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Abstract  

Introduction. The task of analyzing the stability of plates and shells under creep conditions is critical for structural 

elements made of materials with the property of aging, which are under the action of long-term loads, since the loss of 

stability can occur abruptly and long before the exhaustion of the strength resource of the material. Currently, the issues 

of joint consideration of geometric nonlinearity and creep in the problems of buckling plates remain poorly studied, 

existing software systems do not provide such calculations. The objective of this work is to develop an algorithm for 

calculating the stability of rectangular plates with initial deflection, which are subjected to loads in the middle plane, 

taking into account geometric nonlinearity and creep. 

Materials and Methods. When obtaining the resolving equations, the geometric and static equations of the theory of 

flexible elastic plates were taken as the basis. Physical equations were derived from the assumption that total strains were 

equal to the sum of elastic strains and creep deformations. Finally, the problem was reduced to a system of two differential 

equations, in which the desired functions were the stress and deflection functions. The resulting system of equations was 

solved numerically using the finite-difference method in combination with the method of successive approximations and 

the Euler method. As the boundary conditions for the stress function, the frame analogy was used, as in the case of a plane 

problem of elasticity theory. 

Results. The solution to the problem for a plate compressed in one direction by a uniformly distributed load has been 

presented. The nature of the growth of displacements at different load rates and initial deflection was studied. It has been 

established that when the vertical displacements reach values comparable to the thickness of the plate, their growth rate 

begins to decay even at a load greater than the long-term critical one. 

Discussion and Conclusion. The results of stability analysis using the developed algorithm show that the growth of plate 

deflection under the considered boundary conditions is limited, stability loss is not observed at any load values not 

exceeding the instantaneous critical one. This indicates the possibility of long-term safe operation of such structures with 

a load less than instant critical one. 

Keywords: stability, creep, plate, geometric nonlinearity, physical nonlinearity, initial imperfections, finite-difference 
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Научная статья  

Выпучивание прямоугольных пластин при нелинейной ползучести  

C.Б. Языев , А.С. Чепурненко 🖂 

Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация 
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Аннотация 

Введение. Задача анализа устойчивости пластин и оболочек в условиях ползучести актуальна для элементов 

конструкций из материалов, обладающих свойством старения, находящихся под действием длительных нагрузок, 

поскольку потеря устойчивости может происходить резко и задолго до исчерпания прочностного ресурса 

материала. Вопросы совместного учета геометрической нелинейности и ползучести в задачах выпучивания 

пластин в настоящее время остаются слабо изученными, существующие программные комплексы не позволяют 

выполнить такой расчёт. Целью настоящей работы выступает разработка алгоритма расчета на устойчивость 

прямоугольных пластинок с начальной погибью, испытывающих действие нагрузок в срединной плоскости с 

учетом геометрической нелинейности и ползучести. 

Материалы и методы. При получении разрешающих уравнений в основу положены геометрические и 

статические уравнения теории гибких упругих пластин. Физические уравнения выводятся из предположения, что 

полные деформации равны сумме упругих деформаций и деформаций ползучести. Окончательно задача была 

сведена к системе из двух дифференциальных уравнений, в которых в качестве искомых функций выступают 

функция напряжений и прогиба. Решение полученной системы уравнений выполнялось численно с помощью 

метода конечных разностей в сочетании с методом последовательных приближений и методом Эйлера. В 

качестве граничных условий для функции напряжений используется рамная аналогия, как в случае плоской 

задачи теории упругости.  

Результаты исследования. В рамках поставленной цели разработан алгоритм расчета и представлено решение 

задачи для пластины, сжимаемой в одном направлении равномерно распределенной нагрузкой. Исследован 

характер роста перемещений при различной величине нагрузки и начальной погиби. Установлено, что при 

достижении вертикальными перемещениями величин, соизмеримых с толщиной пластинки, скорость их роста 

начинает затухать даже при нагрузке больше длительной критической.  

Обсуждение и заключение. Результаты анализа устойчивости с использованием разработанного алгоритма 

показывают, что рост прогиба пластины при рассмотренных граничных условиях ограничен, потеря 

устойчивости не наблюдается при любых значениях нагрузки, не превосходящих мгновенную критическую. Это 

говорит о возможности длительной безопасной эксплуатации таких конструкций при нагрузке менее мгновенной 

критической. 

Ключевые слова: устойчивость, ползучесть, пластина, геометрическая нелинейность, физическая нелинейность, 

начальные несовершенства, метод конечных разностей 
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ползучести. Advanced Engineering Research (Rostov-on-Don). 2023;23(3):257–268. https://doi.org/10.23947/2687-

1653-2023-23-3-257-268 

Introduction. Much attention is paid to the stability analysis of thin-walled structures in the form of plates and shells, 

since such structures are widely used in construction and other branches of technology [1–3]. One of the challenges in 

the field of calculating plates and shells is the analysis of their stress-strain state under creep conditions, which is 

confirmed by a significant number of works published recently on this problem in domestic and foreign sources. Thus, 

in [4–8], the issues of buckling under creep of composite thin-walled structures were investigated. In [9], the problem of 

stability of functionally gradient plates was considered, taking into account the dependence of material properties on 

temperature. In [10], stochastic analysis methods were applied to the problem of buckling composite plates. In [11–17], 

the issues of stability of viscoelastic plates and shells under the influence of dynamic and tracking loads were discussed, 

and [18] dealt with plates of medium thickness, taking into account the dependence of material properties on time. 

Mathematical difficulties arising in solving these problems led to the fact that numerous researchers limited themselves 

to linear laws of viscoelastic deformation or considered the case of steady-state creep. The finite element method opens 
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up great possibilities in solving the problems of calculating plates and shells taking into account creep. However, modern 

computational complexes, such as ANSYS, Abaqus, LIRA, etc., contain a limited set of rheological models applicable to 

specific materials in a fixed range of stresses and temperatures. There is a need for alternative calculation methods suitable 

for arbitrary laws of viscoelastic deformation, including nonlinear ones.  

This work was aimed at constructing a system of resolving equations for the problem of buckling rectangular plates 

with nonlinear viscoelastic properties under the action of forces in the middle plane, taking into account large 

displacements, as well as an algorithm for its solution. Note that the problem of the stability of structural elements, taking 

into account creep, cannot be solved as a problem of pure stability. Its solution requires the presence of disturbances in 

the form of initial irregularities. Generally, the initial imperfections are given in the form of the initial loss or eccentricities 

of the application of loads. 

Materials and Methods. Let us consider the calculation method on the example of a plate with an initial deflection 

w0(x,y), compressed by a distributed load p [kN/m] in the x-axis direction and having a hinge support along the 

contour (Fig. 1). 

 

Fig. 1. Computational scheme  

In the case under consideration, in the presence of creep, if compared to the theory of elastic flexible plates, the 

difference manifests itself only in the form of physical equations. Total deformations can be presented as the sum of 

deformations of the middle plane (passing into the surface) and bending deformations caused by changes in the curvature 

of the middle surface: 

 
2 2 2

0 0 0

2 2
;  ; 2 ,x x y y xy

w w w
z z z

x y x y

  
           

   
 (1) 

where x and y  — total linear deformations; xy — total angular deformations; 0
x  and 0

y  — linear deformations of the 

middle surface; 0 — angular deformations of the middle surface.   

For deformations of the middle surface, the equation of continuity of deformations can be written [19]: 

 
     

2 2
2 0 2 2 22 0 2 2 22 0

0 0 0 0 0 0

2 2 2 2 2 2

  
.

yx
w w w w w w w w w

y x x y x y x y x y x y

               
         

                

 (2) 

For materials with viscoelastic properties, total deformations can be represented as: 

     
 

* * *
2 11 1

;  ; , x x y x y y x y xy xy xy
E E E


                (3) 

where * * *,  , x y xy    — creep deformations; E — modulus of elasticity;   — Poisson's ratio; σx, σy, τxy — values of stress 

components in the corresponding directions. 

Having expressed the stress components in (3) through deformations, we write down the physical relations in the 

inverse form: 

       
 

 * * * * *

2 2
;  ; .

1 1 2 1
x x y x y x y x y x xy xy xy

E E E
                      

     
 (4) 

The relationship of internal force factors and stresses is determined by integral relations: 

 
/2 /2 /2 /2 /2 /2

/2 /2 /2 /2 /2 /2

;  ;  ; ;  ;  ,
h h h h h h

x x y y xy x x y y xy
h h h h h h

N dz N dz S dz M zdz M zdz H zdz
     

                  (5) 

where xN  and yN — linear longitudinal forces; S  — linear shear forces; xM  and yM  — linear bending moments; 

H  —  linear torques; h — plate thickness. 
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Next, we substitute (1) in (4), as well as (4) in (5). As a result, we get: 

   
 

0 0 * 0 0 * 0 *

2 2
;  ; ;

1 1 2 1
x x y x y y x y

Eh Eh Eh
N N N N S S            

     
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       
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        
 

(6) 

where 
 
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 — cylindrical rigidity of the plate,  
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     

  

Values * * * *, , , , ,yx yxN N S M M H   have the dimension of internal forces and determine the contribution of creep 

deformations to the redistribution of forces.  

Static equations of the flexible plate theory have the form [19]: 

0;  0;
yx

NN S S

x y x y

  
   

   
 

     2 2 2 22 2
0 0 0

2 2 2 2
2 2 0.

yx

x y

M w w w w w wM H
N N S q

x x y y x y x y

       
      

       
 

(7) 

Here, q — normal load on the surface of the plate, which is zero in this problem. 

It is possible to satisfy the first two static equations using the Airy stress functions, introduced by the formulas: 

2 2 2

2 2

Φ Φ Φ
; ; .x yN N S

y x x y

  
   
   

 (8) 

After substituting the last three equalities from (6) into the last static equation in (7) and taking into account (8), we 

obtain the first resolving equation: 

     2 2 22 2 2
0 0 04 *

2 2 2 2

Φ Φ Φ
2 ,

w w w w w w
D w q q

x y y x x y x y

       
     

       
 (9) 

where 
2 *2 * 2 *

*

2 2
2 .

yx
MM H

q
x x y y

  
    

    
  

To obtain the second resolving equation, it is required to express the deformation of the median surface from (6): 

* * 2 2
0 * *

2 2

1 Φ Φ
;

x y x y

x x y

N N N N
N N

Eh Eh y x

       
        

  
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1 Φ Φ
  ;

y x y x

y y x

N N N N
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Eh Eh x y

       
        

  
 

 
 

  2
0 * *

2 1 2 1 Φ
.S S S

Eh Eh x y

     
      

  
 

(10) 

Substituting (10) into (2), we get: 

     
 

2 2
2 2 22 2 2 2 *

0 0 00 0 04

2 2 2 2

2 * 2 *2 * 2 *

2 2 2 2

1 1
(2 1

  ).
y yx x

w w w w w ww w w S
Ф

Eh x y x y x y x y Eh x y

N NN N

x y y x

           
           

           
   

    
    

 (11) 

Thus, for the problem under consideration, a system of resolving equations is obtained from two fourth-order 

differential equations (9) and (11). Equations (9) and (11) are nonlinear. In the resulting equations, values Ф  and w are 

functions of the coordinates x, y,  and time t. Explicitly, there is no time in these equations, the time dependence is laid 

down in creep deformations *
x , *

y , *
xy , which are taken into account by the introduction of integral quantities 

* * * *, , , , ,yx yxN N S M M H  . 
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For the calculation scheme shown in Figure 1, the boundary conditions are written as: 

2 2

2

2 2

2

Φ
at 0,  : ; 0; 0; 0;

Φ
at  0,  : 0; 0; 0; 0.

x x

y y

Ф
x x a N p S w M

y x y
Ф

y y b N S w M
x x y

 
         

  
 

        
  

 (12) 

Equation (11) for small displacements, in the case of a plate made of elastic material, is a biharmonic equation that is 

used to solve the plane problem of the theory of elasticity in stresses. Frame analogy can serve as the boundary conditions 

for the stress function for the biharmonic equation. The plate contour is considered as a frame, and the stress function on 

the contour are equal to the bending moment M in it, and its derivative along the normal to the contour is the longitudinal 

force N. Plots M and N in the frame can be constructed in one of the basic systems of the force method (BSFM). The 

basic system, as well as the diagrams of the bending moment and longitudinal force in the frame are shown in Figure 2. 

 

Fig. 2. BSFM and diagrams of the bending moment and longitudinal forces  

If the vertical displacements do not exceed a quarter of the plate thickness, then it is possible to assume the forces in 

the middle surface independent of the coordinates x and y ( ,  0x yN p N S    ) and use the linearized equation for 

calculations: 

22
04 *

2 2
.

ww
D w p q p

x x


   

 
 (13) 

The analytical solution to the system of equations (9) and (11) is associated with great difficulties. The authors propose 

to solve this system numerically. The finite-difference method (FDM) was used in combination with the method of 

successive approximations. The Euler method was applied to determine creep deformation in the time domain. As the 

first stage, the solution for the elastic plate was performed. Load p was applied stepwise with small steps. At the initial 

load values, deflections w1 were calculated by solving the simplified equation (13). Then, the calculated values w1 were 

substituted into the differential equation (11). This provided determining the stress function. The next step was to solve 

the differential equation (9) using the known values of function Ф, which made it possible to determine the nodal values 

of deflections 1w . After that, the values (11  2 1 1 / 2w w w   were substituted into equation (11).  The iterative process 

was repeated at each step until the relative discrepancy with the norms of the vectors of the nodal values of deflections 

iw  and iw  was greater than the specified value (the authors assumed it to be equal to 0.1 %). For the second load step, 

the initial value 1w  in each node was the final result obtained in the first step. The calculation technique in the time 

domain, taking into account creep, was similar. The time interval, at which the process was investigated, was divided into 

steps ∆t. In the case of setting the law of viscoelastic deformation in differential form, the values of creep deformations 

at step t + ∆t were calculated on the basis of the known rate of their growth at time t using the Euler approximation:  

*
* * .t t t t

t



    


 (14) 

The block diagram of the creep calculation algorithm is shown in Figure 3.  

Note that the system of equations (9) and (11) provides using schemes of a higher order of accuracy, e.g., the fourth-

order Runge-Kutta method. At the same time, to achieve the same accuracy of the results, you can set noticeably large 
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time steps. However, with an increase in the step, there is a chance of not catching the effects of unsteady creep at the 

initial moments of time. And with the same time step, the Runge-Kutta method, in comparison to the Euler method, 

requires four times more operations to be performed.  

 

Fig. 3. Block diagram of the creep calculation algorithm 
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Research Results. A polyvinyl chloride polymer plate with dimensions a =2 m, b = 2 m, h = 1 cm at E = 1480 MPa, 

ν = 0.3 was considered. The nonlinear Maxwell-Gurevich equation was adopted as the law determining the rate of creep 

strain growth: 

* *

*
,   , ,   , ;

ij ijf
i x y j x y

t


  

 
 

 * *
0

3
  ;

2
ij ij ij ijf E       

 
*

* * * *
0 0

*

  3
 exp   ;    ,

2

max

max rr rr

max

f
f E

m


 
         

 
 

(15) 

where ij  — Kronecker symbol; 0 1 / 3J  , 1 x yJ     — first invariant of the stress tensor; *
0 ,  E∞ and  

*m — rheological parameters of the material, called the initial relaxation viscosity, the modulus of high elasticity, and the 

modulus of velocity. 

Indices rr in formula (15) indicate the direction of the primary stresses. 

For PVC, the authors took the values of rheological parameters from [20]: E∞ = 5.99∙103 MPa, *m  12.6 MPa,  

*
0  = 5.44·107 MPa·s. The shape of the initial deflection w0(x,y) was taken in accordance with the first form of the loss of 

stability of the plate made of elastic material:   

 0 0, sin sin .
x y

w x y f
a b

 
  (16) 

For a plate made of elastic material without initial imperfections, the critical load, in the case of the whole ratio of 

sides a/b, was determined from the formula [19]: 

2

2

4
.кр

D
p

b


  (17) 

To verify the developed calculation algorithm, the first step was to solve the elastic test problem and compare the 

results to the calculation in the finite element LIRA-CAD package (Fig. 4). The value of the arrow of the initial 

deflection f0 was set to 0.15 mm. The grid size when using the FDM was 20×20, the number of load steps was 200. 

When calculating in the LIRA-CAD PC, the plate was divided by triangular finite elements with a triangulation step  

of 0.1 m. The load step size was assumed to be the same as when using the FDM. The value of the critical load for the 

elastic plate, calculated from formula (17), was 1340 N/m. Table 1 shows a comparison of vertical displacements in 

the center of the plate for different load values obtained by the author's method and using the finite element method 

(FEM). The deflections calculated using two alternative methods are quite close, except for the load of 1330 N/m. The 

deviation at this load value can be explained by the fact that when approaching the critical load, the movements rush to 

infinity. 

 

 

Fig. 4. Isofield of vertical displacements in LIRA-CAD PC (p = 1330 N/m)  
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Table 1 

Comparison of calculation results using the author's method and with the help of FEM 

p, N/m 
w∙103, mm 

LIRA-CAD the authors’ method 

133 16 16 

266 37 37 

399 63 63 

532 98 99 

665 146 148 

798 218 221 

931 336 342 

1,064 562 578 

1,197 1,163 1229 

1,330 3,646 4,229 
 

In [21], the possibility of transition from the solution of the elastic problem of calculating plates to the solution at the 

end of the creep process is shown. The value of the long-term critical load p∞ can be obtained by replacing the cylindrical 

stiffness D of the elastic plate with the long-term cylindrical stiffness D∞, which is determined from the formula: 

 

3

2 2
,

12

h
D




 
 (18) 

where 
1 1 1

; .
2E E E E 


        

For viscoelastic rods and round plates, it has been previously established that in case p < p∞, the growth of 

displacements in time slows down, and the deflection arrow comes to a finite value. If p = p∞, deflections grow at a 

constant rate. At p > p∞, the rate of deflection growth increases.  

The authors also analyzed the nature of the growth of deflections over time for p < p∞, p = p∞ and p > p∞ for different 

values of the maximum initial loss f0. The deflection curves over time in the center of the plate at p = 0.9 p∞, p = p∞ and 

p = 1.1 p∞ are shown respectively in Figures 5–7. 

 

 Fig. 5. Deflection curves over time in the center of the plate at p = 0.9p∞  
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Fig. 6. Deflection curves over time in the center of the plate at p = p∞  

 

Fig. 7. Deflection curves over time in the center of the plate at p = 1.1 p∞  
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Summarizing the above, we can conclude that the vertical movements of the plate pivotally supported along the 

contour, under the action of a compressive load on one axis, always come to a final value if the load does not exceed the 

instantaneous critical one. In other words, with the considered fastening and loading, the plate is in stable equilibrium 

under creep conditions. 

The obtained equations and the calculation algorithm make it possible to calculate plates made of arbitrary viscoelastic 

materials for any fastening options. The law of the relationship between stresses and creep deformations can also be set 

arbitrarily.  
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