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Abstract 
Introduction. Designing motion control systems for mobile robots requires the construction of mathematical models. 
Researchers have repeatedly addressed this topic. In particular, works have been published on the calculations of 
multiphysical processes, modeling the movement of various types of wheels under certain conditions. In addition, the 
dynamics of deformable contacting bodies during sliding, rolling and rotation, issues of autonomy and controllability of 
mobile robots were considered. Note, however, that the dynamics and positioning accuracy of wheeled robots is largely 
determined by friction. The literature does not present studies on the dynamics of a robot with a differential drive taking 
into account the interrelationships of sliding, spinning and rolling friction effects based on the theory of multicomponent 
friction. Research in this area can reveal new dynamic effects. Based on the data obtained in this way, it is possible to 
improve the accuracy of positioning in building mathematical control models. The presented work aims at investigating 
the movement of an automatic device with a differential drive taking into account three contact models: nonholonomic, 
Coulomb friction, and multicomponent models. 
Materials and Methods. The scheme of a two-wheeled robot with differential drive and continuous movement on the 
support surface was adopted as the basic one. The movement of the device was provided through software control. The 
dynamics was described in the form of Appel equations. Mathematical models were used for calculations, taking into 
account friction in different ways. Coordination of the actions of the mechanism was formed at a dynamic level. The 
control actions were the moments of the wheel motors. When visualizing the models under study, the built-in numerical 
methods of the Wolfram Mathematica system were used with a minimum accuracy of 10-6. 
Results. When building a mathematical model, the equations for the angular velocities of the wheels were determined. The 
authors took into account the presence of a contact site and derived the equations of dynamics of a differential drive robot. 
The elements of the system were force and moment projections, indicators of platform spin, masses, angular accelerations, and 
inertia of the wheels. It was shown how control actions were formed within the framework of nonholonomic mechanics. The 
model of engines that created a moment of control on the driving wheels was described. The solution was derived as the 
relationship between the inductance of the conductors of electric motors and the operation of the power supply. Three models 
describing the dynamics of a differential drive robot were examined in detail. The first model was nonholonomic. The second 
and third included a system of equations for the dynamics of a differential drive robot for a general case with a contact platform. 
At the same time, in the second model, the switching time in the engine was ignored and the Coulomb friction was involved. In 
the third model, a parameter to determine the speed of transients in the engine was introduced, and Pade decomposition was 
involved. This was a model with multicomponent friction. The calculation results were shown in the form of graphs. On them, 
the studied models were visualized in the form of curves of different colors. Comparison of the graphs showed in which cases, 
after the completion of transients, the control provided the required accuracy. These were models 1 and 2. In model 3, the 
software control generated an error in the angular velocity of rotation of the platform. This error could not be predicted within 
the framework of the 1st and 2nd models. In all the systems considered, the sliding speed of the wheels in the transverse direction 
dropped to zero. The condition of continuous motion of the support wheel was obtained and validated. 
Discussion and Conclusion. Software control is acceptable in models that do not take into account wheel friction during 
simultaneous sliding, spinning and rolling (general case of spatial motion). However, it is important to consider the 
relationship bet ween these processes and multicomponent friction. This is required for the robot to perform program 
movements more accurately. It was established that software control in a model that takes into account the friction of 
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spinning and rolling caused deviations from the program values of the angular velocity of the platform. The results 
obtained can be used in the building of a control system with predictive models. 

Keywords: software control of a robot, control in nonholonomic mechanics, Coulomb friction model, multicomponent 
friction, error in angular velocity of rotation 

Acknowledgements. The authors appreciate the Department of Robotics, Mechatronics, Dynamics and Strength of 
Machines, National Research University MPEI, for assistance in preparing the article. We would like to thank the reviewers 
for their criticism and suggestions, which contributed to a significant improvement in the quality of the article. 

For citation. Salimov MS, Merkuryev IV. Software Control of the Movement of a Differential Drive Robot for Different 
Friction Models. Advanced Engineering Research (Rostov-on-Don). 2023;23(4):346–355. https://doi.org/10.23947/2687-
1653-2023-23-4-346-355 

Научная статья 
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Аннотация 
Введение. Проектирование систем управления движением мобильных роботов требует построения 
математических моделей. Исследователи неоднократно обращались к этой теме. В частности, опубликованы 
работы, посвященные расчетам мультифизических процессов, моделированию движения различных видов колес 
в тех или иных условиях. Кроме того, рассматривались динамика деформируемых контактирующих тел при 
скольжении, качении и вращении, вопросы автономности и управляемости мобильных роботов. Отметим, что 
динамика и точность позиционирования колесных роботов во многом определяется трением. В литературе не 
представлены исследования динамики робота с дифференциальным приводом с учетом взаимосвязей эффектов 
трения скольжения, верчения и качения на основе теории поликомпонентного трения. Изыскания в этой области 
способны выявить новые динамические эффекты. Основываясь на полученных таким образом данных, можно 
заняться повышением точности позиционирования при построении математических моделей управления. Цель 
представленной работы — исследовать движение автоматического устройства с дифференциальным приводом с 
учетом трех моделей контакта: неголономного, кулоновского трения и поликомпонентного. 
Материалы и методы. В качестве базовой приняли схему двухколесного робота с дифференциальным 
приводом и безотрывным движением по опорной поверхности. Перемещение устройства обеспечивалось 
программным управлением. Динамику описали в виде уравнений Аппеля. Для вычислений использовали 
математические модели, по-разному учитывающие трение. Координация действий механизма формировалась на 
динамическом уровне. Управляющие воздействия — моменты двигателей колес. При визуализации исследуемых 
моделей задействовали встроенные численные методы системы Wolfram Mathematica («Вольфрам математика») 
с минимальной точностью 10–6. 
Результаты исследования. При построении математической модели определили равенства для угловых 
скоростей колес. Учли наличие площадки контакта и вывели уравнения динамики робота с дифференциальным 
приводом. Элементами системы были проекции силы и момент, показатели верчения платформы, массы, угловые 
ускорения и инерция колес. Показали, как формируются управляющие воздействия в рамках неголономной 
механики. Описали модель двигателей, которые создают момент управления на ведущих колесах. Вывели 
решение как взаимосвязь индуктивности проводников электродвигателей и работы электропитания. Детально 
рассмотрели три модели, описывающие динамику робота с дифференциальным приводом. Первая — 
неголономная. Вторая и третья включали систему уравнений динамики робота с дифференциальным приводом 
для общего случая, при наличии площадки контакта. При этом во второй модели игнорируется время 
переключений в двигателе и задействуется трение Кулона. В третьей ввели параметр, определяющий скорость 
переходных процессов в двигателе, и задействовали разложения Паде. Это модель с поликомпонентным трением. 
Итоги расчетов показали в виде графиков. На них исследуемые модели визуализировали в виде кривых разного 
цвета. Сопоставление графиков показало, в каких случаях после завершения переходных процессов управление 
обеспечит требуемую точность.  

https://doi.org/10.23947/2687-1653-2023-23-4-346-355
https://doi.org/10.23947/2687-1653-2023-23-4-346-355
mailto:SalimovMS@mpei.ru
https://orcid.org/0000-0001-6109-1362
https://orcid.org/0000-0001-7682-2228


Advanced Engineering Research (Rostov-on-Don). 2023;23(4):346–355. eISSN 2687−1653 

 

 

   
 h

ttp
://

ve
st

ni
k-

do
ns

tu
.ru

 

348 

Это модели 1 и 2. В модели 3 программное управление генерирует ошибку в угловой скорости вращения 
платформы. Данную ошибку нельзя спрогнозировать в рамках 1-й и 2-й модели. Во всех рассмотренных системах 
скорость скольжения колес в поперечном направлении падает до нуля. Получено и обосновано условие 
безотрывного движения опорного колеса. 
Обсуждение и заключение. Программное управление допустимо в моделях, не учитывающих трение колес при 
одновременном скольжении, верчении и качении (общий случай пространственного движения). Однако важно 
учитывать взаимосвязь данных процессов и поликомпонентного трения. Это необходимо для более точного 
выполнения роботом программных движений. Установлено, что программное управление в модели, 
учитывающей трение верчения и качения, приводит к отклонениям от программных значений угловой скорости 
платформы. Полученные результаты можно использовать при построении системы управления 
с прогнозирующими моделями. 

Ключевые слова: программное управление роботом, управление в неголономной механике, модель трения 
Кулона, поликомпонентное трение, ошибка угловой скорости вращения 
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Introduction. In the modern world, the demand for automatic mobile wheeled vehicles is growing, and the possibilities of 
coordinating their operation are being actively explored. Issues of autonomy and controllability of mobile robots are of 
considerable scientific and applied interest. In particular, approaches to the calculations of multiphysical processes, simulating 
the movement of specific types of wheels under different conditions are considered. Some studies focus on the dynamics of 
deformable contacting bodies during sliding, rolling and rotation. The results of these studies are used in robotics [1-3]. The 
control of mobile wheeled vehicles is considered on the example of electric scooters “Segway” [4]. 

Mobile mechanisms with simple and efficient wheel motion control systems are needed primarily for operating in 
narrow spaces [5], for conducting research under difficult industrial conditions [6]. 

In [7-11], the possibilities of accurate modeling of the dynamics of wheeled vehicles are shown, taking into account 
the sliding, spinning, and rolling of the wheels. 

At the same time, the phenomena arising from the combination of friction effects are not described in the literature. 
The presented work aims at investigating the effect of multicomponent friction on the dynamics of a robot with a 
differential drive. Tasks involve building a mathematical model of robot movement with multicomponent friction and 
simulating program movements. 

Materials and Methods. The scheme of a two-wheeled differential drive robot is considered (Fig. 1). The continuous 
movement of wheels of radius R along the support surface is assumed. 

 
       а)          b) 

Fig. 1. Kinematic diagram of the robot: a — platform; b — one of the driving wheels 
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The gravity center of platform C is shifted relative to the geometric center of platform A along X axis by distance ,xh  

along Y — axis — by distance yh . Points 1C  and 2C  — centers of mass of the wheels (index 1 corresponds to the left 

wheel, index 2 —to the right). 
The following designations are introduced: 1m  — mass of the robot platform; CzJ  — moment of inertia of the 

platform relative to the center of mass C; 1 1 1 , ,O x y  — fixed coordinate system; ,A Ax y  determine the position of point A 

in 1 1 1 , , ;O x y  ψ — angle of the course of the platform; iϕ  — wheel steering angles (index 1 corresponds to the left wheel, 
index 2 — to the right); 1 2AC AC L= =  — wheels width; 1 2,M M  — engine torques applied to the wheels. 

It is assumed that only the normal bearing reaction acts on the support wheel 4 (Fig. 1). On the move, the support 
wheel is located on X axis at a distance 0R  from the center of the platform 0( ).R L<   

Research Results 
Mathematical model of robot dynamics. When describing the movement of a differential drive robot in the framework 

of nonholonomic mechanics, expressions are used that take into account the limitations associated with zero wheel slip 
relative to the surface: 

 
1 2 1 2

0, 0, 0, 0,K x K x K y K yυ = υ = υ = υ =    (1) 

where 
1 2 1 2

, , , K x K x K y K yυ υ υ υ  — projections on Х and Y axes of velocities of points 1 2andK K , which are centers of the 

contact areas of the wheels and the supporting surface.  
Note that for a nonholonomic model, a point contact of the wheels and the surface is assumed, i.e., the contact area of 

each wheel degenerates into a single point of contact.  
Consider the expressions: 

 
1

2

1 2

1

2
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Ω ω ,

.
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u
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υ = υ+ −

υ = υ = υ =

  (2) 

With their help, equality for the angular velocities of the wheels can be obtained: 

 1 2
Ω Ωω , ω .L L

R R
υ− υ+

= =    (3) 

In the general case, when the presence of a contact platform is assumed, we obtain the equations of dynamics of a 
differential drive robot: 
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  (4) 

Here, 
1 2

 ,F F
 

 — projections of the friction force on the directions of the slip speeds of the centers of the wheel contact 

patches;
1 2
,F F⊥ ⊥ — projections of the friction force in directions perpendicular to the speeds of the centers of the wheel 

contact patches; 
1 2
,c cM M — summands of the friction torque under spinning for two wheels; Ω  — angular acceleration 

of platform spinning; 1 2ω ,ω   — angular accelerations of wheels projected onto their axis of rotation; Km  — weight of 

each wheel; KyJ  and KzJ  — inertia torques of the wheel relative to the corresponding axes.   

To form the control actions, a model of the robot dynamics described in the framework of nonholonomic mechanics 
is used [12]: 

1 2
1 2

2
Ω Ω Ω 2 ,Ky

y x к

J M Mm h h m
RR
+ υ− − + υ+ υ = 


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( )( ) ( )

( )( ) ( )
1

2
2 12 2 2

1 2

Ω Ω Ω Ω Ω Ω

Ω 2 2 2 Ω .

x y x y y x

Cz Kz x y к Ky

m h h h h h h

M M LLJ J m h h m L J
RR

 + + υ− − υ− − + 
−

+ + + + + =

 



 

  (5) 

It can also be represented as: 

 ( )2 11 2
Ω, ,

M M LM MF M
R Rυ

−+
= =  (6) 

where Fυ  and ΩM  — left sides of the equation (5). 
Model of engines on driving wheels. Let us describe a model of engines capable of generating control torque on driving 

wheels 1 2, .M M   
The equations of motion of wheeled DC motors can be expressed by the formulas [13]: 

 
( )

( )
1

2

ω ,

,  1, 2 .

k
e k k k

k k

d i
L Ri U c

dt
M c i k

+ = −

= =
  (7) 

Here, eL  — inductance of electric motor conductors; R — resistance to electric current in the motor circuit; kU  — power 
supply for the engine k; ki  — current passing through the motor armature circuit; 1 2,c c  — structural constants of engines. 

It is assumed that the drive wheel motors have the same characteristic. From (7), it can be seen that 

 
2

.k
k

M
i

c
=    (8) 

Given (8), in the first equation from system (7), we obtain a differential equation with respect to moment :кM  

 1
2 2

ω .e
k k k k

L RM M U c
c c

+ = −   (9) 

Equation (9) is divided by multiplier 
2

R
c

, and we get: 

 2 2 1 2

2

ω .e
k k k k

L c c c cM M U
c R R R

+ = −    (10) 

Let us introduce the notation: 

 2 1 2 2
1 1 2

2

, , eL c c c cT K K
c R R R

= = = . (11) 

In this case, the control moments can be described: 
 1 2 1ω ,k k k kT M M K U K+ = −    (12) 
where 1 2,K K  — constants; 1T  — parameter that determines the speed of transients in the electrical part of engines. 

When ignoring the switching time in the electromechanical system of the engine: 
 2 1ω .k k kM K U K= −    (13) 

Авторы [14] получили похожие формулы.  
The authors [14] obtained similar formulas. 
Model under study. Let us consider models describing the dynamics of a differential drive robot. 
Model 1 is described by equations (6) and (12), when the duration of transients is assumed to be vanishingly small 

1 0 :T =  

2 1 1 1 2 2 1 2
1 2

2 ωΩ Ω Ω 2 ,Ky
y x к
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− ω + − υ− − + υ+ υ = 
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    
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− ω − −
+ + + + + =

  





  (14) 

Here, 1 2ω ,ω  are calculated by formulas (3). 
Equations (4), (13), as well as the Coulomb friction model, are used to describe Model 2: 

 , 0, 0.
i i ii CF fN F M⊥= − = =


   (15) 

Model 3 is represented by equations (4), (12). In addition, multicomponent friction presented in [12] with the help of 
Pade decompositions is taken into account: 
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M f I

I k
I

 −      − − υ + υ +  
  = −

 π − −α υ + υ +  
  

  (18) 

 3
ω

π .
ωi

i
r

i

M k I⊥ = −   (19) 

Here, 1 2 3, ,I I I  constants that are found from the formulas in [12]; α — angle characterizing the direction of linear 
sliding speeds relative to the contact points of wheels 1 2, ;K K  rk  — coefficient whose sign depends on the rolling 
direction. 

To determine the program control, the motion laws of the robot should be specified ( ) ( ), Ω .d dt tυ  . By (5), it is 

possible to express values ( ),dF F tυ Ω=  ( )Ω ,dF F tυ =  ( )Ω Ω
dM M t=  depending on time. We use known values ,F Mυ Ω  to 

calculate control voltages 1U  and 2U , supplied to the wheel drives: 

 Ω Ω
2 1 2 1 1 1

2 2

1 1ω , ω .
2 2

M MR RU F K U F K
K L K Lυ υ

      = + + = − +      
      

  (20) 

The motion of the system with the given initial conditions ( ) ( ) ( ) 10 0.5 , 0 0.2 ,  Ω 0 0.2um m
s s s

υ = = =  was modeled 

in the Wolfram Mathematica package. 

Consider 1( ) 0.5 , ( ) 0.3 .d dt tm
s s

υ = Ω =  To integrate the system, the integration step was automatically selected and 

the built-in numerical methods of Wolfram Mathematica were used with an accuracy of the results of at least 10–6. 

 

 
 
 

Fig. 2. Dependence of longitudinal velocity 𝜐𝜐. Green curve — nonholonomic model 1; 
 red curve — model 2 with Coulomb friction; blue curve — model 3 with multicomponent  

friction. Blue and red curves coincide 
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Fig. 3. Dependence of transverse velocity 𝑢𝑢. Green curve — nonholonomic model 1; 
 red curve — model 2 with Coulomb friction; blue curve — model 3 with multicomponent  

friction. Green, blue and red curves coincide 
 
 

 
 

Fig. 4. Dependence of angular velocity of the robot. Green curve — nonholonomic model 1; 
 red curve — model 2 with Coulomb friction, blue curve — model 3 with multicomponent friction 

 
Figures 2 and 4 show that the control guarantees faithful realization of the program laws of motion after the completion 

of transients in models 1 (nonholonomic) and 2 (with Coulomb friction). In Model 3 (multicomponent sliding, rolling and 
twisting friction), after the completion of transients due to software control, a constant error occurs in the angular velocity 
of platform rotation. In all the models considered, the sliding speed of the wheels in the transverse direction quickly 
decreases to zero. The cases of matching dependences obtained for different models are shown in Figures 2 and 3.   

To check the fulfillment of the conditions of continuous motion of the supporting wheel, we write down the theorem 
on the variation of the kinetic moment of the system in projections on Y axis: 

( )1 2 1 1 2 21 2 1 2 3 0 1 1 1 2 2(ω ω )  cos α sin α cos α sin α .Ky y y xJ M M M M N R m gh F F F F R⊥ ⊥+ = + − − − + − − + −
 

   

According to (4): 
1 2 3 0 1 .xM M N R m gh+ = − +  

From the last equation, we obtain the condition of continuous motion of the supporting wheel: 
1 1 2( ) 0.xm gh M M− + >  

Considering (5): 

2
1 1 12

2
( 2 ) [ ] 0.Ky

x y xk

J
m gh R m m Rm h h

R
− + + υ +Ω Ω+ >



  

The robot's accelerations did not exceed 1 m/s2; therefore, this inequality is fulfilled at every moment of time. 
Discussion and Conclusion. The simulation results allowed for drawing a number of conclusions. Software control 

based on nonholonomic model 1 is acceptable for robots whose design does not take into account the contact friction of 
the wheels that occurs under a combination of sliding, spinning and rolling. However, when forming control actions, to 
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achieve more accurate adherence to the program motion laws, it is required to take into account the model of 
multicomponent friction. The resulting solution can be used to build a control system with a model predictive control. 
Such a development will be the subject of further research.  
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