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Introduction. Modern processes of welding, surfacing,
soldering and bonding provide producing structural elements
of monolithic interconnected dissimilar anisotropic materials.
The combination of different materials with qualities
corresponding to certain operating conditions offer
comprehensive facilities to improve the technical and
economic characteristics of machines, equipment and
structures. It can contribute to a significant increase in their
reliability, durability, and to reduction of the production and
operation costs.

Materials and Methods. The work objective is to study the
boundary state of stress of anisotropic composite plates in the
framework of the classical theory of plate bending. The outer
edges of the plate are considered free. Using the classical
theory of bending of an anisotropic plate in the space of
physical and geometric parameters, hypersurface equations are
obtained that define low-stressed zones for the contact surface
edge of a cylindrical orthotropic composite plate.

Research Results. Finding the criteria for engineering
structures to determine the limiting strength characteristics of
structural elements is one of the urgent tasks of the deformable
solid mechanics. Strength problems in structures are often
reduced to elucidating the nature of the local stress state at the
tops of the joints of the constituent parts. This paper is devoted
to solving this problem for composite anisotropic plates in the
area of their bending.

Discussion and Conclusions. The solution proposed in this

paper may be useful for increasing the strength of composite

products.
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Beeoenue.  CoBpeMEHHBIE  TEXHOJOTHYECKHE  IPOLECCH
CBapKW, HAIUIaBK{, MAiKM M CKJICHBAHUS IO3BOJIIIOT
W3TOTOBJIATH  OJIEMEHTHl KOHCTPYKIHMH M3  MOHOJIUTHO

COEIMHEHHBIX MEXIy CO00H pPa3sHOPOMHBIX AHU30TPOIHBIX
MarepranoB. KoMmOMHMpOBaHME pa3iIMYHBIX MaTepHajoB,
o0JIafalomuX KadyecTBAMH, COOTBETCTBYIOIIMMH TEM HIIH
HUHBIM  YCJIOBHSIM Gonbiine

OKCIUlyaTalluvd, OTKPBIBACT

BO3MOXXHOCTH JUIS MTOBBIICHUS TEXHUYCCKHUX u
JOKOHOMHYECKHX XapaKTepUCTUK MAIIHH, O0OpYIOBaHUS U
coopyxeHnii. OHO MOXKET CIOCOOCTBOBATH 3HAYUTEIBHOMY
YBEJIMYCHHUIO UX HAJEKHOCTHU, JOJITOBEYHOCTH, YMCHBIICHUIO
Pacxo/10B Ha H3TOTOBJIEHHE H SKCILTyaTalHIoO.

Mamepuanet u memoowvi. Lenbio paboOThI SIBISIETCS U3ydIEeHHE
NpPEeIebHOTO  HANPSDKEHHOTO  COCTOSTHHSL  @HHU30TPOIHBIX
COCTAaBHBIX IUIACTHH B PaMKaxX KJIACCHYECKOW TEOPHH H3ruda
IUTacTHH. BHeIIHe Kpast TIIACTHHBI CUUTAIOTCS CBOOOTHBIMH.
Hcnonp3ys KJIaCCHYECKYIO TEOpHIO H3rnba aHMW30TPOINHOM

IUTACTHHBI B TPOCTPAHCTBE (H3MYECKUX M TE€OMETPUUECKHX

[apamMeTpoB, IIOJlydeHbl YpaBHEHUS TI'MICPIOBEPXHOCTH,
ONpeNeNAoIUe 30HBl  MaJOHANPSKEHHOCTH U Kpas
KOHTaKTHOM  TIOBEPXHOCTU  COCTaBHOW  IWJIMHAPUYECKU
OPTOTPOITHOM IJIACTUHBI.

Pesynomamer  uccneoosanus.  HaxoxpeHwe  KpUTepHEB
UH)XEHEPHBIX COOPYXKEHHUH, MO3BOJAIOLIMX  ONPEAEIUTh
IpefeabHble NPOYHOCTHBIC  XAapAaKTEPUCTUKU  3JIEMEHTOB

KOHCTPYKIMH, SBISIETCS OJHOH W3 aKTyalbHBIX 3ajad
MEXaHUKHA JIehOpPMHUPYEMOTo TBEpAOro Tena. I[IpoGiiemMbl
HNPOYHOCTH B KOHCTPYKIHMSX YacTO CBOJATCS K BBIICHEHHUIO
XapakTepa MECTHOTO HANpPSDKEHHOTO COCTOSIHUSL Y BEpIIMH
CTBIKOB COCTABJISIIONIMX 4acTed. J[aHHas cTaThs MOCBSAIICHA
PCIICHUIO 3TOW NPOOIEMBbI IS COCTABHBIX AHM30TPOMHBIX
IUIACTHH B 00JIaCTH UX U3rHoa.

Obcyaicoenue u 3akniovenusi. Pemenue, mpemnaraemMoe B
JaHHOW paboTe, MOXKET OBITh IOJE3HBIM Ul IOBBIIICHUSL

MNPOYHOCTHU KOMITO3UTHBIX I/ISJIGJ'[I/II\/'L

KnioueBble cjI0Ba: MalOHaNpsHKEHHOCTb, W3THO IUIACTHH,
AQHM30TPOIIHBIN, COCTABHOH, KECTKO 3allleMJICHHBIH, yriioBoe
pedpo, KIraccuieckast TeOpHs H3rH0a, TMHEHHO YIIPYTHH.
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Introduction. A low-stressed state near the angle rib of the edge of the contact joint surface of two different,
cylindrical orthotropic plates of the same thickness [1-5], rigidly fixed along the outside edges, in the framework of the
classical bending theory of linear-elastic anisotropic plates [6, 7], rigidly fixed at the outside edges, is considered.

The behaviour of stresses at the angular vertex under bending a homogeneous isotropic plate that has an angle
rib was studied in [8] using the classical theory of plate bending. The subsequent consideration of this problem through
the refined Reissner theory has shown that the shearing forces in this edge are finite [9]. The existence and location of
zones of low tension and stress concentration at the compound plate corners were experimentally shown in [10]. The
case of bending of an inhomogeneous compound plate was considered in [11].

The surface connecting two plates is vertical to the median plane. Such a compound plate is subject to bending
under total shear loading. The neighbourhood of the angle rib of the joint contact surface is free from external forces.
We place the cylindrical coordinate system origin at the corner point of the median plane of the plate. Fig. 1 shows the
plane z=0. Assume the main anisotropic axes coincide with the axes of this cylindrical coordinate system. The thickness
of the plate is denoted by h, and the values in the vicinity of the point r=0 referring to the regions 0<6<a, -h/2<z<h/2
and -B<0<0, -h/2<z<h/2, note by the indices i=1, 2, respectively.

Fig. 1. Compound plate schematic

Materials and Methods. The deflection w; of each region of the orthotropic plate about the point r=0 is
determined from the equation [3]:

16wl 1 9*w; 16w 1 33w; 16wl 1 0w; _
DT‘L 2Dr91 72 912902 +Dgi — 4 694 —a 12Dy 7013 5,502 —Dg; 2—+2(D91 + +Droi) % 592 —21Dpi 3 or =0.(1)
where Dn-, Dyg;, D,g; are stiffness of each reglon of the anisotropic plate:
o Eri 3.0 — Egi 3. D o .p.. —Gip3
DT’l - 12(1-vyive1) 5 DBL 12(1-vyve;) h 5 Drel DTLVHL + ZDku Dla 12 h

Here, E,;, Egi, Vs, Vi, G; are anisotropic parameters of each region.
Presenting the plate deflection in the form

w;(r,0)=r**1£,(8 ), 2
where f; and A are the required functions and the constant,
fi""+2(ku/12 +1) f{”r(/12 — 1) (kyi#* = 1f; =0, (3)
will follow from the equation (1), where kq;= Droi / :D” / Dy; *

The roots of the corresponding characterlstlc equation for (3) are determined from the following expression

The following three cases are wanted to be considered:
1) All four roots (4) are imaginary (a = b, b is real value)

T(1,234) = TWk;l,
Where the case k=1 corresponds to the lower character under the radical (4), and k=2 - to the upper one.
2) All roots (4) are complex (b is imaginary value).
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T(1230i = (& £ iny).
3) One pair of roots is real and the other is imaginary (a< b, b are real).
T(1,2)i = ¢, T(3,4)i = Ml
For each of the cases, we write the general solution of the equation (3):
1) fi=A; cos wq; 6+B; sin w,; +C; cos w,; 8+E; sin w,; 6
2) fi=A; cosh; 8 cosn; 6 + B; sinh ;6 cosn; 6 + C; cosh§; 0 sinn;0 + +E; sinh ;0 sinn;0 )
3) fi=A; cosh §; 6+B; sinh §;6 + C; cosn; 0+E; sinn;0,

where 4;, B;, C;, E; are arbitrary constants.
Then we have for the moments:
My = =Dpr ™ e " + A+ DA + vy ]
Mg; = —Doir* M [f{" + (A + D) (v A + 1)fi]
M,g; = —2Djr* 1 f] (6)
The shearing forces will be calculated by the formulas:
Qri = —r*2[(Dygid — Do) fi" + (A + 1) (DA% — Do) f;]

Qo = =17 2[Dif;" + (A + 1)(Drgid + Dy f{] (7
For a generalizing cutting force, we will have
OMygi - m !
Voi = Qoi + =2 = =12 (D" + 9if)), ®)

where
gi = A+ DDg; + A[(A + 1)Drg; + 2(A — 1)Dy].
On the contact surface (6 = 0), the conditions of deflection continuity, rotation angle, bending moment and
generalized shear force should be observed.
fi=f2.f{ = 12, Dor fI" + 91f1 = Do2f2"+9212, )
Do, [fi" + A+ D (v d + Dfi] = Do, [f2' + (A + D (vrad + D]
Consider the boundary conditions at the outside edges (0 = a, 6 = -B) of the plate. In case of rigid restraint
fi=fi=0, (10)
Substituting the value f; from (5) into the boundary conditions (9) and (10), we obtain three systems of eight
linear equations relatively eight constants A;, B;, C;, E; for each of the three cases in (5)
For case 1:
A+ C; — Ay,— =0 (11)
w11 B1+ Wy By —w12 By — w23 E;=0
Dg1q1141 + Dg1q21C1 — Dg2q1242 — Dp2q22C>=0
w11P11 Bitwa1P21 By — w1ap12 By — woapan E; =0
A4 cos w1, a+B; sin wy;a+C; cos wyq a+E; sin w,q a=0
Aiwq1 SINwqq & — Bywq4 COS W11 a+C Wy SIN W, @ — Ejwyq COS Wy a=0
A, coswq, f — B, sinw;, B +C, cos w,,f — E, sin w,, =0
Ay w1,5IN Wy, f + By w1,€05 Wy ff 005, SiN Wy, + Ey w5,€08 wyy f=0
The following notation is used here:
pji=(A+ 1= w};) Do+ A[(A + 1)Dyg; + 2(A — 1) D]
4=+ D(vd + D-0};, j=1,2
For case 2:
Ay — Ay =0,8B; + 110 — B, =m0, =0 (12)
w1Dg141 + 2Dg1§1m Ex — wyDgr Ay — 2Dgr85m2E, = 0
p1 B1tq1C; — p2 B, — q,0,=0
A; cosh & acosn; a + B; sinh & acosny a + C; coshé; asinn; < +E; sinh§; «sinn; «x =0
A; (&;sinh & acosny @ —ny cosh & asinn;a)
+B; (cosh & a cosny a —ny sinh §; xsinn; )
+C; (&;sinh & asinn; < 4+ n, cosh&; acosn, a
+E;(§,coshé; xsinn; « +n;sinh & acosn,a) =0
A, cosh &, B cosn, f — B, sinh &, cosn, B — C, cosh &, Bsinn,B+E, sinh &, L sinn,f =0
A, (§2sinh &, B cosn, B —ny cosh &, B sinn,B)
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—B,(§,cosh &8 cosn, B — 1z sinh &, 8 sinm, B)
— C; (§sinh &, B sinm,f +1; cosh &8 cosn, B) + E;($;cosh &, sinmy B + 1, sinh §; B cosn, B)
=0,
where the following is indicated:
w; =& —nf + A+ DA+ 1)
pi=&i{(&7 — 307 + A+ 1) Dgi+A[(A + 1)Drg; + 2(A — DDy}
q; = 0:{B3&7 —nf + A+ 1DDg; + A[(A + 1)Drg; + 2(A — DDy}
For case 3:
A+ € —Ay,— C,=0 (13)
$1By + mEy — §B; —mE; =0
a1D914; — b1Dgy €y — a;DgpA5 + by Dg,C, = 0
$1P1 By —mqiEy — §3p2 By +12q2E,=0
Aycoshé a+ Bysinh&a+ C,cosn; « +E; sinn; « =0
A& sinh & a + Bi& coshéa — Cinysinny, < +En, cosn, « =0
A, cosh &, — By sinh &, + €, cosn,f — E,sinn,f =0
Azé, sinh &8 — By§, cosh &, — Comy sinnyf — Exny cosn, B =0,
where
a; =&+ + 1), by =nf = A+ Dy + 1)
Pi=(&? + A+ 1) Dgi+A[(A + 1)Dyg; + 2(A = 1)Dyy]
q; = 7 — 2= 1)Dg; = AL(A + 1)Dyg; + 2(A — 1)Dy]

For a nontrivial solution to the homogeneous systems (11), (12) and (13) of linear algebraic equations with

respect to the coefficients A;, B;, C;, E; , it is necessary that the determinants of these systems be equal to zero
A4, a, B, Vri, Vi, Eriy Egiy Gi)=0 (14)

From (2) and (6), it follows that if 0< Red; <1, then under approaching the edge of the joint surface (r— 0)
the stresses (moments) increase unlimitedly, and the order of the singularity is | ReA; —1|. And if Red; >1, the stresses
decrease to zero when approaching the vertex of the angle.

Research Results. Thus, the study of the nature of the stressed state near the rib of the edge of the joint surface
of a compound anisotropic plate under bending involves finding the root A of transcendental equation (14) with the least
positive part for constraint angles and mechanical characteristics of the materials being joined.

Setting the determinants of these new systems to zero, we obtain equations relatively A for each of the three
cases, respectively. A numerical solution of these equations is carried out for the following groups of parameters:

Dy=16=p;2)y =16, =4u;3)y =16, = /4
Dy =1/2,G,=p: 5y =1/5.6,= 46 = 2.6, = 4.

In the numerical calculations, Voigt's remark [6] on equality E,; = Ej; is accepted.

Some results of a numerical study of the root 4, depending on the angle ¢ =« +f, are shown in the table
where = 10°.

Table 1
Parameter A values depending on the angles o and 3
7] 1 2 3 4 5 6
140 1.533 0.845 2.34 1.574 0.784 0.88
160 1.288 0.703 1.72 1.146 0.653 0.73
180 1.000 0.596 1.51 0.910 0.556 0.61
200 0.816 0.516 1.039 0.756 0.485 0.53
230 0.652 0.436 0.817 0.614 0.416 0.447
290 0.519 0.373 0.60 0.508 0.367 0.375
360 0.500 0.325 0.563 0.474 0.311 0.333

The table shows that for these angles, depending on the anisotropy parameters, there may or may not be stress
concentration at the vertex.

We can solve the inverse problem [1-5] as well. We construct curves that, for fixed values of the mechanical
characteristics of materials on the « £ plane, separate the regions of finite and infinite stresses (moments).
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Assuming that the smallest root of the equation (11) is real near the boundary of high stress concentration
region, we put A=1 in this equation (preliminarily clearing of the double root A=1) and find the smallest positive values
of the angles o< and B depending on the anisotropy parameters. The geometrical loci in the «f plane form those limiting
curves that separate the concentration region (above the curves) from the low-stressed regions (below the curves). The
numerical implementation of the obtained equation allows for the determination of a low-stressed region for the edge
that provides the joint strength in the space of the parameters &, §, V,;, Vgi, Eri, Egi, G-

Fig. 2 shows these curves for various values of the anisotropy parameters. Lines 1-9 correspond to the

following parameters: 1)y = 1,G; = py;; 2) y = 1/2,Gi =u;3)y=2,G6=u;49Hy=1G =4u;
SYy=1/5,6=41;6)y =2,G,=pu; Ny = 1,6, = /4% 8)y =15, G = wi/4; 9y = 2,6, = /4

Bl

[S=]

6
0 v mRS ¢ ow®m T o

Fig. 2. Distribution of low-stressed zones

In the graphs, straight lines correspond to a homogeneous plate, and curves correspond to a compound plate.

Discussion and Conclusions. If for a homogeneous isotropic plate with a corner angle larger than & there is
always a stress concentration at the apex, and with an angle smaller than & there is no stress concentration, then for a
homogeneous anisotropic plate and compound isotropic and anisotropic plates, this pattern is violated as it is shown in
the graphs (Fig. 2).

It can be seen that the degree of concentration of the shearing forces near the angular point is higher by 1 as
compared to the moments, which is explained by the imperfection of the classical theory of plate bending.

In a similar way, we can consider the boundary conditions when the plate is freely supported along the outside
edges, the outside edges are free, as well as the mixed boundary conditions.

The problem considered here can also be investigated using the refined theory of bending of anisotropic plates
[12, 13], which enables to go beyond the restrictions imposed by the Kirchhoff approximation and to compare the
results.
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