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Abstract
Introduction. The paper considers the issues of constructing mathematical models of the momentless equilibrium stress

state of elastic convex shells using methods of the complex analysis. At the same time, shells with a piecewise
smooth (ribbed) lateral surface were considered for the first time. The work objective was to find classes of shells for
which it is possible to build meaningful mathematical models.

Materials and Methods. Using the methods of the theory of the discontinuous Riemann-Hilbert problem for generalized
analytic functions, a criterion for the unconditional solvability of the corresponding static problem for the equilibrium
equation of a convex shell with a ribbed lateral surface has been obtained. This criterion, combined with the methods of
the theory of generalized analytical functions, is a tool for constructing mathematical models of the state of momentless
stress equilibrium of elastic convex shells.

Results. A method has been developed for constructing mathematical models of the momentless equilibrium stress state
of a convex shell under the action of a variable external load and the condition of stress concentration at the corner
points of the median surface. The introduction of a vector parameter, as well as the concepts of “order of quasi-
correctness” and “quasi-stability”, into the boundary condition provided both quantitative and qualitative comparison of
mathematical models. Classes of shells have been found for which the description of mathematical models is given in
terms of the geometry of the boundary in the vicinity of the corner points of the median surface. The obtained result,
when applied to shallow convex shells, provides a geometric criterion of quasi-stability. It is established that for a
shallow shell, which is not quasi-stable, the only adequate mathematical model is a probabilistic one.

Discussion and Conclusions. The proposed method for constructing a two-parameter family of problems with a
modified boundary condition makes it possible to simulate the momentless equilibrium stress state for fairly wide
classes of convex shells with a piecewise-smooth lateral surface under a sleeve connection. At the same time, the
developed algorithm for calculating the boundary condition index allowed us to answer the question of the existence of
an adequate mathematical model for a shell with a side surface of an arbitrary configuration, and for shells of a special
type (specifically, shallow or shells of revolution), to formulate a geometric criterion for the existence of a mathematical
model.

Keywords: thin elastic shell, generalized analytic function, Riemann-Hilbert problem, index of boundary value
condition, mathematical model.
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AHHOTAIIMA
Beeoenue. B pabore paccMOTpEHBI BOMIPOCHI IOCTPOCHHUS MaTeMaTHYECKHX Mojeneii 0e3MOMEHTHOTO COCTOSIHUS

HaMpsKEHHOTO PABHOBECHS YNPYIUX BBIMYKIBIX 000JIOUEK C UCIONBb30BaHHEM METOAOB KOMIUIEKCHOro aHanu3sa. [Ipu
5TOM BIIEPBBIE PAacCCMOTPEHBI OOOJIOYKH C KYyCOYHO-TJIaAKOH (peOpucroil) OOKOBOH mMoBepXHOCTHIO. llenblo paGoTh
SIBISIIOCH OTBHICKAHME KJIACCOB O0OJIOYEK, IUIST KOTOPBIX BO3MOXKHO MOCTPOEHHE COAEPKATENBHBIX MaTeMaTHYECKHX
MoJIeNnen.

Mamepuanvt u memoost. C TIOMOIIbIO METOJIOB TEOPHM pa3phIBHON 3amaun Pumana-lI'unsbepra /s 0000MIEHHBIX
aHATUTHYCCKUX (DYHKIUH HOIydeH KPHTEpHH Oe3yClIOBHOHM pa3pelIMMOCTH COOTBETCTBYIOIIEH CTaTHUECKOH 3amadu
JUIsl ypaBHEHUS paBHOBECHSI BBIITYKIIOH 000JI0YKH ¢ peOpUCTOi OOKOBOI MOBEPXHOCTHIO. DTOT KPUTEPUI B COYETAHUH C
METOaMH TEOpUM OOOOINEHHBIX AHAIUTUYECKUX (GYHKLUUHA IpeAcTaBisieT Cco00H HMHCTPYMEHT IIOCTPOCHUS
MaTeMaTHYECKUX MOJIENIEH COCTOSIHUS O€3MOMEHTHOTO HAIIPSHKEHHOTO PABHOBECHS YIIPYTUX BBITYKIIBIX 000JI0YEK.
Peszynomamut uccnedoganusn. PazpaboTaH MeTO] MOCTPOCHUS MaTEMaTHUECKHX MOjeneil 0€3MOMEHTHOTO COCTOSHHUS
HanpsOKEHHOTO PAaBHOBECHS BBIMYKJIOW OOOJOYKM MpU JAEHCTBUM IIEPEeMEHHOHM BHEIIHEH HAarpy3ku M YCIOBHUHU
KOHIIEHTPallil HAIPSDKEHUI B YIIIOBBIX TOUYKAaX CPEAMHHON MOBEPXHOCTH. BBeZieHNE B IPaHUYHOE YCIOBHE BEKTOPHOTO
mapamMeTpa, a TakXkKe MOHATHH «HOPSNOK KBa3HKOPPEKTHOCTH» M «KBAa3HMyCTOHUMBOCTB» MO3BOJSIOT MPOBECTH Kak
KOJIMYECTBEHHOE, TaK M KaueCTBEHHOE CpaBHCHHME MaTeMaTHdeckux Mojeined. Haiimensl kmaccel 00onodek, At
KOTOPBIX ONKCaHHE MAaTEMAaTUYECKUX MOJIENEH NaeTCsl B TEPMUHAX T€OMETPUH I'PAaHHIBI B OKPECTHOCTH YTIIOBBIX TOYEK
CpeAnHHOM MoBepXHOCTH. [loaydeHHBIH pe3ynbTaT B IPUMEHEHNH K ITOJIOTHM BBIITYKJIBIM 000JI0YKaM ITO3BOJISICT 1aTh
TE€OMETPUUECKUI KPUTEPHH KBAa3WyCTOMYMBOCTH. YCTAaHOBJIEHO, YTO [UI IIOJNOTOM OOOJOYKHM, HE SBISIOIIEHCS
KBa3MyCTONYMBOI, €EINHCTBEHHON aIeKBaTHON MaTeMaTHYECKON MOJEIBIO SIBIISIETCS BEPOSTHOCTHASL.

Oobcysycoenue u 3axniouenus. llpennaraeMplii METOJ TMOCTPOEHHS JBYXIIapaMETPUUECKOTO CEMEHCTBa 3ajay ¢
MOJU(UIMPOBAHHBIM TPAHUYHBIM YCJIOBHEM MO3BOJISIET MOJIEIUPOBATH COCTOSIHHE OE3MOMEHTHOTO HAMpSHKEHHOTO
PaBHOBECHSI IS IOCTATOYHO IIUPOKUX KIIACCOB BBIMYKJIBIX 000JIOUEK C KYCOYHO-TJIaJKO1 OOKOBOW MOBEPXHOCTHIO MPHU
YCIIOBUM BTYJIOYHOHW CBsi3u. IIpu 3TOM pa3paOOTaHHBIN aNrOpUTM BBIYMCICHHS WHJEKCA TPAHUYHOTO YCIIOBHUS
MTO3BOJISIET OTBETHTh HA BOIIPOC O CYIIECTBOBAaHMM a/IeKBAaTHOW MaTeMaTH4YeCKON Mojenu I 000J0YKH ¢ GOKOBOM
MOBEPXHOCTBIO IMPOM3BOJILHONW KOH(QUTYpaluu, a Ajisi 00O0JOYEeK CIelHalbHOrO BHIAa (HAalpuMep, MOJIOTHX HIIH

00oJ1049eK BpameHus) — chopMyJIMpOBaTh TEOMETPUUECKIH KPUTEPHH CYIIECTBOBAHHS MaTeMaTHYECKOH MOEIIH.

Kniouegvle cnosa: ToHkas ympyras oOonouka, o0oOiieHHas aHanuThyeckas (QyHKUus, 3a1ada Pumana-I'mib0epra,

WHACKC TPaHUYHOTO YCIIOBUA, MATEMATHYCCKass MOJCIIb.

BaarogapuocTH. ABTOp BEIpaXkaeT MPHU3HATEIBHOCTh KOJUIEKTUBY Kadenpbl «Teopermueckass W TpUKIaTHAS
MeXaHHKa» JIOHCKOTro rocyapCTBEHHOrO TEXHMYECKOTO YHHBEPCHUTETa 3a OOCYXKJCHHE Pe3yJbTaTOB pabOThl, TAKKe
0JIaroJapHOCTh JOKTOPY TeXHUYECKHX Hayk, mpodeccopy A. H. CosoBeéBY 3a mpodeccHOHANBbHYIO TOACPKKY TPH

HalmMCaHuuu pa6OTI)I.

Juis murupoBanus. Tropukos E.B. K Bonpocy o mocrpoeHny MateMaTideckux Mojieiell MeMOpPaHHOH TEOpHH BBITYKIIBIX
obomouek. Advanced Engineering Research (Rostov-on-Don). 2023;23(1):17-25. https://doi.org/10.23947/2687-1653-
2023-23-1-17-25
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Introduction. The issues considered in the paper were studied and described in the works of I. N. Vekua [1, 2] and
A. L. Goldenveizer [3, 4], who initiated the application of methods of the theory of generalized analytical functions to
the momentless (membrane) theory of thin elastic shells and the theory of surface bending. To date, the final results in
this direction have been obtained for convex shells with a smooth edge (i.e., with a smooth boundary of its median
surface). The most significant of them — the correctness and quasi-correctness of the key problem with a static
boundary condition with simply connected and multiply connected median surfaces — are consequences of the fact that
the index of the corresponding Riemann-Hilbert problem is an invariant of the connectivity of the surface. The author's
application of I. N. Vekua's methods to the problems of the theory of convex shells with a piecewise smooth edge?[5, 6]
recognized a connection between the “geometry” of the median surface in the vicinity of its angular point and the
picture of the solvability of the corresponding Riemann-Hilbert problems with a discontinuous coefficient of the
boundary condition. The use of these methods in [7-9] allowed us to obtain an effective formula for the index under
some additional geometric conditions on the angular points of the surface, and, as a consequence, the geometric
criterion of quasi-correctness of the main boundary problem.

The purpose of this work is to construct mathematical models of the momentless equilibrium stress state of convex
shells with ribbed side surfaces based on the geometric criterion of quasi-correctness of the main boundary problem.

Materials and Methods. Let S be a simply connected surface of a given class of regularity [7] with a piecewise

smooth edge L =ULl L; and angulat points p; (i =L...,n). Let us define on S along L, piecewise continuous vector
field r={a(s).B(s)}, which admits discontinuities of the first kind at points p;, where a(s), B(s) (a’+p* =1,
B>0) — tangential and normal components, s — a natural parameter, and we denote by J the homeomorphism of
surface S, to complex plane z=x+iy given in [9]. Let area D=J (S) be the image of the surface when mapped to

plane z with boundary I'" and angular points ¢, =J ( pi). Consider the following problem (task R ): to find in domain

D, complex-valued solution w(z) of the equation:

w(2)-B(2)W(z)=F (2), zeD, )
satisfying the Riemann—Hilbert condition

Re{2.(¢).w(Q)}=7(c). Cel, @
where

1(€)=s(Q)[B(e)t(e)-a(&)s(E)]. ©)

s(§)=5,(¢)+is,(€), t(C)=t(&)+it,(¢), i*=-1, s, t (i=12) — real-valued functions, complex-
valued functionsy() , () Holder functions on each of the arcs T'; =J (Lj ) , Wo= %(Wx + iWy) .B(2), F(z2) —
functions of class L, (D) r>2. Here, it is assumed that the solutions of class W*" at the points of discontinuity g,

admit “integrable infinity”, i.e., they admit an estimate |W(Z)| <const:|z—q,| ™, 0<a; <1. Following [10], the class

of such solutions is denoted by H".
As is known [11], the static boundary value problem of the momentless theory for an elastic convex shell with a

ribbed side surface in the mathematical formulation is problem R, where W(z) — a complex stress function, F (z) —

a complex-valued function of the external load. In this case, the condition we H” is equivalent to the stress
concentration condition at the corner points of the median surface. We will construct a mathematical model of the
equilibrium state of the shell based on the results on the solvability of problem R for a surface of a special type

 Tyurikov EV. Goldenveizer Generalized Boundary Value Problem for Momentless Spherical Domes. In: Proc. XIV Int. Conf. “Modern Problems of
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(canonical dome [9]). To simplify the presentation, we assume that at each corner point, the direction of one of the arcs
coincides with one of the main directions k, (k,) and call the dome 2-canonical (1-canonical). Problem R for

canonical dome K is called canonical if the direction of field r at each corner point p is the direction of the
generalized tangent [7, p. 46]. Let us introduce the notation: 57 — ratio of the corresponding principal curvatures k, ,
k, at point p  (0<8, <1), p(v;) — corner point p with internal angle v;, T(v,) — the set (sector) of directions
of the generalized tangent at this point, T — the set of continuous on L vector fields r, defining the direction of the
generalized tangent at each corner point p(vi ) As established in [7], canonical problem R is quasi-correct for any

field reT, if n>2. Problem R is family R" of problems (1)—(3), each of which is given by the selection of vector

field r. Following I. N. Vekua [1], we will call problem R" s-quasi-correct in class H", if it is unconditionally
solvable in this class, and its solution depends on s real arbitrary constants (s — the order of quasi-correctness).
Definition 1. Canonical problem R is called quasi-stable with respect to the field of directions of a generalized

tangent if problem R'is s-quasi-correct for any field reT .
Remark 1. Owing to the theorem on the solvability of the Riemann—Hilbert problem for generalized analytic
functions [11], problem R is quasi-stable if and only if index « of problem R is an invariant of field r T . Here, the

index of the corresponding conjugation problem with coefficient A(Q):X(g)k‘l(c) is called the index of the

problem. In the case of k>—1, the order of quasi-correctness is s=«x+1.
The technique [6, 8] of calculating the index of a boundary condition of form (2) is used below, as well as the

concept [10] of special node p, of problem (1), (2) or special point q :J(pi) of discontinuity of the boundary

condition (2). Following [6], the direction of the generalized tangent at a corner point is called special if the
corresponding point of the discontinuity of boundary condition (2), (3) is a special node of problem R.

Definition 2. Corner point p(v) is called an instability point of problem R, if sector T(v) contains a special

direction.
We introduce the notation: v, ¢ — one-sided limits at corner point p(v) of the unit vector tangent to L, where

vector ¢ sets main direction k, on the surface at point p, and inside corner v is given by pair (—v,o).

Statement 1. If the direction of vector r at point p(v) coincides with the direction of vector v, then point

qg=1J ( p) is a special node of boundary condition (2) if and only if:

V= arccosﬁ. 4
If vector v is replaced by vector o, then:
v = arcctgvt, ®)
Where t — the only positive root of the equation:
, L8t 148t E 1 ©)

8P4t 84+t K(1+t2)+4Et:t

2
Here E = (ki ; i j , K=kk, [12, p.164]. At that, arccos# <arcctgv/t .
We denote

1
0 =arccos——, p=arcctgy/t . @
1+98
The consequence of statement 1 is statement 2.
Statement 2. Corner point p(v) is a point of instability of problem R if and only if:

0<v<p. (8)
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Corner point p(v) is a 1-type (2-type) point if condition O <v <6 [H <v< g) is met. As established in [8], k -type

(k=1,2) point is a point of stability. If p(v) — is the point of instability, then the only special direction r, of the
generalized tangent divides sector T (v) into two connected sets T*(v) and T?(v).
Statement 3. The index of problem R inclass H” is calculated from the formula:
k=-4+Y (4-x;), ©)
i=1
where n — number of corner points of the boundary, x, =m for point of stability p(v)of m-type (m=12), and
K, =s incase reT"¥ (v) (s=12) for the point of instability p(v).
Remark 2. Formula (9) for the index of problem R in class H, of bounded solutions, according to [10], takes the form:
K=—4+Z(3—Ki). (10)
i=1

The condition that the solution to problem R belongs to class H” is the boundedness condition of the integral of
the shell stretching energy [13, p. 83] in the vicinity of the corner point.
From formulas (9), (10), statement 4 follows.

Statement 4. If boundary L contains a single 1-type corner point, then problem R is for sure solvable in class H”
and has a unique solution vreT ;if n>2, n=n, +n,, where n_— the number of corner points of k -type (k =1,2),

then, problem R is quasi-stable with respect to r e T with the order of quasi-correctness s=2n,+n, —3.

If boundary L contains instability points, then according to (9), problem R in class H" is not quasi-stable with
respect to field r e T . However, it is possible to distinguish such classes of fields with respect to which problem R is
quasi-stable with different orders of quasi-correctness. Classes of such fields can be set by choosing the direction of the

generalized tangent in only one of the sectors T% (v), T (v) at each point of instability p(v).
Remark 3. As it is easy to see, formulas (9), (10) together with statement 4 are valid in the case:

u<v£g+®2, (12)
where o — a sufficiently small value given by surface S . At this, the condition of smallness ® is not mandatory. For
example, for umbilical (k, =k,) point p(v), itis enough to put o’ = %

Let us now consider 1-canonical dome K. In this case, the description of the special nodes of boundary
condition (2) is also given by statement 2, with the only difference that in equality (4) and equation (6), value

5? :%<1 must be replaced by & :kﬁ>1. Here, for corner point p(v) of instability of problem R, inequality (8)

2
takes the form:

1
<v<arccos—. 12
u 175 (12)
Based on the obvious graphical analysis of equation (6), we conclude:

1° value p=arcctg+/t is a function of two parameters, namely: p=p(8,k,), k e(0;+0), if &’ :%<1, and
1

n=pn(dk,), k, €(0;+wx), if 8° ::((_1>1;

2

o i T T i . k, .
2 Jim u(5k) =7 imu(3k) =3 vk e (0r0), if 6 =2

o 1 T ) . k, .
3 alimop(S,kz)=§, lim p(8,k,) =0 vk, €(0;+0), if 52=é,
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4° for any fixed & from the right (left) semineighborhood of the unit, function p as a function of argument Kk, (kl)

is a slowly changing function [14] in the sense that p(SO, k; ) € (Og) for any fixed §=3,, k; €(0;+0) (j=12).

Research Results. We submit for consideration a family of surfaces S_, t<[0,&), where © — a small parameter,
each of which is the median surface of a thin elastic shell V. from some family {V_}, where V, and S, coincide with
shell V and surface S, respectively. We assume that for Vvt e [O,s) , the following conditions are met:

1) surface S_ is a canonical dome of the regularity class W*", r > 2, with internal angles of magnitude v; at

corner points p, (i=L...,n) of boundary L_, where surface S, is a 2-canonical (1-canonical) dome S with
boundary L;

2) ratios of principal curvatures k", k{” of surface S, at corner points, coincide with values &> at the corner
points of surface S ;

3) k{” =k, +¢, (), where lime, (t)=0, k, =k{” (j=12).

Let J be the mapping of surface S, onto complex plane z=x+iy, given above, D, :J(ST) — a family of
simply connected regions with corresponding T, = J(L,) and corner points g, = J(p, ), bounded in plane z. Consider

a family of problems R_, t€[0,¢),

w.(z)-B,(z)w(z)=F.(z), zeD

T

Re{r. (C)w(C)}=7.(¢), Cel,, (14)
where functions B_(z), A (&), v, (&) are defined by the middle surface S, of shell V_ according to [8], and A_()

has form (3).
It is assumed that the lateral surfaces of shells V_ have common edges containing points p; (i =L...,n). Note that

(13)

T

problem (13), (14) VTE[O,S) can be considered as a family of problems RE’) , each of which is given by selecting a

vector fieldon S_ along L, .
Consider 1-canonical dome S. Statement 4 is true.
Statement 4. If in each of the corner points p(v) of dome S, the following condition is met:

1
v < arccos—-—, (15)
1+6

then VTE[O,S) problem R_ is quasi-stable in class H™ with respect to the field of directions of a generalized tangent

with the order of quasi-correctness s =3n-3. If at each point p(v) , the following condition is met:

arcctg \/t + o <v<g+m2, (16)

where ©° is determined by remark 3, value , =, (¢) is given by family S_, te[0,&), then problem R, is quasi-

stable in class H™ with the order of quasi-correctness s =2n-3.
For proof, it is enough to use statement 3, conditions 1-3 and the known properties [1, p. 97] of mapping J .
Statement 4 remains valid for 2-canonical dome S, if conditions (15), (16) are replaced by the conditions:

v <arcetg/t —a?, (17)
1
arccos ——— < v < = 4 @ (18)
1+98 2

respectively.
Now let us refine the concept of a corner point of k-type (k =1,2) of surface S. We say that point p(v) of

boundary I' is a 1-type (2-type) point relative to family S_, ‘ce[O,s), if conditions (15) and (17) are met for

1-canonical and 2-canonical points, respectively, (conditions (16) and (18) for 1-canonical and 2-canonical points,
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respectively). Consider canonical dome S, each corner point of which is a point of 1-type or 2-type relative to the

specified family S_. Then, the consequence of statement 4 is:

Statement 5. If p and g — the number of points of 1-type and 2-type, respectively (p+g=n), then vre[0,¢)
problem R_ is for sure solvable in class H™ and quasi-stable with respect to directions r of the generalized tangent
with the order of quasi-correctness s =3p+2q—3. Specifically, if p=0, then q> 2.

The statement remains valid if class H” is replaced by class H, of bounded in D, solutions, and order
s=3p+2q—3 by order s=2p+q—3 provided 2p+q>3. Thus, problem R_ is not unconditionally solvable in the
following cases: p=0, q<2and p=1, q=1.

The case of an umbilical (8§=1) corner point p(v), in which any direction is the main one, requires special
consideration. In this case, according to? p=0 =g, any direction of the generalized tangent is a special direction of
problem R . However, even in this case, statement 4 remains valid if, for family {S} , we consider t = 0, and values v,

p are replaced by value g .

Discussion and Conclusions. The results obtained can be used to construct mathematical models of thin and
shallow shells of the positive Gaussian curvature with ribbed side surfaces. The most complete and advanced results of
both linear and nonlinear elastic shell theory are obtained for thin shallow shells. A detailed discussion of the concept of
“shallow shell”, as well as a description of various versions of the theory is given in [15, p. 29]. The linear theory of flat
convex curves was developed by I.N. Vekua [2, 16]. Within the framework of this theory, the issue of the realization of
the equilibrium stress state of a shallow shell with a ribbed side surface, when a static boundary condition of a general
form is met, is reduced to problem R discussed above.

Let P be a shallow shell [2, p. 164] with a ribbed side surface, S — its median surface with a piecewise
smooth edge. We assume that at each corner point of surface S, the condition of strong shallowness k, =k, is
satisfied, which is equivalent to the following:

5~1 (19)

where 8 — any of the ratios ﬁ t—z Condition (19) means that any corner point p(v) should be considered both a 1-
2 1

canonical and a 2-canonical point. Consider corner point p(v), at which Vzg, and a family of surfaces S_,
e[O,s), given by conditions (1)—(3). According to properties 1°-4° of values 6, p and statement 2, the
corresponding problem R Vrte(0,&) is not quasi-stable in class H”, i.e., point p(v) at Vzg — the point of

instability of problem R_. In this case, the natural presumption is that in the right part of formula (10), value «;

(13 i< n) corresponding to point p(v) is a discrete random variable with possible values 1 and 2. Thus, if at each

corner point p(v) of the median surface, the condition v zg is met, then, owing to formula (9), the order of quasi-

correctness of problem R is a discrete random variable taking values m, m+1,..., m+n, where n — the number of
corner points, m=2n-3 for class of solutions H", and m=n-3 for class H,.

2 Tyurikov EV. Goldenveizer Generalized Boundary Value Problem for Momentless Spherical Domes.
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|
The method proposed above can be used to construct mathematical models of the theory of thin shallow shells with

ribbed side surfaces of any configuration. To do this, it is enough to use the results® on the solvability of problem R for
spherical domes with a piecewise smooth edge. Let us consider for definiteness, the median surface S under the

assumption that all the corner points p(y) of the boundary are “outgoing”, that is, y < =. In this case, a corner point on

a spherical surface is a special node of the boundary condition if and only if y :n—; (k =],...,5). It follows that the
“outgoing” corner point of the median surface of the shallow shell is an instability point if one of the following

conditions is met:yzn—; (k=1,2). Thus, formula (9) for the index can serve as validation for the following

hypothesis:

if problem R for a shallow convex shell is unconditionally solvable in a given class of solutions, then its quasi-
correctness order is a discrete random variable taking integer values K, K +1,..., K+ N, where N — the number of
instability points, K — the number given by a set of corner points and a selection of continuous vector parameter r .

In conclusion, we note that the same reasoning can serve as validation for this hypothesis, but carried out for regular
convex surfaces satisfying the condition of local symmetry [17] at corner points.
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