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Abstract  
Introduction. When numerically solving problems of elasticity theory in a three-dimensional formulation by the finite 
element method, finite elements (FE) in the form of parallelepipeds, prisms and tetrahedra are used. Regularly, the 
construction of stiffness matrices of volumetric FE is based on the principle of isoparametricity, which involves the 
Lagrange polynomials to approximate the geometry and displacements. In computational practice, the most widespread 
FE are the so-called multilinear isoparametric FE with a linear law of approximation of displacements. The main 
disadvantage of these elements lies in the “locking” effect when modulating bending deformations. Moreover, the error 
of the numerical solution increases drastically in the case when the structure, in comparison to conventional 
deformations, undergoes significant displacements as a rigid whole. Long-term experience in solving problems of 
deformable solid mechanics by the finite element method has shown that existing volumetric FE have slow 
convergence, specifically, when modeling bending deformations of plates and shells. This study aims at constructing 
stiffness matrices of multilinear volumetric FE of increased accuracy allowing for rigid displacements based on the 
double approximation method. 
Materials and Methods. The mathematical apparatus of the double approximation method based on the principle of a 
separate representation of the distribution functions of displacements and deformations inside the element, was used to 
construct the stiffness matrices of volumetric FE. The storage and processing of the resulting system of equations was 
implemented in algorithmic terms of sparse matrices. Software development and computational experiments were 
carried out using the Microsoft Visual Studio 2013 64-bit computing platform and the Intel ® Parallel Studio XE 2019 
compiler with the integrated Intel ® Visual Fortran Composer XE 2019 text editor. Visualization of the calculation 
results was performed using the descriptor graphics of the MATLAB computer mathematics package. A large eight-
node SOLID185 CE of the ANSYS Mechanical software complex was used as a test sample. 
Results. Mathematical tool and software were developed to study the stress-strain state of massive structures under 
various types of external actions. The authorized application software package was verified on test examples with 
known analytical solutions. It has been shown that the constructed FE accurately satisfy the basic requirements for finite 
element modeling of spatial problems of elasticity theory. 
Discussion and Conclusion. The performed testing of the developed mathematical and program toolkit has shown that the finite 
elements constructed on the basis of the double approximation method can successfully compete with similar SOLID185 
volumetric elements of the ANSYS Mechanical software complex. The proposed elements can be integrated into domestic 
import-substituting software systems that implement the finite element method in the form of the displacement method. 
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Аннотация 
Введение. При численном решении задач теории упругости в трехмерной постановке методом конечных 
элементов применяются конечные элементы (КЭ) в форме параллелепипедов, призм и тетраэдров. Обычно 
построение матриц жесткости объемных КЭ базируется на принципе изопараметричности, суть которого 
состоит в использовании для аппроксимации геометрии и перемещений полиномов Лагранжа. В расчетной 
практике наибольшее распространение получили так называемые полилинейные изопараметрические КЭ 
с линейным законом аппроксимации перемещений. Главный недостаток данных элементов кроется в эффекте 
«loсking» («запирания») при моделировании изгибных деформаций. Причем погрешность численного решения 
существенно возрастает в случае, когда конструкция, по сравнению с обычными деформациями, претерпевает 
значительные смещения как жесткое целое. Многолетний опыт решения задач механики деформируемого 
твердого тела методом конечных элементов показал, что существующие объемные КЭ обладают медленной 
сходимостью при моделировании изгибных деформаций пластин и оболочек. Цель настоящего исследования 
состоит в построении на основе метода двойной аппроксимации матриц жесткости полилинейных объемных 
КЭ повышенной точности, позволяющих учитывать жесткие смещения.  
Материалы и методы. Для построения матриц жесткости объемных КЭ применен математический аппарат 
метода двойной аппроксимации, суть которого состоит в раздельном представлении функций распределения 
перемещений и деформаций внутри элемента. Хранение и обработка результирующей системы уравнений 
реализованы в алгоритмических терминах разреженных матриц. Разработка программного обеспечения 
и проведение вычислительных экспериментов осуществлены с использованием 64-х разрядной вычислительной 
платформы Microsoft Visual Studio 2013 и компилятора Intel® Parallel Studio XE 2019 со встроенным текстовым 
редактором Intel® Visual Fortran Composer XE 2019. Визуализация результатов расчетов выполнена с помощью 
дескрипторной графики пакета компьютерной математики Matlab. В качестве тестового образца использован 
объемный восьмиузловой КЭ SOLID185 программного комплекса ANSYS Mechanical.  
Результаты исследования. Разработано математическое и программное обеспечение для исследования 
напряженно-деформированного состояния массивных конструкций при различных видах внешнего 
воздействия. На тестовых примерах с известными аналитическими решениями выполнена верификация 
авторизированного пакета прикладных программ. Показано, что построенные КЭ по точности удовлетворяют 
основным требованиям, предъявляемым к конечно-элементному моделированию пространственных задач 
теории упругости.  
Обсуждение и заключение. Проведенное тестирование разработанного математического и программного 
обеспечения показало, что построенные на основе метода двойной аппроксимации конечные элементы успешно 
конкурируют с аналогичными объемными элементами SOLID185 программного комплекса ANSYS Mechanical. 
Предлагаемые элементы могут быть интегрированы в отечественные импортозамещающие программные 
комплексы, реализующие метод конечных элементов в форме метода перемещений. 

Ключевые слова: метод конечных элементов, моментная схема метода конечных элементов, метод двойной 
аппроксимации, объемные конечные элементы, тестирование конечных элементов 
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Introduction. In finite element modeling of the stress-strain state of massive bodies, volumetric finite elements (FE) 
in the form of parallelepipeds (hexahedra), prisms and tetrahedra are used, the construction of stiffness matrices of 
which is usually performed using isoparametric technology [1-5]. At the same time, it is known that multilinear 
isoparametric FE, when using a single-layer scheme, do not satisfactorily model bending deformations even with a 
significant thickening of the mesh [6, 7]. The core of this problem is the effect of “locking” the element due to the so-
called deformation of the “false shift” [8, 9]. To “improve” isoparametric FE, an apparatus of incompatible elements 
created through introducing additional out-of-node degrees of freedom, or auxiliary approximating polynomials, is 
used [8]. At the same time, the most effective way to solve the problem of “jamming” of the FE is the use of the 
moment scheme of the finite element method, whose theoretical foundations were developed by A.S. Sakharov [7]. 
Subsequently, this approach was called the double approximation method (DAM) [6]. Conceptually, the DAM is based 
on a separate representation of the distribution functions of displacements and deformations inside the element. The 
objective of this study is to construct on the basis of MDA and test new volumetric multilinear FE that allow simulating 
the behavior of various structures under different types of external actions.  

Materials and Methods. Let us consider a family of volumetric FE consisting of eight-node and six-node elements 
in global Cartesian axes mz , m = 1, 2, 3 (Fig. 1). Geometry and displacements of the FE are presented in the following 

form: 

( )
1 2 3

1
( , , )

en
k

m m
k

z z x x x
=

= ϕ∑ ; ( )
1 2 3

1
( , , )

en
k

m m
k

u u x x x
=

= ϕ∑ , 

where ( )k
mz , ( )k

mu  — nodal coordinates and displacements; 1 2 3( , , )k x x xϕ  — “shape functions” representing the product 

of one-dimensional Lagrange linear polynomials; 1x , 2x , 3x  — — local, in general, nonorthogonal coordinates of FE; 

en  — number of element nodes. For the basic eight-node element (Fig. 1 a) en = 8, “shape functions” are defined by 

formula: 

 
3

1 2 3
1

1( , , ) (1 )
8k r k r

r

x x x p x
=

ϕ = +∏ ,      (1) 

Here, r kp  — coordinates of nodes in local axes. We set values r kp  in matrix form: 

1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1

 − − − −
 
− − − − 
 − − − − 

. 

 
 

Fig. 1. Volumetric FE:  
a — eight-node; b — six-node 

 
The relationship between the covariant components of the strain tensor in the local basis and displacements in the 

global axes has the form [7]: 

( ), , , ,

(summatio

1 ,
2
n over repeated index)

i j m j m i m i m jz u z uε = +  

where , /m s m sz z x=∂ ∂ ; , / , ,m s m su u x s i j=∂ ∂ = .  
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The relationship between vector of deformations { }ε  and vector of nodal displacements { }w  is represented in 

matrix form:{ } [ ]{ }D wε = , 

where block matrix: [ ] 1 2
(6 )

[ ] [ ] [ ]
e

e

n
n

D D D D
×

 =   ; 

submatrix:  
(1) (2) (3)

(6 3)

[ ] { } { } { }k k k kD D D D
×

 =   , 1, 2, , ek n=  . 

Expressions for the vector columns of the considered FE have the following form [10]: an eight-node element 
(Fig. 1 a)  

 

1 ,1 ,12 ,1 2 2 ,13 ,1 3 3

,123 ,12 3 ,13 2 ,1 2 3 2 3
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 (2) 

Six-node element (Fig. 1 b)  
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The notation is introduced here: 

1 2 3

,

0
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x x x

z
z
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α = = =

∂
=
∂

 , 
1 2 3

2
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0
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∂
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∂
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1 2 3

2

,

0

k
k

x x x
x xαβ
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∂ ϕ
ϕ =

∂ ∂



 ; , 1, 2,3α β = . 

Expressions for “shape functions 1 2 3( , , )k x x xϕ  of a six-node FE obtained on the basis of the polynomial (1) using 

the degeneration principle have the following form: 

1 11 1 21 2 31 3
1 (1 ) (1 ) (1 )
8

p x p x p xϕ = + + + ; 

2 12 1 22 2 32 3
1 (1 ) (1 ) (1 )
8

p x p x p xϕ = + + + ; 
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3 13 1 23 2 33 3 14 1 24 2 34 3
1 (1 ) (1 ) (1 ) (1 ) (1 ) (1 )
8

p x p x p x p x p x p x ϕ = + + + + + + +  ; 

4 15 1 25 2 35 3
1 (1 ) (1 ) (1 )
8

p x p x p xϕ = + + + ; 

5 16 1 26 2 36 3
1 (1 ) (1 ) (1 )
8

p x p x p xϕ = + + + ; 

6 17 1 27 2 37 3 18 1 28 2 38 3
1 (1 ) (1 ) (1 ) (1 ) (1 ) (1 )
8

p x p x p x p x p x p x ϕ = + + + + + + +  . 

Formulas (2) and (3) were the basis for constructing stiffness matrices of the FE under study. The corresponding 
software was developed on the basis of the Microsoft Visual Studio computing platform and the Intel® Parallel Studio 
XE compiler with the built-in Intel® Visual Fortran Composer XE text editor. The processes of storing and processing 
the global stiffness matrix were implemented in terms of sparse matrices [11]. To visualize the results of calculations, 
the descriptor graphics of the MATLAB computer system was used. 

Research Results. The investigation on the accuracy and convergence of the developed finite element algorithm 
was carried out on test examples with an analytical solution. The test examples show numerical solutions obtained using 
the developed elements and the SOLID185 element of the ANSYS Mechanical software package similar in 
dimension [5, 11]. Below are examples selected so that they contain a combination of bending deformations and rigid 
displacements of FE.  

Example 1. A spliced ring rigidly fixed in one section and loaded with concentrated force at the free end. The design 
scheme of the ring is shown in Figure 2. Initial data: average radius R = 0.2 m; cross-sectional dimensions 0.2×0.2 cm; 
modulus of elasticity Е = 1011 Н/m2; Poisson's ratio ν = 0.3; concentrated force F = 10 Н.  

The deflection at the point of application of force according to the theory of curved rods (exact solution) is [7]: 
3 3

11 10

10 3.14 0.2
1 10 8.333 10

F Rf
E J −

π ⋅ ⋅
= =

⋅ ⋅ ⋅
= –0.00302 m. 

 
Fig. 2. Calculation scheme of the spliced ring 

The convergence results are presented in Table1. 
Table 1 

Convergence results for the spliced ring 

Grid 
f / δ , м / % 

DAM ANSYS 
2×2×32 
2×2×64 
2×2×128 

–0.00170 / 44 
–0.00292 / 3.3 
–0.00293 / 3 

–0.000433 / 86 
–0.00125 / 59 
–0.00251 / 17 

 
Table 1 shows the value of deflection f in the numerator, and relative error δ  in the denominator. 
 
The visualization of displacements yu , obtained on the basis of DAM and ANSYS on a 2×2×64 grid is shown in 

Figures 3 and 4. Note that the field of vertical displacements obtained using ANSYS does not reflect the zones with 
extreme value yu = –0.00314 m shown in Figure 3 by the arrow. 

R x 

F 

y 

f 
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     yu , m 

 

Fig. 3. Distribution pattern yu  (DAM) 

 

yu , м 

 

Fig. 4. Distribution pattern yu  (ANSYS) 

In this example, the importance of taking into account rigid displacements is particularly clearly seen.  
Example 2. A square plate, rigidly pinched along the contour and loaded with a uniformly distributed load. Source 

data: side length стороны а = 1 m; thickness h = 0.01 m; elasticity modulus Е = 105 Н/m2; Poisson's ratio ν = 0.25.  
The exact value of the deflection in the center of the plate is determined by formula [12]: 

4

q
q au
D

=α , 

where α = 0.00126; 
3

212(1 )
E hD =
−ν

 — — cylindrical stiffness; q = 0.00888889 Н/m2 — distributed load intensity. Exact 

value qu  (in meters) is equal to coefficient α .  

In this example, ¼ part of the plate was considered taking into account the conditions of symmetry. The 

convergence results in the form of graphs ~qu s  for single-layer and double-layer models are shown in Figures 5 

and 6. Here and further, layers mean the breakdown of the plate into FE by thickness. In these figures, values 1, 2, 3, 4 
of parameter s  1, 2, 3, 4 correspond to the grids: 4×4, 8×8, 16×16, 32×32. The graphs below show the results of the 
solution obtained using ANSYS (line 1) and DAM (line 2). The horizontal line indicated by the number 3 corresponds 
to the exact solution.  
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Fig. 5. Graphs ~qu s ;  

single-layer scheme 

 
Fig. 6. Graphs ~qu s ; 

two-layer scheme 
 

It follows from Figure 5 that with a single-layer breakdown scheme, the relative error values on a 32×32 grid are: 
SOLID185 — 16%; DAM - 10.5%. When using a two-layer scheme (Fig. 6) on a 32×32 grid, we have:  
SOLID185 — 36%; DAM — 2.8%.  

FE patch testing was performed for the 16×16×2 breakdown scheme with grid distortion (Fig. 7). The patch test 
results in the form of deflection distribution patterns zu  are shown in Figures 8 and 9. 
 

 
Fig. 7. Scheme of plate breakdown for patch test 

 

qu , m 

  

 
 

Fig. 8. Distribution qu  (SOLID185) Fig. 9. Distribution qu (МДА) 

 
As can be seen from the Figures, the distortion of the grid, when using SOLID185, causes a more noticeable 

asymmetry of field zu , than when using DAM. At the same time, the value of the maximum deflection for FE DAM qu

= 0,001263 m coincides with the exact solution. 
Example 3. A round plate, rigidly pinched along the contour and loaded with a uniformly distributed load. Radius 

and thickness of the plate: R = 1 m; h = 0.01 m. The mechanical constants are similar to the data in Example 2. 
The exact value of the deflection in the center of the plate is determined by formula [12]: 

41
64q

q au
D

= . 

At the value of the intensity of distributed load q = 0.00888889 Н/m2   value qu = 0.01563 m.  

In the testing process, two versions of sampling the ¼ part of the plate (sector) on FE were used. In the first version, the 
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three sides of the sector were divided into an equal number of segments. The second version was based on a radial regular 
pattern of sector breakdown. In this case, the number of elements along the radius and the circular part of the sector was 
assumed to be the same. The considered sector discretization versions for a 32×32 grid are shown in Figure 10.   
 

Version 1 

 

Version 2 

 
 

Fig. 10. Sampling versions for the circular plate sector on FE: 
1 — uniform breakdown of the three sides of the sector; 

2 — radial regular breakdown  
 

 The convergence results in the form of graphs ~qu s  for sampling the ¼ part of the plate according to version 1 

with single-layer and two-layer breakdown schemes are presented in Figures 11, 12, and Figures 13, 14, respectively.   

 
 

Fig. 11. Graphs ~qu s  for version 1; 

single-layer scheme 

 
 

                             Fig. 12. Graphs ~qu s  for version 2; 

                                  single-layer scheme 
 

In these figures, values 1, 2, 3, 4 of parameter s  1, 2, 3, 4 correspond to the grids: 4×4, 8×8, 16×16, 32×32. As in 
Example 1, line 1 corresponds to a SOLID185-based solution, and line 2 corresponds to DAM. The horizontal line 
indicated by the number 3 corresponds to the exact solution. 

It follows from the above graphs that an element constructed according to the moment scheme on a 32×32×2 grid of 
version 2 has a relative error of 4 %.  

Visualization patterns of the field of distribution of vertical displacements zu  for DAM and SOLID185 with a 

radial layout of the ¼ plate (32×32×2 grid) are shown in Figures 15 and 16, respectively. 
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Fig. 13. Graphs ~qu s  for version 1; 

two-layer scheme 

                             Fig. 14. Graphs ~qu s  for version 2; 

                  two-layer scheme 

 

zu , m 

 
 

zu , m 

 
Fig. 15. Distribution zu  (МДА)         Fig. 16. Distribution zu (SOLID185) 

 From the above figures, it can be seen that despite the qualitative coincidence of patterns zu , relative errors for the 

maximum deflection are: DAM — 3.8%; SOLID185 — 71%. Such a significant error, when using SOLID185, is 
because the developers applied “shape functions” similar to the functions used for the eight-node element to 
approximate the geometry and displacements of the six-node element, i.e., without the “degeneration” principle [7].  

Discussion and Conclusion. Stiffness matrices of volumetric multilinear finite elements constructed on the basis of 
the double approximation method make it possible to simulate the stress-strain state of building structures of arbitrary 
geometry under various types of external actions. The fundamental difference between the proposed concept and the 
previously known finite element technologies is that the displacements, in this case, are set in global coordinates, and 
the components of the strain tensor are determined in local, in general, nonorthogonal axes. 

The test examples show that the volumetric finite elements, constructed by the double approximation method, have 
stable convergence and compete successfully with an element of a similar type SOLID185 of the ANSYS Mechanical 
computing complex. 

The developed mathematical software can be introduced into domestic import-substituting software complexes 
implementing the finite element method in the form of the displacement method.  
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