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Abstract 

Introduction. Functionally graded materials are of great use, because heterogeneity of properties enables to control the 

strength and rigidity of structures. This has caused great interest in the topic in the world scientific literature. The 

construction of solutions to such problems depends significantly on the type of boundary conditions. In this paper, we 

consider the equilibrium of a thin-walled circular cylinder whose mechanical properties change along the radius. 

Homogeneous boundary conditions were set on cylindrical surfaces that had not been considered before, the effect was 

on the ends. The mathematical formulation of the problem was carried out in the linear theory of elasticity in the 

framework of axisymmetric deformation. Expressions were constructed for the components of the stress-strain state of 

the cylinder, in which some coefficients were found from the solution to the resulting system of linear algebraic equations. 

Materials and Methods. The material of the cylinder was linearly elastic, the elastic modulus of which depended linearly 

on the radial coordinate. The basic research method was the asymptotic method, in which half the logarithm of the ratio 

of the outer and inner radii acted as a small parameter. Iterative processes were used to construct the characteristics of the 

stress-strain state of the cylinder.  

Results. Homogeneous solutions to the boundary value problem were obtained for a linearly elastic functionally gradient 

hollow thin-walled cylinder. An analysis of these solutions made it possible to reveal the nature of the stress-strain state 

in the cylinder wall. For this purpose, an asymptotic analysis of the solutions was carried out, relations for displacements 

and stresses were obtained. It was determined that those solutions corresponded to the boundary layer, while their first 

terms determined Saint-Venant edge effect similar to the plate theory. 

Discussion and Conclusion. The analytical solution to the equilibrium problem of a thin-walled cylinder inhomogeneous 

in radius constructed by asymptotic expansion can be used for numerical solution to a specific problem. For this, it is 

required to solve the obtained systems of linear algebraic equations and determine the corresponding coefficients. The 

resulting asymptotic representations provide analyzing the three-dimensional stress-strain state. The selection of the 

number of expansion terms makes it possible to calculate displacements and stresses with a given degree of accuracy. 

This analysis can be useful in assessing the adequacy of applied calculation methods used in engineering practice. 

Keywords: linear theory of elasticity, functionally graded material, thin-walled hollow cylinder, homogeneous solutions, 

boundary layer, variational principle 
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 celaleismayilova@mail.ru   

Аннотация 

Введение. Функционально-градиентные материалы находят большое применение, т.к. неоднородность свойств 

позволяет управлять прочностью и жесткостью контрукций. Этим вызван большой интерес к данной теме в 

мировой научной литературе. Построение решения таких задач существенно зависит от типа граничных условий. 

В настоящей работе рассматривается равновесие тонкостенного кругового цилиндра, механические свойства 

которого заменяются вдоль радиуса. На цилиндрических поверхностях заданы однородные граничные условия, 

которые до этого не рассматривались, воздействие оказывается на торцах. Математическая постановка задачи 

осуществляется в линейной теории упругости в рамках осесимметричной деформации. В работе построены 

выражения для компонент напряженно-деформированного состояния цилиндра, в которых некоторые 

коэффициенты находятся из решения полученной системы линейных алгебраических уравнений.  

Материалы и методы. Материал цилиндра является линейно упругим, модуль упругости которого линейно 

зависит от радиальной координаты. Основным методом исследования является ассимптотический метод, в 

котором в качестве малого параметра выступает половина логарифма отношения внешнего и внутреннего 

радиусов. Для построения характеристик напряженно-деформированного состояния цилиндра применены 

итерационные процессы.  

Результаты исследования. Для линейно-упругого функционально-градиентного полого тонкостенного 

цилиндра получены однородные решения краевой задачи. Анализ этих решений позволяет раскрыть характер 

напряженно-деформированного состояния в стенке цилиндра. С этой целью проведен асимптотический анализ 

решений, получены соотношения для перемещений и напряжений. Установлено, что эти решения соответствуют 

пограничному слою, при этом их первые члены определяют краевой эффект Сен-Венана, аналогичный теории 

плит. 

Обсуждение и заключение. Построенное с помощью асимптотического разложения аналитическое решение 

задачи о равновесии неоднородного по радиусу тонкостенного цилиндра может быть использовано для 

численного решения конкретной задачи. Для этого нужно решить полученные системы линейных 

алгебраических уравнений и определить соответствующие коэффициенты. Полученные асимптотические 

представления позволяют анализировать трехмерное напряженно-деформированное состояние. Выбор 

количества членов разложения позволяет рассчитать перемещения и напряжения с заданной степенью точности. 

Этот анализ может быть полезен при оценке адекватности прикладных методов расчета, применяемых в 

инженерной практике.  

Ключевые слова: линейная теория упругости, функционально-градиентный материал, тонкостенный полый 

цилиндр, однородные решения, пограничный слой, вариационный принцип 
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Research (Rostov-on-Don). 2023;23(2):113–120. https://doi.org/10.23947/2687-1653-2023-23-2-113-120 

Introduction. Functionally graded materials are widely used in various constructions. Due to the dependence of 

mechanical properties on coordinates, it is possible to control the stress-strain state (SSS) of parts. An example of using 

such inhomogeneity is a cylinder whose mechanical properties depend on the radius. In this case, the cylinder may be of 

interest as a separate structure, or as being a division subring of a compound body, e.g., connecting two media with widely 

different properties. When calculating the SSS of a thin-walled cylinder, some applied theories can be used, an assessment 

of their adequacy. Especially in the case of inhomogeneous properties, it can be carried out using computer modeling or 

asymptotic analysis based on a three-dimensional formulation. The latter determines the relevance of this study. 

A number of studies have been devoted to the investigation of the SSS of hollow cylindrical bodies within the 

framework of the linear theory of elasticity. In [1, 2], the mechanical behavior of a radially inhomogeneous cylinder in a 

three-dimensional formulation was studied on the basis of the spline collocation method and the finite element method. 

In [3], the SSS of a cylinder whose properties depended on the radius loaded with uniform internal pressure was described. 

In [4], an analytical study was carried out for a functionally graded piezoelectric cylinder. In [5], an exact solution was 

constructed to a radially inhomogeneous hollow cylinder with exponential Young's modulus, with constant Poisson ratio 

and power Young's modulus. In [6, 7], an analytical solution to the axisymmetric thermoelasticity problem for a 

continuous cylinder was obtained using the direct integration method when the coefficient of linear thermal expansion 

was an arbitrary function of the radius. In [8], a general asymptotic theory of a transversally isotropic homogeneous 

hollow cylinder was developed. New groups of solutions were obtained for a transversally isotropic homogeneous 

cylinder. The comparison of the constructed solutions to the solutions constructed using applied calculation methods was 

given. In [9, 10], some boundary value problems of elasticity theory were studied for a functionally gradient isotropic and 

transversally isotropic (the plane of isotropy was perpendicular to the axis) cylinder, in the case when the elastic modules 

were arbitrary continuous functions of the radius of the cylinder. In [11], an analysis of the bending deformation problem 

for a radially inhomogeneous cylinder was carried out. The analysis of the above papers shows that not all types of 

boundary conditions on cylindrical surfaces have asymptotic representations of solutions. 

In this article, on the basis of an asymptotic analysis of three-dimensional equations of elasticity theory, the features 

of the SSS of a thin-walled cylinder whose properties vary linearly along the radius were studied. In this case, the inner 

border was fixed in the axial direction and was free in the radial direction.  

This goal was achieved using several steps: asymptotic integration of differential equations and the construction of 

homogeneous solutions; derivation of formulas for the components of the displacement vector and stress tensor; 

consideration of boundary conditions on the face surfaces. 

Materials and Methods. Radially inhomogeneous hollow thin-walled cylinder  

      1 2 0 0; , 0;2 , ;r r r z l l        is considered in a cylindrical coordinate system with the origin on its axis. The 

problem of its equilibrium, in the case of fixing cylindrical surfaces along the axis and zero normal stresses, is solved in 

an axisymmetric formulation under the action of stresses at its faces.  

The boundary value problem consists of the equilibrium equations [8]: 

 0
rrrr rz

r z r

  
  

 
,  (1) 

 0,rz zz rz

r z r

  
  

 
  (2) 

where , , ,rr rz zz    — components of the stress tensor. 

Defining relations [8]: 

  2 ,r r z

rr

u u u
G

r r z

  
       

  
   (3) 
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  2 ,z r r

zz

u u u
G

z r r

  
       

  
   (4) 

   2 ,r r zu u u
G

r r z


  
       

  
  (5) 

 .r z

rz

u u
G

z r

  
   

  
   (6) 

Here, ( , ),r ru u r z ( , )z zu u r z — components of the displacement vector. 

Lamé parameters vary linearly along the radius:  

    * *, ,G r G r r r      (7) 

where 
* *,G   — constants.                   

After substituting (3)–(7) into equations (1), (2), the dimensionless system of equations takes the form:  

    
2 2 2

2 2 2 2
0 0 0 0 0 0 0

2 2
2 2 0,

u u u u u
G G e e G e G u

    
  



     
               

     
 (8) 

 

    
2 2 2

2 2
0 0 0 0 0

2 2
2 0.

u u u u u
G G e e G e

    
  

       
             

       
   (9) 

Here: 

0 0

1
ln ,

r z

r r

 
    

  
 — new dimensionless coordinates; 2

1

1
ln

2

r

r

 
   

 
 — in the case of wall thinness, small parameter; 

0 1 2 ,r r r      0

0

1;1 , ; ,
l

l l l
r

     ; 
0

,ru
u

r
   

0

,zu
u

r
   * 0

0

1

,
r

G


   * 0

0

1

G r
G

G
 ; 

1G  — some parameter having the 

dimension of stress.  

Let us consider a problem in which homogeneous boundary conditions are set on the lateral surfaces of the cylinder: 

 
1

0,u 
     (10) 

 
1

0. 
     (11) 

Stresses are applied to the faces of the cylinder: 

  1 ,sl
t 

        (12) 

  2 ,sl
t 

     (13) 

 1; 2s  . 

1

,rr

G



 

1

,rz

G



 

1

zz

G



   — dimensionless stresses. 

Stress vector components      1 2, , 1;2s st t s    satisfy the equilibrium conditions. 

To construct homogeneous solutions, we seek the components of the displacement vector in the form: 

        ; , ; .u u e u w e 
             (14) 

Substituting representations (14) into the system (8)–(11), we obtain: 

                  2 2 2
0 0 0 0 0 02 2 0,G u u e G w w G e u                         (15) 

                2 2 2
0 0 0 0 02 0,G w w G e u e w G e u                         (16) 

  
1

0,w


       (17) 
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         0 0 0
1

2 0.G u u e w



              (18) 

We investigate boundary value problems (15)–(18) at 0  . To solve (15)–(18) at 0  , we use the asymptotic 

method [9–13].  

Nonzero solutions (15)–(18) correspond to the third iterative process, the components of the displacement vector are 

searched for in the form of expansions over a small parameter:  

 

      
      

 

(3)
30 31

(3)
30 31

1
0 1

,

,

.

u u u

w w w


        


       
      


    (19) 

After substituting expansions (19) into equations (15)–(18) for terms of the first order, we have: 

          2
0 0 30 0 0 0 30 0 0 302 0,G u G w G u            (20) 

          2
0 30 0 0 0 30 0 0 0 302 0,G w G u G w            (21) 

  30 1
0,w


     (22) 

       0 0 30 0 0 30
1

2 0.G u w


         (23) 

Following [13], the spectral problem (20)–(23) corresponds to a potential solution for the plate.  

Thus, the solutions are presented in the form:     

 a)         2(3;1)
0 0 0 0 0 1

1

1
; 2 sin sin expk k k k k k

k

u T G O





 
                  

 
,   (24)  

         (3;1) 2
0 0 0 0 0 1

1

1
; 2 sin cos expk k k k k k

k

u T G O





 
                 

 
.  (25) 

Here, 
0k  is the solution to the equation: 

 
0cos 0.k     (26) 

The stresses corresponding to solutions (24), (25) have the form:  

       3(3;1) 2
0 0 0 0 0 1

1

1
4 sin cos expk k k k k k

k

T G O





 
                

 
,   (27) 

       (3;1) 32
0 0 0 0 0 1

1

1
4 sin sin expk k k k k k

k

T G O





 
                

 
,  (28) 

       (3;1) 32
0 0 0 0 0 1

1

1
4 sin cos exp ,k k k k k k

k

T G O





 
              

 
  (29) 

  (3;1) .O     (30) 

 b)         (3;2) 2
0 0 0 0 0 1

1

1
; 2 cos cos exp ,i i i i i i

i

u F G O





 
                 

 
  (31)  

         (3;2) 2
0 0 0 0 0 1

1

1
; 2 cos sin expi i i i i i

i

u F G O





 
                 

 
.  (32) 

Here, 
0k  is the solution to the equation: 

 
0sin 0.i    (33) 

The stresses corresponding to solutions (31), (32) have the form:  

       3(3;2) 2
0 0 0 0 0 1

1

1
4 cos sin exp ,i i i i i i

i

F G O





 
               

 
  (34) 

       (3;2) 32
0 0 0 0 0 1

1

1
4 cos cos exp ,i i i i i i

i

F G O





 
              

 
     (35) 
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       (3;2) 32
0 0 0 0 0 1

1

1
4 cos sin exp ,i i i i i i

i

F G O





 
              

 
     (36) 

   (3;2) .O       (37)  

The general solution (15)–(18) will be a superposition of solutions (24), (25), (31), (32):  

      2
0 0 0 0

1

; 2 sin sink k k k
k

u T G O





             

           2
0 1 0 0 0 0 0 1

1

1 1
exp 2 cos cos exp ,k k i i i i i i

i

F G O




   
                      

    
  (38) 

      2
0 0 0 0

1

; 2 sin cosk k k k
k

u T G O





            

         2
0 1 0 0 0 0 0 1

1

1 1
exp 2 cos sin exp ,k k i i i i i i

i

F G O




   
                      

    
   (39) 

Solutions (24), (25), (31), (32) have the character of a boundary layer. When moving away from the faces, solutions 

(24), (25), (31), (32) decrease exponentially.  

To determine constants ,k iT F , we use Lagrange variational principle. The variational principle takes the form [8]: 

    
12

2
1 2

1 1

0.s s
s l

t u t u e d
   

  

               (40) 

Substituting (24–36) into (40), we have:  

 (1)

0 0
1

,jk k j
k

M T p




   (41) 

 (2)

0 0
1

.ji i j
i

Q F p




   (42) 

Here:  

   
   

 
1 0 0 0 0

3 32
0 0 0 0 0 0 0 0 016 sin sin sin exp exp ,

k j k j

jk j k j k k j j k

l l
M G при j k


       
                

     
    

 

 
0 03 5 2

0 0 0

2 2
16 sin exp exp ,

j j

jj j j

l l
M G при j k

      
               

 

        
1

0(1) 2
0 0 0 21 0 11 0

1

2 sin cos sin exp
j

j j j j j

l
p G t t d



  
              

  

 

        
1

0

22 0 12 0
1

cos sin exp ,
j

j j

l
t t d



  
          

  

 

   
   

 
1 0 0 0 0

3 32
0 0 0 0 0 0 0 0 016 cos cos sin exp exp ,

i j i j

ji j i j i j i j i

l l
Q G при i j


       
               

     
    

 

 
0 03 5 2

0 0 0

2 2
16 cos exp exp ,

j j

jj j j

l l
Q G при i j

      
               

 

        
1

0(2) 2
0 0 0 0 11 0 21 0

1

2 cos cos sin exp
j

j j j j j

l
p G t t d



  
              

  

 

        
1

0

12 0 22 0
1

cos sin exp ,
j

j j

l
t t d



  
          

  

 

0 1

0 1

,
.

k k k

i i i

T T T
F F F
   
   
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Constants , ( 1, 2,...)kp ipT F p   are found from systems of linear algebraic equations (41), (42), analogous to which are 

studied in [13]. 

Research Results. In the article, in an axisymmetric formulation, the solution to the problem of linear elasticity theory 

for a functionally graded hollow thin-walled cylinder, whose properties vary in thickness according to a linear law, was 

considered. Homogeneous cross boundary conditions were set on the lateral surfaces of the cylinder, and a stress vector 

was set at the faces. The constructed homogeneous solutions satisfied boundary conditions on cylindrical surfaces. For 

their construction, an asymptotic approach based on the expansion by a small parameter characterizing the relative 

thickness of the cylinder was used. To account for inhomogeneous boundary conditions at the faces, systems of linear 

algebraic equations similar to those studied in the literature were obtained. It was shown that the constructed SSS solutions 

had a boundary-layer character, which corresponded to the edge effect similar to the theory of inhomogeneous plates, 

which bears the name of Saint-Venant. 

Discussion and Conclusion. Usually, when studying the SSS of thin-walled structures, applied calculation methods 

are built that reduce the dimension of the problem. In this regard, the task of determining the range of geometric and 

mechanical parameters in which these methods give acceptable accuracy is critical. The solutions to three-dimensional 

equations constructed in the work on the basis of asymptotic analysis make it possible to assess the adequacy of such 

applied theories with a predetermined accuracy threshold. In addition, these solutions can find application in the 

evaluation of numerical solutions to problems for structures with functionally graded materials. 
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