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Abstract  
Introduction. Devices for collecting and storing energy from the external environment are low-power sources of electric 
energy that are actively used. The autonomous devices for monitoring the damaged condition of various structures include 
them as well. The working element of these devices is a piezoelectric generator (PEG) — a converter of mechanical 
energy into electrical energy. The design of PEG is associated with the preliminary construction of their mathematical 
and computer models, with the help of which the calculation and optimization of structures is carried out. One of the ways 
to model and calculate PEG is to develop approximate calculation methods based on applied theories. The applied theories 
for calculating bending vibrations of multilayer piezoactive plates are known and previously developed in the literature. 
However, in the scientific literature there is not enough information about bending and shear vibrations as a tool for 
improving the efficiency of engineering calculations of the described structures. The objective of this work was to develop 
an applied method for calculating bending and shear vibrations of piezoceramic plates, including porous ones. 
Materials and Methods. Piezoceramics PZT-4, including porous ones, were used as the piezoactive material of the plate. 
When using porous ceramics, the rigidity of the structure decreased to a greater extent than the piezoelectric modules, 
which made it possible to obtain a more effective PEG under mechanical action. The mathematical formulation was 
carried out within the framework of the linear theory of electroelasticity with plate polarization in thickness. The sides of 
the plate were electrodated, the right side was fixed, and a smooth contact in the vertical wall was set on the left side. 
Steady-state vibrations of the plate were caused by pressure on the front surfaces of the plate or the difference in electrical 
potentials at the electrodes. To calculate the characteristics of PEG, the authors proposed an applied theory based on 
hypotheses about the distribution of characteristics of the stress-strain state and the electric field. 
Results. Transverse vibrations of a piezoceramic plate in the low-frequency region (below the first bending-shear 
resonance) were studied. Due to the fact that the mathematical formulation was considered within the framework of the 
linear theory of elasticity, the problem was divided into the sum of two. The first one took into account the mechanical 
effect: a distributed load and a transverse force at the left end acted on the front surfaces of the plate, and the potentials 
at the electrodes were zero. In the second task, there were no mechanical loads, but the potential difference was set at the 
electrodes. Based on hypotheses about the distribution of deformations, mechanical stresses and electric potential, both 
problems were reduced to a system of ordinary differential equations and boundary conditions. Comparison with the 
results of calculations by the finite element method in the ACELAN package showed the adequacy of the proposed applied 
theory in the low-frequency region.  
Discussion and Conclusion. Since the formulation of the problem was considered in the linear theory of electroelasticity, 
and the low-frequency region was studied, the work succeeded in dividing the problem of bending-shear vibrations of a 
porous piezoceramic plate into two: bending — with mechanical action at zero potentials, and shear — when setting the 
potential difference and zero mechanical action. The corresponding hypotheses about bending and shear were used. Two 
systems of ordinary differential equations and boundary conditions, which were solved analytically without the use  
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of “heavy” finite element packages, were constructed. To compare the results and confirm the adequacy of the proposed 
method, the finite element modeling of such tasks was carried out in a specialized ACELAN package. The comparison 
showed that the error in determining displacements and electric potential when using this approach, in the case of setting 
mechanical loads and potential differences, did not exceed 6%. The method developed in the paper can be applied in the 
design of piezoelectric generators for energy storage in the low-frequency region. 

Keywords: energy collection device, piezoelectric generator, porous ceramics, plate bending, plate shear, applied theory 
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Аннотация 
Введение. Устройства сбора и накопления энергии из внешней среды представляют собой маломощные источ-
ники электрической энергии, которые активно используются, в том числе в автономных приборах мониторинга 
поврежденного состояния различных конструкций. Рабочим элементом этих устройств является пьезоэлектриче-
ский генератор (ПЭГ) — преобразователь механической энергии в электрическую. Конструирование ПЭГ свя-
зано с предварительным построением их математических и компьютерных моделей, с помощью которых произ-
водится расчет и оптимизация конструкций. Одним из способов моделирования и расчета ПЭГ является разра-
ботка приближенных методов расчета на основе прикладных теорий. В литературе известны и ранее разработаны 
прикладные теории расчета изгибных колебаний многослойных пьезоактивных пластин. Однако информации об 
изгибно-сдвиговых колебаниях, как инструменте повышения эффективности инженерных расчетов описанных 
конструкций, в научной литературе недостаточно. Целью настоящей работы являлась разработка прикладного 
метода расчета изгибных и сдвиговых колебаний пьезокерамических пластин, в том числе пористых.  
Материалы и методы. В качестве пьезоактивного материала пластины используется пьезокерамика PZT-4, в 
том числе пористая. При использовании пористой керамики жесткость конструкции уменьшается в большей сте-
пени, чем пьезомодули, что позволяет получить более эффективный ПЭГ при механическом воздействии. Мате-
матическая постановка осуществлена в рамках линейной теории электроупругости при поляризации пластины 
по толщине. Боковые стороны пластины электродированы, правая сторона закреплена, а на левой задан гладкий 
контакт в вертикальной стенке. Установившиеся колебания пластины вызываются давлением на лицевые поверх-
ности пластины или разностью электрических потенциалов на электродах. Для расчета характеристик ПЭГ в ра-
боте предлагается прикладная теория, основанная на гипотезах о распределении характеристик напряженно-де-
формированного состояния и электрического поля. 
Результаты исследования. Рассмотрены поперечные колебания пьезокерамической пластины в низкочастотной 
области (ниже первого изгибно-сдвигового резонанса). В силу того, что математическая постановка рассмотрена 
в рамках линейной теории упругости, задача разделилась на сумму двух. В первой учитывалось механическое 
воздействие: на лицевые поверхности пластины действует распределенная нагрузка и поперечная сила на левом 
конце, а потенциалы на электродах равны нулю. Во второй задаче механические нагрузки отсутствовали, но за-
давалась разность потенциалов на электродах. На основе гипотез о распределении деформаций, механических  
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напряжений и электрического потенциала обе задачи были сведены к системе обыкновенных дифференциальных 
уравнений и граничных условий. Сравнение с результатами расчетов методом конечных элементов в пакете 
ACELAN показали адекватность предложенной прикладной теории в низкочастотной области.  
Обсуждение и заключение. Поскольку постановка задачи рассматривалась в линейной теории электроупругости и 
изучалась низкочастотная область, в работе удалось задачу об изгибных и сдвиговых колебаниях пластины из по-
ристой пьезокерамики разделить на две: изгибную — с механическим воздействием при нулевых потенциалах и 
сдвиговую — при задании разности потенциалов и нулевом механическом воздействии. Использованы соответ-
ствующие гипотезы об изгибе и сдвиге, построены две системы обыкновенных дифференциальных уравнений и 
граничных условий, которые решаются аналитически без использования «тяжелых» конечно-элементных пакетов. 
Для сравнения результатов и подтверждения адекватности предложенного метода проведено конечно-элементное 
моделирование таких задач в специализированном пакете ACELAN. Это сравнение показало, что ошибка в опреде-
лении смещений и электрического потенциала при использовании этого подхода, в случае задания механических 
нагрузок и разности потенциалов, не превышает 6 %. Разработанный в статье метод может быть применен при про-
ектировании пьезоэлектрических генераторов накопления энергии в низкочастотной области.  

Ключевые слова: устройство сбора энергии, пьезоэлектрический генератор, пористая керамика, изгиб 
пластины, сдвиг пластины, прикладная теория 
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Introduction. Piezoelectric generators (PEG) are used to convert mechanical energy into electrical energy, followed 
by its accumulation. One of the application areas of PEG is the creation of low-power autonomous renewable sources of 
electric energy. The working element of the PEG is a piezoceramic element of a certain shape. The shape and type of 
deformation of this element determine the piezomodule, which characterizes the conversion of mechanical deformation 
energy into electrical energy. Thus, piezomodule d33 is associated with tension-and-compression along the axis of 
polarization, d31 — with the same deformation in the transverse direction to this axis, d15 — with shear. The use of porous 
ceramics makes it possible to create more efficient PEG. This is due to the fact that the elastic modules of porous ceramics 
decrease significantly stronger with increasing porosity than piezomodules. Thus, under the same mechanical load, the 
deformation amplitude of porous ceramics is greater; therefore, the output electric potential is also greater.  

PEG calculation can be performed by the finite element method implemented in ANSYS, ACELAN, COMSOL, and 
others packages. For piezoelectric elements, one or two sizes of which are significantly smaller than others (plates, rods), 
applied calculation theories can be constructed based on hypotheses about the distribution of mechanical and electric 
fields. Without the use of “heavy” finite element packages, applied theories make it possible to model various devices 
based on piezoactive materials. Piezoelectric, piezomagnetic and composite piezomagnetoelectric materials are 
considered as such materials. The construction of these theories is based on the acceptance of hypotheses about the 
distribution of mechanical, electric and magnetic fields. These hypotheses are related to the vibration mode of elastic and 
piezoactive elements of PEG. The most common designs are active and semipassive bimorphs based on multilayer plates, 
polarized in thickness with electrodes on the front faces, performing transverse bending vibrations. A number of papers 
are devoted to the study of devices with shear deformation of piezoelectric elements. An electric model with piezoelectric 
defining equations of mode d15 and a single-degree-of-freedom model were combined to describe the energy collection 
characteristics of a piezoelectric cantilever in a shear mode in operation [1]. The proposed model is used to simulate the 
frequency dependence of the output peak voltage and power. The results show a good agreement with the experiment and 
the finite element calculation in ANSYS. In [2], a piezoelectric shear mode energy converter was developed to use the 
energy of a pressurized water flow. It converts the energy of the flow into electrical energy through piezoelectric 
conversion with vibration of the piezoelectric film. A finite element model has been developed to estimate the generated 
voltage of a piezoelectric film, which is in good agreement with the conducted field experiment. A one-dimensional fully 
coupled beam vibration model based on Timoshenko-type hypotheses, which provides a single common basis for energy 
analysis in shear and bending modes, is presented in [3]. In [4], the effect of the inhomogeneity of the properties of the 
plate under shear and torsional vibrations of its central part was studied. In experimental work [5], a multilayer cylindrical 
piezoelectric shear actuator (MCPSA) operating in shear mode d15, was presented for precision actuation under high 
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mechanical load. The actuator was made of piezoelectric ceramic rings Pb(Zr,Ti)O3 (PZT-51), which were concentrically 
assembled together in an electrically parallel connection with alternately positive and negative polarization in the axial 
direction. In [6], metamaterial of identical elementary cells was created, an artificial prototype of a device with 
characteristic patterned electrodes and piezoceramic subunits arranged in a row was designed and manufactured, which, 
as proven, ideally generated the synthetic shear deformation of the face. At the same excitation voltage, there was an 
increase in the displacement of the shear type by more than an order of magnitude, compared to the previous volumetric 
elements in mode d15. In the static formulation in [7], the field of electromechanical coupling in the shear-bending mode 
for an annular piezoelectric plate was theoretically established. In accordance with the classical theory of elastic plates of 
small bending and piezoelectric defining equations, an analytical solution of the bending deformation of the piezoactuator 
under the action of an electric field and a concentrated or evenly distributed mechanical load was achieved. The 
mechanism of generating bending deformation was explained by axisymmetric shear deformation, which additionally 
caused bending deformation of one piezoelectric plate in the form of a ring. This mechanism differs significantly from 
the mechanism of piezoelectric bimorphic or unimorphic drives, which were previously reported. The design of the 
annular piezoactuator has been optimized. In [8], a one-dimensional model was used to construct a sensor response 
function based on shear resonators (quartz cuts) of a bulk acoustic wave, which are promising for in-line measurements 
of fluid viscosity, e.g., in industrial processes. In [9], using the finite element method, a piezoelectric flying height control 
converter was investigated using a shear model deformation. In [10], the theory of a functionally graded plate  
with four-unknown shear deformations was used to express the displacement component. The distribution of the electric 
potential was a linear function of thickness. The plate was under mechanical load and electrical voltage. The basic 
equations and boundary conditions were derived using the virtual work principle. The analysis of stresses and 
deformations from the design parameters was performed. The electromechanical analysis of the stability loss of a 
piezoelectric nanoplate under shear using a modified theory of paired stresses with different boundary conditions was 
studied in [11]. To take into account the electrical effects, an external electrical voltage was applied to the piezoelectric 
nanoplate. A simplified theory of the first-order shear deformation was used. The basic differential equations were 
obtained using the Hamilton principle and nonlinear Von Karman deformations. Finally, the results showed that the effect 
of external electrical voltage on the critical shear load arising on the piezoelectric nanoplate was insignificant. In [12], 
using a combination of two classical approaches to modeling the nonlinear behavior of piezoelectric materials, a 
piezoelectric shear drive for an atomic-force microscope was investigated. Specifically, the novelty of the proposed 
method was in the fact that it combined two sources of nonlinearity of the field-dependent model from Müller and Zhang 
with the frequency-dependent model from Damjanović. The numerical results obtained using the finite element method 
(FEM) were compared to the experiment.  

Vibrations in which there is shear in addition to bending are less studied in the scientific literature, i.e., piezomodule 
d15, is the “working” one, whose value decreases with increasing porosity, but to a lesser extent than elastic modules. The 
latter circumstance makes it possible to build an efficient energy conversion device. Therefore, the development of an 
applied theory of PEG calculation using porous piezoceramics based on simplified models without “heavy” finite element 
packages seems to be a highly relevant task. The objective of this work was to construct an applied calculation method 
for steady-state transverse vibrations in the low-frequency region of a porous piezoceramic plate characterized by both 
shear and bending. 

Materials and Methods. The PEG under study was a piezoceramic plate (length l, thickness h), polarized in thickness, 
cantilevered on the right side, the left side was attached to an inertial mass that performed vertical vibrations and was 
fixed in the horizontal direction. The electrodes were located on the sides of the plate; therefore, with a potential difference 
on them and no mechanical load, the principal deformation in the low-frequency region was shear. Vibrations whose 
frequency was less than the frequency of the first resonance were considered. 

Mathematical formulation of the problem 
The mathematical formulation of the problem is described by a system of differential equations [13] and the 

corresponding boundary conditions. 

 ( )
( ) ( )
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E T
j dj j

S T
d j d j /

ρ +α ρ −∇ ⋅ = ∇ ⋅ =

= ⋅⋅ +β − ⋅ = −∇ϕ

+ ς = ⋅⋅ + ς + ⋅ = ∇ +∇

u u σ f D

σ c ε ε e E E
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 (1) 

When considering porous ceramics of connectivity 3–0, equations (1) use effective physical constants determined 
through the ACELAN-COMPOS package [14]. These effective properties based on representative volumes (Fig. 1) were 
obtained in [15]. They are presented in Table 1. 
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Fig. 1. Representative volumes in ACELAN-COMPOS package [14] 

Table 1 
Effective properties of porous ceramics 

% of porosity 0 10 20 30 40 50 60 70 80 

ρ , kg/m3 7,500 6,750 6,000 5,250 4,500 3,750 3,000 2,250 1,500 

eff
11
Ec , 1010 , N/m2 13.90 11.56 9.25 6.85 5.05 3.34 2.07 1.26 0.68 

eff
12
Ec , 1010 , N/m2 7.78 6.15 4.66 3.14 2.10 1.16 0.62 0.28 0.13 

eff
13
Ec , 1010 , N/m2 7.43 5.82 4.25 2.82 1.70 1.06 0.52 0.24 0.10 

eff
33
Ec , 1010 , N/m2 11.50 9.53 7.23 5.42 3.91 2.72 1.63 0.91 0.47 

eff
44
Ec , 1010 , N/m2 2.56 2.23 1.83 1.44 1.10 0.74 0.44 0.23 0.10 

eff
33e , C/m2 15.10 13.38 11.37 9.59 7.68 5.93 3.93 2.30 1.25 

eff
31e , C/m2 –5.20 –4.23 –3.14 –2.07 –1.32 –0.75 –0.43 –0.21 –0.10 

eff
31e , C/m2 12.70 10.96 8.96 6.91 5.00 3.30 1.95 1.00 0.44 

eff
011

S /κ ε  730 663 582 509 439 349 263 191 122 

eff
033

S /κ ε  635 567 492 413 345 270 199 130 75 

According to Table 1, the dependences of effective elastic modules and piezomodules on the percentage of porosity 
[15] are plotted. They are shown in Figure 2. 

  
a) b) 

Fig. 2. Dependences of values on percentage of porosity [15]: a — elastic models; b — piezomodules [15] 
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In accordance with the results shown in Figure 2, elastic modulus E1 decreases significantly faster than 
piezomodule d15.  

Building an applied theory 
The developed calculation method consists of solving two problems: in the first, bending under the effect of a 

mechanical load with zero potential difference is considered; in the second, the shear caused by a potential difference in 
the absence of a mechanical load is modeled. In both cases, the absence of charges on the front faces of the plate is taken 
into account. Under the action of a mechanical load and an electrical potential difference, the results of the two tasks add 
up due to the linearity of the task. 

The action of the mechanical load, the potentials on the electrodes are zero. Hypotheses of the Kirchhoff-Love type 
are accepted regarding the equality of normal stresses to zero, and for displacements: 

 ( ) ( )3 2 1 2, .du UZ x u UZ x z
dx

 = = − 
 

 (2) 

The distribution of electric potential over the thickness is assumed to be quadratic and symmetrical: 

 ( ) ( ) ( )
2

1 1
1 1 2 22 1 1 2 1 4 .z z zx z , h x z h x

h h h
− −     φ = − + + + −    

     
Φ Φ Φ  (3) 

To take into account the boundary conditions at the ends of the plate (x = 0, l), an expression for the transverse force 
is obtained: 

 

( )
( )

( ) ( )

2
33 33 33

13 33 22 233 33 33 33 33 33 3
1 31 22 233 33 33 33

2
33 33 33 3

15 15 222 2
33 33 33

8 8 8

1 8 8 8
12

1 1 8 8 4
12 2
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   +   −     + +    = − − + − −   +   
    

 +   − − − +    +  

+ − −

Φ
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   −   −   + −   − + −  +  
    

−  −  +  

 (4) 

Taking into account the equality of the normal component of the electric induction vector on the front faces (z = ±h) 
to zero, the equations for the unknown deflection UZ2(x) and distribution of the electric potential Ф2(x) have the form: 
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   +   −     + +    − − + − −   +   
    
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c g e dx

   −   −   + −   + −  +  
    

−  − − ρ − = +  

 (5) 
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 
−  

 − =
+

 (6) 

The potential difference is set, the mechanical load is zero. Independence of lateral displacement from thickness, 
equality of the longitudinal displacement to zero, and the quadratic distribution of the electric potential over the thickness 
are assumed (3): 
 ( )3 2 1 0, .xu UZ u= =  (7) 

Expression for the transverse force: 

 ( ) ( )1 44 2 15 2 .d dQ c UZ x h e x h
dx dx

   = − −   
   

Φ  (8) 

Taking into account the equality of the normal component of the electric induction vector on the front faces (z = ±h) 
to zero, the equations for the unknown deflection UZ2(x) and distribution of the electric potential Ф2(x) have the form: 

 ( ) ( ) ( ) ( )
2 2

2
44 2 15 2 22 2 0,d dc UZ x h e x h p x W hUZ x

dx dx
   

− − − − ρ =   
   

Φ  (9) 

 ( ) ( )
2 2

15 2 11 22 2 0.d de UZ x g x
dx dx

− =Φ  (10) 

Research Results. The results of calculations based on the proposed applied theories were compared to the 
calculations of piezoelectric element vibrations (l = 0.1 m, h = 0.01 m) at a frequency equal to 100 s-1 by the finite element 
method in ACELAN [16]. 

In the first problem, defined by equations (5) and (6), when specifying a uniformly distributed load p(x) = 1000 Pa⸳m 
and with boundary conditions: 

 ( ) ( ) ( ) ( ) ( )2 1 0 2 2 2 20, 0, Φ 0 Φ 0, 0, 0,0 x
d dUZ Q | UZ l UZ
dx

l l
dx

== = = = = =  (11) 

the following results were obtained, shown in Figures 3, 4.  
The calculations showed that the error in determining the vertical displacement was 5.8%, and for the horizontal 

displacement, it was 1.2%. 

  
a) b) 

Fig. 3. Vertical displacement in ACELAN in the first problem: a — distribution; b — graph on the upper boundary 
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a) 

 
b) 

Fig. 4. Horizontal displacement in ACELAN in the first problem: a — distribution; b — graph on the upper boundary  

In the second problem, defined by equations (8) and (9), when setting zero load p(x) ≡ 0, potential difference 
V0 = 100 W and with boundary conditions: 
 ( ) ( ) ( )1 0 2 2 0 20, Φ 0 0,Φ , 0,xQ | V Ul Z l= = = = =  (12) 

the following results were obtained, shown in Figures 5, 6.  

 
a) 

 
b) 

Fig. 5. Vertical displacement in ACELAN in the second problem: a — distribution; b — graph on the upper boundary  
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a) 

 
b) 

Fig. 6. Electric potential in ACELAN in the second problem: a — distribution;  
b — dependence on the longitudinal coordinate in the middle of the thickness  

The calculations showed that the error in determining the vertical displacement was 0.8%, and for the electric 
potential, it was less than 1%. It should be noted that the values of the horizontal displacement calculated in ACELAN 
turned out to be three orders of magnitude less than the maximum vertical displacement, which indicated the adequacy 
of the hypothesis (7). 

When setting mechanical loads and potential differences, the error of the proposed method turned out to be about 6 % 
for the displacement and electrical potential components. 

Discussion and Conclusion. As noted in the cited literature, the simultaneous use of bending and shear of a piezoelectric 
element can significantly increase its efficiency. In addition, the use of porous ceramics, due to different dependences of elastic 
modules and piezomodules on the percentage of porosity, also improves the output characteristics of PEG. 

In this paper, due to the linear formulation in the theory of electroelasticity, it was possible to develop an applied 
theory for calculating bending-shear vibrations of a piezoelectric element in the low-frequency region, which consisted 
of solving two problems: in the first, mechanical loads operated at zero potentials, and in the second, on the contrary, 
there were zero mechanical loads, and a potential difference was set. Based on various hypotheses about the distribution 
of mechanical and electric fields, two boundary value problems for systems of ordinary differential equations were 
obtained, which were solved analytically. The results of the calculation of displacements and electric potential were 
compared using the proposed method and the FEM implemented in the ACELAN package. These calculations validated 
the applicability of the proposed method, the error for which in calculating the above characteristics was 6%. This 
accuracy is sufficient for engineering calculations; therefore, the proposed method can be applied in the design of 
piezoelectric devices, including the collection and storage of energy. Further development of this applied theory will be 
aimed at covering a wider frequency range, including the first flexural shear resonance. 
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