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Abstract

Introduction. Devices for collecting and storing energy from the external environment are low-power sources of electric
energy that are actively used. The autonomous devices for monitoring the damaged condition of various structures include
them as well. The working element of these devices is a piezoelectric generator (PEG) — a converter of mechanical
energy into electrical energy. The design of PEG is associated with the preliminary construction of their mathematical
and computer models, with the help of which the calculation and optimization of structures is carried out. One of the ways
to model and calculate PEG is to develop approximate calculation methods based on applied theories. The applied theories
for calculating bending vibrations of multilayer piezoactive plates are known and previously developed in the literature.
However, in the scientific literature there is not enough information about bending and shear vibrations as a tool for
improving the efficiency of engineering calculations of the described structures. The objective of this work was to develop
an applied method for calculating bending and shear vibrations of piezoceramic plates, including porous ones.

Materials and Methods. Piezoceramics PZT-4, including porous ones, were used as the piezoactive material of the plate.
When using porous ceramics, the rigidity of the structure decreased to a greater extent than the piezoelectric modules,
which made it possible to obtain a more effective PEG under mechanical action. The mathematical formulation was
carried out within the framework of the linear theory of electroelasticity with plate polarization in thickness. The sides of
the plate were electrodated, the right side was fixed, and a smooth contact in the vertical wall was set on the left side.
Steady-state vibrations of the plate were caused by pressure on the front surfaces of the plate or the difference in electrical
potentials at the electrodes. To calculate the characteristics of PEG, the authors proposed an applied theory based on
hypotheses about the distribution of characteristics of the stress-strain state and the electric field.

Results. Transverse vibrations of a piezoceramic plate in the low-frequency region (below the first bending-shear
resonance) were studied. Due to the fact that the mathematical formulation was considered within the framework of the
linear theory of elasticity, the problem was divided into the sum of two. The first one took into account the mechanical
effect: a distributed load and a transverse force at the left end acted on the front surfaces of the plate, and the potentials
at the electrodes were zero. In the second task, there were no mechanical loads, but the potential difference was set at the
electrodes. Based on hypotheses about the distribution of deformations, mechanical stresses and electric potential, both
problems were reduced to a system of ordinary differential equations and boundary conditions. Comparison with the
results of calculations by the finite element method in the ACELAN package showed the adequacy of the proposed applied
theory in the low-frequency region.

Discussion and Conclusion. Since the formulation of the problem was considered in the linear theory of electroelasticity,
and the low-frequency region was studied, the work succeeded in dividing the problem of bending-shear vibrations of a
porous piezoceramic plate into two: bending — with mechanical action at zero potentials, and shear — when setting the
potential difference and zero mechanical action. The corresponding hypotheses about bending and shear were used. Two
systems of ordinary differential equations and boundary conditions, which were solved analytically without the use
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of “heavy” finite element packages, were constructed. To compare the results and confirm the adequacy of the proposed
method, the finite element modeling of such tasks was carried out in a specialized ACELAN package. The comparison
showed that the error in determining displacements and electric potential when using this approach, in the case of setting
mechanical loads and potential differences, did not exceed 6%. The method developed in the paper can be applied in the
design of piezoelectric generators for energy storage in the low-frequency region.
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AHHOTANNSA

Beeoenue. YcrpoiictBa cOopa M HAaKOTUICHHUS YHEPTHH U3 BHEIIHEH CPEIbl MPEACTABISIOT COO0H MaTOMOITHBIE HCTOY-
HHKH 3JIEKTPUYECKON SHEPTUH, KOTOPBIE aKTHBHO MCIOJIB3YIOTCS, B TOM YHCIIE B aBTOHOMHBIX TPUOOPaX MOHUTOPUHIA
TIOBPEKAEHHOTO COCTOSHUSI PA3INIHBIX KOHCTPYKIMHA. Pab0ounM 371eMEHTOM 3THX yCTPOUCTB SIBIIACTCS MTBE30ICKTPHYE-
ckuii reaeparop (I13I') — mpeoOpazoBaTens MEXaHUIECKOW YHEPTUH B dMeKTpudeckyto. Koncrpynuposanue 191 cBs-
3aHO C IIPEABAPUTEIBHBIM OCTPOSHHEM HX MAaTEMAaTHUECKUX U KOMIBIOTEPHBIX MOAENEH, C IIOMOIIBIO KOTOPBIX MTPOH3-
BOJUTCS pacdyeT M ONTHMU3anus KOHCTpYKuui. OgHuM u3 criocoOoB MonenupoBanus u pacdera I101 sBisercs paspa-
00TKa MPUOJIMKEHHBIX METOJIOB paciyeTa Ha OCHOBE MPUKIIAIHBIX TEOPU. B muTepaType n3BecTHHI 1 paHee pa3paboTaHbl
MIPUKJIaJIHbIE TEOPHH pacyeTa N3rHOHBIX KoJieOaHUH MHOTOCIIOWHBIX ITb€30aKTUBHBIX ITacThH. O1HaKo HHpopMaIuu 0o
W3rHOHO-CABUTOBBIX KOJE0aHUIX, KaK HHCTPYMEHTE HOBBIIIEHHS 3()()EKTHBHOCTH MHKEHEPHBIX PAacUeTOB OIMCAHHBIX
KOHCTPYKIIMH, B HAYYHOH JIMTepaType HexaoctaTouHo. L{enpio Hacrosel paboTh! sBIsUIach pa3padOTKa MPUKIIAJTHOTO
METOZa pacucTa I/I3FI/I6HLIX U CABUI'OBBIX KOJ'[C6aHHI>i MbE30KCPaMUYECCKUX TIJIACTUH, B TOM YUCJIC ITIOPHUCTHIX.
Mamepuanvt u memoosl. B xauecTBe NMbe30aKTUBHOTO MaTepHalia IJIACTUHBI HCIIONb3yeTcs Mbe3okepamuka PZT-4, B
TOM uHcie nopucras. [Ipy HCroap30BaHUN NOPHUCTOM KEPaMHKH KECTKOCTh KOHCTPYKIIMHM YMEHBIIIAeTCsl B OOJIbILEH cTe-
MIEHH, YeM IIFE30MOTYJIH, YTO ITO3BOJISET MOMY4YHTh Ooee 3¢ dexruBupiii 101 npu MexanndeckoMm Bo3neiicTBuu. Mate-
MaTHYeCcKasi MOCTAHOBKA OCYIIECTBIICHA B PaMKax JIMHEHHOW TEOPHH 3JIEKTPOYNPYTOCTH MPH MOJISAPU3ALNHN TIACTHHBI
T10 TONIIMHE. BOKOBBIE CTOPOHBI IITACTHHBI 3JIEKTPOANPOBAHBI, IPaBasi CTOPOHA 3aKPEIUICHa, a Ha JIEBOH 3aaH IITaaKui
KOHTAaKT B BEPTHKAJIBHON CTCHKE. Y CTAHOBHBININECS KOJICOAHH IITACTHHBI BBI3BIBAIOTCS IABICHUEM Ha JIMIIEBBIC IIOBEPX-
HOCTH IUTACTHHBI WJIM Pa3HOCTHIO 3JIEKTPUIECKUX IMOTEHINANIOB Ha 3nekTpoaax. s pacuera xapakrepuctuk 101 B pa-
6oTe npesaraeTcs MpUKIaIHas TEOPHsL, OCHOBAHHAS HA TMIIOTE3axX O PaclpeesIeHHH XapaKTepPUCTHK HalpsHKeHHO-/1e-
(hOPMHPOBAHHOTO COCTOSHUS M HJIEKTPUUECKOTO TTOJISL.

Pe3yromamut uccnedosanus. PaccMOTPEHBI TIOTIEPEYHBIC KOJICOAHMS ITbe30KePaMUIESCKO# TNIACTHHBI B HI3KOYACTOTHOM
oOacTu (HIKe IEPBOTO M3rMOHO-CIBUTOBOTO pe30HaHca). B cuity Toro, 4to Maremarnyeckas IIoCTaHOBKA PACCMOTPEHA
B paMKax JMHEHHON TeOpHM YIPYroCTH, 3a/ladya pa3esuiach Ha CyMMYy JIByX. B mepBoil yuuThIBaJIoch MEXaHUYECKOE
BO3/ICMCTBHUE: Ha JIUIIEBBIC TIOBEPXHOCTH IJIACTUHBI ICHCTBYET paclpeielieHHas Harpy3Ka U MolepeyHast CHila Ha JICBOM
KOHIIC, a MOTCHIUAJIBI Ha 3JICKTPOJaX paBHBI HYIIIO. Bo BTOpOﬁ 3a4a49€ MEXaHNYECKUC HAI'PY3KU OTCYTCTBOBAJIU, HO 3a-
JlaBajach Pa3HOCThH ITOTCHIMAJIOB Ha 3JeKTpoaax. Ha ocHOBe rumorte3 o pacnpeneneHun aedopMaryii, MEXaHHIECKIX
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HaIpsDKEHUH 1 2JIEKTPUYECKOro MOTeHIMaja 00e 3a1a4u ObUIN CBEJICHBI K CHCTEME O0OBIKHOBEHHBIX AU (hepeHIInaTIbHBIX
YPaBHEHHMH M TpaHUYHBIX ycnoBuid. CpaBHEHHE C pe3yabTaTaMU PAacUYETOB METOJOM KOHEYHBIX JJIEMEHTOB B NAKETE
ACELAN mnokasanu aIeKBaTHOCTh MPE/I0KEHHOHN NPUKIAAHON TEOPHUH B HU3KOYAaCTOTHOM 00J1acTH.

Oécysrcoenue u 3axnrouenue. 110ckoIbKy IIOCTaHOBKA 331241 PacCMaTpUBalIach B IMHEHHOM TEOPUH AIIEKTPOYNIPYTOCTH U
n3yJanach HU3KOYAaCTOTHAs 00JIaCcTh, B pabOTe yAanoch 3a1ady 00 M3THOHBIX U CIBUTOBBIX KOJIEOAHMSIX TUIACTHHEI U3 I10-
PHCTOH NMbE30KEPaMHUKH Pa3/IelINTh Ha JIBE: M3THOHYI0 — C MEXaHHYECKUM BO3ACHCTBHEM IPH HYJIEBBIX IMOTCHIHANAX H
CIIBUTOBYIO — TIPH 3aJIaHUM Pa3HOCTH MOTEHIMAJIOB M HyJIEBOM MEXaHHYECKOM BO3JCHCTBHH. VICIIOIB30BaHBI COOTBET-
CTBYIOIINE TUIOTE3bl 00 M3rnde M CABUTE, TIOCTPOCHBI /IBE CHCTEMBbI OOBIKHOBEHHBIX I (PEepeHINATBHBIX YPaBHEHHH 1
T'PaHUYHBIX YCIIOBHH, KOTOPBIE PELIAIOTCS aHATUTHIECKH 0€3 MCIIOIb30BAHUS «TSDKEIIBIX» KOHEYHO-3JIEMEHTHBIX TTaKETOB.
Jast cpaBHEHHMS pe3yIIbTaTOB M MOATBEPKACHHS aJeKBaTHOCTH NPEUIOKEHHOIO METO/1a TIPOBEJEHO KOHEYHO-3JIEMEHTHOE
MOJIEIMPOBaHNE TAKUX 33/1a4 B criennannsupoaHHoM nakere ACELAN. 3to cpaBHeHHe nokasao, 4To omubKa B orpesie-
JICHUHN CMeHleHI/Iﬁ 1 DJICKTPUYECCKOr0 NOTCHIMAaIa IMPU UCIIOJIB30BAHNU 3TOI'0 IMOAXO0/Aa, B CIIydyac 3aJlaHuA MCXaHNUYCCKHUX
Harpy3oK 1 pa3HOCTH IIOTEHIHAJIOB, He IIPeBbIIaeT 6 %. Pa3paboTaHHbIl B CTaThe METOA MOXKET OBITh IIPUMEHEH IIPH IIPo-
EKTUPOBAHNH MbE30IEKTPUUECKHX TeHEPATOPOB HAKOIUICHHSI SHEPTUH B HU3KOUACTOTHON 00JIACTH.

KnrodeBble ciioBa: yCTpoWCTBO cOopa 3HEPrHM, IbE303JIEKTPUUSCKUI TeHepaTop, IMOpUCcTas KepaMHKa, H3rHO
IUTACTHHBI, CABUT IUIACTHHBI, IPUKJIAIHAS TCOPH

Eﬂarouapﬂocnl. ABTOpLI BBIPpAXKAKOT 6Har0,£[apHOCTL peaakuum XypHajla W PEUCH3€HTaM 3a BHHUMATCIBHOC
OTHOIICHHUEC K CTAaThE.
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Introduction. Piezoelectric generators (PEG) are used to convert mechanical energy into electrical energy, followed
by its accumulation. One of the application areas of PEG is the creation of low-power autonomous renewable sources of
electric energy. The working element of the PEG is a piezoceramic element of a certain shape. The shape and type of
deformation of this element determine the piezomodule, which characterizes the conversion of mechanical deformation
energy into electrical energy. Thus, piezomodule ds; is associated with tension-and-compression along the axis of
polarization, d3; — with the same deformation in the transverse direction to this axis, dis — with shear. The use of porous
ceramics makes it possible to create more efficient PEG. This is due to the fact that the elastic modules of porous ceramics
decrease significantly stronger with increasing porosity than piezomodules. Thus, under the same mechanical load, the
deformation amplitude of porous ceramics is greater; therefore, the output electric potential is also greater.

PEG calculation can be performed by the finite element method implemented in ANSYS, ACELAN, COMSOL, and
others packages. For piezoelectric elements, one or two sizes of which are significantly smaller than others (plates, rods),
applied calculation theories can be constructed based on hypotheses about the distribution of mechanical and electric
fields. Without the use of “heavy” finite element packages, applied theories make it possible to model various devices
based on piezoactive materials. Piezoelectric, piezomagnetic and composite piezomagnetoelectric materials are
considered as such materials. The construction of these theories is based on the acceptance of hypotheses about the
distribution of mechanical, electric and magnetic fields. These hypotheses are related to the vibration mode of elastic and
piezoactive elements of PEG. The most common designs are active and semipassive bimorphs based on multilayer plates,
polarized in thickness with electrodes on the front faces, performing transverse bending vibrations. A number of papers
are devoted to the study of devices with shear deformation of piezoelectric elements. An electric model with piezoelectric
defining equations of mode ds and a single-degree-of-freedom model were combined to describe the energy collection
characteristics of a piezoelectric cantilever in a shear mode in operation [1]. The proposed model is used to simulate the
frequency dependence of the output peak voltage and power. The results show a good agreement with the experiment and
the finite element calculation in ANSYS. In [2], a piezoelectric shear mode energy converter was developed to use the
energy of a pressurized water flow. It converts the energy of the flow into electrical energy through piezoelectric
conversion with vibration of the piezoelectric film. A finite element model has been developed to estimate the generated
voltage of a piezoelectric film, which is in good agreement with the conducted field experiment. A one-dimensional fully
coupled beam vibration model based on Timoshenko-type hypotheses, which provides a single common basis for energy
analysis in shear and bending modes, is presented in [3]. In [4], the effect of the inhomogeneity of the properties of the
plate under shear and torsional vibrations of its central part was studied. In experimental work [5], a multilayer cylindrical
piezoelectric shear actuator (MCPSA) operating in shear mode ds, was presented for precision actuation under high
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mechanical load. The actuator was made of piezoelectric ceramic rings Pb(Zr,Ti)O3 (PZT-51), which were concentrically
assembled together in an electrically parallel connection with alternately positive and negative polarization in the axial
direction. In [6], metamaterial of identical elementary cells was created, an artificial prototype of a device with
characteristic patterned electrodes and piezoceramic subunits arranged in a row was designed and manufactured, which,
as proven, ideally generated the synthetic shear deformation of the face. At the same excitation voltage, there was an
increase in the displacement of the shear type by more than an order of magnitude, compared to the previous volumetric
elements in mode ds. In the static formulation in [7], the field of electromechanical coupling in the shear-bending mode
for an annular piezoelectric plate was theoretically established. In accordance with the classical theory of elastic plates of
small bending and piezoelectric defining equations, an analytical solution of the bending deformation of the piezoactuator
under the action of an electric field and a concentrated or evenly distributed mechanical load was achieved. The
mechanism of generating bending deformation was explained by axisymmetric shear deformation, which additionally
caused bending deformation of one piezoelectric plate in the form of a ring. This mechanism differs significantly from
the mechanism of piezoelectric bimorphic or unimorphic drives, which were previously reported. The design of the
annular piezoactuator has been optimized. In [8], a one-dimensional model was used to construct a sensor response
function based on shear resonators (quartz cuts) of a bulk acoustic wave, which are promising for in-line measurements
of fluid viscosity, e.g., in industrial processes. In [9], using the finite element method, a piezoelectric flying height control
converter was investigated using a shear model deformation. In [10], the theory of a functionally graded plate
with four-unknown shear deformations was used to express the displacement component. The distribution of the electric
potential was a linear function of thickness. The plate was under mechanical load and electrical voltage. The basic
equations and boundary conditions were derived using the virtual work principle. The analysis of stresses and
deformations from the design parameters was performed. The electromechanical analysis of the stability loss of a
piezoelectric nanoplate under shear using a modified theory of paired stresses with different boundary conditions was
studied in [11]. To take into account the electrical effects, an external electrical voltage was applied to the piezoelectric
nanoplate. A simplified theory of the first-order shear deformation was used. The basic differential equations were
obtained using the Hamilton principle and nonlinear Von Karman deformations. Finally, the results showed that the effect
of external electrical voltage on the critical shear load arising on the piezoelectric nanoplate was insignificant. In [12],
using a combination of two classical approaches to modeling the nonlinear behavior of piezoelectric materials, a
piezoelectric shear drive for an atomic-force microscope was investigated. Specifically, the novelty of the proposed
method was in the fact that it combined two sources of nonlinearity of the field-dependent model from Miiller and Zhang
with the frequency-dependent model from Damjanovi¢. The numerical results obtained using the finite element method
(FEM) were compared to the experiment.

Vibrations in which there is shear in addition to bending are less studied in the scientific literature, i.e., piezomodule
ds, 1s the “working” one, whose value decreases with increasing porosity, but to a lesser extent than elastic modules. The
latter circumstance makes it possible to build an efficient energy conversion device. Therefore, the development of an
applied theory of PEG calculation using porous piezoceramics based on simplified models without “heavy” finite element
packages seems to be a highly relevant task. The objective of this work was to construct an applied calculation method
for steady-state transverse vibrations in the low-frequency region of a porous piezoceramic plate characterized by both
shear and bending.

Materials and Methods. The PEG under study was a piezoceramic plate (length /, thickness %), polarized in thickness,
cantilevered on the right side, the left side was attached to an inertial mass that performed vertical vibrations and was
fixed in the horizontal direction. The electrodes were located on the sides of the plate; therefore, with a potential difference
on them and no mechanical load, the principal deformation in the low-frequency region was shear. Vibrations whose
frequency was less than the frequency of the first resonance were considered.

Mathematical formulation of the problem

The mathematical formulation of the problem is described by a system of differential equations [13] and the
corresponding boundary conditions.

pprit+agpu—-V-6=f{; V-D=0
6=c; (e+Byt)—e} -E E=-Vo (1)
D+g,D=e; (e+csé)+2] E ¢ :(Vu+VuT)/2

When considering porous ceramics of connectivity 3—0, equations (1) use effective physical constants determined
through the ACELAN-COMPOS package [14]. These effective properties based on representative volumes (Fig. 1) were
obtained in [15]. They are presented in Table 1.
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Fig. 1. Representative volumes in ACELAN-COMPOS package [14]

Table 1
Effective properties of porous ceramics

% of porosity 0 10 20 30 40 50 60 70 80
P, kg/m’ 7,500 | 6,750 | 6,000 | 5250 | 4,500 | 3,750 | 3,000 | 2250 | 1,500
cEef 1010, N/m? 1390 | 1156 | 9.25 6.85 5.05 3.34 2.07 1.26 0.68
cE 10, N/m? 7.78 6.15 4.66 3.14 2.10 1.16 0.62 0.28 0.13
cET 1010, N/m? 7.43 5.82 425 2.82 1.70 1.06 0.52 0.24 0.10
cET 1010, N/m? 11.50 9.53 7.23 5.42 391 2.72 1.63 0.91 0.47
cE 10, N/m? 2.56 2.23 1.83 1.44 1.10 0.74 0.44 0.23 0.10
el Clm? 1510 | 1338 | 1137 | 9.59 7.68 5.93 3.93 2.30 1.25
es™ | C/m? 520 | —423 | 314 | 207 | -132 | —0.75 | —043 | 021 | —0.10
el Clm? 12.70 | 1096 | 8.96 6.91 5.00 3.30 1.95 1.00 0.44
KT /g 730 663 582 509 439 349 263 191 122

st /g 635 567 492 413 345 270 199 130 75

According to Table 1, the dependences of effective elastic modules and piezomodules on the percentage of porosity
[15] are plotted. They are shown in Figure 2.

100 500
Q

(Dﬁ QL 300 — (3 Y N3 4‘;.

= . pEef - ¢
. = 60 E, ?3.3 200 dsﬁ

g P = — d
g = 40 — 59 2 100 C o
2 K
g g E
3 2 20 5 R
- - £ _100] o
é . )
§ 0 20 40 60 80 200O 10 20 30 40 50 60 70 80
= Porosity, % Porosity, %
2]
g‘ a) b)

Fig. 2. Dependences of values on percentage of porosity [15]: @ — elastic models; b — piezomodules [15]
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In accordance with the results shown in Figure 2, elastic modulus E; decreases significantly faster than
piezomodule d;s.

Building an applied theory

The developed calculation method consists of solving two problems: in the first, bending under the effect of a
mechanical load with zero potential difference is considered; in the second, the shear caused by a potential difference in
the absence of a mechanical load is modeled. In both cases, the absence of charges on the front faces of the plate is taken
into account. Under the action of a mechanical load and an electrical potential difference, the results of the two tasks add
up due to the linearity of the task.

The action of the mechanical load, the potentials on the electrodes are zero. Hypotheses of the Kirchhoff-Love type
are accepted regarding the equality of normal stresses to zero, and for displacements:

us ZU22 (x),m Z—[%UZZ (X)jz. (2)

The distribution of electric potential over the thickness is assumed to be quadratic and symmetrical:
2
o=, (x)z(Z,%—l)h_l + @, (x)z(1+2%jh_l + @, (@(1—42—2} 3)

To take into account the boundary conditions at the ends of the plate (x = 0, /), an expression for the transverse force
is obtained:

8cizgy +8ehy 8
C13€33 72_}7
1 (633g33 t+ess ) 8c33g33 +8ei 8
O =|-——- tel TN 57
12 c33 (033g33 +e33)h h

2
L lM_iz W —eish (i@z(x)j+
127\ 2 (engm+eh )n® b dx

4)
33 (6’13633h2 —C33e31h2)
C13 > 3 —C13 5 5
1 (033g33+e33)h 631(013633h —c33eszth ) ,
+ ——| —ci1 - + -
12 €33 (6’33g33 +€323)h2
2 2
1 es (013633h —cyzesth )h d3
ey 2 —=UZ (x) .
24 33833 +e33 dx

Taking into account the equality of the normal component of the electric induction vector on the front faces (z = +h)
to zero, the equations for the unknown deflection UZ»(x) and distribution of the electric potential ®,(x) have the form:
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The potential difference is set, the mechanical load is zero. Independence of lateral displacement from thickness,
equality of the longitudinal displacement to zero, and the quadratic distribution of the electric potential over the thickness

are assumed (3):

us =UZz(x),u1 =0. (7)
Expression for the transverse force:
d d
Ql :—044[5[]22 (x)jh—&s[adjz (x)jh (8)

Taking into account the equality of the normal component of the electric induction vector on the front faces (z = +h)
to zero, the equations for the unknown deflection UZ,(x) and distribution of the electric potential ®d,(x) have the form:

2 2
—Cu [“'—ZUZ2 (x)jh —el{d—z@ (x)Jh - p(x)-W?phUZ,(x) =0, )
dx dx
d? d?
elsEUZz(x)—gn?ch(x):O. (10)

Research Results. The results of calculations based on the proposed applied theories were compared to the
calculations of piezoelectric element vibrations (/ = 0.1 m, 2 = 0.01 m) at a frequency equal to 100 s™! by the finite element

method in ACELAN [16].
In the first problem, defined by equations (5) and (6), when specifying a uniformly distributed load p(x) = 1000 Pa-m

and with boundary conditions:
d d
EUZQ (0)=0,01 k=0=0,0,(0)=D>(/)=0,UZ>(I)=0, EUZZ (H)=o0, (11

the following results were obtained, shown in Figures 3, 4.
The calculations showed that the error in determining the vertical displacement was 5.8%, and for the horizontal

displacement, it was 1.2%.

4.461E-7 S
| Us, m
2.788E~7 | - 3x107
-
e f ! 2x10°7
1.394E-7
| 1x107
0.000E+0 0

0.02 0.06 X, m
a) b)
Fig. 3. Vertical displacement in ACELAN in the first problem: ¢ — distribution; » — graph on the upper boundary
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Fig. 4. Horizontal displacement in ACELAN in the first problem: a — distribution; b — graph on the upper boundary

In the second problem, defined by equations (8) and (9), when setting zero load p(x) =0, potential difference
Vo =100 W and with boundary conditions:
O l=0=0, D, (0) =0, (1) =V,,UZ> (1) =0, (12)

the following results were obtained, shown in Figures 5, 6.
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Fig. 5. Vertical displacement in ACELAN in the second problem: @ — distribution; » — graph on the upper boundary
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Fig. 6. Electric potential in ACELAN in the second problem: ¢ — distribution;
b — dependence on the longitudinal coordinate in the middle of the thickness

The calculations showed that the error in determining the vertical displacement was 0.8%, and for the electric
potential, it was less than 1%. It should be noted that the values of the horizontal displacement calculated in ACELAN
turned out to be three orders of magnitude less than the maximum vertical displacement, which indicated the adequacy
of the hypothesis (7).

When setting mechanical loads and potential differences, the error of the proposed method turned out to be about 6 %
for the displacement and electrical potential components.

Discussion and Conclusion. As noted in the cited literature, the simultaneous use of bending and shear of a piezoelectric
element can significantly increase its efficiency. In addition, the use of porous ceramics, due to different dependences of elastic
modules and piezomodules on the percentage of porosity, also improves the output characteristics of PEG.

In this paper, due to the linear formulation in the theory of electroelasticity, it was possible to develop an applied
theory for calculating bending-shear vibrations of a piezoelectric element in the low-frequency region, which consisted
of solving two problems: in the first, mechanical loads operated at zero potentials, and in the second, on the contrary,
there were zero mechanical loads, and a potential difference was set. Based on various hypotheses about the distribution
of mechanical and electric fields, two boundary value problems for systems of ordinary differential equations were
obtained, which were solved analytically. The results of the calculation of displacements and electric potential were
compared using the proposed method and the FEM implemented in the ACELAN package. These calculations validated
the applicability of the proposed method, the error for which in calculating the above characteristics was 6%. This
accuracy is sufficient for engineering calculations; therefore, the proposed method can be applied in the design of
piezoelectric devices, including the collection and storage of energy. Further development of this applied theory will be
aimed at covering a wider frequency range, including the first flexural shear resonance.
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