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AHHOTAIIUSA

Beeoenue. 11lnpokoe NCTIONB30BAHNE MEE30MATEPHANIOB B PA3IIMIHBIX OTPACIIAX CTUMYIUPYET U3yUCHUE X QU3MUECKUX
XapaKTEePUCTUK M OOYCIIOBIMBAET aKTyaJIbHOCTh TAKMX M3bICKaHMH. B paccMmaTpmBaeMoM cilydae MOAAIbHBIN aHAIN3
MIO3BOJISIET ONPEAEIUTh PabOUyI0 YacTOTy M KO3(h(DUIMEHT 3IEKTPOMEXaHNIECKOH CBSI3H MBE303JIEMEHTOB PA3IMIHbBIX
YCTPOMCTB. DTU MHIUKATOPHI MPEACTABISIOT CEPhE3HBIN TEOPETUUECKUI U MpuKIaaHoi unTepec. Llenb nccnenoBanus
— pa3paboTKa YUCICHHBIX METOJIOB JUIA PEIICHHMS 3a/1auy OTPEEIICHUs YacTOT Pe30HaHca B CUCTeMe ynpyrux tei. [s
JIOCTHIKEHUSI LI HY)KHBI HOBBIC MOJXOJbl K JUCKPETH3ALMH 3a/aud Ha OCHOBE METO/a KOHEUHBIX AJIEMEHTOB U
BBINIOJTHEHHE MIPOrPaMMHON peain3aliy BEIOpaHHOTO MeTosa Ha si3bike C# Ha miatdopme .net. AKTyallbHble peleHus
co3nanbl B KoHTekcTe OuOmuoteku kinaccoB kommiekca ACELAN-COMPOS. OcHoBaHHbIe Ha OOpalieHUH MaTpHIl
N3BECTHBIC METOABI PEIIeHUs] 0000IIEHHON 3aaun Ha cOOCTBEHHbBIC 3HAUEHHS HETPHUMEHUMBI K MaTpHIaM OOJBIION
pasMepHOCTH. [yl TIPeoJoJeHUsT 3TOr0 OTPAaHMYECHUS B TNPEICTABICHHON HaydyHOH paboTe peann3oBaHa JOTHKA
MIOCTPOEHHS MaTPHUI] MacC W CO3IaHbl IPOrpaMMHBIe HHTepdeichl I 0OMeHa JaHHBIMH O 3a7adax Ha cOOCTBEHHBIC
3HAUEHMS C MOJYIISIMH IIpe- 1 MOCTIPOLECCHHTA.

Mamepuanet u memoowi. [l peanuzalii YMCICHHBIX METOJIOB 3aiedcTBOBaNM Iutarhopmy .Ne€t u  S3BIK
nporpammupoBanus C#. Banuaaius pe3ypTaToB UCCIeIOBaHHS IIPOBOIMIIACH ITyTEM CPaBHEHUS HalIEHHBIX 3HAUEHUI
C peureHusAMH, TONydeHHBIMH B m3BecTHhix ~CAE-makerax (amrm.  computer-aided  engineering —
KOMITBIOTEpH3UpOBaHHast HHKeHepus). Co3aaHHbIe TIOANPOrpaMMbl OLIEHUBAIUCH C TOUKU 3PEHHS TPOM3BOAUTEIILHOCTH
W IPUMEHHMOCTH JUIS 3a]a4 OOJIbIION pa3MepHOCTH. [IpOBOIMIINCH YHCIIEHHBIE SKCIIEPUMEHTBI C LEbI0 BaJIHIalUH
HOBBIX alITOPUTMOB B 33Jjadyax Mayoil pa3MepHOCTH, KOTOpBIE pelIalTcs u3BecTHEIMU MetogamMu B MATLAB. Jlanee
MOJXOJ] TECTHPOBAIM Ha 33ja4ax C OOJNBIIMM YHCIOM HEHW3BECTHBIX M C YYETOM pacHapauIeIMBaHus OTAEIbHBIX
omeparid. UtoObl N30€KaTh HAX0XKAECHUS 00pPaTHOM MaTPHIBI, MPOTPAMMHO PEaTN30BaIN MOJU(UIIMPOBAHHBIA METO]
Jlannomia. Paccmotpenu dopMaTel XpaHeHUs1 MaTpul] B onepaTuBHON mamsti: tpuruietsl, CSR, CSC, SKyline. [lns
peIIeHus CHCTEeMBl TMHEWHBIX anreOpamdecknx ypaBHeHwid (CJIAY) 3amelicTBOBa M MTEPAMOHHBIH CHMMETPUIHBIH
meron LQ, axanTupoBaHHBII K 3TUM popMaTam XpaHEHHS.

Peszynomamut uccnedosanus. Pa3paboraHbl HOBbIE pacyeTHbIE MOIYJIHM, MHTETPUPOBAHHbIE B OMOIMOTEKY KIaccoB
komiuiekca ACELAN-COMPOS. TlpoBeneHbl pacyersl Uil OIpelesieHHs NMPUMEHHMOCTH Ppa3jiMuHbIX (OpMaToOB
XpaHEHHs Pa3PEeIKEHHBIX MATPHIL B OTIEPATHUBHON MAMSTH U PAa3JIMYHBIX METOOB PEalIU3aLH ONIEPALIUii C Pa3peIKEHHBIMH
Marpuiamu. ['padudeckn BU3yanu3upoBaHa CTPYKTYpa MaTPHUIL dKECTKOCTH, IIOCTPOCHHBIX JUJISL OJJHOM U TOM e 3aaauH,
HO C pa3IM4HON MepeHyMepanueil y370B KOHEYHODJIEMEHTHOH CeTKH. I[IpUMEeHHTEeNnsHO K 3aJade TeopHH
ANIEKTPOYNPYTOCTH 00O0OIEHBI U MPECTaBIeHbI B BUJIe TaOJIHIbl JaHHBIE O BPEMEHH, HEOOXOAMMOM Ha BBIMIOJIHEHUE
0a30BBIX Ollepalii ¢ MaTPULAMH XECTKOCTH B Pa3IMYHBIX (OpMaTax XpaHEHHs. Y CTaHOBJIECHO, YTO INEpeHyMeparus
Y3JIOB CETKH JIaeT CYIIECTBEHHBIH MPUPOCT NPONU3BOIUTENLHOCTH Jaxke 0€3 U3MEHEHHNS BHY TPEHHEH CTPYKTYpPBI MaTPHIIBI
B nmaMaTH. C y4eToM IOCTaBJICHHBIX 3a7ad HCCIEOBaHHWsS Ha3BaHBl NPEHMYIIECTBA W cladble CTOPOHBI M3BECTHBIX
¢dopmatoB xpanenust marpuil. Tak, CSR onrtuManeH npu yMHOXXEHHUH MaTpunbl Ha Bektop, SKS — mpu obpamennu
MarpuIbl. B 3a1a4ax ¢ 4MCIOM HEM3BECTHBIX TOPAAKa 10° BEIMIPBHIBAIOT B CKOPOCTH UTEPALMOHHBIE METO/IbI PELIEHUS
00001eHHOM 331291 Ha cOOCTBEHHBIE 3HaUeHH. OIIEHUBAJIACh TPOU3BOIUTEIILHOCTD MPOTPAMMHON pean3aiui METO1a
Jlarmoma. M3Mepsinicst BKJIag BcexX omeparuil B obImee BpeMs pemeHns. BeisicHmIoch, uto omnepanust pemenus CJIAY
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3aHuMaetr 10 95 % ot obuiero BpemeHu pabotsl anropurma. [Ipu peutennn CJIAY cummerpudHbiM MeTogoM LQ
HauOONBIINE BBIYUCIMTENBHBIE 3aTpaThl HYXXHBI JUISi YMHOXEHHsl MaTpuibsl Ha Bektop. Jlnsg yBenuueHwus
MIPOM3BOIUTENBHOCTH aITOPUTMa MPUOEIIM K pacnapajule]MBaHuIo ¢ o0mield naMsaTeio. [Ipy Mcnoap30BaHUU BOCHMHU
MOTOKOB ITPOM3BOANTENBHOCTH BhIpocia Ha 40-50 %.

Oécyacoenue u 3axniouenue. [loaydeHHbIe B paMKax HayqHOM paOOThI MPOrpaMMHBIE MOJTYJIH OBbIIIM BHEJPEHBI B ITAKET
ACELAN-COMPOS. OueneHa wuX TNpOW3BOJAUTEIFHOCTh JUII  MOZENBHBIX 3aJad C  KBa3UpEryJSIPHBIMU
KOHEYHOIJIEMEHTHBIMU ceTKaMH. C y4eToM OCOOEHHOCTEH CTPYKTYyp MAaTpHIl )KECTKOCTH M Macc, MOIy4aeMbIX IPH
penreHny 0000IIeHHOI 3a5a4y Ha COOCTBEHHBIE 3HAYCHHS IS DIICKTPOYIIPYTOro TeNa, OIpeIeeHbl IPEeIITOYTUTEIbHbIE
METOIBI [UII X 00padOTKH.

KinoueBble CJI0Ba: Nbe30MaTepHalibl, METOI KOHEYHBIX 3JIEMEHTOB, Pa3peKEHHbIE MATPHIIBI, 0000IIEHHAs 3a1a4a Ha
COOCTBEHHBIE 3HAaueHWs, Meroa JlaHmoma, MOANPOCTPAHCTBO KpbUIoBa, MOIY/Jb IIPENPOLECCHHIA, MOIYJIb
MOCTIPOIECCHHTa, TPHUIUIETHI, KOOPAWHATHBIN (OpMaT XpaHeHWs, CKaTeli paspexeHusli psg, CSR, cxatbiit
paspesxxennsiii cronber, CSC, SKyline

Baaronapuoctu: aBTOoph! BepaxkatoT 6marogapaocts A.H. ConoBbseBy n T.C. MapThIHOBO# 3a moMonIb B pa3paboTke
YHCIICHHBIX METO/I0B U Poccuiickomy HayuHOMY (hOHAY 3a (PMHAHCOBYIO TIOANEPIKKY UCCIeNOBaHMs TpaHToM Ne 22-21—
00318, https://rscf.ru/project/22-21-00318
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Abstract

Introduction. The widespread use of piezoelectric materials in various industries stimulates the study of their physical
characteristics and determines the urgency of such research. In this case, modal analysis makes it possible to determine
the operating frequency and the coefficient of electromechanical coupling of piezoelectric elements of various devices.
These indicators are of serious theoretical and applied interest. The study was aimed at the development of numerical
methods for solving the problem of determining resonance frequencies in a system of elastic bodies. To achieve this goal,
we needed new approaches to the discretization of the problem based on the finite element method and the execution of
the software implementation of the selected method in C# on the .net platform. Current solutions were created in the
context of the ACELAN-COMPOS class library. The known methods of solving the generalized eigenvalue problem
based on matrix inversion are not applicable to large-dimensional matrices. To overcome this limitation, the presented
scientific work implemented the logic of constructing mass matrices and created software interfaces for exchanging data
on eigenvalue problems with pre- and postprocessing modules.

Materials and Methods. A platform was used to implement numerical methods .net and the C# programming language.
Validation of the research results was carried out through comparing the values found with solutions obtained in well-
known SAE packages (computer-aided engineering). The created routines were evaluated in terms of performance and
applicability for large-scale tasks. Numerical experiments were carried out to validate new algorithms in small-
dimensional problems that were solved by known methods in MATLAB. Next, the approach was tested on tasks with a
large number of unknowns and taking into account the parallelization of individual operations. To avoid finding the
inverse matrix, a modified Lanczos method was programmatically implemented. We examined the formats for storing
matrices in RAM: triplets, CSR, CSC, Skyline. To solve a system of linear algebraic equations (SLAE), an iterative
symmetric LQ method adapted to these storage formats was used.

Results. New calculation modules integrated into the class library of the ACELAN-COMPOS complex were developed.
Calculations were carried out to determine the applicability of various formats for storing sparse matrices in RAM and
various methods for implementing operations with sparse matrices. The structure of stiffness matrices constructed for the
same task, but with different renumbering of nodes of a finite element grid, was graphically visualized. In relation to the
problem of the theory of electroelasticity, data on the time required to perform basic operations with stiffness matrices in
various storage formats were summarized and presented in the form of a table. It has been established that the renumbering
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of grid nodes gives a significant increase in performance even without changing the internal structure of the matrix in
memory. Taking into account the objectives of the study, the advantages and weaknesses of known matrix storage formats
were named. Thus, CSR was optimal when multiplying a matrix by a vector, SKS was optimal when inverting a matrix.
In problems with the number of unknowns of the order of 103, iterative methods for solving a generalized eigenvalue
problem won in speed. The performance of the software implementation of the Lanczos method was evaluated. The
contribution of all operations to the total solution time was measured. It has been found that the operation of solving
SLAE takes up to 95% of the total time of the algorithm. When solving the SLAE by symmetric LQ method, the greatest
computational costs were needed to multiply the matrix by a vector. To increase the performance of the algorithm,
parallelization with shared memory was resorted to. When using eight threads, the performance gain increased by 40—
50%.

Discussion and Conclusion. The software modules obtained as part of the scientific work were implemented in the
ACELAN-COMPOS package. Their performance for model problems with quasi-regular finite element grids was
estimated. Taking into account the features of the structures of the stiffness and mass matrices obtained through solving
the generalized eigenvalue problem for an electroelastic body, the preferred methods for their processing were determined.

Keywords: piezoelectric materials, finite element method, sparse matrices, generalized eigenvalue problem, Lanczos
method, Krylov subspace, preprocessing module, postprocessing module, triplets, coordinate storage format, compressed
sparse row, CSR, compressed sparse column, CSC, Skyline
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BBeaenmne. VYcrpoiicTBa K3 NbE30MAaTepUANIOB IMIMPOKO HCIOJNB3YIOTCS, JAaBHO aKTHUBHO HW3Yy4alTcs U
COBepIICHCTBYIOTCSA. OTAENBHO CIEAYyeT OTMETHTh MEIHIIMHCKHE YIbTPa3BYyKOBbIe MPUOOpHI (0GOpymoBaHHE MAst
JIMATHOCTHKH, yJIbTPa3ByKoBbIe cKkanbienn) [1-4] u MmobunbHsie reHepatopsl suepruu [5]. Uccnenosanue [6] ommcriBaeT
KOMOWHHpOBaHHEe (DOTO- U IBE303ICKTPUYECKOro dPPEKTOB Ui CO3MaHUS ACHCTBEHHBIX KOMIAKTHBIX HCTOYHUKOB
9HEpruM. B Hayke M TPOMBIIUICHHOCTH H3y4alOTCs HOBBIC MaTepHalbl, PACCUMTAHHBIC Ha OSKCIUIyaTalUio B
crielnpuUYecKux ycnoBusx. B [7] paccMaTpuBaetcs co3qaHie OSCCBUHIIOBOIO IbE30aKTHBHOTO COCTABa, MOIXOISIIETO
JUTS OKCIUTYaTAlMU MIPU Pa3IMYHBIX TEMIIepaTypax.

B uccnenoBaHNM MbE303JIEMEHTOB BOKHYIO POJIb MIPaeT 3Tall MOJAJIBHOTO aHANW3a, MO3BOJIIOMINA YCTAaHOBHUTH
YacTOTHI PE30HAHCA U aHTHPE30HaHCa YCTPOMUCTBA. DTH JaHHbIE!

— HEOOXOJMMBI [UTS BBIAICHEHHUS paboueii 4acTOThI yCTPOHCTRA;

— TMO3BOJBIFOT OMPEACIUTh KOIPPHUIUEHT 3JICKTPOMEXaHUUECKOH CBSI3M — BaXHBIA HHIUKATOP 3(deKTUBHOCTH
YCTPOICTBA;

— SIBITIOTCS BXOTHOM MH(pOpPMAIHEi B YHCICHHBIX IKCIICPUMEHTAX sl 3a/1a4 HAa BBIHY)KICHHBIC KOJICOAHHS.

Llenp MccienoBaHUs — CO3/AHUE YHCICHHBIX METOJOB PEILCHHUs 3aJa4yd ONpPEACNICHUS YacTOT Pe30HaHca s
CHCTEeMBI ynpyrux teil. JlocTikeHne 3asBICHHON 1enu TpeOyeT pelieHus IByX 3anad. [lepsas: pa3paboTaTh METOABI
JIUCKPETU3aLUH 3a]]a41 Ha OCHOBE MeTO/1a KOHeYHBIX aeMeHToB (MKD). Bropasi: mpoBecTH MporpaMMHYIO peatn3anuio
BBIOpaHHOrO MeTo/a Ha s3bike C# Ha matdopme .net. Bee U3BeCTHBIE MPOrpaMMBl YYHTHIBAIOT KOHTEKCT OHOIMOTEKH
knaccoB komiuiekca ACELAN-COMPOS [8]. Tlpu peniernu 06001IeHHO# 3a/1a44 HA COOCTBEHHbBIE 3HAYCHUSI IIUPOKO
MPUMEHSIOTCS METO/Ibl, OCHOBaHHBIC Ha oOpamieHud Marpuil. ONHAKO OHM HEMPUMEHHMBI K MaTpHIAM OOJBIION
pasmepHoOCTH. B npencraBieHHO HayuyHO# paboTe 3TO OrpaHHMYSHHUE [TPEOI0IEBACTCS CIIEAYIOIUM 00pa3oM:

— JIOTIOJIHUTEJIBHO PeaIn30BaHa JIOTHUKA TOCTPOCHHS MaTPHUI] Macc;

— CO3/IaHbI IPOrpaMMHbIe HHTEpdeiich s 0OMeHa JaHHBIMH O 3a/1a4aX Ha COOCTBEHHbBIE 3HAYCHUSI C MOIYJISIMH TIpe-
1 MOCTHPOLIECCUHTA.

Marepuaiabl U MeTOABbI. B mepByro ouepenb NpeAiaraeMblii IMOAXOJ NPHU3BaH pELIaTh CTATHYECKHE 3a/Jaud
9NIEKTPOYNPYTOCTH TPH peanu3alid Merona ocpeaHeHus [9], KOTopelid 3aiedcTBYIOT sl pacdera 3()(HEKTUBHBIX
CBOICTB MbE30KOMITIO3UTOB. B CBSI3M ¢ 3TUM Ha 3Tane mocTpoeHust riaobanbHeix Matpul MKD mpeacTaBieHbl TOJIBKO
MAaTpPHULBI )KECTKOCTH. B JTaHHOM HCCIEIOBaHMM JOIOJHHUTEIBHO PEaTn30BaNH JOTHKY MOCTPOCHHUS MATpPHIl Macc H
paspaboTtanu nporpammMmHbie nHTepdeiicer (application programming interface, API, anri. — uHTepdelic npukiIagHOro
POrpaMMHpPOBaHUsl) st 0OOMeHa JJAHHBIMHU O 33/1a4ax Ha COOCTBEHHbIE 3HAYCHUSI C MOIYJISIMU ITPe- U MOCTIIPOLIECCHHTA.
Pa3paboTanHble MOANPOrpaMMbl OLEHUBAJIMCh C TOYKH 3PEHHUS] MPOM3BOIUTEIBHOCTH M MPUMEHHMOCTH JUIsl 3aj1adu
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00JIBIION pasMepHOCTH. [IPOBOAMIIMCE YHMCICHHBIC SKCIIEPUMEHTBI C IEJBI0 BaIMIAMKA CO3IaHHBIX aJTOPUTMOB IS
TaKHX 33724 MAJOW Pa3MEPHOCTH, KOTOPHIC TO3BOJIIOT MOJYYUTh PEIICHHE OOIUMH METOJAMH B BBIYHCIHTEIEHOM
nakete MATLAB. [lanee BBINOJIHAIOCH TECTHUPOBAHHE HA 3aqadaX C OOJBIIUM YHCJIOM HEU3BECTHBIX U C YYCTOM
pacrapauIeIMBaHuUs OTACIBHBIX ONEPAITUil.

Marematiyeckas MOJIENb PEIIAeMOi 3a/1a41 COCTOUT U3 OIPEAENSIONIMX COOTHOIIEeH!H [9]:

Prc®@2U + Olsopoidu—V-c=¢, V-D=0, 1)
c=CF-(e+Bst)—€] -E, D+gyD=¢;- (e+Gué)+55 - E, 2
e=(Vu+vur)/2,E=-Vo. 3)

31ech G — TEH30p HANPSDKEHMH, pj — IUIOTHOCTD TeJa; € — TEH30p AedopManuii; U — BEKTOp nmepemenieHui; D —
BEKTOP JJEKTPUYECKON HHAYKIHH; E — BEKTOp HANMPsKEHHOCTH MMEKTPUUECKOTO MO, f; — BEKTOp MaccoBBIX CHI,
¢ — 2MeKTpUYeCKUil TOTEHIHAN; O, PBgj, Go — KodduuuenTsl nemndupoBanus; C, €], 95 — TEH30PbI YIPYTHX
KOHCTAHT, IbE30MOIYJICH U IUDIEKTPUICCKUX IPOHUIAEMOCTEH; HHIEKC ] — HOMEP Tejla B MOICIIH.
JuckpeTusanus BeIIOIHAETCS 3aMEHOM!
u(x,t) =NJ(x)-U), o(xt)= Nj(x)-D(t) .
3necs N, — marpuna dyHkumit hopmsl wist moss nepemerteHuit; Ny — BeKTop GYHKIHA GOPMBI TS SIEKTPUIECKOTO
notexnuana; U (t), (D(t) — TJ100aNbHbIE BEKTOPHI COOTBETCTBYIOLIMX Y3JIOBBIX CTEIICHEH CBOOOIBI.
B takom ciryuae ucxonnas 3agada (1-3) mpruoOperaer BUA:

M-d+K-a=F. 4)

3necy Martpunel M u K sBisirorcst T00GaIbHBIMH MAaTpULIAMH MAacCc M JKECTKOCTH COOTBETCTBEHHO, a BEKTOp a

MpeACTaBIsIeT cOO0H 0OLIMH BEKTOP HEM3BECTHBIX:
a=[U, @].

— M w 0 K = Kuw Ku¢
M (0 0)' (KI¢ -Ka) ©)

B 3amaue Teopuu 3nEeKTPOYNpPYyrocTu:

Matpuupl My, Ky ¥ Ky — CHMMETpU4HBIE. B cilydyae rapMOHMYECKHX KOJIE€OaHUI HAa COOCTBEHHOM 4acToTE

MOXHO 3aITHCaTh.
a=v;sin(mit),
0003Ha4MB yepe3 V; COOTBETCTBYIOIIUI COOCTBEHHBIN BEKTOP.
Paccmorpum cBoGoHbIe Kotebanus eciu F =0 . B aTom ciydae 3anada (4) mpencTaBiseTcs B BHIE!
—o?Mv, +K-v; =0. (6)

TaxuM 00pa3oM, UCXOIHAas 3a7a4a CBOANTCS K 0000IIEHHOM 3a1aue Ha coOCTBeHHbIe 3HaYeHus (6). Jlyist HeHyeBoro
Vi HepaBeHCTBO (6) pemraeTcsi HaxOXKIEHHEM MaTpullsl, oOpaTHoM K. OnmHako mpu 3TOM pa3pekeHHas MaTpHla
CTaHOBHUTCS 3aIIOJIHEHHOM, TO €CTh METO/ HETIPUTO/ICH ISl MaTPUIL OOJIBIINX pazMepoB. [109TOMy HYKHO HCIIOJIb30BaTh
JIpyrHe METOJBl, He TpeOyolue HaxoxJIeHHus oOpaTHo# marpuubl. J[is pemenus 3Toil 3amaun B JaHHO#M padote
MPOrpaMMHO peann30oBaH MoauduuupoBanubiii Metox Jlanmoma [10]. Aprop atoit moandukamuun — T.C. MapTeiHOBa.
Onucanne pa3pabOTKU B JaHHOW CTaThe HEe NpUBOAUTCS. M3 MCnonb3yeMbIX B METO/Ie OTlepaliiii Hanbosee 3aTpaTHol ¢
TOYKH 3PCHUS BBIYMCIUTENBHBIX PECYpPCOB OKA3aJ0Ch DPEIICHWE CHCTEMBl JIMHEHHBIX anreOpandecKux ypaBHEHHH
(CJTAY), HeoOXx0quMOe JIJIsl BBITOJIHEHHS CIIEKTPAIbHON TpaHC(hopMaIin.

Matpuusl M u K — paspexeHHbIe, ¢ HeOOIBIIMM YHCIIOM HEHYJIEBBIX 31eMEHTOB. [lJIsi XpaHeHHs TAKHX MaTpPHIL B
OIePaTHBHOMN MaMITH MCIOJIB3YIOTCS HECKOJIBKO (OPMaTOB:

— TPUIUIETHI WJIM KOOPIUHATHBIN (opMarT;

— CSR (anrn. compressed sparse row — CxaThlil pa3peXeHHBIN psif);

— CSC (anrn. compressed sparse column — cxxaTelii pa3pexeHHbIi cTonoelr);

— opmat xpanmnuma SKyline (aurn. SKS — meron).

KoopauHaTHbIil opmaT mpeamnonaraeT XpaHeHHe Tpoek (TpuIuieToB) 3HaueHui (i, j, K), mpencraBnsromux coboii
xoopauHaTh (i, j) u 3Hauenns (k) Henynerbix anementoB. CSR mHorna Hassisaor CRS mmn Mensckum dopmarom. On
NpeAINoaraeT XpaHeHHe pa3peXeHHOl MaTpuilbl B BHAE Tpex MaccuBOB. PaccmMorpum Matpuiy pasmepa N ¢ NZ
HEeHyJeBbIMH dJieMeHTaMH. OmnuiieM BO3MOXHYIO OpraHHM3allMi0 €€ XpaHeHHUs. Bce HeHyleBble JJIEMEHTHI HY>KHO
pasmecTuTh B ofHOM MaccuBe pasmepa NZ . Tlo3uuuu 3THUX 3JI€MEHTOB B CTOJIOLAX Pa3MECTHTh B JIDYTOM MAacCHBE



Ozanecan I1.A. u op. Peanusayus 6a3oevix onepayuii 01 Pa3pexicennvlx Mampuy,

pasmepa NZ , a Tpermii MaccuB pasmepa N HCIOIB30BaTh Ui XpaHEHHS HHIECKCOB IIEPBBIX DJIEMEHTOB CTpPOK.
AmHanorn4Ho peanusyercs xpanenue B popmare CSC.

®opmar SKS npennonaraet XxpaHeHHe JEHTH MATPHILBI IEPEMEHHON IIMPHHBI, BKIIIOYAIOIIEH B ce0s BCe HEHYJIEBbIE
aseMeHThI. B aToM citydae nomyckaercst xpaHenue Hysed. DddexkTHBHOCTS 3TOr0 hopmara 3aBUCHT OT NEpeHyMepaLuH
CTPOK MaTpHIbl. METOIbI COKpalIeHHs pa3Mepa JeHTHI omicansl B [11], oqHako TpeOyeT OTAeIbHOrO HCCIICIOBAHMUS UX
MPUMEHUMOCTB K MaTPHIIE KECTKOCTH, TI0Jy4aeMOH IPH PEIICHUN TPEXMEPHOH 3a1aul ¢ ucnonb3oBanneM MKD.

s pemrenmst CJIAY 3ameiicTBOBamM WTEpalMOHHBIM cuMMeTpuaHbIH Meron LQ (Symmetric LQ Method,
SYMMLQ [12]), ananrTiupoBaHHBI#H K TIEPEUHCIICHHBIM BBIIIEe popMaTaM XpaHCHHSL.

Pe3ynbTaThl nccaeaoBaHus. B Havane vccieqoBaHus BEIOpAIM ONITHMANIBHBIN (hopMaT XpaHEeHHs AT pa3peKeHHBIX
Matpull. KoopawmHaTHBII (opmar mo3Boisier OBICTPO AOOABIATH M W3MEHATH SJIEMEHT MATPHIBL. DTH OIepanuu
HEoOXOIMMBI Ha 3Talne COOPKH IIIOOAJTbHOM MaTpuIbl M NpU ydeTe TPAaHWYHBIX yciaoBud. Kpome Toro, mis mioxo
00yCJIOBIICHHBIX MaTpHUl], K KOTOPbIM OTHOCHTCA K, 4YacTo NpHUMEHSIOT NpeABapHUTENbHOE NpeoOpa3oBaHue IS
HOpMupoBanus. Ero tarke ynoOHO BEIOIHATH B KOOpAUHATHOM (opmate. OHaKo Takoi popMaT Hea(PEeKTUBEH, ecin
peub uaet o0 anredpanvdeckux onepanusx.

CSR mi0x0 npucnocoOieH A1l U3MEHEHHs CTPYKTYPBl MaTPHUIIBL: 00aBIsAs HEHYJIEBOW 3JIEMEHT, HY)KHO BBITIOJIHSATh
BCTaBKY B JiBa MaccHBa. [Ipy aToOM MaTpulia yMHOXAeTCsl Ha BEKTOP OYEHB NMPOCTO U 3(H(PEKTHBHO.

SKS umeer aHamorngHbIe MPoOIEMBI C T00aBICHHEM HEHYJIEBBIX 3JICMCHTOB M CHJIBHO 3aBUCHT OT IIEPEHYMEpaInu
HEHM3BECTHBIX B 3agaue. OCTaHOBHMCS Ha IPHMeEpe KBa3HPETYIIPHON CETKH, KoTopas ncrnons3yercs B makere ACELAN-
COMPOS st paboTHI ¢ IpeACTaBUTEIBHEIME 00beMaMi KOMIO3UTOB. [1lupuHa JIeHTHI, comepKameil Bce HeHYIeBbIe
9JIEMEHTBI, MOXKET OBITh OIpe/ieNiCHa 3apaHee M 3aBUCHT OT YKCIIA Y3JIOB M THIIA KOHEYHOTO dJIeMeHTa. B obmem ciyuae
MPOU3BOJILHOH KOHEYHORICMEHTHOM CETKH CJIOXKHO 3apaHee OLCHHTh pa3Mep JICHTHI.

B uncneHHBIX 3KCIIEPUMEHTAX MCIIOJIb30BAIN YETHIPE criocoba HyMepaluu Heu3BecTHbIX. Ha puc. 1 mpexacraBiena
CTPYKTYpa MaTpHll KECTKOCTH, OCTPOSHHBIX Ul OAHOW W TOW K€ 3a/lauy, HO C pa3IMuHOM MepeHyMepauuel y3ioB
KOHEYHODJIEMEHTHOH CETKH.
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Puc. 1. CtpyKTypa MaTpHIl )KeCTKOCTHU MPH PA3IMYHBIX METO/IaX HyMEpalliu Y3JI0B: ¢ — HEM3BECTHBIC YHOPSIOUEHBI 10 Y3J1aM;
6 — CHavaJa yIopsI04eHBI 110 y3J1aM MepeMEILeHHs, 3aTeM ITOTEHINANBI; 8 — Y3JIbl OTCOPTUPOBAHbI IO ciosiM KO-ceTkn, a
HEU3BECTHbIE — I10 Y3J1aM; 0, 2 — Y3JIbl OTCOPTUPOBAHBI 110 cinosiM KD-ceTkH, a HeM3BECTHbIE — KakK B IpUMeEpe
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HWrtak, ceTka npeacrasisiia co0oil KyO ¢ perysipHbIM pa3OMeHHEM BOCBMHUY3JIOBBIMH KOHEYHBIMHU dJIeMEHTaMHu. JIJist
WLTIOCTPAIMiA UCIOJIh30BaIachk MojeibHas maTtpuia uz 500 crpok. Matpuibl, npencraBicHabie Ha puc. 1 a u 1 6, He
MOJIBEPTralIUCh JOMOTHUTEIBHOM MepeHyMEPaNuH Y3JI0B U OTINYAIOTCS TOJILKO HyMepaluei crenene ceobosl. B 1 a:

a= [ulx'uly'ulz’(Pl""'uNx’uNy’uNz'(PN] .
B 1 6 HeusBecTHBIC, OTBEUAOIIUE 32 PacIpe/IeliCHIE MOTEHIMAa, COOPaHbI B KOHIIE BEKTOPA:
a= [ulx’uly’ulz’""uNx'uNy’uNz’(Pl""’(pN] .

Hemssectnbie B Mmatpumax 16 u 12 3aHyMepoBaHBl aHAJIOTMYHO, HO Y3JIbI KOHCYHORJIEMCHTHOW CETKH
MPEIBAPUTEIHLHO MIEPSHYMEPOBAHBI COTTIACHO UX KOOPAWHATAM ITyTEM TOOUYCPEAHON COPTUPOBKH BCEX Y3JIOB IO KAXKIOH
u3 KoopauHaT. Takol mpueM MUPOKO UCTIONB3YETCS IS MOCTPOCHUs Ooiee 3 dekTHBHBIX Moayiell pemenus CJIAY,
TaK KaK MO3BOJISIET paboTaTh C MATPHIICH B CHICIIUATEHOM JICHTOYHOM (opmare, y1o0HOM JUIs pacnapaienuBanus. Jlis
kommiekca ACELAN-COMPOS peanusoBanbl 1mojo00Hble BHemHue Mmoaynu [13-15], ognako B maHHOW paboTe
HCIIOJIb30BAIUCH TOJBKO (hopMaThl XpaHEHHUS pa3peKEHHBIX MATPHIL OOIIETO BH/IA.

B Ttabmume 1 cBeneHbl naHHBIE O BPEeMEHH, HEOOXOAMMOM Ha BHINIONHEHHWE 0Aa30BBIX ONEpaldii ¢ MaTpHUIAMH B
pa3IHYHBIX opMaTax.

Tabmuma 1
Bpemst 1714 BbIOHEHMS 0a30BBIX ONEpaLUi C MATPULICH )KECTKOCTH B 331a4€ TEOPHH JIEKTPOYIPYTOCTH.
19 652 crpoxu
dopmar Orneparus 3aTpaueHHOE BpeMsi, MC

XpaHEeHHUs la 16 le 1z

CSR KonBepramus n3 koopauHaTHOTO hopMaTa 123 132 97 117

CSR YMmHOXeHHe Ha BekTop, 100 omepanuit 260 260 260 260

SKS KonBepramus n3 koopauHaTHOTO popmaTa 690 703 124 268

SKS YMmHoxeHue Ha Bektop, 100 omepanuit 60558 | 61450 | 7616 22113

Pe3ynbraThl 3KCIIEpUMEHTOB MOKAa3allk, YTO OIepanus MpeoOpa3oBaHusi U3 KOOPAWHATHOrO (popMaTa XpaHEHHs B
KOMITaKTHBIE 3aHMMAET Majo BpeMeHH. [Ipu 3ToM nepeHymMepanus y3/I10B CETKH T (POPMUPOBAHUS OJIOYHO-TEHTOYHON
MaTpHIB! TTO3BOJISIET TTOMYIUTh 3aMETHBIN MPUPOCT NPON3BOIUTEIBHOCTH AaXke 0e3 M3MEHEHNS BHYTPEHHEN CTPYKTYPHI
Matpuis! B namsatu. @opmar CSR okaszancst ONTHMaIbHBIM C TOYKH 3peHHS 3((GEKTUBHOCTH ONEPAllH YMHOKCHHUS
MaTpuiel Ha BekTop. [Ipm oOpamennn matpuisl ¢popmatr SKS Gomee 3ddekrtuBen, omHako i 3amad C YHCIOM
HEM3BECTHBIX nopsiaka 10° 3aMeTHO ObICTpee pabOTAIOT MTEPAIMOHHBIE METOMBI PENIEHHS 0OOOIIEHHOM 3a1aun Ha
CcOOCTBEHHBIE 3HAUEHUS.

Janee skcriepuMEHTAIbHO OLEHUIIU TPOU3BOJUTENBHOCTh IPOrpaMMHOM peanu3auuu Meroaa Jlannoma. M3mepunu
BKJIJ] BceX omepaiuii B odriee BpeMst pemeHusi. B pe3ynprate ycraHoBWIH, uTo onepanus pemeHus CJIAY 3anumaer
110 95 % ot o0b1ero BpeMeHu paboThl aroputMa. B xoze paboTs! anropurma CTpouTes noanpocTpaHcTBo Kpeliosa, 1 B
3aBHCHUMOCTH OT €ro pa3MepHocTH MeHseTcsa uncio CIIAY, kotopsie HeoOxoauMo pemratb. OTMETHM, YTO Pa3MEPHOCTh
noanpocTpancTsa KpbuioBa BEIOMpaIach Ha OCHOBE ABPUCTHUK OTHOCHTENILHO YMCIIa HCKOMBIX COOCTBEHHBIX 3HAYEHHM.
[pu 3tom CJIAY oTnu4aroTcst TOJIBKO MPABOH 9acThio, Oiaromaps yeMy TpeOOBaHHS K BBIICIIEMON MAMSITH OCTAIOTCS
HeBbIcOKUMH. Cpenu 0a30BBIX omepanuii, IpuMeHsIeMbIX B xone pemreHus CJIAY meromom SYMMLQ, nHanbonbmme
BBIYHCIINTEbHBIE 3aTPaThl HY KHBI JUISI YMHOKEHUSI MAaTPHIIBI HA BEKTOP.

Jnst yBenmuueHHs NPOU3BOIMTEIBHOCTH aJITOPUTMa pPEaln30BaHO IIPOCTEiIee pacnapauieNuBaHue ¢ oOmei
namsThio. J{ns popmara CRS Beinesnsuinch 610ku cTpok. OHU NepeiaBaiiCh B OT/EIbHbIE IOTOKH, KOTOPbIE BHIYUCIISIIN
COOTBETCTBYIOIHE KOMIIOHEHTHI Pe3yIbTHPYIOIIero BekTopa. [Ipupoct npousBoautensHocTH coctaBmit 40-50 % mpu
UCIIONIb30BaHUK 8 MOTOKOB. IIpu 3ToM syt Matpuil nopszka 103 anemenToB npupoct 6bu1 okosio 40 %, a juis MaTpuIl
nopsaznka 10* — oxono 50 %.

OO0cy:xnenne u 3akjouyeHne. B paMkax maHHOW pabOTHI pealin30BaH METOJ pelleHHs] 0OOOIICHHONW 3a1a4u Ha
COOCTBEHHBIE 3HAYCHUS JUISI MATPHLL, TOJYyIaeMbIX IPH MOJICIIMPOBAHUH IEKTPOyNpyrux Ten. CosgaHsl MporpaMMHbIe
Moy Ha sizbike C# JUIs OCTPOEHHST MaTpHI] MacC METOZ0M KOHEUYHBIX 3JIEMEHTOB M BBHIITOJIHEHHS BCIIOMOTaTeIbHBIX
omepauuii B pamMkax Merona Jlanuomia (pabora ¢ BekTOpamH MOANpOcTpaHcTBa KpbUIoBa, MepeopTOroHaNU3aLusl,
HAaxOXXJACHHE COOCTBEHHBIX BEKTOPOB). BprumciuTeNbHAsE CIOXHOCTH OOYCIOBJIICHA B OCHOBHOM OIEpallHsSIMH
YMHOXEHHUSI pPa3peXEeHHbIX MaTpul] Ha BEKTOp. B CBA3M C 3THM NpPOBOAWINCH YHCIEHHBIE SKCIEPUMEHTHI 10
OIIpEJICTICHUIO ONTHUMAJBHBIX (DOPMATOB XPaHEHMS MaTpHI, ONTUMAJIbHOW CTPYKTYPHI MaTpHIBI, IIOJy4aeMOH B
pe3ynbpTaTte mepeHymepanun y3inoB KD-ceTkn n cremeneil cBoOoas! B y3iax. Pa3zpaboraHa BepcHs MTEpallMOHHOTO
anroput™Ma SYMMLQ ¢ ncrons30BaHreM MapauieibHbIX BIYKUCIeHUH. MIToroBas cxema paboThl BKIIIOYAET TPH IYHKTA.
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Bo-1iepBBIX, CTPOATCS TII00aabHBIE MATPHIEI B KOOPAMHATHOM (hOpMaTe ¢ alrOPUTMOM IiepenyMmepanuu (puc. 1 ¢). Bo-
BTOPBIX, AaHHbIEe npeoOpasyrorcs B popmar CRS. B-Tperbux, qanHble 00pabaTbiBatoTcst MeTo oM JlaHmoma, KOTopbIi
Bkirouaet Metox SYMMLQ mns pemennst CJIAY. Pesynbrarsel paboTsl BKItoUmiIK B nporpamMusiii maker ACELAN-
COMPOS.
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