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Abstract

Introduction. The development of the polar regions of the World Ocean contributed to an increased interest in studying
wave processes in water bodies with ice cover caused by the action of a mobile load. In most papers of domestic and
foreign scientists, the ice sheet was considered as an elastic or viscoelastic plate loaded with a rectilinearly moving
vertical force. However, when modeling the impact of vehicles on the ice cover, it is of interest to investigate problems
in which the force moves along a more complex trajectory. Therefore, this study aims at developing a method for
studying the behavior of the ice cover under the action of a force moving along a trajectory of a complex shape, obeying
an arbitrary law of motion.

Materials and Methods. A method for solving problems of the action of an arbitrarily moving force on the ice cover of
a reservoir of finite depth filled with an inviscid incompressible fluid is proposed. The ice cover was considered as a
viscoelastic plate lying on the surface of a liquid in a state of potential flow. A concentrated force moving along an
arbitrary closed trajectory and being periodic in time was applied to the upper surface of the plate. Hydrodynamic
pressure acted on the lower surface of the plate from the liquid side. Due to the periodicity of the load applied to the
plate, an integral time transformation was used to solve differential equations describing the behavior of this system.
Further, using traditional methods, formulas were obtained for calculating stresses and displacements in the plate and
components of the velocity vector of liquid particles. These formulas were presented in the form of an iterated integral.
Numerical methods were used to calculate integrals.

Results. Calculations showed that the deflection of the ice cover increased markedly with the growth of speed and
tangential acceleration of the load movement. An increase in the relaxation time of ice and a decrease in the radius of
the trajectory of the load also caused an increase in deflection. The distribution of the fluid particle velocity vector over
the depth of the reservoir was calculated.

Discussion and Conclusions. The proposed method has shown its efficiency in solving problems about the impact of a
moving load on the ice cover of a reservoir. With its help, the influence of the curvature of the trajectory of motion and
the mechanical properties of ice, the kinematic characteristics of the movement of the load on the deflection of the ice
cover was investigated. The method simulates the impact of vehicles on the ice cover of a reservoir. The results of its
application can be used under the construction of ice roads or airdromes on ice.
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AHHOTAIIMA

Beeoenue. OcBocHUE TOJSIPHBIX pailoHOB MHUPOBOrO OKeaHa CIOCOOCTBOBAIO TOBBINICHHIO WHTEPECa K H3YYCHUIO
BOJIHOBBIX MPOIIECCOB B BOJOEMaxX C JICASHBIM ITIOKPOBOM, OOYCJIOBJICHHBIX IEHCTBHEM MOIBIDKHOW Harpy3ku. B
OONBIIMHCTBE PabOT OTCYECTBEHHBIX M 3apyOEKHBIX YUYCHBIX JICASHON MOKPOB pacCMAaTpPHUBAJCS KaK YIpyTas HIIH
BSI3KOYMpyrasi IUIaCTUHA, HArpy>KeHHas MpsIMOJMHENHO JBUXKYIIEHcsS BepTUKaNbHOM cuioil. OpHako mpu
MOJICTPOBAHIH BO3ACUCTBHS TPAHCHOPTHBIX CPEACTB HA JIEASHON IOKPOB IPEIACTABISET WHTEPEC PACCMOTPECHHE
3a7a4, B KOTOPBIX CHJIAa JIBHXKETCS IO 0ojee CIOKHON TpaeKTopuu. [103ToMy enpio JaHHOTO MCCIICIOBAHUS SBIISICTCS
pa3paboTka MeTo/la UCCIICIOBAHUS MTOBEACHUS JICTHOTO MOKPOBA MO JCHCTBUEM CHJIBI, JBIDKYIICHCS 10 TPACKTOPUH
CIIOKHOM (hOPMBI, TIOAUUHSSICH TPOU3BOJIHHOMY 3aKOHY JBHKCHUS.

Mamepuanst u memoost. IIpeyioxkeH METO PeIICHUS 3a1a4 O JICHCTBUU ABIDKYIIEHCS TIPOM3BOIBHBIM 00pa3oM CHIIBI TIO
JICSTHOMY TIOKPOBY BOZOEMa KOHEYHOH TITyOHMHBI, 3aITOJTHEHHOTO HEBS3KOH HEC)KMMAaeMOH JKHUAKOCTHIO. JIemsIHOW TOKpOB
paccMaTpuBaicsi Kak BS3KOYNpYyrash IUIACTHHA, JieXKallas Ha TOBEPXHOCTH IKUIKOCTH, HaXOMAAIIECHCS B COCTOSHHUU
MOTECHIMAIFHOTO TeueHWs 1. Ha BEpXHIOI MOBEPXHOCTh IDIACTHHBEI MPHIIOKEHA COCPENOTOYCHHAS CHIIA, ABWIKYIIASACS IO
MIPOW3BOJIFHOM 3aMKHYTOH TPaeKTOPHH U SBITIONIASCS TEPHOIMICCKOM 10 BpeMeHH. Ha HIDKHIOIO TTOBEPXHOCTD IUIACTHHEI
CO CTOPOHBI KHUIKOCTH JIEHCTBYET THAPOJAWHAMUYECKOE JaBlieHHe. B cuily MepHOAWYHOCTH MPHIOKEHHOW K IIacTHHE
HArpy3Kd TpU penicHur TuddepeHIanbHbIX YPaBHEHHM, OMMCHIBAIONIMX MOBEACHUE JaHHOW CHCTEMbI, HCIIOJb30BAIH
HHTETpAIbHOE TpeoOpazoBaHWe 1O BpeMeHH. J[lanee, NMpUMEHsSS TPAAWIMOHHBIE METOJBI, MOXYyYIH (DOPMYIBI I
BBIYMCIICHUS HANPSDKCHUI M MIEPEMEICHUI B ITACTUHE W KOMIIOHECHT BEKTOpPA CKOPOCTH YACTHIL KHUIKOCTH. DTH (OPMYIIBI
MIPECTABUIIM B BHJIE IOBTOPHOTO MHTeTpasia. J{Jisi BEIMUCICHUS HHTETPAJIOB HCIIOJIb30BATN YHCICHHBIE METOTBI.
Pe3ynomamut uccnedosanusn. Pacdersl moxa3anm, 94To MPOTHUO JICASHOTO IMOKPOBA 3aMETHO YBEIIMYHUBACTCS C POCTOM
CKOpPOCTH ¥ KacaTeNIFHOTO YCKOPEHUs IBWKEHHUS Harpy3ku. K pocty mpornba Takke MPHUBOAAT YBEIHMYCHHE BPEMEHHU
penakcainyu JbJa U YMEHBIICHHE pajuyca TPACKTOPUHM IBWKEHHS HArpy3ku. PaccyuTaHO pacrmpeneneHue BeKTopa
CKOPOCTH YaCTHII )KUJKOCTH IO TTTyOUHE BOJOEMA.

Oocyscoenue u 3arxnouenusn. 1IpeUtoXXKeHHBI METO]] TTOKa3all CBOIO 3()()EeKTHBHOCTh MPH PEUICHUN 33134 O ACHCTBUU
MIOJIBUKHON HArpy3KH Ha JIeTHOW MOKpOB BojoeMa. C €ro TMOMOINbI0 HMCCIIE0BAaHO BIMSHUE HA MPOTHO JIEASHOTO
MIOKPOBa KPUBU3HBI TPACKTOPHUU JBHKCHHS U MEXaHUYECKUX CBOWMCTB JIbJd, KHHEMATHUECKUX XapaKTEPUCTUK JBIKEHHUSI
Harpy3kd. MeToa MoIenmpyeT BO3ICHCTBHE TPAHCIIOPTHBIX CPEACTB Ha JICASHOW IMOKPOB BogoeMa. Pe3yisTaThl ero

NPUMCHCHU MOTYT OBITH UCIIOJIE30BAHBI IIpA CTPOUTEIILCTBEC JICAOBBIX JOPOT UJIK a3POAPOMOB HaA JIbAY.

KaioueBble ciioBa: OeCKOHEUHbII JIeASHOW MOKPOB, NBIDKYINASCS HArpy3Ka, MPOM3BOJIbHAS 3aMKHYTasl TPAaeKTOPHS,

NIEpEMEHHAsA CKOPOCTh.

E.]IaFOIIapHOCTI/l. ABTOp BbIpaXacT 6Har0,£lapHOCTB PCUCH3CHTAM 34 YKAa3aHHBIC 3aMCYaHUs, KOTOPBLIC IMO3BOJINIA

TIOBBICUTH KQUCCTBO CTAThH.

Jdna nurupoBanus. [amaOypama A.B. Meron pemieHus 3amadd O JBHKEHHH HArpy3KH IO JIEASHOMY IOKPOBY
BojoeMa 10 cJokHOW Tpaekrtopuu. Advanced Engineering Research (Rostov-on-Don). 2023;23(1):34—40.

https://doi.org/10.23947/2687-1653-2023-23-1-34-40

Introduction. Recently, in connection with the development of the northern territories and areas of the World
Ocean, great attention has been paid to the studying the behavior of the ice cover under the action of external load. A
large number of works by domestic and foreign scientists are devoted to these issues. The impact of a pulsed moving
load on a viscoelastic floating plate was considered in [1]. The effect of a moving load on the ice cover frozen to the
channel walls was presented in [2, 3]. The fluctuations of the ice cover caused by a load moving at a constant speed
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were considered in [4]. The behavior of a semi-infinite ice sheet under the action of a uniformly moving load on it was
studied in [5]. The propagation of waves excited along a channel with an ice cover was discussed in [6]. In [7],
nonlinear models were used in simulation. The monograph [8] presented the results of studies of surface waves in a sea
with a floating broken and solid ice cover. The ice failure under the action of a moving load was considered in [9]. In
the above works, the rectilinear load movement was mainly considered. The objective of this study was to develop a
method for solving the problem of the impact of a force moving across the ice cover in an arbitrary way. Achieving this
goal makes it possible to more accurately simulate the impact on the ice cover of vehicles, whose movement often
occurs along rather complex trajectories and according to a complex law.

Problem Statement. The oscillations of an infinite ice cover lying on the surface of a reservoir of finite depth under
the action of a force moving arbitrarily along a closed trajectory were considered. The ice cover was modeled by a thin
viscoelastic plate, whose mechanical properties were described by the Kelvin-Voigt model. The reservoir was filled
with an incompressible liquid.

Materials and Methods. The ice cover bending was described by the differential equation [7]:

(1+7,0)0°W + ¢ 20FW + KW + b3, @[,y = 2222, 1)
where W(x,y,t) — ice cover deflection; D=Eh%(12(1-u?)); E — Young's modulus; u — Poisson's ratio; h — thickness
of the ice cover; 1, — relaxation time of deformations; A?=8,4+26, 6,2+06y*; p.— ice density; p, — water density; ¢?=
p:h/D, k=p.g/D, b= p./D; P(x,y,t) — load acting on the ice surface; ®(x,y,z,t) — potential of fluid movement. The fluid

behavior was subject to the equation:

AD=0.

Boundary conditions at the ice-water interface at z=0 and at the bottom of the reservoir z=—H (H — reservoir depth)
had the form:

OW=0,®|;=0, ;D|=-1 =0.

It was supposed that force P (x, y, t) moved along an arbitrary closed trajectory vy in an arbitrary way. It was assumed
that P=P(s(t)), where s — arc coordinate measured from some fixed point of the curve y. If function s(t) was periodic
with period T, then it was quite obvious that value P(s(t)), would also be periodic, and also with period T. The
parametric assignment of the trajectory was taken as:

x = x,(t)
t=n®’
where t — time.

Considering the steady-state process and applying the integral transformation with respect to variables x and y as
well as the final integral transformation with respect to t on the interval [0; T], we obtained:

(1— i(DnTo) p4Wo— C'Z(Dn2 Wo+ kWo+bi(0k<Do|z=o=Po/D,
azszo - p2 (Do=0,
where Wy, @y — images of unknown functions W and @, p>=A>+ o?; A; o — parameters of integral transformations,
respectively, by variables x and y; o,=27n/T, n=0, 1, 2, 3, ... . Solving the second equation allowing for the boundary
conditions, we obtained:
Do=-iwnWoch(p(z+H))/psh(pH).

Then, the first equation followed:

Wo=Po/((c>+bcth(pH)/p) mn2-p*-k+i ontop?).
The moving concentrated force was approximated by the function:

P(x,y,t)=eexp(~£*((xXo(t))*+(y-Yo(1))?))/m,
where ¢ — parameter.
Further, by performing quite obvious transformations, we got:

— _”|: - Lo Z:{I'lnCOS( (t— T)) N r2nSin(00n (t _T))]Jo ( pR)e7p2/4F,2 }drdp

r

n

W =

rin=(c?+bcth (pH)/p) wn?-p*-k , rn=wntop?, R?=3%+p?,
3=Xo(T)—X, B= Yo(1)-Y.



AV Galaburdin. Method for Solving the Problem of Load Movement over the Ice Cover of a Reservoir along a Complex Trajectory

Knowing W, it was possible to determine formulas for calculating the components of the displacement vector and
the stress tensor at any point of the ice cover using available ratios.

In the numerical implementation of the proposed method, a problem arose related to the need to calculate integrals.
One of them as a subintegral function had a strongly oscillating function for sufficiently large n, and the second was
improper with an infinite upper limit.

To calculate integrals from strongly oscillating functions, a quadrature formula was used, obtained by the cubic
spline method [11]:

b N-1 pioXja _ Liox;
Ie‘“’xf (x)dx ~ I €
a j=1 j
where h; — lengths of elementary segments into which the interval was divided [a; b]; S(x) — approximation of f(x) by
cubic spline, M; = S"(x;).
When calculating the improper integral, approximate ratio fooof(p)dp ~ fOAf(p)dp was used for a sufficiently

large A. Value A was chosen so that the estimate of the allowable error |fA°° f(p)dp| was small enough.

Using traditional methods, it was possible to obtain the required estimates for the calculated quantities. For example,
for deflection value of the ice cover, this estimate had the form:

(c?+beth(AH)/ A)w? + A’ (1+ w1, ) +k

[(c*2 +beth(AH)/ A)o} - A’ - k]z +[wnfoA“]2

w=['wp)dp + [;” w(p)dp.
When calculating the sum of a series, the Lanczos sigma multiplier method was used to accelerate its convergence.
Research Results. The calculations were carried out for the case of the action of a single concentrated force that
moved along a closed curve, shown in Figure 1:

sin(a(t-T
s(t):M L a:TE,te[o:T]_

+—,
2sin(@T) 2
It was assumed that the thickness of the ice cover was h=0.25 m, Young's modulus of the plate material
E=500,000,000 N/m?, Poisson's ratio p=1/3, ice density p=900kg/m?, water density p=1,000 kg/m3, reservoir
depth H=5 m, €=2.5. The radii determining the shape of the force trajectory were assumed to be R1=15 m, R,=9 m,
Rs=3 m (Fig. 1).

©

Jw(p)dp
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24,2
< 482€—A 14¢
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4 3 -2 -1 0 1 2 3 4 Xm
Fig. 1. Trajectory of the concentrated force
Figure 2 shows the change in the deflection of the ice cover (a), as well as the maximum values of normal stresses
(at z=th) Sx and Sy (b and c) and at the movement speed of single concentrated force v =7.4022 m/s and tangential

acceleration w=0.
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Fig. 2. Change in deflection and stresses of the ice cover: a — change in deflection;
b — change in stress Sx; ¢ — change in stress Sy

On these graphs, the red dot indicates the place of application of force, and the blue color indicates the trajectory of
movement.

Figure 3 shows the dependence of the change in the maximum value of the deflection of the ice cover on the force
speed rate (a) at the moment t=T/2. The position of the force on the trajectory at the moment is marked by a red
dot (Fig. 1), while the tangential acceleration w;=0. Two graphs are given, one of which corresponds to the radius of the
trajectory R1=15 m (solid line), and the second — to radius R;=5 m (dotted line). Graph b in Figure 3 shows the
dependence of the maximum value of the ice cover deflection on the tangential acceleration rate at moment t=T at the

point of the trajectory (2; 0) in Figure 1 at speed v=0. The graph in Figure 3 shows the dependence of the maximum

deflection value on the value of the strain relaxation time.
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Fig. 3. Dependences of the ice cover deflection on: a — speed,;
b — tangential acceleration; ¢ — relaxation time

The liquid behavior is shown in Figure 4. It illustrates the distribution of the speed vector of liquid particles over the

depth of the reservoir at t=T/2, force speed v=3.7011 m/s and acceleration w=0.



AV Galaburdin. Method for Solving the Problem of Load Movement over the Ice Cover of a Reservoir along a Complex Trajectory

X,m
Fig. 4. Distribution of the speed vector of liquid particles over the reservoir depth

Discussion and Conclusions. The influence of the movement trajectory curvature and the mechanical properties of
ice on the ice cover deflection, speed and acceleration of the load movement was investigated. Calculations have shown
that the deflection of the ice cover depends significantly on the movement speed of the force and acceleration of
movement.

However, the nature of qualitative changes in displacements and stresses in the ice cover caused by the action of a
moving force with a change in speed and acceleration of movement changed slightly.

Mechanical properties of ice, specifically, the relaxation time, had a noticeable effect on the deflection of the ice
cover.

The results obtained and the proposed method for solving such problems can be used in the construction of ice roads
or airfields on ice. Moreover, the proposed solution method has shown its effectiveness and can be used to solve other

similar problems.
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