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Abstract  

Introduction. The development of the polar regions of the World Ocean contributed to an increased interest in studying 

wave processes in water bodies with ice cover caused by the action of a mobile load. In most papers of domestic and 

foreign scientists, the ice sheet was considered as an elastic or viscoelastic plate loaded with a rectilinearly moving 

vertical force. However, when modeling the impact of vehicles on the ice cover, it is of interest to investigate problems 

in which the force moves along a more complex trajectory. Therefore, this study aims at developing a method for 

studying the behavior of the ice cover under the action of a force moving along a trajectory of a complex shape, obeying 

an arbitrary law of motion. 

Materials and Methods. A method for solving problems of the action of an arbitrarily moving force on the ice cover of 

a reservoir of finite depth filled with an inviscid incompressible fluid is proposed. The ice cover was considered as a 

viscoelastic plate lying on the surface of a liquid in a state of potential flow. A concentrated force moving along an 

arbitrary closed trajectory and being periodic in time was applied to the upper surface of the plate. Hydrodynamic 

pressure acted on the lower surface of the plate from the liquid side. Due to the periodicity of the load applied to the 

plate, an integral time transformation was used to solve differential equations describing the behavior of this system.  

Further, using traditional methods, formulas were obtained for calculating stresses and displacements in the plate and 

components of the velocity vector of liquid particles. These formulas were presented in the form of an iterated integral. 

Numerical methods were used to calculate integrals. 

Results. Calculations showed that the deflection of the ice cover increased markedly with the growth of speed and 

tangential acceleration of the load movement. An increase in the relaxation time of ice and a decrease in the radius of 

the trajectory of the load also caused an increase in deflection. The distribution of the fluid particle velocity vector over 

the depth of the reservoir was calculated.  

Discussion and Conclusions. The proposed method has shown its efficiency in solving problems about the impact of a 

moving load on the ice cover of a reservoir. With its help, the influence of the curvature of the trajectory of motion and 

the mechanical properties of ice, the kinematic characteristics of the movement of the load on the deflection of the ice 

cover was investigated. The method simulates the impact of vehicles on the ice cover of a reservoir. The results of its 

application can be used under the construction of ice roads or airdromes on ice. 

Keywords: infinite ice cover, moving load, arbitrary closed trajectory, variable speed. 
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 Научная статья 
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Аннотация 

Введение. Освоение полярных районов Мирового океана способствовало повышению интереса к изучению 

волновых процессов в водоемах с ледяным покровом, обусловленных действием подвижной нагрузки. В 

большинстве работ отечественных и зарубежных ученых ледяной покров рассматривался как упругая или 

вязкоупругая пластина, нагруженная прямолинейно движущейся вертикальной силой. Однако при 

моделировании воздействия транспортных средств на ледяной покров представляет интерес рассмотрение 

задач, в которых сила движется по более сложной траектории. Поэтому целью данного исследования является 

разработка метода исследования поведения ледяного покрова под действием силы, движущейся по траектории 

сложной формы, подчиняясь произвольному закону движения. 

Материалы и методы. Предложен метод решения задач о действии движущейся произвольным образом силы по 

ледяному покрову водоема конечной глубины, заполненного невязкой несжимаемой жидкостью. Ледяной покров 

рассматривался как вязкоупругая пластина, лежащая на поверхности жидкости, находящейся в состоянии 

потенциального течения. На верхнюю поверхность пластины приложена сосредоточенная сила, движущаяся по 

произвольной замкнутой траектории и являющаяся периодической по времени. На нижнюю поверхность пластины 

со стороны жидкости действует гидродинамическое давление. В силу периодичности приложенной к пластине 

нагрузки при решении дифференциальных уравнений, описывающих поведение данной системы, использовали 

интегральное преобразование по времени. Далее, применяя традиционные методы, получили формулы для 

вычисления напряжений и перемещений в пластине и компонент вектора скорости частиц жидкости. Эти формулы 

представили в виде повторного интеграла. Для вычисления интегралов использовали численные методы. 

Результаты исследования. Расчеты показали, что прогиб ледяного покрова заметно увеличивается с ростом 

скорости и касательного ускорения движения нагрузки. К росту прогиба также приводят увеличение времени 

релаксации льда и уменьшение радиуса траектории движения нагрузки. Рассчитано распределение вектора 

скорости частиц жидкости по глубине водоема.  

Обсуждение и заключения. Предложенный метод показал свою эффективность при решении задач о действии 

подвижной нагрузки на ледяной покров водоема. С его помощью исследовано влияние на прогиб ледяного 

покрова кривизны траектории движения и механических свойств льда, кинематических характеристик движения 

нагрузки. Метод моделирует воздействие транспортных средств на ледяной покров водоема. Результаты его 

применения могут быть использованы при строительстве ледовых дорог или аэродромов на льду. 

Ключевые слова: бесконечный ледяной покров, движущаяся нагрузка, произвольная замкнутая траектория, 

переменная скорость. 
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Introduction. Recently, in connection with the development of the northern territories and areas of the World 

Ocean, great attention has been paid to the studying the behavior of the ice cover under the action of external load. A 

large number of works by domestic and foreign scientists are devoted to these issues. The impact of a pulsed moving 

load on a viscoelastic floating plate was considered in [1]. The effect of a moving load on the ice cover frozen to the 

channel walls was presented in [2, 3]. The fluctuations of the ice cover caused by a load moving at a constant speed 
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were considered in [4]. The behavior of a semi-infinite ice sheet under the action of a uniformly moving load on it was 

studied in [5]. The propagation of waves excited along a channel with an ice cover was discussed in [6]. In [7], 

nonlinear models were used in simulation. The monograph [8] presented the results of studies of surface waves in a sea 

with a floating broken and solid ice cover. The ice failure under the action of a moving load was considered in [9]. In 

the above works, the rectilinear load movement was mainly considered. The objective of this study was to develop a 

method for solving the problem of the impact of a force moving across the ice cover in an arbitrary way. Achieving this 

goal makes it possible to more accurately simulate the impact on the ice cover of vehicles, whose movement often 

occurs along rather complex trajectories and according to a complex law. 

Problem Statement. The oscillations of an infinite ice cover lying on the surface of a reservoir of finite depth under 

the action of a force moving arbitrarily along a closed trajectory were considered. The ice cover was modeled by a thin 

viscoelastic plate, whose mechanical properties were described by the Kelvin-Voigt model. The reservoir was filled 

with an incompressible liquid. 

Materials and Methods. The ice cover bending was described by the differential equation [7]: 

 (1 + 𝜏𝑜𝜕𝑡)∆2𝑊 + 𝑐−2𝜕𝑡
2𝑊 + 𝑘𝑊 + 𝑏𝜕𝑡Ф|𝑧=0 =

𝑃(𝑥,𝑦,𝑡)

𝐷
 ,  (1) 

where W(x,y,t) — ice cover deflection; D=Eh3/(12(1–μ2)); Е — Young's modulus; μ — Poisson's ratio; h — thickness 

of the ice cover; τo — relaxation time of deformations; ∆2=∂x
4+2∂x

2 ∂y
2+∂y

4; ρл — ice density; ρв — water density; с-2 = 

ρлh/D, k=ρвg/D, b= ρв/D; P(x,y,t) — load acting on the ice surface; Ф(x,y,z,t) — potential of fluid movement. The fluid 

behavior was subject to the equation:  

∆Ф=0. 

Boundary conditions at the ice-water interface at z=0 and at the bottom of the reservoir z=–H (H — reservoir depth) 

had the form:   

∂tW=∂zФ|z=0, ∂zФ|z=-H =0. 

It was supposed that force P (x, y, t) moved along an arbitrary closed trajectory γ in an arbitrary way. It was assumed 

that P=P(s(t)), where s — arc coordinate measured from some fixed point of the curve γ. If function s(t) was periodic 

with period T, then it was quite obvious that value P(s(t)), would also be periodic, and also with period T. The 

parametric assignment of the trajectory was taken as: 

{
𝑥 = 𝑥𝑜(𝑡)

𝑦 = 𝑦𝑜(𝑡)
 ,  

where t — time. 

Considering the steady-state process and applying the integral transformation with respect to variables x and y as 

well as the final integral transformation with respect to t on the interval [0; T], we obtained:  

(1– iωnτo) p4W0 – с-2ωn
2

 W0+ kW0+biωkФ0|z=0=P0/D, 

∂z
2Ф0 – p2 Ф0=0, 

where W0, Ф0 — images of unknown functions W and Ф, p2=λ2+ α2; λ; α — parameters of integral transformations, 

respectively, by variables x and y; ωn=2πn/T, n=0, 1, 2, 3, … . Solving the second equation allowing for the boundary 

conditions, we obtained: 

Ф0=-iωnW0ch(p(z+H))/psh(pH). 

Then, the first equation followed: 

W0=P0/((c-2+bcth(pH)/p) ωn
2-p4-k+i ωnτop4). 

The moving concentrated force was approximated by the function: 

P(x,y,t)=ε2exp(–ε2((x–xo(t))2+(y–yo(t))2))/π, 

where ε — parameter. 

Further, by performing quite obvious transformations, we got:  

     
 

2 21 2 /4ε

4
10 0

cos ω τ sin ω τ1 
2 τ

2π  

T
n n n n p

o

n n n

r t r tp
W p J pR e d dp

D r rp k

 




   
    

    
  

r1n=(c-2+bcth (pH)/p) ωn
2-p4-k , r2n=ωnτop4, R2=δ2+β2, 

δ=xo(τ)–x, β= yo(τ)–y. 
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Knowing W, it was possible to determine formulas for calculating the components of the displacement vector and 

the stress tensor at any point of the ice cover using available ratios. 

In the numerical implementation of the proposed method, a problem arose related to the need to calculate integrals. 

One of them as a subintegral function had a strongly oscillating function for sufficiently large n, and the second was 

improper with an infinite upper limit. 

To calculate integrals from strongly oscillating functions, a quadrature formula was used, obtained by the cubic 

spline method [11]:  

   
1ω ω1

ω

14
1

1
,

ω

j ji x i xb N
i x

j j

j ja

e e
e f x dx M M

h








    

where ℎ𝑗 — lengths of elementary segments into which the interval was divided [a; b]; S(x) — approximation of f(x) by 

cubic spline, 𝑀𝑗 = 𝑆 ̕̕(𝑥𝑗).  

When calculating the improper integral, approximate ratio ∫ 𝑓(𝑝)𝑑𝑝 ≈ ∫ 𝑓(𝑝)𝑑𝑝
𝐴

0

∞

0
 was used for a sufficiently 

large A. Value А was chosen so that the estimate of the allowable error  |∫ 𝑓(𝑝)𝑑𝑝
∞

𝐴
|  was small enough. 

Using traditional methods, it was possible to obtain the required estimates for the calculated quantities. For example, 

for deflection value of the ice cover, this estimate had the form: 

 
    

  

2 2

2 2 4

 2 /4ε

2 2
2 2 4 4

 

/ 1
4ε

/

n n oA

A
n n o

c bcth AH A A k
w p dp e

c bcth AH A A k A







     


           

  

W=∫ 𝑤(𝑝)𝑑𝑝
𝐴

0
+ ∫ 𝑤(𝑝)𝑑𝑝

∞

𝐴
. 

When calculating the sum of a series, the Lanczos sigma multiplier method was used to accelerate its convergence.  

Research Results. The calculations were carried out for the case of the action of a single concentrated force that 

moved along a closed curve, shown in Figure 1:  

sin( ( ))
2( )

22sin( )
2

TL t L
s t

T

  
 


, 

T


  ,  0:t T . 

 It was assumed that the thickness of the ice cover was h=0.25 m, Young's modulus of the plate material 

E=500,000,000 N/m2, Poisson's ratio μ=1/3, ice density ρ=900kg/m3, water density ρ=1,000 kg/m3, reservoir 

depth H=5 m, ε=2.5. The radii determining the shape of the force trajectory were assumed to be R1=15 m, R2=9 m, 

R3=3 m (Fig. 1). 

 
 

Fig. 1. Trajectory of the concentrated force 

Figure 2 shows the change in the deflection of the ice cover (a), as well as the maximum values of normal stresses 

(at z=±h) Sx and Sy (b and c) and at the movement speed of single concentrated force v =7.4022 m/s and tangential 

acceleration wt=0.  
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а)      b)     c) 

Fig. 2. Change in deflection and stresses of the ice cover: a — change in deflection;  

b — change in stress Sx; c — change in stress Sy 

On these graphs, the red dot indicates the place of application of force, and the blue color indicates the trajectory of 

movement. 

Figure 3 shows the dependence of the change in the maximum value of the deflection of the ice cover on the force 

speed rate (а) at the moment t=T/2. The position of the force on the trajectory at the moment is marked by a red 

dot (Fig. 1), while the tangential acceleration wt=0. Two graphs are given, one of which corresponds to the radius of the 

trajectory R1=15 m (solid line), and the second — to radius R1=5 m (dotted line). Graph b in Figure 3 shows the 

dependence of the maximum value of the ice cover deflection on the tangential acceleration rate at moment t=T at the 

point of the trajectory (2; 0) in Figure 1 at speed v=0. The graph in Figure 3 shows the dependence of the maximum 

deflection value on the value of the strain relaxation time. 

 

 

а)     b)     c) 

Fig. 3. Dependences of the ice cover deflection on: a — speed;  

b — tangential acceleration; c — relaxation time 

 The liquid behavior is shown in Figure 4. It illustrates the distribution of the speed vector of liquid particles over the 

depth of the reservoir at t=T/2, force speed v=3.7011 m/s and acceleration wt=0.   
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Fig. 4. Distribution of the speed vector of liquid particles over the reservoir depth 

Discussion and Conclusions. The influence of the movement trajectory curvature and the mechanical properties of 

ice on the ice cover deflection, speed and acceleration of the load movement was investigated. Calculations have shown 

that the deflection of the ice cover depends significantly on the movement speed of the force and acceleration of 

movement. 

However, the nature of qualitative changes in displacements and stresses in the ice cover caused by the action of a 

moving force with a change in speed and acceleration of movement changed slightly. 

Mechanical properties of ice, specifically, the relaxation time, had a noticeable effect on the deflection of the ice 

cover.  

The results obtained and the proposed method for solving such problems can be used in the construction of ice roads 

or airfields on ice. Moreover, the proposed solution method has shown its effectiveness and can be used to solve other 

similar problems.  
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