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Introduction. The integration of reliability and optimization 
concepts seeks to design structures that should be both 
economic and reliable. This model is called Reliability-Based 
Design Optimization (RBDO). In fact, the coupling between 
the mechanical modelling, the reliability analyses and the 
optimization methods leads to very high computational cost 
and weak convergence stability. 
Materials and Methods. Several methods have been developed 
to overcome these difficulties. The methods called Reliability 
Index Approach (RIA) and Performance Measure Approach 
(PMA) are two alternative methods. RIA describes the 
probabilistic constraint as a reliability index while PMA was 
proposed by converting the probability measure to a 
performance measure. An Optimum Safety Factor (OSF) 
method is proposed to compute safety factors satisfying a 
required reliability level without demanding additional 
computing cost for the reliability evaluation. The OSF 
equations are formulated considering RIA and PMA and 
extended to multiple failure case. 
Research Results. Several linear and nonlinear distribution 
laws are applied to composite yarns studies and then extended 
to multiple failure modes. It has been shown that the idea of 
the OSF method is to avoid the reliability constraint evaluation 
with a particular optimization process. 
Discussion and Conclusions. The simplified implementation 
framework of the OSF strategy consists of decoupling the 
optimization and the reliability analyses. It provides designers 
with efficient solutions that should be economic satisfying a 
required reliability level. It is demonstrated that the RBDO 

 Введение. Интеграция концепций надежности и 
оптимизации направлена на разработку структур, которые 
должны быть экономичными и надежными. Эта модель 
называется Оптимизация проектирования на основе 
надежности (RBDO). Фактически связь между 
механическим моделированием, анализом надежности и 
методами оптимизации приводит к очень высоким 
вычислительным затратам и слабой стабильности 
конвергенции. 
Материалы и методы. Для преодоления этих трудностей 
было разработано несколько методов. Методы под 
названием «Индекс показателя надежности» (RIA) и 
«Метод оценки эффективности» (PMA) - это два 
альтернативных метода. RIA описывает вероятностное 
ограничение как индекс надежности, в то время как PMA 
был предложен как путь преобразования вероятностной 
меры эффективности. Предложен метод оптимального 
коэффициента безопасности (OSF) для расчета 
коэффициентов безопасности, удовлетворяющих 
требуемому уровню надежности, без дополнительных 
вычислительных затрат для оценки надежности. 
Уравнения OSF сформулированы с учетом RIA и PMA и 
расширены до случая с несколькими отказами. 
Результаты исследования. Несколько линейных и 
нелинейных законов распределения применяются к 
исследованиям композиционных нитей, а затем 
распространяются на множественные режимы отказа. 
Было показано, что идея метода OSF заключается в том, 
чтобы избежать оценки ограничения надежности с 
помощью конкретного процесса оптимизации. 
Обсуждение и выводы. Упрощенная структура реализации 
стратегии OSF заключается в разделении анализа 
оптимизации и надежности. Она предоставляет 
проектировщикам эффективные решения, которые 
должны экономически удовлетворять требуемый уровень 
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compared to OSF has several advantages: small number of 
optimization variables, good convergence stability, small 
computing time, satisfaction of the required reliability levels. 

надежности. Показано, что RBDO в сравнении с OSF 
имеет ряд преимуществ: небольшое число переменных 
оптимизации, хорошая стабильность сходимости, малое 
время вычислений, удовлетворение требуемым уровням 
надежности. 

   
Keywords: Reliability-Based Design Optimization, Structural 
Reliability, Safety Factors, Fatigue Damage Analysis, Multi 
Failure Scenarios. 

 Ключевые слова: оптимизация на основе надежности, 
структурная надежность, факторы безопасности, анализ 
ущерба от изношенности, сценарии множественных 
отказов. 
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1. Introduction 
When Deterministic Design Optimization (DDO) methods are used, deterministic optimum designs are usually 

pushed to the design constraint boundary, leaving little or no room for tolerances (or uncertainties) in design, 
manufacture, and operating processes. So deterministic optimum designs obtained without consideration of 
uncertainties could lead to unreliable designs, therefore calling for Reliability-Based Design Optimization (RBDO). It is 
the objective of RBDO to design structures that should be both economic and reliable. However, the coupling between 
the mechanical modeling, the reliability analyses and the optimization methods leads to very high computational cost 
and weak convergence stability. To overcome these difficulties, two points of view have been considered. From a 
reliability view point, RBDO involves the evaluation of probabilistic constraints, which can be executed in two different 
ways: either using the Reliability Index Approach (RIA) or the Performance Measure Approach (PMA) [1]. The major 
difficulty lies in the evaluation of the probabilistic constraints, which is prohibitively expensive and even diverges for 
many applications. However, from an optimization view point, a hybrid method based on simultaneous solution of the 
reliability and the optimization problem has successfully reduced the computational time problem. However, the hybrid 
RBDO problem is more complex than that of deterministic design and may not lead to local optima. To overcome both 
drawbacks, an Optimum Safety Factor (OSF) method has been proposed to compute safety factors satisfying a required 
reliability level without demanding additional computing cost for the reliability evaluation. The efficiency of the OSF 
method has been demonstrated relative to the hybrid one for a linear distribution law [2]. In this work, the OSF is 
reformulated considering RIA and PMA. Next, an extension to multiple failure modes is carried out. Finally, an 
application on composite yarns is carried out for linear and nonlinear distribution laws and multiple failure modes 
(scenarios).  

2. Reliability-Based Design Optimization 
The reliability-based design optimization problem is performed by nesting two sub-problems [3, 4]: 
1: Optimization problem: The objective is to minimize an objective function  xf  subject to deterministic 

constraints  x 0kg   and a required reliability level  x,u t   as follows:  

      min : x            subject to x 0 and x,uk tf g      (1) 

2: Reliability problem: The objective is to find the minimum distance between the origin of the normalized 
space and the MPP (Most Probable failure Point or design point) on the limit state function (Fig. 1). The problem can be 
written as follows: 

    2

1

min u subject to x,u 0
n

id u H      (2) 

For more details about reliability analysis, readers can see [5]. These two sub-problems are carried in two 
different spaces: physical and normalized spaces (Fig. 1).  
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2. Reliability-Based Design Optimization 
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Fig. 1. Physical and normalized spaces [3, 4] 

Рис. 1. Физические и нормализованные пространства [3, 4] 

These nested problems require a high computing time, however, the Optimum Safety Factor (OSF) is used to solve 
these numerical difficulties. 

3. OSF developments 
In the RIA and PMA, the major difficulty lies in the evaluation of the probabilistic (reliability) constraints; this 

is prohibitively expensive and even diverges for many applications [6]. RIA describes the probabilistic constraint as a 
reliability index while PMA was proposed by converting the probability measure to a performance measure. It has been 
found in the literature that PMA is more efficient and stable than RIA in the RBDO process [1]. Furthermore, PMA 
converges to different optimum solutions when starting from different initial designs [7]. In this section, it is shown that 
the OSF formulations can be deducted from both approaches (RIA & PMA). 

3.1 OSF considering RIA and PMA 
3.1.1 OSF based on RIA 
The probabilistic constraint in RIA can be evaluated by solving the first-order reliability analysis to calculate 

the design point P*, which is formulated as an optimization problem with an equality constraint H (u) = 0, in the 
normalized space: 

 
 

u
min           :     (u)  

subject to:    u 0

d
H 

  (3a) 

and can be also written as: 

 
 

2
u

min           :     (u)  

subject to:    u 0

d
H 

  (3b) 

The Lagrangian function for the problem (3b) can be written as 

      2u, u uL d H     (4) 

The optimality conditions for the Lagrangian function are: 

 
2

0     ,   1,...,
i i i

L d H i n
u u u
  

   
  

  (5a) 

  u 0L H
 


  (5b) 

Using the expression for the square distance d2 in the equation (3b), we get: 

 , 1,...,
2i

i

Hu i n
u

 
  


  (6) 

3.1.2 OSF based on PMA 
The evaluation of the probabilistic constraint in PMA requires an inverse reliability analysis, which corresponds 

to the inverse problem of the reliability analysis to calculate the design point P*, which is formulated as an optimization 
problem with an equality constraint 2 2(u) td   , in normalized space: 

 
 

u
min           :     (u)  

subject to:    u t

H
d  

  (7a) 
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and can be also written as: 

 
 

u
2 2

min           :     (u)  

subject to:    u t

H

d  
  (7b) 

The Lagrangian function for the problem (7b) can be written as 

      2 2u, , u u tL s H d         (8) 

The optimality conditions for the Lagrangian function are: 

 
2

0     ,   1,...,
i i i

L H d i n
u u u
  

   
  

  (9a) 

  2 u 0L d
 


  (9b) 

Using the expression for the square distance d2 in the equation (7b), we get: 

 1 , 1,...,
2i

i

Hu i n
u


  
 

  (10)   

According to equations 6 and 10, the resulting normalized vector u can be written in term of the same 
derivative iH u  . 

3.2 OSF for component RBDO  
Let us consider now the case of n=2 normalized variables i = 1, 2 (see Fig. 2). The tangent of is given 

by: 2 1tan /u u  . Using (6) and (10), we get the same formulations as follows: 

 2

1

tan

H
u
H
u




 



    (11) 

The formulation (11) shows that there is no difference between RIA and PMA for the following OSF developments. 
The problems (3) and (7) give us the reliability index   as the minimum distance between the limit state surface and the 

origin [8]. This means that the resulting reliability index may be lower or higher than the target reliability index t . As 
we wish to satisfy a required target reliability level for the optimization problem, we can write 

 2 2

1

   
n

t i
i

u


     (12) 

Thus, the general expression for the normalized variable ui  when using RIA or PMA, is 

 

2

2

1

   i
i t n

jj

H
u

u
H
u



 
   
 
   


,        1,...,i n    (13) 

The calculation of the normalized gradient / uH   is not directly accessible because the mechanical analysis is 
carried out in the physical space rather than in the standard space [9, 10]. However, using theory of statistics, we can 
derive the following expression from which the computation of the normalized gradient can be carried out by applying 
the chain rule on the physical gradient / yG  : 

  1 x,u
     ,  1,..., ,    1,...,   k

i k i

TH G i n k K
u y u

 
  

  
  (14) 

where T-1(x,u) is the inverted probabilistic transformation function. We find that the normalized gradient can be 
expressed as 
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and can be also written as: 
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The Lagrangian function for the problem (7b) can be written as 
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The optimality conditions for the Lagrangian function are: 
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Using the expression for the square distance d2 in the equation (7b), we get: 
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According to equations 6 and 10, the resulting normalized vector u can be written in term of the same 
derivative iH u  . 

3.2 OSF for component RBDO  
Let us consider now the case of n=2 normalized variables i = 1, 2 (see Fig. 2). The tangent of is given 

by: 2 1tan /u u  . Using (6) and (10), we get the same formulations as follows: 
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The formulation (11) shows that there is no difference between RIA and PMA for the following OSF developments. 
The problems (3) and (7) give us the reliability index   as the minimum distance between the limit state surface and the 

origin [8]. This means that the resulting reliability index may be lower or higher than the target reliability index t . As 
we wish to satisfy a required target reliability level for the optimization problem, we can write 
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Thus, the general expression for the normalized variable ui  when using RIA or PMA, is 
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The calculation of the normalized gradient / uH   is not directly accessible because the mechanical analysis is 
carried out in the physical space rather than in the standard space [9, 10]. However, using theory of statistics, we can 
derive the following expression from which the computation of the normalized gradient can be carried out by applying 
the chain rule on the physical gradient / yG  : 
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where T-1(x,u) is the inverted probabilistic transformation function. We find that the normalized gradient can be 
expressed as 
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To summarize, we satisfy the required target reliability index as follows: 
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Thus, we compute the optimum safety factors subject to the optimum values of the normalized variables *
iu . According 

to (13) and (15), it has been demonstrated that the optimum values of *
iu  can be written in the following form: 

 *

1

  ,                 1,...,i
i t n

jj

G
y

u i n
G
y






  



  (17) 

 where the sign of ± depends on the sign of the derivative, i.e.: 
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Fig. 2. Design point modeling in a double normalized variable space 

Рис. 2. Моделирование точек проектирования в двойном нормализованном переменном пространстве 

The efficiency of the OSF is to transfer the reliability problem into an analytical formulation (17). This 
formulation has been extended to several distribution laws (normal, lognormal, uniform Weibull, and Gumbel laws) for 
single failure mode cases considering only RIA [11]. However, in this work, both RIA and PMA are used to show the 
efficiency of the OSF formulation, and an extension to multiple failure case is carried out in the next section.  

3.3 OSF for system RBDO  
The system reliability problem can be written as: 

  2 2 2
1 2 1 2min ( )  ...   s.t.:   , ,..., 0system i n j md u u u u H u u u         (19) 

where ( )id u is the minimum distance between the Most Probable failure Point (MPP) and the optimal solution 

in the normalized space (Fig. 1). And   0j iH u   represent the different failure modes. Using similar way, the 

analytical formulation using OSF for a system RBDO can be written as follows: 
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The formulation (20) provides different optimum values of the normalized variables at the failure point and 
taking into account several failure modes.  

4. Numerical Application on composite yarns 
Composite materials have been used in structures for centuries. In recent times, composite parts have been 

used extensively in aircraft structures, automobiles, sporting goods, and many consumer products. Composite materials 
are those containing more than one bonded material, each with different structural properties. The main advantage of 
composite materials is the potential for a high ratio of stiffness to weight. To solve the composite yarns structures (or 
systems), a stress unilateral study is required. 

  
a) Ropes of composite yarns b) Section of the studied rope 

Fig. 3. Material structure 

Рис. 3. Структура материала 

4.1 Problem description 
For tri-material structure illustrated in Fig. 3, the number of yarns in , the section iS , the Young's modulus iE , 

the Poisson's ratio i and material density i  are given according to each material as shown in Table 1. 
Table 1 

Material properties of different used yarns 
Material number in  iS  (m2) iE  (Pa) i  i  (Kg/m3) 

M1 5 10e-8 5.8e6 0.4 4.0 
M2 15 10e-8 8e6 0.3 5.0 
M3 10 10e-8 9e6 0.2 6.0 

 
4.1 Single yarn behavior 
A stress unilateral structure is not capable of transmitting compression, i.e. negative stress: all its internal efforts 

are traction. The formulation of this problem is complex and may lead to non-existence of solutions or several 
approximate solutions. Some methods have been developed to determine a solution among all resulting configurations 
[12].  
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4.1 Problem description 
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M1 5 10e-8 5.8e6 0.4 4.0 
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4.1 Single yarn behavior 
A stress unilateral structure is not capable of transmitting compression, i.e. negative stress: all its internal efforts 

are traction. The formulation of this problem is complex and may lead to non-existence of solutions or several 
approximate solutions. Some methods have been developed to determine a solution among all resulting configurations 
[12].  
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a) Initial case of a yarn and b) Stress case when applying external forces 

Fig. 4. The tension on the yarn 

Рис. 4. Напряжение действующие на нити пряжи 

The behaviour of an elastic file is not defined by the single Hooke’s law; even in the frame of the linear elasticity, we 
have 

 T
K

    and 0T     (21) 

where 0K   is the constant of elasticity and T is the tension which defines the internal efforts of the studied yarn. The 
total section is given by 
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and the total tension is given by 
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with  
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1,

i
i

S
T T

S
 , 2,
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j
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T T
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  and 3,
3,

k
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T T

S
  

Fig. 4a shows the initial case of a yarn in which the volume mass = 0 . When applying an external force and 
considering the gravity force (see Fig. 4b), the equilibrium vector equation can be written as 

 0
T g 0d

da
  ,   (24) 

with 0 (1 )    . 

For our studied rope, there is a non gravity force 0g 0  . So, we get 

 T( ) fextL     (25) 
This way, the tension is a proportional value of the external force as follows  
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Here, the failure conditions are written as follows:  
 1, 1,maxi   , 2, 2,maxj   and 3, 3,maxk      (27) 

In order to compute the maximum strain of each material, we have 

 1,
1,

1,

i
i

i

T
K

  , 2,
2,

2,

j
j

j

T
K

   and 3,
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K

    (28) 

4.3 Procedures 
DDO procedure: 
The optimization problem is to minimize the mass subject to the allowable strain w  and taking a global 

safety factor fS . This optimization problem must be followed by the reliability analysis as follows: 

1- Optimization problem 
   limmin x      subject to (x) /w fmass S        (28) 
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2- Reliability analysis  

   2
lim

1

min u       subject to (u)
n

id u        (29) 

RBDO procedure 
Using OSF method, the RBDO procedure contains three main steps: 
1- The first step is to obtain the design point (MPP).  It is the objective to minimize the volume subject to the design 
constraints without consideration of the safety factors. This way, the optimization problem for a single failure mode is 
simply written as: 

  
lim

min       y
subject to (y)

mass
       (30)  

and for a multiple (double) failure mode as follows:  
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T T
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  (31) 

2- The second step is to compute the optimum safety factors using linear and nonlinear distributions [9] when the 
number of the deterministic variables is equal to that of the random ones. During the optimization process, we obtain 
the sensitivity values of the limit state with respect to all variables.  
3- The third step is to calculate the optimum solution. This encompasses inclusion of the resulting values of the safety 
factors into the design variables in order to evaluate the optimum solution. 

4.4 Numerical results 
4.4.1 Component RBDO 
According to Table 2, the DDO procedure leads to a high reliability index, while the RBDO one satisfies the 

required reliability level for the linear and nonlinear distribution laws. The resulting reliability index is: 3   that 

corresponds to a probability of failure ( 0.1%fP  ). 

Table 2 
DDO and RBDO results for a single failure mode 

Parameters 
Design 
Point 

Optimum Solution 
DDO RBDO 

Normal Normal Lognormal Uniform Weibull 
S1 0.2900 0.4400 0.3415 0.3387 0.3413 0.3455 
S2 0.4750 0.8500 0.5774 0.5698 0.5655 0.5922 
S3 0.5550 1.2300 0.6846 0.6737 0.6632 0.7072 

max  0.0095 0.0048 0.0078 0.0079 0.0080 0.0076 
Mass 0.034 0.0669 0.042 0.041 0.041 0.043 
  -- 7.8231 3.00 3.00 3.00 3.00 

1fS  -- -- 0.849274 0.856135 0.849613 0.839352 

2fS  -- -- 0.822641 0.833690 0.839981 0.802099 

3fS  -- -- 0.810724 0.823839 0.836908 0.784831 

 
4.4.2 System RBDO 
It is easy to study structures under the most critical mode but it may provide inaccurate results for structural 

reliability analysis. When dealing with several failure modes, the sensitivity study of each failure mode with respect to 
all parameters may lead to strange results for the role of certain parameters. The required reliability for both failure 
modes (tension and strain) is considered to be: 3t  that leads to a system reliability index System t   . The system 

reliability index should be bigger or equal to the minimum required reliability index of all failure 
modes min( )System j   .  Table 3 shows Linear and nonlinear RBDO results for the same target reliability index for 

both failure modes. 
 
 



М
аш

ин
ос

тр
ое

ни
е 

и 
ма

ш
ин

ов
ед

ен
ие

229

Вестник Донского государственного технического университета. 2019. Т. 19, № 3. C. 221–230.   ISSN 1992-5980 eISSN 1992-6006 
Vestnik of Don State Technical University. 2019. Vol. 19, no. 3, pp. 221–230.   ISSN 1992-5980 eISSN 1992-6006 

 
2- Reliability analysis  

   2
lim

1

min u       subject to (u)
n

id u        (29) 

RBDO procedure 
Using OSF method, the RBDO procedure contains three main steps: 
1- The first step is to obtain the design point (MPP).  It is the objective to minimize the volume subject to the design 
constraints without consideration of the safety factors. This way, the optimization problem for a single failure mode is 
simply written as: 

  
lim

min       y
subject to (y)

mass
       (30)  

and for a multiple (double) failure mode as follows:  

 
 

lim
lim

min       y
subject to (y)
                (y)

mass

T T
  


  (31) 
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3- The third step is to calculate the optimum solution. This encompasses inclusion of the resulting values of the safety 
factors into the design variables in order to evaluate the optimum solution. 

4.4 Numerical results 
4.4.1 Component RBDO 
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4.4.2 System RBDO 
It is easy to study structures under the most critical mode but it may provide inaccurate results for structural 

reliability analysis. When dealing with several failure modes, the sensitivity study of each failure mode with respect to 
all parameters may lead to strange results for the role of certain parameters. The required reliability for both failure 
modes (tension and strain) is considered to be: 3t  that leads to a system reliability index System t   . The system 

reliability index should be bigger or equal to the minimum required reliability index of all failure 
modes min( )System j   .  Table 3 shows Linear and nonlinear RBDO results for the same target reliability index for 

both failure modes. 
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 Table 3 

Linear and nonlinear RBDO results for multiple failure modes 

Parameters 
Design 
Point 

Optimum Solution 
Normal Lognormal Uniform Weibull 

S1 0.2900 0.3432 0.3402 0.3421 0.3479 
S2 0.4750 0.5774 0.5698 0.5655 0.5922 
S3 0.5550 0.6850 0.6740 0.6632 0.7078 
  0.0095 0.0078 0.0079 0.0080 0.0076 
T 66335 58956 59526 59909 57830 

Mass 0.0343 0.0418 0.0413 0.0409 0.0430 

system  0.0000 3.0242 3.0242 3.0241 3.0183 

1fS  0.00 0.845081 0.852562 0.847811 0.833615 

2fS  0.00 0.822641 0.833690 0.839981 0.802099 

3fS  0.00 0.810263 0.823460 0.836803 0.784156 

6. Conclusions 
In this paper, the OSF method is shown as a distinctive tool for RBDO problems. This method is based on the 

sensitivity of the limit-state function with object of determining the role of each studied parameter relative to the failure 
mode (or modes). First of all, it has been shown that the idea of the OSF method is to avoid the reliability constraint 
evaluation with a particular optimization process. In addition to its simplified implementation framework to completely 
decouple the optimization and the reliability analyses, it provides designers with efficient solutions that should be 
economic satisfying a required reliability level. The developed equation of OSF basing on both of RIA and PMA leads 
to the same formulations. The OSF procedure needs only single optimization process for the design point without 
additional computing time because it has a single variable vector. Finally, the developments based on the reliability 
view point are less efficient than those based on the optimization view point because the second provides us with 
reliability-based optimum designs without additional computing cost for probabilistic (reliability) constraints and can 
lead to global optima. It is shown that the RBDO compared to OSF has several advantages: small number of 
optimization variables, good convergence stability, small computing time, satisfaction of the required reliability levels. 
For composite structures, the RBDO problems are more difficult than for simple structures because we deal with several 
related limit state functions. 
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