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Abstract

Introduction. Functionally graded materials are of great use, because heterogeneity of properties enables to control the
strength and rigidity of structures. This has caused great interest in the topic in the world scientific literature. The
construction of solutions to such problems depends significantly on the type of boundary conditions. In this paper, we
consider the equilibrium of a thin-walled circular cylinder whose mechanical properties change along the radius.
Homogeneous boundary conditions were set on cylindrical surfaces that had not been considered before, the effect was
on the ends. The mathematical formulation of the problem was carried out in the linear theory of elasticity in the
framework of axisymmetric deformation. Expressions were constructed for the components of the stress-strain state of
the cylinder, in which some coefficients were found from the solution to the resulting system of linear algebraic equations.
Materials and Methods. The material of the cylinder was linearly elastic, the elastic modulus of which depended linearly
on the radial coordinate. The basic research method was the asymptotic method, in which half the logarithm of the ratio
of the outer and inner radii acted as a small parameter. Iterative processes were used to construct the characteristics of the
stress-strain state of the cylinder.

Results. Homogeneous solutions to the boundary value problem were obtained for a linearly elastic functionally gradient
hollow thin-walled cylinder. An analysis of these solutions made it possible to reveal the nature of the stress-strain state
in the cylinder wall. For this purpose, an asymptotic analysis of the solutions was carried out, relations for displacements
and stresses were obtained. It was determined that those solutions corresponded to the boundary layer, while their first
terms determined Saint-Venant edge effect similar to the plate theory.

Discussion and Conclusion. The analytical solution to the equilibrium problem of a thin-walled cylinder inhomogeneous
in radius constructed by asymptotic expansion can be used for numerical solution to a specific problem. For this, it is
required to solve the obtained systems of linear algebraic equations and determine the corresponding coefficients. The
resulting asymptotic representations provide analyzing the three-dimensional stress-strain state. The selection of the
number of expansion terms makes it possible to calculate displacements and stresses with a given degree of accuracy.
This analysis can be useful in assessing the adequacy of applied calculation methods used in engineering practice.

Keywords: linear theory of elasticity, functionally graded material, thin-walled hollow cylinder, homogeneous solutions,
boundary layer, variational principle
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AHaJIM3 HANPSIZKEHHO-1€()OPMUPOBAHHOT0 COCTOSIHUS IIUJIMHIPA

¢ epeMeHHbIMHM MOJYJISIMHU YIIPYTOCTH HA OCHOBE TPeXMEPHbIX YPABHEHU
TeOPHH YIPYrocTH

J.J. Ucmaiiplioa =<

I'stHUKUHCKUH TOCyJapCTBEHHBIH YHUBEPCHTET, T. ['THka, AsepOaiimkan
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AHHOTaLUA

Beeoenue. DyHKINOHATBHO-TPAANCHTHBIC MATEPHAIIBI HAXOAT OOJIBIIOE MPUMEHEHHUE, T.K. HCOTHOPOIHOCTh CBOMCTB
MO3BOJISIET YIPABISTH IMPOYHOCTHIO M JKECTKOCTHIO KOHTPYKIMH. DTUM BBI3BaH OOJIBIION MHTEpEC K JAaHHOI Teme B
MHUPOBOH Hay4yHOU nurepatype. IlocTpoeHue peleHns Takux 3a1a4 CyLeCTBEHHO 3aBUCUT OT TUIIA TPAHUYHBIX YCIOBHM.
B nacrosmeir pabote paccMaTpuBaeTcs paBHOBECHE TOHKOCTEHHOTO KPYroBOTO HWJIMHIPA, MEXaHWYECKHE CBOMCTBa
KOTOPOTO 3aMEHSIOTCS BAOIb paanyca. Ha MUIMHIPUYECKUX NOBEPXHOCTAX 3aJaHbl OQHOPOAHbIE TPaHIYHBIE yCIOBHS,
KOTOpBIE IO 3TOr0 HE paccMaTpUBAIIUCh, BO3JCHCTBUE OKAa3bIBAaCTCsS Ha Topuax. MareMmarudyeckas IIOCTaHOBKA 3aJadu
OCYIIECTBIISICTCS B JMHEHHOW TEOPHM YHNPYTOCTH B paMKaX OCECHMMETpPHYHOH nedopmaruu. B padore moctpoeHs!
BBIP&KECHUSI U KOMIIOHEHT HAaIPsHKEHHO-Ie(OPMUPOBAHHOTO COCTOSIHHMS HWJIMHIAPA, B KOTOPBIX HEKOTOPHIC
K03(h(PULMEHTHI HAXOAATCS U3 PEILCHHUS TOJYYEHHOM CUCTEMBI JIMHEHHBIX anreOpandeckux ypaBHEeHHH.

Mamepuanvt u memoowi. MaTtepuan MUINHIPA ABIACTCA JTHHEHHO YNPYTHUM, MOAYNb YIPYTOCTH KOTOPOTO JIMHEHHO
3aBHCUT OT paJUallbHOW KOOpAWHATBHL. OCHOBHBIM METOJOM HCCIEINOBAaHMS SIBIAETCS ACCUMITOTUYECKHN METOH, B
KOTOPOM B Ka4yeCTBE MaJOT0 IapaMeTpa BHICTYIIACT IOJIOBHMHA JOTAapu(Ma OTHOLICHUS BHELIHETO M BHYTPEHHETO
pamuycoB. sl MOCTPOEHUsI XapaKTEPUCTUK HANpsHKEHHO-IEePOPMUPOBAHHOTO COCTOSHUS LWIMHIPA TPHUMEHEHBI
UTEPALIOHHBIE TPOLECCHI.

Pezynomamut  uccnedoeanusn. Jlns JTMHEHHO-YNPYroro (QyHKIMOHAILHO-TPAAUEHTHOTO TIIOJIOTO TOHKOCTEHHOTO
LIINHPA TIOJTyYeHBI OJHOPOAHBIE PEIICHUS KPaeBOH 3aJaun. AHAIN3 STHX PELICHHH MO3BOJIIET PACKPHITh XapakTep
HAaIpsHKEHHO-/1e(OPMUPOBAHHOI'O COCTOSIHUS B CTEHKE LUIUHJpA. C 3TOM LeNbI0 MPOBEEH aCUMIITOTHYECKUI aHann3
PpEeILeHNH, OJTy4eHbl COOTHOLIEHUS Ul IEPEMELICHUI U HATPSDKEHUH. Y CTAHOBJIEHO, YTO 3TH PELIEHHS COOTBETCTBYIOT
MIOTPaHUYHOMY CJIOIO, IIPU 3TOM HX IIEpBbIE WICHBI ONpeessiioT kpaeBoil apdexr CeH-Benana, aHanoru4yHbIi Teopun
IIJIUT.

Obcyscoenue u 3axniouenue. I1ocTpoeHHOE C MOMOMIBIO ACHMITOTUYECKOTO PA3JIOKEHHs aHAUTHUYECKOE PEILEHHE
3a7a4d O PAaBHOBECHHM HEOJHOPOJHOTO IO PAJUyCy TOHKOCTEHHOTO IMJIMHApPAa MOET OBITh HCIIOIB30BAHO IS
YHUCJICHHOIO pELICHUs KOHKPETHOM 3ajaud. Jlas O5TOro Hy)KHO pELIUTh IIOJYyYEHHbIE CHUCTEMBl JIMHEWHBIX
anreOpanyeckux YpaBHEHUH M OINPENEIHTh COOTBETCTBYIOIIME KOA(hQUIUEeHTH. [loydeHHbIE acCUMITOTHYECKHE
NIPE/ACTAaBICHUS TIO3BOJSIOT AHAJIM3WPOBATh TPEXMEpPHOE HAIpsHKEHHO-Ie(GOpMUPOBAaHHOE CcOCTOsSHHE. BBIOOp
KOJINYECTBA YICHOB PA3JI0KEHUs O3BOISIET PACCUNTATh IEPEMEILEHHS U HANPSIKEHHUS C 3aJaHHOM CTENEHBIO TOYHOCTH.
OTOT aHaIM3 MOXKET OBITh IMOJIE3eH INPH OIEHKE aJEeKBATHOCTH NPHUKIATHBIX METOIOB pacdera, NMPUMEHSEMBIX B

HMHXEHEPHOI ITpaKTUKE.

KiroueBble c1oBa: JIHHEHHAs TEOPHsS YNPYTOCTH, (YHKIHMOHANBHO-TPAIHUEHTHBIA MaTeprall, TOHKOCTCHHBIH MOJBIH

HWJIWHAP, OAHOPOAHBIC PCIICHUS, HOFpaHI/I"IHBIf/'I CJ'IOﬁ, BapI/IaIII/IOHHHﬁ IIPUHIUIT

BJ’[aFOZIapHOCTl/l: ABTOPBI BBIPpAXKAIOT 6HaF0)IapHOCTI) PEeAAKINU U PCUCH3CHTY 3@ BHUMATEIIbHOC OTHOIICHUE K CTAThHE U

NPEAJIOKCHUA, KOTOPBIC IMO3BOJIUIIN NOBBICUTH €€ Ka4€CTBO.
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Introduction. Functionally graded materials are widely used in various constructions. Due to the dependence of
mechanical properties on coordinates, it is possible to control the stress-strain state (SSS) of parts. An example of using
such inhomogeneity is a cylinder whose mechanical properties depend on the radius. In this case, the cylinder may be of
interest as a separate structure, or as being a division subring of a compound body, e.g., connecting two media with widely
different properties. When calculating the SSS of a thin-walled cylinder, some applied theories can be used, an assessment
of their adequacy. Especially in the case of inhomogeneous properties, it can be carried out using computer modeling or
asymptotic analysis based on a three-dimensional formulation. The latter determines the relevance of this study.

A number of studies have been devoted to the investigation of the SSS of hollow cylindrical bodies within the
framework of the linear theory of elasticity. In [1, 2], the mechanical behavior of a radially inhomogeneous cylinder in a
three-dimensional formulation was studied on the basis of the spline collocation method and the finite element method.
In [3], the SSS of a cylinder whose properties depended on the radius loaded with uniform internal pressure was described.
In [4], an analytical study was carried out for a functionally graded piezoelectric cylinder. In [5], an exact solution was
constructed to a radially inhomogeneous hollow cylinder with exponential Young's modulus, with constant Poisson ratio
and power Young's modulus. In [6, 7], an analytical solution to the axisymmetric thermoelasticity problem for a
continuous cylinder was obtained using the direct integration method when the coefficient of linear thermal expansion
was an arbitrary function of the radius. In [8], a general asymptotic theory of a transversally isotropic homogeneous
hollow cylinder was developed. New groups of solutions were obtained for a transversally isotropic homogeneous
cylinder. The comparison of the constructed solutions to the solutions constructed using applied calculation methods was
given. In [9, 10], some boundary value problems of elasticity theory were studied for a functionally gradient isotropic and
transversally isotropic (the plane of isotropy was perpendicular to the axis) cylinder, in the case when the elastic modules
were arbitrary continuous functions of the radius of the cylinder. In [11], an analysis of the bending deformation problem
for a radially inhomogeneous cylinder was carried out. The analysis of the above papers shows that not all types of
boundary conditions on cylindrical surfaces have asymptotic representations of solutions.

In this article, on the basis of an asymptotic analysis of three-dimensional equations of elasticity theory, the features
of the SSS of a thin-walled cylinder whose properties vary linearly along the radius were studied. In this case, the inner
border was fixed in the axial direction and was free in the radial direction.

This goal was achieved using several steps: asymptotic integration of differential equations and the construction of
homogeneous solutions; derivation of formulas for the components of the displacement vector and stress tensor;
consideration of boundary conditions on the face surfaces.

Materials and Methods. Radially inhomogeneous hollow thin-walled cylinder

r={re[r;r,], p[0;2n], ze[-ly;l,]} isconsidered in a cylindrical coordinate system with the origin on its axis. The
problem of its equilibrium, in the case of fixing cylindrical surfaces along the axis and zero normal stresses, is solved in

an axisymmetric formulation under the action of stresses at its faces.
The boundary value problem consists of the equilibrium equations [8]:

G, — O
66” aGrZ " T b -0 ’ (1)
or oz r
%n o O _ 0, 2
or oz r
where ¢,,,5,,,0,,,0,,— components of the stress tensor.
Defining relations [8]:
o = (26 +2) M g [ Ur , M), @A)
or r oz
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o, = (26 +2) ey M Ur ) )
oz o r
u ou.  ou
=(2G+A)—+A Ly —2 1, 5
S =( ) r [c’% oz j ®)
U ©)
0z or

Here, u, =u,(r,z), u, =u,(r,z)— components of the displacement vector.
Lamé parameters vary linearly along the radius:
G(r)=Gr, A(r)=rr, )
where G,,A. — constants.

After substituting (3)—(7) into equations (1), (2), the dimensionless system of equations takes the form:

oxu ou o%u, ou, ow
(2G, +1y )| —=+e—= |+8(Gy +1g ) —=+ ) e2e% — +Gyg?e?» —E —2Ge2u =0, (8)
op? op OpoE, & 0&2
o ou o ou o
GO(—£+8—£]+(ZGO+7\,O)82[62”P S few P]+(Go+xo)gew ° =0, )
op? op 0&2 o0& OpdE
Here:
1 r z . . . 1 r, . .
p==In rl &= P new dimensionless coordinates; € = 5 In e in the case of wall thinness, small parameter;
€ 0 0 1
| b G. .
L=y, pe[-L1], ge[-L1], 1==2; up:u—r, ué:U_Z' Ay = L G, = h ; G, — some parameter having the
r0 r-0 r-0 Gl Gl

dimension of stress.
Let us consider a problem in which homogeneous boundary conditions are set on the lateral surfaces of the cylinder:

u| =0, (10)
ol sy = 0. (11)
Stresses are applied to the faces of the cylinder:
Ol =t (P), (12)
Oc)._y =t (p). (13)

(s=12).

Grr cFI'Z GZZ H H
G, == Oy =——, 0y =— — dimensionless stresses.
Gl Gl Gl

Stress vector components t, (p),t, (p), (s =1;2) satisfy the equilibrium conditions.

To construct homogeneous solutions, we seek the components of the displacement vector in the form:

U, (mg)=u(p)e=, u(pi&)=w(p)e=. (14)
Substituting representations (14) into the system (8)—(11), we obtain:
(2G, + 1o )(U"(p)+2u'(p))+eaes (G, +1g )W (p)+hoeW(p) ) +£2G, (a2e2» — 2)u(p) =0, (15)
G, (W'(p)+eW (p))+(2G, +2, )2 (aewu(p)+azeow(p))+&(G, + A, )aewu’(p) =0, (16)
W|p:ﬂ =0, a7)
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=0. (18)

p=%1

[(ZG0 +ho U (p)+ENq (u (p)+ aeepw(p))]

We investigate boundary value problems (15)—(18) at € — 0. To solve (15)—(18) at € — 0, we use the asymptotic
method [9-13].
Nonzero solutions (15)—(18) correspond to the third iterative process, the components of the displacement vector are
searched for in the form of expansions over a small parameter:
u® (p) =&(Ug (p) +esy () +++-),
WO (p) = (W, (p) +ewsy (p) +---), (19)
a=¢e1(B,+ePp, +

After substituting expansions (19) into equations (15)—(18) for terms of the first order, we have:

(2G0 +7‘0)ué’0 (p) +Bo (Go +2 )Wéo (p)+ G,f35Us3 (p) =0, (20)
oW (P)+Bo (G + 2 )Uio () +(2G; +24 ) B3 () = 0, (21)
Wao (p) pmil 0, (22)

=0. (23)

p==£1

(285 + )iy (0) + RoPois (p)

Following [13], the spectral problem (20)—(23) corresponds to a potential solution for the plate.
Thus, the solutions are presented in the form:

m . . 1
a) ugm (p; 5;) = SKZ::lTk <_ZGOBSk Sin Py sin (ﬁOkp)+O(£))X eXp(g(ﬁok +ePy +-- )E_»j ) (24)
: w . 1
Ués’l) (p;&) = aéTk (2G(,Bgk Sin By, cos(Byp) + O(s))x exp(E(BOk +eBy +- )gj . (25)
Here, B,, is the solution to the equation:
cosf,, =0. (26)
The stresses corresponding to solutions (24), (25) have the form:
o) = 3T, (-4GZB3, sin By 0S(Byp)+O(€)) exp[1 (Bo + &Py + -~~)a] , (27)
k=1 e
ol = ZT (—4G2[3 sin By, sin(Byp) +O (e xexp(:L Box + By +---)§j, (28)
€
ol = zT (4G¢B3, sin By, cos(Byp)+O(&))exp (1(5Ok + 8By +---)aj, (29)
€
ol =0(e). (30)
b) u@2 (P; i) = 3i F (ZGOBSi cos By; COS(Bin) + 0(5))X eXDLE(Boi +efy +- )‘:j: (31)
i=1 e
, © . 1
Uéa'z) (p; Z:o) = Szi F (ZGOBgi cosfy; sin (Bin)"' O(S))X eXp(g(Boi +efdy +- )éj . (32)
Here, B,, is the solution to the equation:
sinP,; =0. (33)
The stresses corresponding to solutions (31), (32) have the form:
Gg)sp;Z) = i F (_4Gngi cosB,; sin (Bin)+O(8))eXp(l(B0i +eBy; +)§ja (34) 4]
i=1 € =
(3 D= Z F ( GZ3; cosBy; COS(Bin)-FO(S))eXp(l(BOi +eBy; +)<§,], (35) g
€
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ol = Z F (4Gg[3§i cos By sin(Byip) + O(g))exp G(Boi +eBy +-- )gj (36)
GE;);Z) = 0(8)' e

The general solution (15)—(18) will be a superposition of solutions (24), (25), (31), (32):
u (&)= aé T, (~2G,B2, sinBy sin(Byp) +O(&))x

XeXp(%(Bok + &Py +)Z}j+82|:| (ZGOBSi cos By; COS(BOiP)"‘O(S))XGXP(%(Boi +eBy +)§jv (38)
u (p;&) = SéTk (2G,B3, Sin By, cos(Byp)+0O(2))x

Xexp(%(ﬁok +eBy, +"')éj+8i§i K (ZGOBSi cosBy; Sin(Bin)+O(8))x EXD(%(ﬁOi +eBy; +)§Jv (39)

Solutions (24), (25), (31), (32) have the character of a boundary layer. When moving away from the faces, solutions

(24), (25), (31), (32) decrease exponentially.
To determine constants T,, F,, we use Lagrange variational principle. The variational principle takes the form [8]:

2 1
SZﬂil[(cpé ~t,,)8u, +(o, 1y, )SUJ i:HeZepdp —o. @0)
Substituting (24-36) into (40), we have:
iMjkaO = p((glj), (a1)
ZQN io — p(()? (42)

Here:

-1 ok +Bo; )1 ok +Bo; )!
i =16G3Bz, B3, (Bo; —Box )~ SinBo, SinPBy; sin By, —BOK){exp(—mJ+exp[(B+—B’)B, (npu j# k)
€ €
M, =16Ggp3, sin2 B, (exp[ 2By, ] exp(ﬂ”lD, (npu j=k)
€ €
pélj) ZZGBSj SinBoj |:_J1.1(t21 (p)COS(Bij)—tll (p)Sin(Bojp))dp eXp[ BOJ j
1 . Bo; !
+_J.1(t22 (p)COS(Bij)_Hz (p)SIn (Bojp»dp'EXp(Tj:lu
Q;i =16G3p3;B5 (Bo;‘ —Boi )71 €O 3y; COS By, Sin(BOj —Boi ){EXP[_M]*‘GXPEWJ} (npu i = j)
Q, =16G3;; cos? Boj(exp( 2By, J ex p(ﬂmlD, (npu i=j)
€
|
p(gzj) ZGOBOJ COSBOJ |:.[ (tu( )COS(Bij)+t21(p)Sin(Bij))dp'eXp[_%j“'

S O |

T, =T+l +
+eF, +---

i — Fo
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Constants T,,,F, (p=1 2,...) are found from systems of linear algebraic equations (41), (42), analogous to which are

studied in [13].

Research Results. |n the article, in an axisymmetric formulation, the solution to the problem of linear elasticity theory
for a functionally graded hollow thin-walled cylinder, whose properties vary in thickness according to a linear law, was
considered. Homogeneous cross boundary conditions were set on the lateral surfaces of the cylinder, and a stress vector
was set at the faces. The constructed homogeneous solutions satisfied boundary conditions on cylindrical surfaces. For
their construction, an asymptotic approach based on the expansion by a small parameter characterizing the relative
thickness of the cylinder was used. To account for inhomogeneous boundary conditions at the faces, systems of linear
algebraic equations similar to those studied in the literature were obtained. It was shown that the constructed SSS solutions
had a boundary-layer character, which corresponded to the edge effect similar to the theory of inhomogeneous plates,
which bears the name of Saint-Venant.

Discussion and Conclusion. Usually, when studying the SSS of thin-walled structures, applied calculation methods
are built that reduce the dimension of the problem. In this regard, the task of determining the range of geometric and
mechanical parameters in which these methods give acceptable accuracy is critical. The solutions to three-dimensional
equations constructed in the work on the basis of asymptotic analysis make it possible to assess the adequacy of such
applied theories with a predetermined accuracy threshold. In addition, these solutions can find application in the
evaluation of numerical solutions to problems for structures with functionally graded materials.
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06 asmope:
Jxamana Jlxkammua kbei3el UcMmaiibLioBa, TOKTOpaHT Kadelphl OOIMMX TEXHHMYCCKHMX HAYK U TEXHOJIOTHH

I'ssHmKUHCKOTO TocyaapeTBenHoro yauepcuteta (AZ2003, AsepbGaiimkan, r. I'sumka, yia. [eiimap Amues, 187),

ORCID, celaleismayilova@mail.ru

Kongnuxm unmepecos: aBTop 3asBisieT 00 OTCYTCTBUU KOH(IIMKTA HHTEPECOB.

Aemop npouuman u 0000pus OKOHYAMENbHBIN 8APUAHI PYKONUCU.
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