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Abstract  
Introduction. The development of the polar areas of the World Ocean and the need to solve various problems 
associated with a large number of freezing inland water bodies issue new challenges for science. These challenges 
include the problem of studying the behavior of ice cover when exposed to various types of loads. Of great interest is 
the consideration of problems about the action of a moving load on the ice cover. A moving load simulates the effect 
of moving vehicles on ice. However, in papers devoted to the above problems, cases of load movement along a straight-
line trajectory are considered. The objective of this research is to develop a method for studying the behavior of ice 
cover under the action of a load moving arbitrarily. 
Materials and Methods. The article proposes a method for solving the problem of the action of a force moving along 
an arbitrary trajectory on the ice cover of a reservoir of finite depth. The problem amounts to solving a system of two 
differential equations. The first of them models the behavior of the ice cover, and it is the equation of vibrations of a 
viscoelastic plate. The second equation simulates the behavior of fluid in a state of potential flow, and it is Laplace's 
equation. To solve the system of differential equations, integral transformations in time, space and variables were used. 
The resulting solution was expressed through an iterated integral, which was calculated using numerical methods. 
Results. The development and implementation of the method resulted in solving the problem of the movement of a 
concentrated force along an ice cover according to an arbitrary law. At the same time, studies were carried out on the 
behavior of displacements and stresses in the ice cover depending on the speed and acceleration of the movement of 
the vertical load, on the depth of the reservoir, and on the viscoelastic properties of ice. In addition, the distribution of 
the velocity vector of fluid particles along the depth of the reservoir was calculated. 
Discussion and Conclusion. The proposed method is very effective for solving problems of moving loads acting on 
the ice cover of a reservoir of finite depth. It provides solving problems about the action of a load moving along an ice 
cover along a complex trajectory. The results obtained can be used to calculate the stress and displacement of the ice 
cover during the laying of ice roads or the construction of airfields on the ice. 
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Оригинальное теоретическое исследование 

Разработка метода решения задачи деформации ледяного покрова под действием 
произвольно движущейся нагрузки 

А.В. Галабурдин  
Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация 
 5339850@mail.ru  

Аннотация 
Введение. Освоение полярных районов Мирового океана, необходимость решения различных задач, связанных 
с наличием большого числа замерзающих внутренних водоемов, ставят перед наукой новые проблемы. К их 
числу относится проблема изучения поведения ледяного покрова под воздействием на него различного вида 
нагрузок. Большой интерес представляет рассмотрение задач о действии на ледяной покров подвижной нагрузки. 
Подвижная нагрузка моделирует действие на лед движущихся транспортных средств. Однако в работах, 
посвященных вышеуказанным задачам, рассматриваются случаи движения нагрузки по прямолинейной 
траектории. Целью данной работы является разработка метода исследования поведения ледяного покрова под 
действием нагрузки, перемещающейся произвольным образом.  
Материалы и методы. В статье предложен метод решения задачи о действии на ледяной покров водоема 
конечной глубины движущейся по произвольной траектории силы. Задача сводится к решению системы двух 
дифференциальных уравнений. Первое из них моделирует поведение ледяного покрова и является уравнением 
колебаний вязкоупругой пластины. Второе — моделирует поведение жидкости, находящейся в состоянии 
потенциального течения, и является уравнением Лапласа. Для решения системы дифференциальных 
уравнений применялись интегральные преобразования по временной и пространственным переменным. 
Полученное в результате решение выражалось через повторный интеграл, для вычисления которого 
применялись численные методы. 
Результаты исследования. В результате реализации предложенного метода получено решение задачи о 
движении сосредоточенной силы по ледяному покрову по произвольному закону. При этом произведены 
исследования характера поведения перемещений и напряжений в ледяном покрове в зависимости от скорости и 
ускорения движения вертикальной нагрузки, глубины водоема и вязкоупругих свойств льда. Кроме того, 
рассчитано распределение вектора скорости частиц жидкости по глубине водоема.  
Обсуждение и заключение. Предложенный метод является весьма эффективным для решения задач о 
подвижных нагрузках, действующих на ледяной покров водоема конечной глубины. Он позволяет решать задачи 
о действии нагрузки, движущейся по ледяному покрову по сложной траектории. Полученные результаты могут 
быть использованы для расчета напряжения и перемещений ледового покрова при прокладке ледовых дорог или 
строительстве аэродромов на льду.  

Ключевые слова: бесконечный ледяной покров, движущаяся нагрузка, произвольная траектория, переменная скорость 

Благодарности. Автор выражает благодарность рецензентам за указанные замечания, которые позволили 
повысить качество статьи. 

Для цитирования. Галабурдин А.В. Разработка метода решения задачи деформации ледяного покрова под 
действием произвольно движущейся нагрузки. Advanced Engineering Research (Rostov-on-Don). 2024;24(2):170–177. 
https://doi.org/10.23947/2687-1653-2024-24-2-170-177  

Introduction. The development of the polar areas of the World Ocean and a large number of freezing inland 
reservoirs drive the need to study the fields of displacement and stresses of the ice cover caused by the action of various 
types of loads. Numerous papers by domestic and foreign scientists are devoted to solving these problems. Previously, 
it has been found that the mechanical properties of ice depend on its temperature and water salinity. Much attention 
was paid to the development of numerical ice models that accurately reflected the interaction of ice and ideal 
incompressible fluid. In [1, 2], the smoothed particle hydrodynamics was used for this purpose, in [3, 4] — the method 
of discrete elements. In [5], ice was modeled by an elastic plate lying on the surface of a stratified fluid. Models that 
allow cracks were considered in [6, 7]. Models of ice strengthened with reinforcing elements were presented in [8, 9]. 
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At this, in some papers, an ice cover is considered as an elastic plate lying on the surface of a reservoir [10, 11]. At 
the same time, in [12], on the basis of the conducted research, it is concluded that in some cases, the properties of ice are 
best described by the Kelvin-Voigt rheological model with one parameter (damping time). Therefore, numerous 
researchers use a viscoelastic plate when modeling the ice cover [13]. In [14], nonlinear models were used to describe the 
properties of ice. 

In some articles, the effect of a moving load on the ice cover was considered. In [15], the impact of a mobile load on 
the ice cover in a frozen channel was studied. In [16], the action of a load with an impulsive movement on the ice cover 
was described. Paper [17] is devoted to the study of the load moving along a frozen riverbed. Here, the rectilinear motion 
of the load was investigated [18]. However, in real conditions, it is often needed to deal with a load moving in a more 
complex way. Therefore, the objective of this work is to develop a method for solving problems about the action of a load 
moving over an ice cover along a complex trajectory. This will provide for a more accurate investigation of the effect of 
vehicles moving in a complex way on ice. 

This work is a continuation of research related to the problems about the effect of a moving load on various objects, 
whose results are presented in papers [19, 20]. 

Materials and Methods. Setting the task. A reservoir of finite depth with an infinite ice cover (an infinite plate), 
which is subject to the action of a vertical force moving in an arbitrary way — impulsively, is considered. It is assumed 
that the reservoir fluid is incompressible and executes irrotational motion. 

The problem is reduced to a system of differential equations [15]:  

 ( ) ( )2 2 2
0 0 0

1 ,t t t z

Q x, y, t
W c W kW b F

D
−

=
+ τ ∂ ∆ + ∂ + + ∂ =   

 0,F∆ =   
where W(x,y,t) — ice cover deflection; Е and μ — Young's modulus and Poisson's ratio of ice, respectively; 
D = Eh3/12(1–μ2) — cylindrical bending stiffness; h — ice cover thickness; τo — strain relaxation time; ∆o

2 = (∂x
2+∂y

2)2; 
∆ = ∂x

2+ ∂y
2+∂z

2; ρл and ρв —  density of ice and water, respectively; с-2  =  ρлh/D; k = ρвg/D; b =  ρв/D; Q(x,y,t) — load 
acting on the ice surface; F(x,y,z,t) — speed potential.  

Under boundary conditions at z = 0 (ice-water boundary): 
 .t zW F∂ = ∂   

At the bottom of the reservoir at z = –H: 
 0.z F∂ =   

In addition, it was assumed that the ice cover and the fluid in the reservoir were resting at the start time. The load was 
a concentrated unit force (one Newton) Q (x, y, t), which moved arbitrarily along open free-form curve γ. It was assumed 
that the displacement of the force was given in the form Q = Q(s(t)), where s — arc coordinate measured from some fixed 

point of trajectory γ. The trajectory of movement was set parametrically in the form ( )
( )

0

0
,

x x t
y y t

 =
 =

where t — time. 

The moving load was approximated by the expression: 

 ( ) ( )( ) ( )( )( )( )2 22 2
0 0 ,Q x, y,t exp x x t y y t= ε −ε − + − π   

where ε — numeric parameter. 
After applying the integral Fourier transform with respect to variables x and y, the integral Laplace transform with 

respect to t, formulas for calculating unknown functions W and F were obtained: 

 ( ) ( )( ) ( ) ( )2 22 4
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1 1
2
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∞
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 ( ) ( )( ) ( ) ( )2 22 4
0

0 0

1 1
2

t
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∞
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 ( ) ( ) ( ) ( ) ,a d a da d e a d e dpd− + τ − − τ + − − τ    

 ( ) ( ) ( )2 2 2
0 0, , ,R x x y yτ = δ +β δ = τ − β = τ −   
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+
  

Using the known relations from the theory of thin plates and the theory of the potential ideal flow, it is possible to 
obtain relations for calculating displacements and stresses in the ice cover, as well as the velocity vector component of 
fluid particles. 

When calculating the improper integral through numerical methods, the approximate relationship 

( ) ( )
0 0

A
f p dp f p dp

∞
≈∫ ∫  was used, in which value А was chosen so large, that the error estimate ( )

A
f p dp

∞

∫  did not 

exceed the set value. 
Thus, for the amount of ice deflection 

 ( ) ( ) ( ) ( )0 0 0

0 0 0 0 0

1 1 1 ,
2 2 2

t t A t

A

W x, y,t U , p dpd U , p dpd U , p dpd
D D D

∞ ∞

= τ τ = τ τ + τ τ
π π π∫ ∫ ∫ ∫ ∫ ∫   

this estimate has the form: 

 ( ) ( )
2 2

2
4

0

0

1 2 ,
2

t
A

A

AU , p dpd e
D D A

∞

εε
τ τ ≤

π π γ∫ ∫   

 ( ) ( )( )( ) 1 22 10 2 2 4
0 4A A c A bActh AH A k .− γ = τ − + +    

Similar estimates can be obtained for other calculated quantities. These estimates were used to determine value А.  

In the calculations carried out, value А was chosen such, that the estimate 
2 2

2
42

( )
AA e

D А
εε

π γ
 did not exceed 

( )0
0

1
2

t

A
U , p dpd

D

∞
τ τ

π ∫ ∫  0.001.  

When calculating the repeated integral, Simpson's quadrature formula (for variable τ) and Chebyshev quadrature 
formula with equal weights for two nodes (for variable p) were used. The other values were calculated in the same way.  

Research Results. A method has been developed for solving problems on the action of a load moving along the ice 
cover of a reservoir filled with ideal fluid along a complex trajectory with variable speed. Using this method, calculations 
were carried out that showed the degree of impact of various parameters on the deformation of the ice cover. 

The described method does not impose restrictions on the shape of the trajectory of the concentrated force. In the 
calculations, a special case of a trajectory consisting of arcs of circles was considered (Fig. 1). The red dot indicates the 
position of the concentrated force at the time under consideration and the direction of movement of the force.  

 
Fig. 1. Trajectory of concentrated force 
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The following parameter values were taken into account in the calculations: ice cover thickness h = 0.25 m, Young's 
modulus E = 500,000,000 H/m2, Poisson's ratio of ice μ = 1/3, ice density ρ = 900 kg/m3, fluid density ρ = 1,000 kg/m3, 
ε = 5. The calculation results are presented below. 

Figure 2 shows the change in the deflection of the ice cover at speed of force v = 2.5 m/s, tangential acceleration 
wt = 1 m/s2, reservoir depth H = 25 m, and relaxation time τo = 1s. 

The law of force motion along the trajectory was taken as: 
 3 2

1 2 3 .s a t a t a t= + +   
Coefficients a1, a2, a3 were selected in such a way that the force, being at the same point of the trajectory, had the 

required speed and tangential acceleration. 

 
Fig. 2. Change in ice cover deflection 

At other values of these parameters, the qualitative nature of the distribution of ice cover deflections remained 
almost unchanged. 

 
Fig. 3. Fluid motion caused by action of moving load on the ice cover 

The fluid motion caused by the action of a moving load at the same values of velocity, tangential acceleration of the 
load movement, relaxation time, and depth of the reservoir is shown in Figure 3 (the distribution of the velocity vector of 
fluid particles is shown). 
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a) 

 
b) 

Fig. 4. Change in amount of maximum deflection of ice cover depending on: 
a — tangential acceleration rate; b — depth of reservoir 

The effect of the tangential acceleration of the force movement on the maximum deflection of the ice cover is shown 
in Figure 4 a. In this case, the force speed was equal to v = 17.5 m/s, and the relaxation time τo = 1 s. 

Figure 4 b shows a graph of the dependence of the maximum deflection of the ice cover W on the reservoir depth H. 
Here, the speed of the load movement was v = 17.5 m/s, tangential acceleration wt = 1 m/s2, and relaxation time τo = 1s. 

 
Fig. 5. Change in maximum deflection of ice cover 

depending on force speed  

The dependence of the maximum deflection of the ice cover on the force speed is graphically shown in Figure 5. The 
depth of the reservoir was assumed to be 25 m, and the tangential acceleration — wt = 1 m/s2. The solid line shows the 
dependence corresponding to the relaxation time τo = 1 s, the dotted line corresponds to the relaxation time τo = 10 s. 
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Discussion and Conclusion. The influence of the reservoir depth on the maximum deflection of the ice was studied. 
A picture of the deflection of the ice cover was obtained due to the action of a concentrated force moving along a complex 
trajectory with variable speed. Calculations showed that with increasing depth of the reservoir, the maximum deflection 
of the ice cover decreased (Fig. 2). At the same time, a noticeable dependence of the deflection of the ice cover on the 
depth of the reservoir H occurred only for H≤25 m. At great depths, the amount of the maximum deflections stabilized 
near a certain constant value and practically did not change. Thus, if H>25 m, then the depth of reservoirs can be 
considered infinite when calculating. 

An increase in tangential acceleration caused an increase in the deflection of the ice cover. Moreover, the dependence 
of deflection on tangential acceleration was very close to the linear dependence (Fig. 4). 

At low relaxation times τo, the speed of the load movement affected significantly the amount of ice deflection. At 
large times, the impact of the load movement speed on the deflection of the ice cover was noticeably reduced (Fig. 5). 

To study the state of the reservoir fluid, the distribution of the velocity vector of the fluid particles due to the action 
of the moving force on the ice was determined (Fig. 3). 

The developed method of solving problems and the results obtained with its help can be used in the construction of 
ice roads, design and construction of runways on ice. 
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