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Abstract

Introduction. The development of the polar areas of the World Ocean and the need to solve various problems
associated with a large number of freezing inland water bodies issue new challenges for science. These challenges
include the problem of studying the behavior of ice cover when exposed to various types of loads. Of great interest is
the consideration of problems about the action of a moving load on the ice cover. A moving load simulates the effect
of moving vehicles on ice. However, in papers devoted to the above problems, cases of load movement along a straight-
line trajectory are considered. The objective of this research is to develop a method for studying the behavior of ice
cover under the action of a load moving arbitrarily.

Materials and Methods. The article proposes a method for solving the problem of the action of a force moving along
an arbitrary trajectory on the ice cover of a reservoir of finite depth. The problem amounts to solving a system of two
differential equations. The first of them models the behavior of the ice cover, and it is the equation of vibrations of a
viscoelastic plate. The second equation simulates the behavior of fluid in a state of potential flow, and it is Laplace's
equation. To solve the system of differential equations, integral transformations in time, space and variables were used.
The resulting solution was expressed through an iterated integral, which was calculated using numerical methods.
Results. The development and implementation of the method resulted in solving the problem of the movement of a
concentrated force along an ice cover according to an arbitrary law. At the same time, studies were carried out on the
behavior of displacements and stresses in the ice cover depending on the speed and acceleration of the movement of
the vertical load, on the depth of the reservoir, and on the viscoelastic properties of ice. In addition, the distribution of
the velocity vector of fluid particles along the depth of the reservoir was calculated.

Discussion and Conclusion. The proposed method is very effective for solving problems of moving loads acting on
the ice cover of a reservoir of finite depth. It provides solving problems about the action of a load moving along an ice
cover along a complex trajectory. The results obtained can be used to calculate the stress and displacement of the ice
cover during the laying of ice roads or the construction of airfields on the ice.
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OpuzuHaJleoe meopemu4deckoe uccnedosamue

Pa3pa6oTka MeTona peneHus 3a1a4n qeopManum JieATHOTO MOKPOBA MO/ AeiicTBHEM
MPOU3BOJILHO JABMKYLIEHCS HATPY3KH

A.B. T'ana0ypaun

JloHCKOM rocyapcTBEHHbIN TEXHUYECKUI yHUBEPCUTET, T. PocTtoB-Ha-JloHy, Poccuiickas deneparust

>< 5339850@mail.ru

AHHOTANUA

Beeoenue. OcBoeHNE MOJSIPHBIX paifoHOB MUPOBOTO OKeaHa, HEOOXOAUMOCTh PEIICHHS PA3IMYHBIX 3a/1a4, CBSI3aHHBIX
C HAJMYHUEM OOJBIIOrO YKcia 3aMep3alolinX BHYTPEHHUX BOJOEMOB, CTAaBST Iepell HAyKOH HOBEIC mpoOieMbl. K ux
YHUCIy OTHOCHTCS MpoOJieMa U3ydYeHHs TOBEACHUS JICITHOTO MMOKPOBA MOJ BO3JACHCTBHEM Ha HErO Pa3IMYHOTO BHUA
Harpy3ok. bomnb1io# nHTEpec npecTaBiIseT paCCMOTPEHHE 3a/1a4 O IeHCTBUU Ha JIeASTHON MMOKPOB MOIBHXKHOM HArpy3KH.
[lonBmxHasg Harpy3ka MOJICTHPYET NeHCTBHME Ha JIeA IBIKYIIUXCA TPAHCHOPTHBIX cpencTB. OmHako B paborax,
TOCBANICHHBIX BBIMICYKA3aHHBIM 3aJadaM, pacCMaTpHUBAIOTCA Cilydand JIBMXKCHUSA HArpy3Ku II0 HpﬂMOHHHeﬁHOﬁ
Tpaekropuu. L{enbio AaHHOW PabOThI ABJISIETCS pa3pabOTKa METOAa MUCCIACIOBAHUS MOBEACHUS JICASHOTO MMOKPOBA MO
JeHCTBHEM Harpy3KH, ITepeMearonieics: IPOU3BOIBHBIM 00pa3oM.

Mamepuansvt u memoost. B cratbe NpensioxKeH METOJ PEUICHUs 3a7aud O IEWCTBUM Ha JEASHOM MOKPOB BOAOEMA
KOHEYHOH TITyOWHBI IBIDKYIICHCS MO MPOW3BOJIEHOMN TPACKTOPHUU CHIIBL. 3a/1a4a CBOJUTCS K PEIICHUIO CUCTEMBI JIBYX
muddhepeHINaTbHBIX ypaBHEHUH. [IepBoe U3 HUX MOJIEINPYET MOBEICHUE JISASTHOTO TIOKPOBA U SBISACTCS ypaBHCHUEM
KoJeOaHUU BS3KOYNpPYTrod IUTACTUHBL. BTOpoe — MOAENHpyeT MOBEACHHE XUAKOCTH, HAXOISMICHCS B COCTOSHUHU
MOTCHIIMATFHOTO TEYCHMsI, U sBIsAETCA ypaBHeHWeM Jlarumaca. Jlns pemeHus cucteMbl nuddepeHImantbHbIX
YpaBHCHHUU NPUMEHSUIHCh WHTETPATbHBIC MpPeoOpa3oBaHUS MO BPEMEHHOW WM MPOCTPAHCTBEHHBIM TEPEMEHHBIM.
[TonyueHHOoe B pe3ylbTaTe pEHICHHE BBIPAXKAIOCh Yepe3 MOBTOPHBIM HMHTETpaji, [Js BBIUKUCIEHUS KOTOPOIO
IPUMCHAJINCH YUCJIICHHBIC METObI.

Pesynomamul uccnedosanua. B pesynbTare peanuzaliil MPEJIOKEHHOTO METOJa MOJYyYEeHO pEeIIeHUE 3aJady o
IBIDKEHUH COCPEIOTOYEHHON CHIIBI IO JICASHOMY MOKpPOBY MO TPOHM3BOJIBHOMY 3aKOHY. IIpm 3TOM mpow3BeneHBI
HCCIICIOBAHM XapaKTepa MOBEACHUS MEPEMEIICHII U HAPSOHKCHUH B JICISTHOM TIOKPOBE B 3aBUCHMOCTH OT CKOPOCTH U
YCKOpEHHsI JIBIDKEHUS BEPTHKAIBFHOW HArpy3KW, TIyOHHBI BOJOEMa M BS3KOYNPYTHX CBOWCTB Jpaa. Kpome Toro,
PACCUUTAHO pacIpeieieHue BEKTOpa CKOPOCTH YaCTHI] JKUAKOCTH IO TITyOHMHE BOJOEMA.

Obcyrncoenue u 3axniouenue. IlpelIoKeHHBIH MeTOn sABNseTCS BechMa 3(P(PEKTUBHBIM [UIA pEUICHHA 3amad o
TOJIBMKHBIX HATPy3KaX, IEHCTBYIOIINX Ha JICASHOM TOKPOB BOJI0eMa KOHEUHOU rTyOruHBL. OH IMO3BOJISCT PEIIaTh 3a/1a4u
0 AeMCTBUM HATPY3KH, ABIKYILEUCS M0 JIEITHOMY ITOKPOBY IO CIIOKHOHM TpaeKTopuu. [lonydeHHble pe3yabTaThl MOTYT
OBITh UCTIOB30BaHBI IS pacyeTa HANPsHKEHUS U TIEPEMEICHHUH JISOBOTO TOKPOBA TIPH MPOKIIAIKE JISOBEIX JTOPOT HITH
CTPOUTENBCTBE a9POJPOMOB Ha JIbIY.

KimoueBble ¢JI0Ba: OECKOHEUHBII JeATHONR TOKPOB, ABIXKXYIIAACS Harpy3Ka, [POU3BOJIbHAA TPACKTOPUS, IEPEMEHHAA CKOPOCTH

BaarogapHoctu. ABTOp BbIpakaeT OJ1arolapHOCTh PELEH3EHTaM 3a YKa3aHHbIE 3aMEYaHUs, KOTOpbIE MO3BOJIMIN
MOBBICUTH Ka4€CTBO CTaThH.

s uutupoBanus. ['amaOypmua A.B. Pa3pabotka meroma pemeHnst 3amaud AedopMalliyl JIEJIHOTO ITOKPOBa IO
JICWCTBHEM TIPOHU3BOJILHO NBIKYIIEHCS Harpy3ku. Advanced Engineering Research (Rostov-on-Don). 2024;24(2):170-177.
https://doi.org/10.23947/2687-1653-2024-24-2-170-177

Introduction. The development of the polar areas of the World Ocean and a large number of freezing inland
reservoirs drive the need to study the fields of displacement and stresses of the ice cover caused by the action of various
types of loads. Numerous papers by domestic and foreign scientists are devoted to solving these problems. Previously,
it has been found that the mechanical properties of ice depend on its temperature and water salinity. Much attention
was paid to the development of numerical ice models that accurately reflected the interaction of ice and ideal
incompressible fluid. In [1, 2], the smoothed particle hydrodynamics was used for this purpose, in [3, 4] — the method
of discrete elements. In [5], ice was modeled by an elastic plate lying on the surface of a stratified fluid. Models that
allow cracks were considered in [6, 7]. Models of ice strengthened with reinforcing elements were presented in [8, 9].
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At this, in some papers, an ice cover is considered as an elastic plate lying on the surface of a reservoir [10, 11]. At
the same time, in [12], on the basis of the conducted research, it is concluded that in some cases, the properties of ice are
best described by the Kelvin-Voigt rheological model with one parameter (damping time). Therefore, numerous
researchers use a viscoelastic plate when modeling the ice cover [13]. In [14], nonlinear models were used to describe the
properties of ice.

In some articles, the effect of a moving load on the ice cover was considered. In [15], the impact of a mobile load on
the ice cover in a frozen channel was studied. In [16], the action of a load with an impulsive movement on the ice cover
was described. Paper [17] is devoted to the study of the load moving along a frozen riverbed. Here, the rectilinear motion
of the load was investigated [18]. However, in real conditions, it is often needed to deal with a load moving in a more
complex way. Therefore, the objective of this work is to develop a method for solving problems about the action of a load
moving over an ice cover along a complex trajectory. This will provide for a more accurate investigation of the effect of
vehicles moving in a complex way on ice.

This work is a continuation of research related to the problems about the effect of a moving load on various objects,
whose results are presented in papers [19, 20].

Materials and Methods. Setting the task. A reservoir of finite depth with an infinite ice cover (an infinite plate),
which is subject to the action of a vertical force moving in an arbitrary way — impulsively, is considered. It is assumed
that the reservoir fluid is incompressible and executes irrotational motion.

The problem is reduced to a system of differential equations [15]:

X, y,t
(14190, ) AW + 20 W + kW +b0,F| :%,
AF =0,
where W(x,y,t) — ice cover deflection; £ and p — Young's modulus and Poisson's ratio of ice, respectively;

D = Eh*/12(1-p?) — cylindrical bending stiffness; 4 — ice cover thickness; T, — strain relaxation time; A,2 = (0,°+0,%)%;
A =07+ 0,°+0.%; prand p,— density of ice and water, respectively; ¢? = p,i/D; k = p.g/D; b= ps/D; O(x,y,1) — load
acting on the ice surface; F(x,y,z,¢) — speed potential.

Under boundary conditions at z = 0 (ice-water boundary):

oW =0.F.
At the bottom of the reservoir at z = —H:
0.F=0.

In addition, it was assumed that the ice cover and the fluid in the reservoir were resting at the start time. The load was
a concentrated unit force (one Newton) Q (x, y, ¢), which moved arbitrarily along open free-form curve y. It was assumed
that the displacement of the force was given in the form Q = Q(s(?)), where s — arc coordinate measured from some fixed

x=x,(¢
point of trajectory y. The trajectory of movement was set parametrically in the form { 0 ( )

, where ¢ — time.
y=xo(?)

The moving load was approximated by the expression:
Q(x,y,t) =g’ exp(—82 ((x—xo (t))2 +(y—y0 (t))z))/n,

where € — numeric parameter.
After applying the integral Fourier transform with respect to variables x and y, the integral Laplace transform with
respect to ¢, formulas for calculating unknown functions W and F were obtained:

1 07 2 2 1
W(x,y,t)=—— 2,-p/4e J R(t—1))— ~(a=d)r _ ,~(a+d)r dod
(xyt) 5 ‘(‘]“!.pe O(p (t 'c))y|:e e :|p T,

1 0T 2 /4g2 ch p z+H
Florzi)=g 5[ orer "O(PR(H”w’
00

t o
1 2 /402 1
W(x,y.t)= 2 -p*lae J R(t— 2 a-d)r _ —(a+d)t dod
(x,3.) 2n_D'(|:V(|:P e o(P ( T))y[e e }p T,

[(a + d)ef(‘”“’)T —(a-d) el } dpdr,

R*(t)=8%+B2,8=x(1)-x. B =y (1)~ .
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2(c’2p +bcth(pH)) ’

Y= |:r(2)p10 —4(0’2[)2 +bpcth(pH))(p4 +k)}l/2 ,a=

Y
- 2(c"2p+bcth(pH)).

Using the known relations from the theory of thin plates and the theory of the potential ideal flow, it is possible to
obtain relations for calculating displacements and stresses in the ice cover, as well as the velocity vector component of

fluid particles.
When calculating the improper integral through numerical methods, the approximate relationship
0 A ©
J. f ( p) dp = J. f ( p)dp was used, in which value A was chosen so large, that the error estimate I f ( p) dp| did not
0 0 4

exceed the set value.
Thus, for the amount of ice deflection
t A

t o t ©
1 1 1
W(x’y’t):%t_DJ.J.UO (r,p)dpdtzﬁjon (r,p)dpdr+2nDJJU0(r,p)dpdT,
00 00 04
this estimate has the form:
t o
1 2A82 2/4.2
—— | | U, (%, p)dpdt| < ———¢e" [4e ,
27tD.([.[ O(T p) par nDy(A)e

12

y(4) =] T34 —4(c2 4> + bdcth(AH))(4* +F) ]
Similar estimates can be obtained for other calculated quantities. These estimates were used to determine value A.

2
2/402
eA /48

nDy(4)

did not exceed

In the calculations carried out, value A was chosen such, that the estimate

{ PO
! II Uy (1, p)dpdr| 0.001.

2nD Jod 4

When calculating the repeated integral, Simpson's quadrature formula (for variable t) and Chebyshev quadrature
formula with equal weights for two nodes (for variable p) were used. The other values were calculated in the same way.

Research Results. A method has been developed for solving problems on the action of a load moving along the ice
cover of a reservoir filled with ideal fluid along a complex trajectory with variable speed. Using this method, calculations
were carried out that showed the degree of impact of various parameters on the deformation of the ice cover.

The described method does not impose restrictions on the shape of the trajectory of the concentrated force. In the
calculations, a special case of a trajectory consisting of arcs of circles was considered (Fig. 1). The red dot indicates the
position of the concentrated force at the time under consideration and the direction of movement of the force.

Y, me : - - —0— z - 2|

10 |

0 4 g 12 ' 16  X,m

Fig. 1. Trajectory of concentrated force
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The following parameter values were taken into account in the calculations: ice cover thickness # = 0.25 m, Young's
modulus E = 500,000,000 H/m?, Poisson's ratio of ice u = 1/3, ice density p = 900 kg/m?, fluid density p = 1,000 kg/m?,

€ = 5. The calculation results are presented below.
Figure 2 shows the change in the deflection of the ice cover at speed of force v =2.5 m/s, tangential acceleration

w; =1 m/s?, reservoir depth H = 25 m, and relaxation time 1, = 1s.
The law of force motion along the trajectory was taken as:
s=at’ +ayt® +ast.
Coefficients a1, az, a3 were selected in such a way that the force, being at the same point of the trajectory, had the
required speed and tangential acceleration.

-_‘_,_..-""
,m-1077 ey
W, m-10 - \
| et i b~
>4 | — \
L] \
—15.,;-*""'## \
100 |

X, m

-20
Y, m

Fig. 2. Change in ice cover deflection

At other values of these parameters, the qualitative nature of the distribution of ice cover deflections remained
almost unchanged.
Z,m =

20

X, m
50

Fig. 3. Fluid motion caused by action of moving load on the ice cover

http://vestnik-donstu.ru

The fluid motion caused by the action of a moving load at the same values of velocity, tangential acceleration of the
load movement, relaxation time, and depth of the reservoir is shown in Figure 3 (the distribution of the velocity vector of

fluid particles is shown).
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W, m-107

-9.0 AN

0 2 4 6w, m/s
a)

o N

T~

0 10 20 Hm
b)

Fig. 4. Change in amount of maximum deflection of ice cover depending on:
a — tangential acceleration rate; b — depth of reservoir

The effect of the tangential acceleration of the force movement on the maximum deflection of the ice cover is shown
in Figure 4 a. In this case, the force speed was equal to v =17.5 m/s, and the relaxation time 7, = 1 s.

Figure 4 b shows a graph of the dependence of the maximum deflection of the ice cover W on the reservoir depth H.
Here, the speed of the load movement was v = 17.5 m/s, tangential acceleration w, = 1 m/s?, and relaxation time 1, = 1s.

W,m~10""r T T ' |

—""“‘

=

-1.0 /,.i

-1.4

/

0 10 ‘ 20 30 v, m/s

Fig. 5. Change in maximum deflection of ice cover
depending on force speed

The dependence of the maximum deflection of the ice cover on the force speed is graphically shown in Figure 5. The
depth of the reservoir was assumed to be 25 m, and the tangential acceleration — w;, = 1 m/s%. The solid line shows the
dependence corresponding to the relaxation time t, = 1 s, the dotted line corresponds to the relaxation time 1, = 10 s.
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Discussion and Conclusion. The influence of the reservoir depth on the maximum deflection of the ice was studied.
A picture of the deflection of the ice cover was obtained due to the action of a concentrated force moving along a complex
trajectory with variable speed. Calculations showed that with increasing depth of the reservoir, the maximum deflection
of the ice cover decreased (Fig. 2). At the same time, a noticeable dependence of the deflection of the ice cover on the
depth of the reservoir H occurred only for H<25 m. At great depths, the amount of the maximum deflections stabilized
near a certain constant value and practically did not change. Thus, if H>25 m, then the depth of reservoirs can be
considered infinite when calculating.

An increase in tangential acceleration caused an increase in the deflection of the ice cover. Moreover, the dependence
of deflection on tangential acceleration was very close to the linear dependence (Fig. 4).

At low relaxation times 1,, the speed of the load movement affected significantly the amount of ice deflection. At
large times, the impact of the load movement speed on the deflection of the ice cover was noticeably reduced (Fig. 5).

To study the state of the reservoir fluid, the distribution of the velocity vector of the fluid particles due to the action
of the moving force on the ice was determined (Fig. 3).

The developed method of solving problems and the results obtained with its help can be used in the construction of
ice roads, design and construction of runways on ice.
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