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Abstract

Introduction. Designing motion control systems for mobile robots requires the construction of mathematical models.
Researchers have repeatedly addressed this topic. In particular, works have been published on the calculations of
multiphysical processes, modeling the movement of various types of wheels under certain conditions. In addition, the
dynamics of deformable contacting bodies during sliding, rolling and rotation, issues of autonomy and controllability of
mobile robots were considered. Note, however, that the dynamics and positioning accuracy of wheeled robots is largely
determined by friction. The literature does not present studies on the dynamics of a robot with a differential drive taking
into account the interrelationships of sliding, spinning and rolling friction effects based on the theory of multicomponent
friction. Research in this area can reveal new dynamic effects. Based on the data obtained in this way, it is possible to
improve the accuracy of positioning in building mathematical control models. The presented work aims at investigating
the movement of an automatic device with a differential drive taking into account three contact models: nonholonomic,
Coulomb friction, and multicomponent models.

Materials and Methods. The scheme of a two-wheeled robot with differential drive and continuous movement on the
support surface was adopted as the basic one. The movement of the device was provided through software control. The
dynamics was described in the form of Appel equations. Mathematical models were used for calculations, taking into
account friction in different ways. Coordination of the actions of the mechanism was formed at a dynamic level. The
control actions were the moments of the wheel motors. When visualizing the models under study, the built-in numerical
methods of the Wolfram Mathematica system were used with a minimum accuracy of 107,

Results. When building a mathematical model, the equations for the angular velocities of the wheels were determined. The
authors took into account the presence of a contact site and derived the equations of dynamics of a differential drive robot.
The elements of the system were force and moment projections, indicators of platform spin, masses, angular accelerations, and
inertia of the wheels. It was shown how control actions were formed within the framework of nonholonomic mechanics. The
model of engines that created a moment of control on the driving wheels was described. The solution was derived as the
relationship between the inductance of the conductors of electric motors and the operation of the power supply. Three models
describing the dynamics of a differential drive robot were examined in detail. The first model was nonholonomic. The second
and third included a system of equations for the dynamics of a differential drive robot for a general case with a contact platform.
At the same time, in the second model, the switching time in the engine was ignored and the Coulomb friction was involved. In
the third model, a parameter to determine the speed of transients in the engine was introduced, and Pade decomposition was
involved. This was a model with multicomponent friction. The calculation results were shown in the form of graphs. On them,
the studied models were visualized in the form of curves of different colors. Comparison of the graphs showed in which cases,
after the completion of transients, the control provided the required accuracy. These were models 1 and 2. In model 3, the
software control generated an error in the angular velocity of rotation of the platform. This error could not be predicted within
the framework of the 1st and 2nd models. In all the systems considered, the sliding speed of the wheels in the transverse direction
dropped to zero. The condition of continuous motion of the support wheel was obtained and validated.

Discussion and Conclusion. Software control is acceptable in models that do not take into account wheel friction during
simultaneous sliding, spinning and rolling (general case of spatial motion). However, it is important to consider the
relationship bet ween these processes and multicomponent friction. This is required for the robot to perform program
movements more accurately. It was established that software control in a model that takes into account the friction of
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spinning and rolling caused deviations from the program values of the angular velocity of the platform. The results
obtained can be used in the building of a control system with predictive models.

Keywords: software control of a robot, control in nonholonomic mechanics, Coulomb friction model, multicomponent
friction, error in angular velocity of rotation
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AHHOTaNMS

Beeoenue. TlpoekTupoBaHWE CHCTEM YNPaBICHHS [BIKEHHEM MOOWIBHBIX pPOOOTOB TpeOdyeT TOCTPOCHUS
MareMaTHIecKux mojeneid. MccnemoBaTenn HEOTHOKPATHO OOpaIiainuch K 3TOW TeMe. B 4acTHOCTH, OIMyOJINKOBaHBI
paboThI, TOCBSIIEHHBIC pacyeTaM MYJIbTH(HU3NUECKHUX MPOIIECCOB, MOCITUPOBAHUIO ABMYKCHUS PA3IMIHBIX BHIIOB KOJIEC
B TE€X WJIM HMHBIX yclOBHAX. Kpome TOro, paccMaTpuBaiuCh AWMHAMHKA Ae()OPMHUPYEMBIX KOHTAKTHUPYIOIIUX TEI HPU
CKOJIB)KCHUH, KAYCHUU M BPAICHHUH, BOIPOCHI aBTOHOMHOCTH H YNPABIIEMOCTH MOOWIBHBIX poOOTOB. OTMETUM, YTO
JMUHAMPKA U TOYHOCTH MO3HIIMOHUPOBAHMS KOJECHBIX POOOTOB BO MHOTOM OIIPENENseTCs TpeHueM. B mureparype He
MPECTaBICHEI UCCICIOBAHUS TUHAMUKU poOoTa ¢ nuddepeHIIHaTbHBIM IPUBOIOM C YIETOM B3aUMOCBs3ei 3pPeKToB
TPEHUS CKOJIBKEHISI, BEPUCHUS M KAYCHUS Ha OCHOBE TCOPHH IOJHMKOMIIOHEHTHOTO TpeHUsl. V3bIcKaHus B 3TOW 00JacTH
CIOCOOHBI BBISIBUTH HOBBIE NUHaAMUYeckue dpdexTsl. OCHOBBIBASACH HA TOIYUYEHHBIX TAKUM 00pa3oM JaHHBIX, MOKHO
3aHSTHCS TIOBBIIIICHHEM TOYHOCTH MO3UIIMOHUPOBAHUS MPHU MOCTPOSCHUH MaTeMaTHUECKUX Mojenel ynpasnenus. Llenn
MIPEACTABICHHOW PabOThI — KCCIICAOBATh JBH)KCHHE aBTOMATHUCCKOTO YCTPOiicTBa ¢ qudhepeHInanbHbIM IPUBOIOM C
YY4ETOM TpeX MoJiesiell KOHTAKTa: HETOJIOHOMHOTO, KYJIOHOBCKOTO TPEHHUS U TIOJTMKOMIIOHEHTHOTO.

Mamepuansl u memoovl. B xauectBe 0a30BOil NMPHUHSIIM CXeMy JBYXKOJIECHOTO pobota ¢ auddepeHInanbHbIM
MPUBOJIOM U OC30TPHIBHBIM JBIDKCHHEM II0 OTNOPHOW MOBEpPXHOCTH. llepeMemnieHHe yCTPOWCTBa OOECIICYHBAIIOCH
MPOTPaMMHEIM yIpaBiIeHHeM. JIMHaMUKy OMUCand B BUAC ypaBHeHHH Ammens. 1S BBIYHCICHUH HCIIONB30BAIN
MaTeMaTHIECKUE MOJICIH, TI0-pPa3HOMY YUUTHIBaIOIKe TpeHne. KoopanHams fedicTBIi MexaHn3Ma (opMHUpOBaJIach Ha
TUHAMIYECKOM YPOBHE. YTIPaBIAIONINE BO3ICHCTBHI — MOMEHTHI IBUTaTelel Kojec. [Ipu BU3yann3annuu UCCIIe 1y eMbIX
MoJieneit 3a1IeCTBOBAIM BCTPOCHHBIC YHCICHHBIE METOABI cucTeMbl Wolfram Mathematica («Bonbdpam MaTematukay)
¢ MUHUMAJbLHOM TouHOCTBIO 107°,

Pesynomamul uccnedosanus. Ilpu TOCTPOSHUH MAaTEMaTHYSCKOW MOJETH ONPEICSITHIN PaBEHCTBA IS YIVIOBBIX
CKOpOCTeH Koyiec. YW HaIM4Yre TUTOIAIKN KOHTAKTa ¥ BBIBEJIM ypaBHEHUS TUHAMHUKN poOoTa ¢ muddepeHIanIbHBIM
MIPUBOJIOM. DJIEMEHTaMU CUCTEMBI OBLTH MPOEKITUH CHIIBI 1 MOMEHT, II0Ka3aTeIu BEPUCHHUS IIaTPOPMBbI, MACCHI, YTIIOBEIE
ycKopeHus W uHepuus kojec. [Tokaszamu, kak (GOpMHPYIOTCS YIPABISIONIAE BO3IACHCTBHUS B paMKax HETOJIOHOMHOMN
MexaHuku. Onucanu MOJAENb IBHTATElNCH, KOTOPBIC CO3AAI0T MOMCHT VIPAaBJICHUS HAa BEAyIIMX KoyiecaX. BriBenn
pellleHre KaK B3aUMOCBSI3b WHAYKTHBHOCTH MPOBOJIHUKOB 3JCKTPOJBUTATENCH B pabOTHI 3JeKTponuTaHus. JleTaibHo
paccMOTpeN TpPU MOJETH, OMKCHIBAIOINUE JWHAMHKY poOoTa ¢ auddepeHnuanbHbBIM npuBofoM. [lepBas —
HETOJIOHOMHAs. BTopasi U TpeThsl BKIIOYAIN CHCTEMY YPaBHEHHI TUHAMUKH poboTa ¢ quddepeHInanbHbIM PHBOIOM
JUIs OOIIero ciydas, NP HaJUYUU IDIOMIAJKKA KOHTakTa. [Ipm 3TOM BO BTOPOW MOJEITH HIHOPHPYETCS BpeMs
NEPEKIIOUYEHNN B BUTATENE U 3aheiicTByercs Tpenue Kynona. B TpeTbeil BBenu napameTp, ONpeIessIOIAN CKOPOCTh
TIEPEXOIHBIX MPOIIECCOB B IBUTATEIIE, U 33ICHCTBOBAIIH pasiioxkeHus [1ae. ITo Moiesh ¢ MOJTMKOMIIOHEHTHBIM TPEHUEM.
Hroru pacueToB mokaszaiu B Buae rpadukoB. Ha HUX HccieLyeMble MOIEIN BU3YaTH3UPOBAIH B BUIC KPUBBIX PA3HOTO
uBera. ConocraBieHue rpaduKoB MOKa3ajo, B KAKUX CIydasx MOCIe 3aBEPIICHUS MEPEXOAHBIX MPOIIECCOB YIPaBIeHUE
obecreyuT TpedyeMyr0 TOYHOCTb.
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Oro moxenu 1 u 2. B Mozmenu 3 mporpamMMHOE YIpaBJICHHE Te€HEPUPYET OMMOKY B YIJIOBOM CKOPOCTH BpalleHUs
miaTGopmel. JJaHHYIO OMMUOKY HENTb3s CIIPOTHO3UPOBATh B paMKax 1-i u 2-if Mmogenn. Bo Bcex pacCMOTPEHHBIX CHCTEMax
CKOPOCTh CKOJIbXCHHS KOJIEC B IOIEPCYHOM HAMpAaBICHHM MagacT A0 Hyid. [lomydeHO W 0OOCHOBaHO YCIOBHE
0C30TPHIBHOTO IBHXKCHHUS OMTOPHOTO KOJIECa.

Obcyrycoenue u 3akntouenue. llporpaMMHOe yIpaBieHUE TOMYCTUMO B MOJIENSIX, HE YUUTHIBAIOIUX TPEHUE KOJIEC TPU
OJTHOBPEMCHHOM CKOJIL)KCHUH, BEPUCHUU M Ka4eHUH (OOIIUI ciTydail MPOCTPAaHCTBEHHOTO ABMKCHM). OTHAKO BaXKHO
YYHUTBHIBATh B3aMMOCBS3b JAHHBIX IPOIECCOB U MOJMKOMIIOHCHTHOTO TPEHHSA. DTO HEOOXOIMMO JUIss 00Jiee TOYHOTO
BBITIOJTHEHUSI POOOTOM TPOTPAMMHBIX JIBIKEHUH. YCTaHOBJIEHO, YTO MPOTPAMMHOE YIpaBlieHHE B MOJEIH,
YUUTBHIBAIOLIEH TPEHUE BEPUEHUS U KAUEHHUs, IPUBOJUT K OTKJIIOHEHUSIM OT IPOIPaMMHBIX 3HaYEHUH yIJIOBOM CKOPOCTH
HIIaT(i)OpMBI. HOHy‘IeHHBIe PE3YyIbTAThI MOXHO HUCIIOJIB30BATh pu TIOCTPOCHNHN CHUCTEMBI yapaBJICHUA
C IPOTHO3UPYIOIIUMU MOACIIAMH.

KuoueBble ciioBa: mporpaMMHOE yrpaBieHre poOOTOM, YNpaBIeHHE B HETOJOHOMHOW MEXaHHKE, MOJENb TPECHHS
Kynona, moTHKOMIOHEHTHOE TPEHHUE, OMINOKA YTIIOBOW CKOPOCTH BpAIICHUS

BaarogapHocTH. ABTOpPBHI BBIPaXAOT MPH3HATEIEHOCTh Kadenpe «PoOOTOTEXHWKA, MEXaTpOHHKA, IMHAMHUKA W
npoyHocte MamuH» OI'BOY BO «HUY «M3W» 3a momomis B MOArOTOBKE CTaTbHU. biaromapum peLiEH3eHTOB 3a
KOHCTPYKTUBHYIO KPUTHKY H MPEIUIOKEHUS, KOTOPBIE CITIOCOOCTBOBAIN 3HAYNTEIHPHOMY TOBEIIICHHIO KAYECTBA CTATHH.

Jnsi  mutupoBanus. CammmoB M.C., Mepkypbses U.B.  IlporpamMmuoe ympaBieHue IBIKEHHEM pobora ¢
b depeHInanbHBIM PUBOJIOM TNPH pasHbIX Mojensix TpeHus.. Advanced Engineering Research (Rostov-on-Don).
2023;23(4):346-355. https://doi.org/10.23947/2687-1653-2023-23-4-346-355

Introduction. In the modern world, the demand for automatic mobile wheeled vehicles is growing, and the possibilities of
coordinating their operation are being actively explored. Issues of autonomy and controllability of mobile robots are of
considerable scientific and applied interest. In particular, approaches to the calculations of multiphysical processes, simulating
the movement of specific types of wheels under different conditions are considered. Some studies focus on the dynamics of
deformable contacting bodies during sliding, rolling and rotation. The results of these studies are used in robotics [1-3]. The
control of mobile wheeled vehicles is considered on the example of electric scooters “Segway” [4].

Mobile mechanisms with simple and efficient wheel motion control systems are needed primarily for operating in
narrow spaces [5], for conducting research under difficult industrial conditions [6].

In [7-11], the possibilities of accurate modeling of the dynamics of wheeled vehicles are shown, taking into account
the sliding, spinning, and rolling of the wheels.

At the same time, the phenomena arising from the combination of friction effects are not described in the literature.
The presented work aims at investigating the effect of multicomponent friction on the dynamics of a robot with a
differential drive. Tasks involve building a mathematical model of robot movement with multicomponent friction and
simulating program movements.

Materials and Methods. The scheme of a two-wheeled differential drive robot is considered (Fig. 1). The continuous
movement of wheels of radius R along the support surface is assumed.
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Fig. 1. Kinematic diagram of the robot: a — platform; b — one of the driving wheels
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The gravity center of platform C is shifted relative to the geometric center of platform 4 along X axis by distance #4_,
along ¥ — axis — by distance /. Points C; and C, — centers of mass of the wheels (index 1 corresponds to the left

wheel, index 2 —to the right).
The following designations are introduced: m, — mass of the robot platform; J., — moment of inertia of the

platform relative to the center of mass C; O,,x,,y, — fixed coordinate system; x,,y, determine the position of point 4
in O,,x,y,; vy — angle of the course of the platform; ¢, — wheel steering angles (index 1 corresponds to the left wheel,
index 2 — to the right); 4C, = AC, = L — wheels width; M,,M, — engine torques applied to the wheels.

It is assumed that only the normal bearing reaction acts on the support wheel 4 (Fig. 1). On the move, the support
wheel is located on X axis at a distance R, from the center of the platform (R, < L).

Research Results

Mathematical model of robot dynamics. When describing the movement of a differential drive robot in the framework

of nonholonomic mechanics, expressions are used that take into account the limitations associated with zero wheel slip
relative to the surface:

v

ke =00, =00, =00

=0, (1)
where v, U, U, — projections on X and Y axes of velocities of points K, and K,, which are centers of the

contact areas of the wheels and the supporting surface.
Note that for a nonholonomic model, a point contact of the wheels and the surface is assumed, i.e., the contact area of
each wheel degenerates into a single point of contact.
Consider the expressions:
Vg, =V—QL-Roy,
Vg, =L+ QL-Ro,, 2)

UKIy = Ukzy = UCy =u.

With their help, equality for the angular velocities of the wheels can be obtained:
_v-QL _v+QL

>

o, P 2 3)

In the general case, when the presence of a contact platform is assumed, we obtain the equations of dynamics of a

differential drive robot:
m, [\') ~hQ-Q(u+ th)J +2m, (0—Qu)=F, cosa, +F, cosa, —F, sin o, — F,_sina,,

m, [u+th+Q(U—h},Q)J+2mK (#+Qu)=F, sina, +F, sina, - F, cos o, — F,_cos a,,

O(Jeo +2J g +m, (B2 + 02 )+2m L+ m, [ (1+Qu)h, —h, (0-Qu) | =

M. +M. +(E|2 cosa, —F| sina, —F cosa, +F, sin ul)L, @
S @ =M, -M, —(Eh cosa, —F sin(xl)R,
@, =M, -M, —(FIh cosa, —F, sina, )R.

Here, K ,F, — projections of the friction force on the directions of the slip speeds of the centers of the wheel contact

patches; F| , F, — projections of the friction force in directions perpendicular to the speeds of the centers of the wheel

contact patches; M, , M, — summands of the friction torque under spinning for two wheels; Q — angular acceleration
of platform spinning; ®,,®, — angular accelerations of wheels projected onto their axis of rotation; m, — weight of
each wheel; J,, and J,_ — inertia torques of the wheel relative to the corresponding axes.

To form the control actions, a model of the robot dynamics described in the framework of nonholonomic mechanics
isused [12]:
2Jy, . M, +M,
2 V= >
R R

my [ O—h,Q—QhQ |+2m0+
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m [ (+1,Q+Q(0-1,Q))h, ~h, (0-h,Q-Q10Q) |+
_ (%)
Q(ch +2J,. +m, (hz +h5)+2mKL2)+2JKv]L€—ZZQ =M.
It can also be represented as:

M,-M, )L
F :M1+M2 MQ:( 2 1) , (6)

v E

where F and M, — left sides of the equation (5).
Model of engines on driving wheels. Let us describe a model of engines capable of generating control torque on driving
wheels M, M,.

The equations of motion of wheeled DC motors can be expressed by the formulas [13]:

e

LM+R1' =U, —co
a TR0 ™

M, =c,i, (k = 1,2).
Here, L, — inductance of electric motor conductors; R — resistance to electric current in the motor circuit; U, — power
supply for the engine k; i, — current passing through the motor armature circuit; c,,c, — structural constants of engines.

It is assumed that the drive wheel motors have the same characteristic. From (7), it can be seen that
i =Me, @®)

Given (8), in the first equation from system (7), we obtain a differential equation with respect to moment A, :
L . R
—“M, +—M, =U, —co,. )

) )

Equation (9) is divided by multiplier 52, and we get:
¢

:;?2 M, +M, :%Uk—%mk. (10)
Let us introduce the notation:
-t g 99 g G (11)
c,R R R
In this case, the control moments can be described:
TlkaJer =K.,U,-K o, (12)

where K|,K, — constants; 7, — parameter that determines the speed of transients in the electrical part of engines.
When ignoring the switching time in the electromechanical system of the engine:
M, =K,U, -Ko,. (13)
ABtopsI [14] monyunmm noxoxue GopMyIIbL.
The authors [14] obtained similar formulas.
Model under study. Let us consider models describing the dynamics of a differential drive robot.
Model 1 is described by equations (6) and (12), when the duration of transients is assumed to be vanishingly small
T, =0:
2Jy . _ KU -Ko +KU,-Ko,
R? L= R >

my[O—h,Q-QhQ|+2m0+

2

m[(+h.0+0(o-n Q) - (6-1.0-010)]+2, £

(14)
+Q(JCZ +2J +m, (hj +hi)+2mKL2) _ ((K2U2 —Kl(!)z)_R(KgUl -K o, ))L .
Here, ®,,®, are calculated by formulas (3).
Equations (4), (13), as well as the Coulomb friction model, are used to describe Model 2:
F =—=fN,F,_=0M, =0. (15)

Model 3 is represented by equations (4), (12). In addition, multicomponent friction presented in [12] with the help of
Pade decompositions is taken into account:
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21—k, cos(7t - aj

V.tV k11O 2 cos[n—a)
R I, 2

EL =-/N, T > (16)
21, kI, cos(z—aj
Uy, +Up, + ; Q|
0
k.mQ
FL,- =—/N, T - > (a7)
21 —k1, cos(z—aj
kI, cos(n—aj Uy, + V5, +|Q)
1, 2 )
n
k.1, cos(—aj
2 24, k, cos(n—aj Uy, +UL +Q
21, I, 2 ’
M. =-2ful, 5 ) (18)
(z—kr cos(n—an vy, + Vg, +[Q)
3 2 ’
M, =—knal, > (19)
' o]

Here, I,,1,,1I, constants that are found from the formulas in [12]; o — angle characterizing the direction of linear
sliding speeds relative to the contact points of wheels K,,K,; k, — coefficient whose sign depends on the rolling
direction.

To determine the program control, the motion laws of the robot should be specified v? (¢),Q(¢). . By (5), it is
possible to express values F, = Fy (1), F, =Fg (¢), M, =M(t) depending on time. We use known values F,, M, to

calculate control voltages U, and U, , supplied to the wheel drives:

1 (R M 1 (R M
U2 =_ _(Fv-’-_gj-’-KlO‘)Z 9U| = _(Fu_ QJ+K1(01 : (20)
K,\ 2 L K,\2 L

The motion of the system with the given initial conditions v(0)=0.5 n u(0)= 022, Q(0)= 0.2l was modeled
S N N

in the Wolfram Mathematica package.

Consider v/ (1) =0.5 ﬂ, Q' (1) = 0.31. To integrate the system, the integration step was automatically selected and
s s

the built-in numerical methods of Wolfram Mathematica were used with an accuracy of the results of at least 10°.
v(f), m/s

W
03 & /
0.2 /

0.1
Mt,s

5 10 15 20

—

Fig. 2. Dependence of longitudinal velocity v. Green curve — nonholonomic model 1;
red curve — model 2 with Coulomb friction; blue curve — model 3 with multicomponent
friction. Blue and red curves coincide

u(t), m/s

0.20

0.15

Mechanics

351



Advanced Engineering Research (Rostov-on-Don). 2023;23(4):346-355. eISSN 2687—1653
———————————————————————— ]

t,c

0.5 1.0 1.5 2.0

Fig. 3. Dependence of transverse velocity u. Green curve — nonholonomic model 1;
red curve — model 2 with Coulomb friction; blue curve — model 3 with multicomponent
friction. Green, blue and red curves coincide

Q>), 1/s

030 | S

e

o5 L
020 f

s | 1/

0.10

0.05

fs

5 10 15 20
Fig. 4. Dependence of angular velocity of the robot. Green curve — nonholonomic model 1;
red curve — model 2 with Coulomb friction, blue curve — model 3 with multicomponent friction

Figures 2 and 4 show that the control guarantees faithful realization of the program laws of motion after the completion
of transients in models 1 (nonholonomic) and 2 (with Coulomb friction). In Model 3 (multicomponent sliding, rolling and
twisting friction), after the completion of transients due to software control, a constant error occurs in the angular velocity
of platform rotation. In all the models considered, the sliding speed of the wheels in the transverse direction quickly
decreases to zero. The cases of matching dependences obtained for different models are shown in Figures 2 and 3.

To check the fulfillment of the conditions of continuous motion of the supporting wheel, we write down the theorem
on the variation of the kinetic moment of the system in projections on Y axis:

Jo (@ +0,) =M +M,-M -M, —NR +mgh —(FHl coso, —F, sina, + £ cosa, —F sinaz)R.

According to (4):

M, +M,=—-N,R +mgh_.

From the last equation, we obtain the condition of continuous motion of the supporting wheel:

mgh —(M,+M,)>0.

Considering (5):

2J,, .. .
m,gh, — R(m, +2m, + Rzy )0+ Rmy[h,Q+ h Q1> 0.
The robot's accelerations did not exceed 1 m/s?; therefore, this inequality is fulfilled at every moment of time.
Discussion and Conclusion. The simulation results allowed for drawing a number of conclusions. Software control
based on nonholonomic model 1 is acceptable for robots whose design does not take into account the contact friction of

the wheels that occurs under a combination of sliding, spinning and rolling. However, when forming control actions, to
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achieve more accurate adherence to the program motion laws, it is required to take into account the model of
multicomponent friction. The resulting solution can be used to build a control system with a model predictive control.
Such a development will be the subject of further research.
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