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Abstract

Introduction. To describe the operation of temperature piezoceramic structures, the theory of thermoelectroelasticity is
used, in which the mathematical model is formulated as a system of nonself-adjoint differential equations. The complexity
of its integration in general leads to the study of problems in an unrelated formulation. This does not allow us to evaluate
the effect of electroelastic fields on temperature. The literature does not present studies on these problems in a three-
dimensional coupled formulation in which closed solutions would be constructed. At the same time, conducting such
studies allows us to understand the interaction picture of mechanical, thermal and electric fields in a structure. To solve
this problem, a new closed solution of a coupled problem for a piezoceramic round rigidly fixed plate has been constructed
in this research. It provides for qualitative assessment of the cross impact of thermoelectroelastic fields in this
electroelastic system.

Materials and Methods. The object of the study is a piezoceramic plate. The case of unsteady temperature change on its
upper front surface is considered, taking into account the convection heat exchange of the lower plane with the
environment (boundary conditions of the 1st and 3rd kind). The electric field induced as a result of the thermal strain
generation is fixed by connecting the electrodated surfaces to the measuring device. The thermoelectroelasticity problem
includes the equations of equilibrium, electrostatics, and the unsteady hyperbolic heat equation. It is solved by the
generalized method of finite biorthogonal transformation, which makes it possible to construct a closed solution of a
nonself-adjoint system of equations.

Results. A new closed solution of the coupled axisymmetric thermoelectroelasticity problem for a round plate made of
piezoceramic material was constructed.

Discussion and Conclusion. The obtained solution to the initial boundary value problem made it possible to determine
the temperature, electric and elastic fields induced in a piezoceramic element under arbitrary temperature axisymmetric
external action. The calculations performed provided determining the dimensions of solid electrodes, which made it
possible to increase the functionality of piezoceramic transducers. Numerical analysis of the results enabled us to identify
new connections between the nature of external temperature action, the deformation process, and the value of the electric
field in a piezoceramic structure. This can validate a proper program of experiments under their designing and
significantly reduce the volume of field studies.

Keywords: thermoelectroelasticity problem, coupled problem, round piezoceramic rigidly fixed plate, biorthogonal finite
integral transformations
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Hayunas cmamos

Casi3aHHasi 0CeCHMMETPHYHAsA 32/1a4a TePMOJIEKTPOYNPYTrOCTH AJs KPYIJIOH KeCTKO
3aKpenIeHHOM MIACTHHBI
J.A. Hlasxun =, E.B. CaBunosa" = <

Camapckuii Tocy1apCTBCHHBI TEXHUIECKUI YHUBEPCUTET, I'. Camapa, Poccuiickas @eneparust
DA slenax(@yandex.ru

AHHOTANNSA

Beeoenue. JIns ommcanus pabOTBl TEMIIEPATYPHBIX IBE30KEPAMHUECKUX KOHCTPYKIIHMM HCIONB3YeTCS TEOpHS
TEPMOAJIEKTPOYIIPYTOCTH, B KOTOPOK MaTeMaTruieckast Mo/ieNb c(hOpMYJIMPOBaHa B BUE CUCTEMbI HECAMOCOIIPSKEHHBIX
mddepeHInaIbHbIX YpaBHeHHH. CII0XKHOCTh €¢ MHTEIPUPOBAHUS B 00IIEM BHUIE IIPUBOIUT K MCCIECIOBAHUIO 32/1a4 B
HECBS3aHHOH MOCTaHOBKE. JTO HE IMO3BOJSET OICHUTH YPQEKT BIUSHUS dICKTPOYNPYTUX IONICH Ha TeMIepaTypHOe.
B nutepartype He IpeacTaBIeHBI HCCIIeOBAHUS NaHHBIX 33[]a9 B TPEXMEPHOH CBSI3aHHOM ITOCTAHOBKE, B KOTOPBIX OBLIH
OBl TOCTPOEHBI 3aMKHYTHIE pelieHus. [Ipy 5ToM NpoBelieHne MIMEHHO TaKMX MCCJICAOBAHUH MTO3BOJISIET MOHSITh KapTUHY
B3aNMOJEHCTBUS MEXaHMUECKHX, TETUIOBBIX M AMIEKTPUUECKHX IT0JIeH B KOHCTPYKIMH. [ perieHus 1anHoi mpo0ieMsl
B HacTosiliedl paboTe MOCTPOCHO HOBOE 3aMKHYTOE pEIICHHE CBS3aHHOHM 3alaudl Ul Mbe30KEPaMHYECKOH KPYIJIon
JKECTKO 3aKPEIUIEHHOH IIaCTHHBI, MO3BOJISIONIEe KaYECTBEHHO OLIEHHTh B3aHMMHOE BIMSHHE TEPMODJIEKTPOYIPYTHX
MoJiel B JaHHOM 3JIEKTPOYIPYTOl CUCTEME.

Mamepuanvt u memoodvl. OGBEKTOM HCCIEIOBAHNUS SBIAETCS Mbe30KepaMUIecKas IlacTuHa. PaccmaTtpuBaercs cirydait
HECTALlMOHAPHOTO HM3MEHEHHUS TEMIIepaTypbl HAa €€ BEepXHEH JMIEBOW MOBEPXHOCTH MNPH y4eTe KOHBEKIIMOHHOTO
TEIUIOOOMEHa HIDKHEH IUIOCKOCTH ¢ OKpy’Karomew cpenoi (rpanuunbie ycrmous | u 3 poma). Mumymmpyemoe B
pe3ynpTate 00pa3oBaHUS TEMIIEPATYPHBIX AedopMariii 3JIEKTPUIEeCKOe TOe (PUKCHPYETCS IMyTeM MOIKITIOYSHHS
QJIEKTPOIMPOBAHHBIX TOBEPXHOCTEH K M3MEpUTENBFHOMY NpHOOpy. 3amada TEpMOIJICKTPOYIPYTOCTH BKIIIOYAET
YpaBHEHUS] paBHOBECHS, HJIEKTPOCTATHKH W HECTAIIMOHAPHOE T'HIIEPOOINYECKOe ypaBHEHHE TeIIonpoBogHOCTH. OHa
pemaercst 0OOOIIEHHBIM METOJOM KOHEYHOTO OHOPTOrOHAJIBHOTO NpeoOpa3oBaHMs, ITO3BOJISIONIETO IOCTPOUTH
3aMKHYTOE pElIeHue HECAMOCOTIPSKEHHOM CUCTEMbI ypaBHEHHH.

Pesynemamut  uccnedosanusn. IloCTpOEHO HOBOE 3aMKHYTOE€ pELIEHHE CBSI3aHHOHW OCECHMMETPHYHON 3aja4u
TEPMOAIEKTPOYIIPYTOCTH JUIsl KPYTJION TIACTHHBI, BHITIOJIHEHHON M3 MTbE30KEPaMHYECKOr0 MaTepuara.

Oobcysycoenue u 3akniouenue. llonydeHHOE pelleHHe HaudalbHO-KPAaeBOW 3agadyd TO3BOJIET  OMpPENEIUTD
TEMIICPATYPHOE, DJICKTPUUCCKOC U YIIPYTO€ MOJIA, MHAYIUPYEMBIC B ITbE30OKCPAMHUYCCKOM JJIEMEHTE ITPU IPONU3BOJILHOM
TEMIEePaTypPHOM OCECHMMETPUIHOM BHEITHEM Bo3JeHCTBHU. [IpoBeieHHBIE pacyeThl O3BONIAIOT ONPEACIUTH Pa3Meph
CIUTOIIIHBIX 3JIEKTPOJIOB, KOTOPHIE TAIOT BO3MOKHOCTD MTOBBICUTH (DYHKIIMOHAIBHBIE BO3MOKHOCTH MTBE30KEPAMIYECKIX
mpeobpa3oBareneil. UncieHHBIN aHATN3 PE3yIbTaTOB MO3BOJISET BHISIBUTH HOBBIE CBS3U MEXKIy XapaKTEPOM BHEITHETO
TEMIEePaTyPHOTO BO3ICHCTBHS, IPOIIECCOM NIS(hOPMHUPOBAHUS U BEIIMIHHON SJIEKTPHUIECKOTO TIOJIS B TbE30KEPAMUICCKOM
KOHCTPYKIIMUA. JTO JaeT BO3MOXHOCTb OOOCHOBATh pAIMOHANBHYIO MPOTPaMMy OKCHEPUMEHTOB TIPH UX
MIPOEKTUPOBAHUH Y 3HAYNTEIHHO COKPATUTh 00bEM HATYypPHBIX UCCIIECAOBAHUIH.

KiaioueBble ciioBa: 3a7avda TCPMOIJICKTPOYIPYIroCTH, CBsA3aHHAss OCCCHUMMCTpUYHAs 3aJada, KCECTKO 3aKpCIICHHAas
IIaCTHHA, 6I/IOpTOFOHaJ'IBHHe KOHCYHBIC MHTCTIPpAJIbHbIC npeo6pa30BaHI/I;1

BJ’IaFO}IapHOCTI/l. ABTOpLI BbIpaXKaroT 6J'IaF0]IapHOCTI) PCUCH3CHTaM 3a IPOBCACHHYIO paGOTy, KOTOpasd IO3BOJIHJIa
TTOBBICUTH KQa4€CTBEHHBIHN YPOBEHb CTAaTbH.

Jas uurupoanus. lsxun [.A., Capurnosa E.B. CBs3aHHas ocecuMMeTpHYHAas 33a4a TEPMODJICKTPOYIPYTOCTH IS
KpYTJION KECTKO 3aKpeIUIeHHON IUTaCTHHEBL. Advanced Engineering Research (Rostov-on-Don). 2024;24(1):23-35.
https://doi.org/10.23947/2687-1653-2024-24-1-23-35

Introduction. Various mathematical models are used to improve the functionality of piezoceramic sensors [1-3]
based on the interdependence of thermoelectroelastic fields. To more accurately account for the effect of coupling of these
fields, it is needed to construct closed solutions. Some simplifications are used to solve systems of initial nonself-adjoint
differential equations. Thus, the problems can be considered in an uncoupled formulation, or the problems consider and
analyze elements that have a degenerate geometry. An uncoupled stationary problem for a long electroelastic cylinder is
considered in [4, 5], and article [6] is devoted to the analysis of thermal stresses in a hollow sphere. Papers [7, 8] are
related to the determination of the temperature field in a piezoceramic shell and a round plate in solving uncoupled
problems. Coupled dynamic problems for a homogeneous piezoceramic layer, as well as dynamic problems in a coupled
formulation for a gradient-inhomogeneous piezoceramic layer, were considered in [9 10]. In [11, 12], fields in an
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unbounded medium were analyzed. In [13, 14], a long hollow cylinder was considered, and thermoelectroelastic fields
were analyzed.

Currently, the literature does not describe the results of constructing closed solutions to the mentioned non-stationary
problems in a three-dimensional coupled formulation. Therefore, in this paper, we consider a round plate made of
piezoceramic composition and having a rigid fixation, for which a new closed solution to the problem of
thermoelectroelasticity is obtained. The use of a limit on the rate of temperature change on its front surface [10] makes it
possible not to include the inertial characteristics of the system under study and apply the equilibrium equations in the
calculated ratios.

Materials and Methods. In the process of solving, a generalized finite biorthogonal transformation was used, which
provided the reduction of the dimension of a nonself-adjoint system of equations and the construction of a closed solution
through significant simplifying research in the image space.

Mathematical model. Consider certain area Q:{0<7, <b,0<0<2%,0<z, <h"}, which is occupied by a
piezoceramic solid circular plate in the cylindrical coordinate system (r,,6,z,) Arbitrary temperature boundary conditions
can be used for the problem under study. However, for the certainty of the solution, on the upper (z, = 0) front surface,
the temperature change ](7.t,) at a given ambient temperature 9 on the lower (z,=Ah")

plane (z. — time) is considered. The cylindrical thermally insulated surface is rigidly fixed: there is no radial component

of the displacement vector and the angle of rotation, and its lower part is fixed in the vertical plane. The lower plane of
the round plate in question is grounded. The front electrodated planes of the plate are connected to the measuring device.
The design scheme of the plate is shown in Figure 1.

‘> v(t.) Z\ (DT(V*,t*)<A |
w i ,f% >

zV
Fig. 1. Plate design diagram

The mathematical formulation of the problem under consideration in a dimensionless form for an axially polarized
piezoceramic material with a hexagonal crystal lattice of 6 mm composition has the form:

2 2 2
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where
* * €31 * o €31 o
U r,zh ={U" W ez /b, {000} =—=2{0".05}, {660} = =0, 05}
C Ci+C es+e
{®,®1,9}=—YI1 {®*,(@T—To),(9*_To)},a1Z—Ss,azz B 55,“3: L,
Cyy Ciy Cyy €3]
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Ch €31 €31 Y1 e Chign Ciien
811631 V11733 833711
ay =ayp——4ap say =T a5 =Ty ==, a;6 =a, —ay,
€5 Y€ 11 €31
a; =o-b/A,®"(r,, z.,t,) — temperature increment in dimensional form; U*(n,z., 1), W’ (n, z.,1.)

¢ (r*, Zx, t*) — components of the displacement vector, electric field potential; o.: (r, z, £), 6,- (7, z, {) — components

of the mechanical stress tensor; D, (r,z, f) —radial component of the electric field induction vector; A, k, o, —

coefficients of thermal conductivity, volumetric heat capacity, and linear thermal expansion; ¢g (r,t) — electric

potential induced on the upper front surface; vi;, g — components of the tensor of temperature stresses and pyroelectric

coefficients (i = 1,3, vi = Citi,); eis, €31, €33, €11, £33 — piezoelectric modules and permittivity coefficients; @ = T— T

T, Ty — current temperature and temperature of the original state of the body; ., — relaxation time; o — heat transfer
o 1

coefficient, ®, — known rate of temperature change; V = a—+—.
roor

To determine the potential of the electric field induced under deformation on the upper front surface ¢g (r, t), in the

case of connecting electrodes to a measuring device with a large input resistance, an additional boundary condition is used:

8

2| p..cods =0

6t.[ 0 )
(s)

where D; (7, z, t) — axial component of the induction vector; S — surface area.
Construction of a general solution. To fulfill the condition of fixing the cylindrical surface of the plate in the vertical
plane, new functions w (r, z, t), W(¢) are introduced:
W(r,z,t)=W(t)+w(r, zt), (6)
this makes it possible to form a boundary value problem with respect to functions U, w, ¢, ®, which is investigated by the
method of finite Fourier-Bessel transformations:

Uy (n,z,t) = U(r, z,t)rJl (j,,r)dr, @)

S S—

{WH (n.z,1),04 (n.z,1),Ny (n,z,t)} = {w(r,z,t),(l)(r,z,t),@)(r,z,t)}rJO (jr)dr,

Sy S——

U(r,z.t) = zZM’Z’j)JI (jur) @®)

n=1 JO jn
> {WH(n,z,t),d)H(n,z,t),NH(n,z,t)}

(w(r.2.0).0(r.2.1),0(r,21)} =2

n=0 ‘]0 (j”)2

where j, — positive zeros of the function Ji () (n =0, Jo = 0), Jy(...) — Bessel functions.

It should be noted here that to satisfy the last boundary condition (2), it is necessary to assume that the original

JO (jnr)a

temperature of plate 7; is equal to the ambient temperature 3", and the temperature increment function on the upper front
surface (1, £) = 0. These assumptions, without much error, allow assuming that on the cylindrical surface of the plate,
01,z 1 =0.
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As a result of using the transformation algorithm in the image area, the following initial boundary value problem is

obtained:
o%u ow oo
—j2uy, +a oy, —+asj, —2L+j Ny =0, 9
Jnllg T4 Py 2J oz 3J oz IniVH )
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0 ,
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ot =0
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2 umo 0, o 0H>

1
. aw (t .
where {¢0H,9H,W0H,W0H,N0H} =J{¢0,9,—m (0).- al’t( ) ,@O}FJO(jnr)dr.
=0

0
At the next stage of the solution, the introduction of functions Ux(n, z, £), Wi(n, z, t), ou(n, z, £), Ou(n, z, t) using the

following relations:
Un (n,z,t) =H (n,z,t)+UH (n,z,t), Wy (n,z,t) =H> (n,z,t)—i—WH (n,z,t), (12)

Ou (n,z,t) =H; (n,z,t)+(pH (n,z,t), Ny (n,z,t) H, (n,z,t)+QH (n,z,t),
allows the reduction of conditions (9) to homogeneous.
Here, {H..Ha}={H{ .Hi}+{fo(2)...fi2(2)}bor (), {Hi . Hi} ={fi(2)...0s (2)} 0rur () +{ f5 (). fs (2)} B,
f1(2)...fi2(z) — twice differentiable functions.
Substitution (12) in (9) — (11) when the conditions are satisfied:

H H OH
0 2+a66 3—617[‘14 =0;jnH2—a—1=0, (13)
'z

z=0,; a16j,Hi + as
zZ

oH
Hi.—0 = don, H3jz=p =0, Hyz—0 = 0117, (6—44-61171‘14] =a179y,
z |z=h

provides the formulation of the following task:

o’U ow, o
—jUn+a = a0 vy jo D i Ou = B (14)
Oz 0z 0z
2 2
—alj;%WH +a4w+a2]’n OUn —a5j3(pH +ag 0 L —a76&=Fz,
oz oz? 0z
0? oU 2w, 0
Jiou —as a;PzH +ag jn 8ZH —ai0jaWu +6111?21{+012an11 +ai3 gZH =F;,
. 62QH 0 62 . 6WH 6([)1-1
2 _
—JnOu +7— 5-'_661_2 On +as| juUuy + oz —ais oz = Fy,
z=0,h; a16j. Uy +aa Wy +as 9o —a70n = O;ala]—H—jnWH =0, (15)
z z

0
QHiz=0 = Qrjz=h =0, Q=0 =0, [ (gH + al7QHj =0;
z

|z=h
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t=0,Up =Uou; Wu =Wou; 9 =@on; On = Qon, (16)
aUH . aWH . a(pH . aQH o
A, =U H] =W P — = P = 5
3 i U o e T T T P Ty

where
0°H, oH, OH 3
_ 2 . . .
Fi=jiH —a o2 T @i — JnH4,

0°H; OH, 0’ H; OH 4
) . 2
Fy=aijiH,—a4 Pt [ +asjuH3 —ds 5 tar——,
. 0°H . OH . o*H . oH
F; = —]31‘13 +ag —6223 — a9 Jn _azl +a10],%Hz —dai —8222 _a12]nH4 —ais 824 5
0%H, 0 0? OH» OH
_ 2 .
F4—],,H4— 622 +(§+B8[_2 Hi+an ],,H1+ pe —dais pe ,
Uon =—Huy=0, Worr = wor — Haji=0, Qo = —H3y=0, Qo = —H 4=0,
: oH : . OoH . oH . . oH
Uosr =——— Worr =von ——— ,¢on =——— , Qo = Nogp ——— .
t =0 Ot =0 Ot =0 ot =0

Using the biorthogonal finite transformation (CMD) [15], we obtain a solution to problem (14) — (16). CMD with
unknown components of vector functions of transformations is introduced on the segment [0, 4]

K1(}\,,'n, Z). . .K40\,,‘n, Z), N](]J.[,,, Z). . .Nl(},t,'n, Z)Z

h
G(n,hin,t) = HQH +au (j,,UH + ag”’ j—aw a‘ap” }lﬁ(k,—n,z)dz, 17
Z
0

Z

{Nl (Hin:z);N2 (uin;Z),NS (uinxz)1N4 (Hinyz)}
ey ’

{UH,WH,(pH,QH} = ZG(VZ,)\.in,l)

i=1

h
||K,»,,||2 =J.K4(7um,2)N4(HinyZ)dzs
0

where Ain, Win — the eigenvalues of the corresponding problems with respect to the components of the vector functions of

the CMD (k= 1...4).
In the course of transformations, we obtain a task for determining transformants G(n, Ay, £):

) o _
(B%%mﬁ]%m,u:—FH(n:%Wa(i:1’°° n=0) "
dG }\ain; ’
t:O,G(Xm,n,O)zGOH’¥ =Gy (Kin,i’l)a (19)
[t=0

whose solution has the following form:
G(nNin,t) = (miim —main )71 {(Go = Gomain )exp (mint ) - (Go —Gomyin )exp (mait)+,

t
+ B%J‘FH (n;xin;r)[exp(m%n (t—‘t))—exp(mlm (Z—‘C))] dty, (20)
0
in addition, two homogeneous problems with respect to components Ki(Ain, 2). .. Ka(Ain, 2),
del' dK»; dK;
-2 in . in . in P X _
—JnKiin +an dz? —azjn dz —asjn dz +Aia14juKain =0, 21
. in . dKii . d*Ksin dK 4
—a1 jaKain +as dzzz +azjn le —a10 i Ksin +an d223 ~A2ay —; =0,
d’Ks dKi; d?K»; dK 4
b = j " i2 in 2 in _
JnKsin —as P —asja r —as jaKain +ae = +A2as = =0,
de in dK in dK in
(k%”_jg)K4i”+d—;+j"K1in +a7 "+ aps ju K 3in — ar3 —— = 0;
z z
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dKZin an dK3in _7\41'2,,

zZ zZ

z=0, h; al()jnKlin +day aisK4in = 07 K3in\z=0 = K3in\z=h = 0, (22)

dK in . . dK in
! _]nKZin _al]nKSin =09 K4in\z:0 =09 u +al7K4in =0,
dz a dz =i

and Ni(Win, 2). .. Na(Win, 2):

dzN in . dN in . dN in .
_jr%Nlin +a 21 —dazJn 2 +a3]n 2 +]nN4i11 :0, (23)
dz dz Iz
d’Na; dNy; d*Ns; dNy;
.2 in . in .2 in in
—a1ji Nain +as Y 7—05]711\/31)1 tas— S =0,
. dZN in . dN in . ZN in . dN in
JiNsin —as 223 +agjn le —a10ja Noin +ar d222 +a12,jnNain +a13d—::0,
. dzN in . dN in dN in
—jANgin + d224 +ul (N4in + a4 jnNiin + a1a de —ais dz3 ]= 0;
dN in dN in aN in .
2=0,h, @16ja N +as — + ag —2 — a7 Ny :Oa_l_]"NZin =0, (24)
Iz Iz oz
aN in
N3inz=0 = N3inz=h = 0, Najnz=0 =0, ( 2 +a17N4mj =0;
oz |z=h
where
h
Fr (n,kin,t) = I(EKlin + FyKoin + F3Ksin + FaK i )z,
0
. f . . . d{WOHyWOH} d{(poy,(poy}
{GOH,GOH} = I {QOH,QOH}-HIM Jn {UOH,UOH} + —aps 4indz,

g dz Iz

M1in, M2in — 10OLs Of the characteristic equation: Bm2 +m;, +A2 =0.

Constructed homogeneous problem (23), (24) with respect to functions Ni(Win, z)...Na(Win, z) is invariant to the initial
calculated relations (14), (15).

Systems (21), (23) are reduced to the following equations with respect to K>(Ain, z), Na(Win, 2):

d8 6 4 d2
(—4' Clin——( t€2in —— + €3 F+ €4in ]{KZin,NZin} =0. (25)
z

In the paper, coefficients ej;,...eq;, are not given due to the limitation of its volume.

In equation (25), the left part is decomposed into commutative factors, presented below:

d? ) d? N d* , d? N
(?_Alin][P_FAZin dz—4+m3mP+m4m {KZin,NZin} :0, (26)
where Ay =~/Biin s Azin =~/Stin» M3, = €1in + By + Spis My = 4 Bi,Sin — real positive roots of the following
lin* 2in

characteristic equations:
4 3 2
Bin + elinB + €2in Bm + €e3in Bin +e4in = 09

in

€4i)
S; —(eli,, +Bliﬂ)Sz%1 +(€1,',,Bll~,, +B2 + e2in )S L 0.

lin in

lin
When examining a round rigidly fixed piezoceramic plate, the general integral of equations (26) has the following form:
{Klin » NZin } = {Dlin ;Elin } exp (Alinz) + {DZin 5 E2in } exp (_AlinZ) + {D3in ;E3in } sin (A2inz) + (27)

+{Dyin, Esin } 0 ( Azinz) +{ Dsin, Esin } sin( Asinz )+ { Din, Ecin } cos ( A3inz ) +
+{D7in ;E7in } Sin(A4inZ) + {DSin;ESin } COS(A4inZ)s

where
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0.5 0.5
2 4 2
_ m3m ++ m3m 4m4m | M3 TN _4m4in
A3in = 5 A4in - 5 .

2

It should be noted here that the condition of the actual positive values of coefficients Biis, Siin, A1in-..Aain is fulfilled
for most structures made of piezoceramic material. Otherwise, the formula structure (26), (27) simply changes.

Considering that the connections were previously obtained as a result of reducing (21), (23) to (25), we get expressions
for functions Ki(Ain, 2), K3(Xin, 2), Ka(iny 2), Ni(Niny 2), N3(Ainy 2), Na(Ain, 2).

Substituting Ki(Ain, 2)...Kas(hin, 2), Ni(Win, 2)...N1(Win, z) in conditions (22), (24) provides determining constants
Dujn...Dsin, Evin ... Egin and eigenvalues Ay, in.

The final expressions of functions U (n, z, £), W (n, z, t), ¢ (n, z, 1), ® (n, z, f) are obtained by applying the inversion
formulas (17), (8). Then, taking into account (6), (12), we have:

(r2) = 22 Ji( ]n [ (n,z t)+ZG(n Nin, )N (Win, 2) | K|

i=1

}, (28)

|

n=1

W(r,z,t)=VI/1(t) Z (( {Hz nzt +ZG(n Nin, t)Nz Win, Z ||K,,,
]'l i=1

I" z, t) ZZ JO J.ﬂrz) [H} (n Zt ZG(V! )\am,t)N3 Hln,Z)”Km :la
i=1

JO (]n)
JO ]n
(r.z.1) :22 Ha(n,z1) ZG(n Do )N (pin, 2) [ K| .
JO (Jn i=1
Functions fi(z2)... fi2(z) are calculated from the simplification condition F... F4 when conditions (13) are satisfied:
0*H, OH» OH;
.2 . . . _
JnHi—a PR Y —JnH4 =0,
0°H, oH, 0°Hs = 0OH,
%) . 22 —
al]nHz—0462—2—612];1?4‘615];11'[3—aéaz—2+a7€—0,
0*H . O0H . 0*H . oH
—jiH5 +ag——> 2 s —a9]na—zl+aloijz—anaTzz—alz]nlﬂ—6113 624 =0,
0’H,
) _
]nH4_ 822 —0.

Function W(f) is determined from condition W(1, A, {) = 0:
Wi(0)==2 | Ha(nht)+ Y G(ndw, N (an ) [ Vo ()™
n=0 i=1

For a qualitative assessment of the induced electric pulse on its upper front surface, it is required to form two electrodes
with a radius of separation R and connect them to a measuring device. In this case, potential ¢o(7, 7), induced on two

equipotential surfaces is represented as:
(I)o(r,t):d)(n(l)H(R—I")-l—(I)oz([)H(I"—R), 29)

where H(...) — the Heaviside step function.
Substituting (29) into (5) makes it possible to define expressions for determining potentials do(), dpox(?):

R 1
J‘Dz\z:()l”dl" = J‘Dz\zzord}" = 0. (30)
0 R

As aresult of solution (30), functions ¢o(?), do2(f) are defined as follows:

bor (1) = 051 [01 (1) + 02 (1) +0s ()], b (1) = a;{—@(m

_p2
Ko ()+0i()
where

O (’):Rijl (jnR){alo Hi"(n Ot)Jra“—aH2 (nzt) _asOHy(nzt)

el JO jn Jn 62 |z=0 jn Gz |z=0
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+Z°°:G (Lin, Ot {@K] (b0 ) an dKz(x,-n,z) ay dKs (hn,2) }}
0

dz z=0  Jn dz |z=

Qz(t):Rzla”@Hz*(O,z,t) g O (02;) +Z‘°:G 10,01{ 1ale(k,-o,z) dK3 (Lio,z) ﬂ
0

—ag
oz |z=0 |z=0 P "Kl()" dz |z=0 dz |z=

O3 (1) = a3

o'—.x

I
(r t)rdr Q4 amja)] rt rdr,
R

dz  |z=0 dz |- JO(jn) Jn dZ =0 ju dz

on (1‘R2)2{a”dﬁo(2) () }MZ{MH_“)#—() _df_U}

2 dz |z=0 dz = Jo (]n) as Jn  dz  z=0 j. dz
In this case, the potential difference F(¢) is determined by the equality:
V(1)=dor () = oz (1)- (31)

Research Results. Numerical results are presented for a plate made of piezoceramics of the composition
PZT-4 14,11, 16]:
{C]], Cia, Ci3, C33, C55} = {13 9,7.78,7.3,11.5,2. 26}><1010 Pa, {811, 833} = {6 46, 5. 62} x 107 F/m,
{815, esl, 633} = {12 7 -5. 2 15. 1} C/m2 A=1 6W/(m K) o = 0.4x10~ 3 K- 1
k=3x10°J/ (m*K), gi1 = g33 = —0.6x10* C/(m*K), B, = 10*s, 0= 5.6 W/(m2 K).
The following case of temperature change ®] (r*,t*) is investigated:

of (r.t) = (I—Ej - {sm(ztgax t*jH(t:;xax —t*)+H(t* — bmax )},

where Tonay, tmax — maximum temperature value and the corresponding time (T mar =100°C, Ty = 20°C).

Figure 2 shows graphs reflecting at various points in time (t,fm =01 s) the change in temperature ®%(0, z, ¢) in the
thickness of the plate (b = 14x103 m, h* = 1x1073 m).

According to the calculation result, it is observed that due to the high coefficient of thermal conductivity and the small
thickness of the piezoceramic plate, the steady-state temperature regime is formed quite quickly (tfim =10 s) when it
reaches @*(0, z, ¢) on the lower front surface (z = h) 78°C (Fig. 2).

Figure 3 shows the change ©* (O, % , t) in time (t,*;,ax =3x10"° s) taking into account (represented by a solid line)

and without account for (represented by dotted line, B = 0) the relaxation of the heat flux (b = 14x103 m, h* = 1x1075 m).
It should be emphasized that the application of the hyperbolic Lord-Shulman heat conduction equation is needed only in

the study of a piezoceramic micro-dimensional structure with a very rapid change of (r*,t* )

©*(0,2,1),°C

60 \

1\

20 ™N

0.02

0.04

0.06
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Fig. 2. Diagrams G)*(O,z,t)—z: 1 —t=tmaw,2 —1t=10ma, 3— 1 =100t pax

@*(o, A z), °C

40

20

-

0 2x107* 4x107* 6x107* t

A
. . . h _ _ -
Fig. 3. Diagrams © (O,A,t) t(t —kbzt j
solid line — B=107(s), dotted line — =0

The numerical results of determining function ®"(r, z, f) show that when conducting a study of a structure made of
piezoceramic material, it is possible to neglect the impact of the rate of change of body volume and tension on the
temperature field, i.e., to use only the equation of thermal conductivity in calculations.

Figure 4 shows a diagram of movements W*(0, z, £) over time ¢, and Figure 5 shows the dependence of the change in
the radial component of normal stresses o.(r,z ) along coordinate r» at different points in time:

1= = tyax, 2= = 10t (t:;qu =1 s), solid line — z = 0, dotted line — z = A.

w*(0,2,1)x107, m

-10
“' -‘----...Illll‘
nun®
. an®
15 \‘\
0 2x107# 4x10+ 6x10~* t
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Fig. 4. Diagrams W*(0, z, t) — t

Grr(r, Z, t)X 1 077, Pa

0.2 0.4 0.6 0.8 r

Fig. 5. Diagrams ,(r,z, ) = 7: | — £ = tyaes 2 — £ = 10t

It should be noted that under heating, the plate bends with increasing thickness; due to fixation, compressive normal
stresses on(r, z, f) are formed at all points. In the case of complete heating of the structure (¢ = 10¢,4), the value of normal
stresses o.(r, z, 10tmax) in the height of the section practically coincide (Fig. 5, Diagram 2, solid and dotted lines). At this,
on(r, 0, f) remains constant over the entire time interval ¢ > #,... (Fig. 5, solid line), and on the lower plane at the initial
moment of time o(r, 4, ?), it is significantly less (Fig. 5, Diagram 1, dotted line).

For a qualitative assessment of the induced electric pulse in the form of a potential difference ¥(¢) (31), two electrodes
with a radius of separation R = 0.7 and connected to a measuring device (Fig. 6, solid line) must be formed on the upper
front surface of the element in question. At this, determination of V() by connecting the upper and lower (grounded) solid
electrodated surfaces of the plate to the voltmeter (Fig. 6, dotted line) is ineffective.

0)x10°
1.0
0.5
8
‘g
=
sssdiSsosssasassasd 3
IPPTYL L LD bk >
VAT L L L k|

0 2x104 4x10* 6x10* t

Fig. 6. Diagrams V(¢) — ¢
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Discussion and Conclusion. The developed closed solution of the coupled axisymmetric thermoelectroelasticity
problem for a round plate made of piezoceramic material is more accurate than the solution that was developed when
solving problems in an uncoupled formulation. This is due to the fact that the calculated ratios obtained make it possible
to determine how the non-stationary temperature field affects the stress-strain state and the electric field of the element
in question, which makes it possible to describe the behavior of a round piezoceramic plate under the influence of
thermal and electrical loads with greater accuracy. In addition, it becomes possible to scientifically establish the
dimensions of two uncoupled electrodes, which provides measuring the induced electric pulse most effectively.
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06 asmopax:

JAvurpuii ABepkueBud IIsIXuH, TOKTOp TEXHUYECKHX HAYK, JOICHT, 3aBENYIOIMA Kadeapod CTPOUTEIHLHOM
MEXaHUKH, HHKSHEPHO! T'€0JIOTHH, OCHOBAaHUS ¥ PyHIaMeHTOB CaMapCKOro rocyIapCTBEHHOTO TEXHHIECKOTO YHUBEPCUTETA
(443100, P, r. Camapa yi1. Monoznorsapaetickas, 244), SPIN-kox: 7802-5059, ORCID, d-612-mit2009@yandex.ru

Enena BaagumupoBna CaBHHOBA, aclMpaHT, CTaplIMi NpenojaBareib KadeIpbl CTPOUTEIILHOW MEXaHUKH,
WH)KCHEPHOU I'€0JIOTHH, OCHOBaHMA U (yHAaMeHTOB CaMapCKOro TOCYAapCTBEHHOIO TEXHHYECKOI'O YHHBEPCHTETA
(443100, PD, r. Camapa yn. Mononorsapueiickast, 244), SPIN-kon: 7027-4822, ORCID, slenax(@yandex.ru

3assenennviii 6x1a0 A8MOPO8:

J.A. lllngxua — HaydYHOE PYKOBOJCTBO, (DOPMHUpPOBAHNE OCHOBHOHM KOHIICTIIHH, IENIM W 3aJa9d WCCIIEeIOBaHIS,
MIPOBEICHUE pacueToB, OPMUPOBAHHE BEIBOIOB.

E.B. CaBnHOBa — HOATOTOBKA TEKCTA, aHAIN3 PE3YJILTATOB UCCIIEIOBAHNS, TOPAOOTKa TEKCTa, KOPPEKTHPOBKA BBHIBOJIOB.

Konghnuxm unmepecos: aBTOpHI 3asBISIIOT 00 OTCYTCTBHN KOH(IIUKTa HHTEPECOB.
Bce asmopul npouumanu u 0006punu OKOHYAMENbHBLI BAPUAHI PYKONUCU.

IMocTtynuna B pepakuuio 15.12.2023
IMocTtynuna nocJie penensuposanus 11.01.2024
Ipunsara k nyoaukanuu 18.01.2024
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