACTHHE, JIeKallell Ha ynpyroM ocHoBaHuu. Ha mnactuny nei-
CTBYET IIepHOANYECKas Harpy3Ka B BUJIE CHJIbI, IepeMelnaromelics
10 TPOW3BOJIBHOM 3aMKHYTOM Tpaekropuu. Llenb uccnenoBanus
— pa3paboTKa YHCIEHHOTO METO/Ia PeLIeHHs 3a1ad TEOPUH YIIpy-
TOCTH U1 Tell, HAXOMAIMXCS IO MACHCTBUEM IOIBIDKHOMI
Harpy3Ku.

Mamepuanst u memoOvl. YUUTBIBas MEPHOJUIHOCTh PACCMATPH-
BaeMOM Harpys3KH, OHa packiajpiBaeTcs B psa Pypbe Ha BpeMEH-
HOM OTpe3Ke, JUIMHA KOTOPOro paBHa Nepuoiy Harpysku. Pere-
HHUEe WCXOMHOW 3aJaull CTPOUTCS IOCPEICTBOM CYTEPHO3HINH
peleHuit 3a1a4u, COOTBETCTBYIOIIUX HArpy3Kke, 3alaBaeMoil ciara-
€MBIMH OTMCaHHOTO BhIIIe psiia Pyppe. OKOHUATENBHOE PETIeHIe
3aj1auM NpeJICTaBisieTCs B BUJE oTpe3ka paaa. Kaxnoe ciaraemoe
IIPY 3TOM COOTBETCTBYET pELIECHHIO 3aJaud O BO3ZIEHCTBUM Ha
OECKOHEUHYIO IUIACTHHY Harpy3KH, pacTpeeieHHOH M0 3aMKHY-
TOW KpUBOH (TPacKTOpUM IBIXKEHHS CHbl). [ HaxokaeHus
9THX PeIIeHNH HUCTIONB3yeTcsl (YHIAMEHTAIBHOE PEIICHHEe YpaB-
HEHMsI KoJleOaHust GECKOHEYHOH TUIACTHHBI, JIeKallled Ha yIpyroM
OCHOBaHHH.

Pezynomamor uccnedosanus. [pennoxeH HOBBI METOJ peLICHHS
3a71a4 TEOPUH YMPYrOCTH JUISL TEJI C HArpy3KOH, ABMXKYIIEHUCS IO
3aMKHYTOW TPaeKTOPHH TPOU3BOILHON (opMEL. Pemena 3amada o
OECKOHEYHOH IIOCKOCTH, O KOTOPOH C TIOCTOSTHHOH CKOPOCTBIO
JIBIDKETCSI cocpenoTodeHHas cuia. OmnpeneneHo, 9T0 TPaeKTOpHs
JIBIDKEHUS TIPEICTABISIET COOOH TMIafKYyI0 3aMKHYTYIO KpHBYIO,
COCTOSILIIYIO U3 YT OKpY)KHOCTel. PaccMoTpeH XapakTep U3MeHe-
HUS TIEpEeMEIICHUH W HaNpsDKCHUH BOJMB3M JIBIDKYIICHCS CHITBL.
W3yueHo pacrpocTpaHeHue sHepruu ynpyrux BoiH. C 3Toi ne-
JIBI0 BBIITOJIHEHO BBIUWCIEHHE KOOPJMHAT BEKTOpa YMOBa —
IToiiTrHra. I/ICCJ'ICJIOBaHO BJIMAHUEC CKOPOCTH ABUKECHUA CHJIbI Ha
JUMHY BexTopa YMmosa — [loiftunra.

Obcyoicoenue u 3axnovenus. MeTon IPUMEHNM H TIPU PacCMOT-
peHnu Ooliee CIOKHBIX 0OBEKTOB (TUIUTHI CIIOXKHOW (OPMBI, CIIOH-
CTBIE IUIUTHI, BS3KOYNpyrue mmthl). Ero npenmymiectBo — 3Ko-
HOMUYHOCTb, TaK KaK Ul MOCTPOCHHS PEIICHUs HCHONIb3YIOTCS
YK€ U3BECTHbIE perieHus 3a1ad. OKoHUaTeIbHOE pEeIleHne BhIpa-
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The final decision is expressed in a convenient form — as the
sum of curvilinear integrals. The results obtained can be used in
the road design process. Studying the energy propagation of
elastic waves from moving vehicles will enable to evaluate the
impact of these waves on buildings near the road. The wear of
the pavement is estimated considering data on the behavior of

displacements and stresses.

Keywords: infinite plate, moving force, arbitrary closed path,
energy of elastic waves

For citation: A.V. Galaburdin. The problem of infinite plate
loaded with normal force following a complex trajectory. Vest-
nik of DSTU, 2019, vol. 19, no. 3, pp. 208-213.
https://doi.org/10.23947/1992-5980-2019-19-3-208-213

JKaeTcsl B yI0OHOM BHJie — KaK CyMMa KpUBOJIMHEHHBIX HHTETpa-
710B. [omyueHHBIE pe3ynbTaThl MOTYT ObITh HCMOJIB30BaHbI B IPO-
Lecce MPOEKTUPOBaHWsA Jopor. M3ydeHwe pacrpocTpaHeHHs
SHEPIHU YIPYTUX BOJH OT JBIDKYIIUXCS TPAHCIOPTHBIX CPECTB
TO3BOJIUT OLEHUTH BO3AEHCTBUE YKa3aHHBIX BOJH HA CTPOCHMS,
pacrionokeHHble BOm3H gopord. C yderoM JaHHBIX O XapaKTepe
W3MEHEHUS] NEPEMELCHNH M HaNpsDKEHUM OLIEHMBACTCSl M3HOC
JIOPOKHOT'O MOKPBITHSL.
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Introduction. The study on dynamic phenomena caused by the action of a moving load is an urgent task that
has application significance (for example, when solving transport development issues). In the papers devoted to this
problem, various tasks with a moving load were considered. In particular, it is shown how a load moving in an infinite
straight line at a constant speed acts on a half-plane or half-space (elastic isotropic, transversal isotropic, viscoelastic).
In this case, when solving the problem, a moving coordinate system associated with a moving force is introduced; this
enables to exclude time from the number of independent variables [1-5]. Some papers consider the action on an infinite
plate or strip (elastic or viscoelastic) moving uniformly along a rectilinear load path. In this case, the same method of
eliminating a temporary variable is used, or a quasistatic formulation of the problem is considered [6—12]. The tasks in
which the length of the load path is finite and the path itself is a curved line are of main interest. In this case, finite ele-
ment modeling of a moving load is frequently used [11-13]. In a number of papers, when solving such problems, varia-
tional methods are used (in particular, the Rayleigh — Ritz method) [14—-16] or a variation of the Galerkin method,
which makes it possible to reduce the problem to ordinary differential equations. In this case, various objects of the ap-
plication of a moving load are considered (plates, layered plates, viscoelastic plates, half-spaces — both isotropic and
anisotropic) [17—19]. This paper presents a method that develops the ideas described in [20-23].

Materials and Methods. Consider an infinite plate lying on an elastic Winkler base, which is under the action
of a normally applied force moving along a closed path.
The problem is reduced to the integration of the equation of motion of a plate lying on an elastic Winkler base [14]:

A2W+c‘262W+kW=£, (1)
! D

Eh’

where W is the plate deflection; D =———
12(1-v7)

; E is Young's modulus; v is Poisson's ratio; /4 is the plate thickness;

_ h . . . K . . . . .
o % p is the density of the material; & = D ; K is the compliance coefficient of the elastic base; P is the concentrated

force moving along a closed curve y with the constant speed a.
Let us introduce the coordinate s counted from some fixed point of the curve y. Then the force P moving along the
curve y with the velocity a will be described by the relation P = P(s —at) . The function P(s —at) is periodic in ¢, with peri-

L .
od T = —, where L is the length of the curvey.
a

Solution. Consider the steady state. We expand the function P(s —at) in the Fourier series in the variable ¢ on

L L . . .
the segment [—2—,2—} . In this case, the expansion coefficients appear as:
a 2a
L
70 diakny/
G = I P(s—at)e Ldt .

2

After changing the integration variable in the integral s —at = z , we obtain:
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7

¢ = I P(z)e

e

. . . . . L L .
where d, are Fourier series expansion coefficients on a function segment [—5,5} of the function P(z).

eZik%
5

a

2ikms,
_21k%d2 ¢ i =d_,
a

Then the moving load can be presented as a Fourier series:

1 i Zikrr(s—aty
P(s—at)=— d_e L
( ) p Z k

k=—0

Given the linearity of the problem, its solution can be presented as:

o0
k=—0
where Wk are plate deflections caused by the action of a vertical load whose distribution along the curve 7 is described by the
. 2ikny L . —2ikant,
functione /L that varies in time according to the law e L,

To determine Vf/k, we use the fundamental solution to the equation (1), which corresponds to
2ikamn

P =38(x—xy)3(y—yo)e "k ,rne o) = .

Using the limiting absorption principle and traditional methods for constructing solutions to differential equations,

2
K
2
c

we can obtain a fundamental solution to the equation (1), which at & > , has the form:

i
Vs %X0sVy) = ———[ Ky (0,R)~ Ko (0,R) ],
wi (%, 1, X0, Vo) 47[82D|: o (uR)—Kq (o )]

] 2 : A
where R = [(x — X )2 +(y-xo )2 }A , €= ;‘}k - wk% , 0 = sel% , oy = seil% , Ky(z) is the Macdonald function.
C

2
® L

At k< Lz, the solution is given by:
c

=5 (1R)- K, (YR)} :

i
Wi (X, YV, X, =
1 (6, VX0, Vo) 4TW2D{2

2
where y = ¢ (DLZ -k, H(()l) (yR) is the Hankel function.
c

~ 2ikn(s—at)
Then W, = @wk (6, ¥, x0(8), ¥ (5))e 4 ds . Using the well-known formulas of the thin plate theory and
¥
the formula obtained from the above relations determining the deflection W (2), we can calculate the displacements u,,

u, and the stresses o, o, and G, at any point on the plate.
For large £, it is necessary to calculate the integral of fast oscillating functions. For this, a quadrature formula

based on replacing the weakly oscillating part of the integrand by a cubic spline was used, and the highly oscillating

Zikny . . .
factor e /L was considered as a weight function [15].

Research Results. So, an infinite plate lies on an elastic Winkler base. A normal force acts on it moving along
the trajectory shown in Fig. 1.
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Fig. 1. Load motion trajectory

The computation was performed at the following initial data: 2 = 0.25 m; s = 221 m/s; £ =232469-10 N/m2; v
= 0.36. Fig. 2 shows the calculation results corresponding to K = 1.864 m * and a = 125 m/s.

x 10° x 10°

S
/
o
¢
$
t
.4
o
o
E
N
E
/7
4
o
¢
$
I
o
X&
E

-4 -4
6 Wn 5 Wt
—&— Utn —%— Unt
8 T -8 hi
- Unn . Utt
-10 -10
-5 0 5 -5 0 5
500 500
0 fe el =t 5K A ey

o N N
W[ il
[ — ¢
i |
1 %

Stt

Stn
—&— Snt

2000

-2000 i

#
// —+— Smn
f

. Sntt . Sntn

-2500 2500
-5 5 5

0 0 5

Fig. 2. Variation of displacements and stresses

These graphs describe changes in displacements and stresses in the coordinate system associated with the point
of application of the moving force P. The ¢ axis is directed tangentially to the motion path 7 , and the n axis is directed

along the external normal to the region bounded by the path # (see Fig. 1) atz = % .
In this case, the displacement vector and stress tensor, respectively, were represented as:
U=Ut-7+Un-i+W-k, S=St-1 +Sn-mn +Smm-(fa +7t ),

where & is normal to the plate.
Fig. 2 shows the change along the ¢ axis of the displacement vector components Wz,Utt,Unt , the stress ten-

sor Stt, Snt, Stnt , and the variation of these values along the n axis— Wn,Utn,Unn and Stn,Snn, Stnn .
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According to the calculations, the behavior of these values at all points of the trajectory remains unchanged.
The computation also showed that with a change in the velocity of the load a in the range from 0 to 125 m/s, the com-
ponents of the displacement vector and the stress tensor increased moderately (by 3-4%).

To study the elastic energy propagation, the components of the Umov-Poynting vector ¢; =—S; -0,u; (S;are

the components of the stress tensor, u; are the coordinates of the displacement vector) whose direction indicates the

direction of energy propagation, and the length describes the amount of energy transferred through a surface unit per-
pendicular to this vector line per unit time.

Fig. 3 shows the elastic energy propagation near a moving concentrated force (the position of the force is
marked with a red asterisk.
7 T T T T T T T T

Fig. 3 Elastic energy propagation

Discussion and Conclusions. The analysis of the results obtained shows the following: at the speed variation
limits indicated above, the length of the Umov-Poynting vector is almost proportional to the load speed and a sound
energy pattern near the force changes slightly during the movement. The behavior of the displacements and stresses
calculated above at all points of the trajectory remains unchanged, and their values weakly depend on the load speed a
when this velocity varies from 0 to 125 m/s.

Application of the proposed method to an infinite plate lying on an elastic base does not exhaust its possibili-
ties. It can be used when considering more complex objects (plates of complex shape, layered plates, viscoelastic
plates). The considered method differs from the mentioned above in greater efficiency since it uses the known problem
solving to construct the solution. The final decision is expressed in a convenient form — as a sum of curvilinear inte-
grals.

The results can be used in the road design process. Studying the elastic energy propagation from moving vehi-
cles will provide evaluating the impact of these waves on buildings near the road. The wear of the pavement is estimat-
ed considering data on the behavior of displacements and stresses
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