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Abstract

Introduction. The study of the motion of a rigid body carrying moving masses greatly simplifies the design of capsule
robots that can move inside aggressive environments and perform the required operations. The following cases have been
studied quite well: movement during interaction of a solid body with a reference plane and in aggressive environments;
vibratory displacement of bulk media and solids on a vibrating base; optimization of rigid body motion; variation of
average speed and acceleration at different intervals of motion; dependence of average speed on task parameters; control
of the motion speed of the internal mass for the fastest possible rotation of a rigid body. However, at present, insufficient
attention has been paid in the literature to the problems of studying the motion of a heavy flat body along a horizontal
plane under the action of a harmonic force directed at an angle to the horizon, specifically, in terms of taking into account
all possible driving modes and their features. This does not allow determining the optimal parameters of the problem.
Therefore, the objective of this research was to identify the features of all possible modes of motion of a heavy solid body
along a horizontal plane under the action of a harmonic force directed at an angle to the horizon.

Materials and Methods. The equations of motion of the mechanical system were used. Both analytical approaches and
numerical methods were used to solve the steady-state equations of motion of the system. The dry friction model was
adopted as a friction model, which made it possible to obtain accurate solutions for positive and negative values of the
slip velocity up to constants. Values of these constants were determined from the docking conditions and the periodicity
of the solution.

Results. An analytical solution to the problem for periodic solutions was obtained. Three possible motion modes were
identified. Using numerical analysis, the dependences of the average speed of a body motion over the period on the angle
of inclination of the force to the horizon were constructed. The optimal direction of force was established.

Discussion and Conclusion. The results of the conducted research allowed us to determine the optimal values of the
problem parameters in order to reach the required value of the average velocity of a solid body. In particular, optimal
values of the amplitude of the force and its direction can be found to reach the maximum value of the average velocity of
motion of a solid.
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AHHOTALMSA

Beeoenue. ViccnenoBanue JBHXESHUS] TBEPJIOTO TeJa, HECYLIETO MOABHXHBIE MAcChl, 3HAUYMTENIBHO YIPOILAET MPOESKTH-
pOBaHHKE KaICYJIBbHBIX pOOOTOB, KOTOPBIE MOTYT IIEPEMEIIATHCS BHYTPH arpeCcCUBHBIX CPE.] M BHITIONHATE HEOOXOIIMEIE
oreparu. JIocTaTOYHO XOPOIIO N3YUYEHBI CITydau: IBMKECHUSI IPH B3aUMO/ICHCTBUH TBEPAOTO TeJa C OMIOPHOH MJIOCKO-
CTBIO M B arPeCCHBHBIX CpelaX; BUOPAIIIOHHOTO TIEPEMEIIICHHS CHIITyYrX CPell M TBEPABIX TEJI HAa BUOPHPYIOMIEM OCHO-
BaHHHM; ONTHMH3ALUH JBIKEHUS TBEPBIX TEJ; BAPbUPOBAHUS CPEAHEI CKOPOCTH U YCKOPEHHS Ha Pa3IMYHbIX HHTEPBa-
JaX BUYKECHUS; 3aBHCUMOCTH CPETHEH CKOPOCTH OT MapaMeTpoB 3a7adH; YIIPAaBICHUSI CKOPOCTHIO TIEPEMEIIICHHS BHYT-
peHHel Macchl 71 HaCKOpenIero NoBopoTa Teepaoro tenaa. OaHako B HacCTOsIIIee BpeMs B IUTepaType YAEICHO Hel0-
CTaTOYHO BHUMAaHUS 3a/[a4aM HCCICIOBAaHUS IBIKEHHS TSDKEIOTO IDIOCKOTO Tejla MO TOPHU30HTAIBHOM TIOCKOCTH O
JICWCTBHEM TapMOHUYECKOM CHIIBI, HAIPaBJICHHON MO YIJIOM K TOPH30HTY, OCOOEHHO B IUIAHE y4YeTa BCEX BO3MOMKHBIX
PEXMMOB IBIKEHHSI M HX OCOOCHHOCTEH. DTO HE MO3BOJIAET ONpPEAeIATh ONTUMANBHBIE MMapaMeTphl 3agadu. [losTomy
LIEJIBIO TaHHOI pabOTHI CTaJIO BHISIBIICHUE OCOOEHHOCTEH BCEX BO3MOKHBIX PEKHMOB JIBI)KSHHS TSDKEJIOTO TBEPAOTO Tea
110 TOPU30HTAIBHOM INIOCKOCTH 110/ AEMCTBUEM FapMOHUYECKON CUIIbI, HAIIPABIEHHOM O[] YIJIOM K TOPU30HTY.
Mamepuanst u memoost. B pabote ncronp30Bany ypaBHEHHS JIBH)KEHHSI MEXaHWYeCKoW cucteMbl. J{yis penienus cra-
OMOHAPHBIX YPaBHEHUH ABIKEHHS CHCTEMBI IPHIMEHSUIHCH KaK aHAINTHYECKUE TIOAXOBI, TAK M YUCICHHBIE METOIBL. B
Ka4yecTBE MOZEIN TPEHUS ObUIa MPUHATA MOJENb CYyXOT0 TPEHUS, YTO TIO3BOJIMIIO MOJYYUTh TOYHBIE PEIICHHUs JUIS TIO0JI0-
KUTEIHHOTO B OTPHUIIATEIIFHOTO 3HAYEHUSI CKOPOCTH MPOCKAIIB3BIBAHAS C TOYHOCTHIO 10 KOHCTAHT. 3HAUEHHSI STHUX KOH-
CTaHT OMPEJEIUTICH M3 YCIOBUI CTHIKOBKU M IEPHOJANYHOCTH PEIICHHS.

Pezynomamut uccnedosanus. 11oaydeHo aHATUTHYECKOE PEIICHUE 3aa9d JJIS IEPHOANIECKUX pelleHuH. BIIBIeHb
TPY BO3MOXKHBIX pexknMa ABkKeHHs. C MOMOIIBI0 YHUCICHHOTO aHalN3a IOCTPOSHbI 3aBUCUMOCTH CpEeIHEH 3a TepHo.
CKOpPOCTH IBIKECHHUS TeJIa OT yIila HAaKIIOHA CHIIBI K TOPH30HTY. Y CTAaHOBJICHO ONTHMAIEHOE HAIIPABICHUE CHIIEL.
Oobcyrncoenue u 3axnroyenue. Pe3ynbTaThl MIPOBEICHHBIX UCCIIEIOBAHUI MO3BOJISIOT OMPEEIUTh ONTUMANBHBIC 3HaYe-
HUS TIApaMETPOB 3a1a4d JUI JOCTIDKEHISI HEOOXOIMMOTO 3HAUEHHS CpeNHEH CKOPOCTH IBMKEHHUS TBEpAOro Tena. B
YaCTHOCTH, MOTYT OBITh HalJIeHb! ONTHMalbHBIC 3HAYCHUS aMIUTUTYAbI CUIIBL M €€ HaIPaBJICHUS IS TIOCTIDKEHUST MaK-
CHUMAaJIbHOTO 3HAYEHHS CPEeTHEH CKOPOCTH IBMKEHHUS TBEPAOTO Tela.

KaroueBble ciioBa: OIOpHad MJIOCKOCTh, CYyXO€ TPCHUC, HEJIMHCIHEIC KOHC6aHI/IH, PCKUM JABUKCHUS, IJIOCKOC TBEPAOC
TE€JI0, TOPU30HTAJIbHAA INIOCKOCTH

Bnaroaapﬂocnl. ABTOpBI BbIpaKaroT 6J'Ial"0ﬂapHOCTb peaaKkiuru U pCUCH3CHTAM 3a BHUMATCIIbHOC OTHOIICHUEC K CTAThE
1 YKa3aHHBIC 3aMCYaHNsl, KOTOPBIC ITO3BOJIMJIN ITOBBICUTH €€ Ka4€CTBO.

Jasi uurupoBanusi. Mynuusia A.U., Lo B.O. IlunamMuka miIocKoro TBepJAoro Tejaa Ha TOPU30OHTAIBHOM MIIOCKOCTH.
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Introduction. Recently, the tasks of designing the movement of robots carrying the required objects, including those moving
in aggressive environments [1] and capable of performing the requested operations [2], have become increasingly urgent. As a
rule, the model that takes into account the interaction of a solid body with a reference plane is the dry friction model [3]. This
task has a lot in common with the task of vibratory movement of bulk media and solids on a vibrating base [4]. Optimization of
the capsule robot motion with varying average speed was considered in [5]. In [6], acceleration was varied at different motion
intervals. A capsule robot, the control of which was based on these two principles, was studied in [7]. In [8], optimization of
average speed was presented. In [9], a mathematical model of the electromagnetic force of core retraction was constructed. The
dependence of average speed on excitation parameters was studied in [10]. In [11], the law of control of the speed of the internal
mass for the fastest turn of the robot was investigated. The motion of a capsule robot with two masses moving along parallel
guides was considered in [12], and along two mutually perpendicular guides — in [13]. Robots with linearly moving masses
and a rotor were described in [14]. In all the listed papers, the motion of a rigid body along a horizontal plane under the action
of a harmonic force directed at an angle to the horizon was not studied, and various motion modes and their features were not
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established. Therefore, this research was aimed at identifying the features of all possible modes of motion of a rigid body along
a horizontal plane under the action of a harmonic force directed at an angle to the horizon. Achieving this objective allows us to
determine the optimal parameters of the research problem, such as: the optimal angle of action of the force to build up maximum
speed, the necessary and optimal values of the parameters of the research problem to build up the required speed of motion of
arigid body.

Materials and Methods. To solve the problem, we compose an equation of motion for a mechanical system. The
solution to the equation for each mode of motion can be obtained separately.

Equations of Motion. A body has mass m and moves along the horizontal plane along the x-axis. The body is subjected
to harmonic force F' = A cos(07), directed at angle B to the horizontal plane, where 4o — amplitude of the acting external
force; 6 — frequency of the acting external force. Let V; be the speed of the body in the horizontal direction; V,— speed
of the body in the vertical direction.

The motion of a rigid body is described by a system of two equations:

m d;x =nNs + 4, cosBcos(OI),

dv, .
m7 = A, sancos(Gt)+N—mg,
where g — gravitational acceleration; N — reaction force of the base. In the equations given, the friction force is taken
into account using the Coulomb model. For this purpose, the coefficient of dry friction | and dimensionless parameter s
are introduced, which at rest can take any value in the range from —1 to 1. In the case of slippage, when V. is not equal to
zero, the friction force is constant and directed opposite to the slip velocity. The dimensionless parameter is given by
expression s = —sign(V5).

Next, we assume that the reaction forces of the base are distributed uniformly over the reference surface, and the body
moves without separation from the base, i.e., the body speed in the vertical direction is zero. Of the two equations for
describing the motion of a rigid body, one remains — for movement in the horizontal direction:

dv .
E=ns(l—AsancosT)+AcosBcosT, )
where T = 0f — nondimensional time; V' = V,06/g — dimensionless speed and dimensionless amplitude of vibration
excitation 4 = Ay/(mg).

A similar problem of the motion of a rigid body carrying an unbalanced rotor along an inclined plane was considered in [15].
Equation (1) has a trivial solution at V(#)=0. This means that the body is at rest during the time interval under consideration.
Then, the friction force parameter changes according to the following law:

AcosPBcosT

Szn(l—AsinBcosT)' )

At this, the amplitude value of the projection of the external force onto the horizontal axis is not enough to start the
body movement.

Motion with two instantaneous stops. The solution to equation (1) in the case of slippage between the body and the base:

Ve (T) =15} [T—AsinBcosT]+AcosBsinT+ Cp k=12. 3)

Here, the following notations are introduced: ; — for the positive velocity of the body, to which s; = —1 corresponds;
V, — for the negative velocity; s> = 1. From here on, we will consider stationary solutions to the equation of motion of
the body. We introduce the following notations for the motion of the body with a positive velocity: ¢, denotes the start
time of the motion, and @;,— the end time of the motion of the body, through ¢2; and @2, — the same values for motion
with negative velocity. For six unknowns, we obtain four equations:

V, <(qu ) = —nskAsinBsin((pkI )+ AcosBsin((pkI )+ns,((pk1 +C, =0; 4)
Vi ((pk2 ) = —nskAsinBSin((pk2 )+ Ac0s[3sin((pk2 )+T]Sk(|)k2 +C; =0. 5)
k=12
From the condition of absence of a long stop of the body, we obtain two more conditions:
P12 = P21, (6)
P2 =01 +2p. 7

Mechanics
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The integration constants C; and C, can be eliminated from equations (4) and (5). From the obtained equations, phases
®11, P12, P21 and @2 are found numerically. The resulting transcendental equations have two solutions each. To select the
correct solution, we determine the second derivative of the velocity:

d?v, S
dTZk ((pk] ) = A(—cos[?wos(cpkl )+nsk Sln[?)sm((pk1 )), ®)
which should be positive at £ = 1 and negative at k = 2.
Motion with two long stops. In this case, conditions (6) and (7) are not valid. When moving from rest to motion, the

acceleration of the body must be zero:

C;_I;f ((Pk, ) =MNSk (l - AsinBcos((pk1 ))+ AcosBcos((pk1 ) =0 k=12 ©)
From equation (9), we obtain an exact solution for the phases of motion:

NSk
= arccos| — . 10
Pu ( AcosB-ns, sinB] (10)

The required root is determined similarly to the previous case. Constant Cy and phase ¢y, are found from (4) and (5).
If the condition 4 >n/(cos B+ 1 sin B) is true, the body can move with a speed greater than zero; and provided that the
amplitude of the excitation of oscillations is 4 >n/(cos B +n sin B), the body moves with a speed less than zero.

If the end time of the body motion with positive velocity @2 is less than the start time of the body motion with negative
velocity @21, and @y, is less than @1 + 2p, then the motion of the rigid body can have two long stops.

Let us consider the motion of a body with instantaneous and prolonged stops. The reaction of the horizontal base, as
well as the force acting on the body, changes according to a harmonic law, periodic solutions are possible here.

In the case of a rigid body moving with a positive velocity and an instantaneous transition to negative, and from
negative to positive, after a long stop, we obtain a system of equations (4), (5) for k =1, 2 (9), for £ = 1 and condition
@12=¢21. Phase @, is determined by expression (10). For the remaining unknowns, an exact solution is also determined.
The obtained solution is valid when the condition @< ¢;;+2p is met.

In the instantaneous transition from negative to positive velocity of a rigid body, and from positive to negative, after
a long stop, the system of equations (4-5) for k£ = 1, 2 remains unchanged. We compose equation (9) for k = 2, and replace
the instantaneous stop condition with @2, = @11 + 2p.

Thus, for all possible modes of stationary motion of a rigid body, four phases and two integration constants are
determined. On one period of motion, using formulas (3), it is possible to construct the dependence of the average velocity
of motion of rigid body v, on the angle of inclination of the line of action of the external force 3. On the interval
@11 <t < @2, the rigid body moves with a velocity greater than zero, and when @1 < ¢ < @22, the rigid body moves with a
velocity less than zero. On the interval @i, < ¢ < @21 and @2 <7< @11 + 2p, the rigid body does not move. When ¢, and
@21 0r P2 and @11 + 2p coincide, the velocity of the body at these points changes instantly.

The constructed solution for three types of motion and a state of rest (2) for one period of oscillations allows us to

determine the average speed of motion of a rigid body:
v, =" r()ar.
oy

Research Results. The results of the study were obtained with dry friction coefficient = 0.1 and excitation amplitude
A =0.6. The dependences of the four phases @x(B), (ji K =1, 2) on the angle of inclination of the external force to the
horizon are shown in Figure 1. The dotted curves indicate the points of instantaneous change in the speed of the body,
and the solid curves indicate the points of change in speed with a long stop.

At small angles of inclination of force @i12=@21, ©22= @11 +2p, the motion of the rigid body occurs with two
instantaneous stops. The motion pattern changes when angle B increases. At point Bj, the curve branches
022(B) = ¢11(B) + 2p. As a result, we have two curves: @22(B) and @11(B), and at point B,, the curve ¢i12(B) = ¢21(B)
branches into ¢@12(B) and @21(B). Between points By and B>, the rigid body may have a long and instantaneous stop.
Between points B, and B3, the motion may have two long stops. At point B3, curves ¢2() and ¢21(B) merge. Between
points B3 and Bs, during the motion of the rigid body within one period at a speed greater than zero, there may be one
long stop. At large values of the angle of inclination, the body is at rest.
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Fig. 1. Dependences of phases of stationary motion on the angle of inclination of the applied force

Figure 2 shows the dependences of the average velocity of solid body v,, on the angle of inclination of the line of
action of the external force 3 for friction coefficient 0.1 and several excitation amplitudes. For any values of the excitation
amplitude and horizontal action of the force (B = 0), the average velocity of the solid body is zero. With an increase in j3,
the average velocity grows up. The points of change of the motion modes are indicated only on the curve 4 = 0.6. For
each value of the force amplitude, there is an optimal angle at which the average velocity of motion is maximum.
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Fig. 2. Dependence of average speed Vi on angle 3

Discussion and Conclusion. The motion of a rigid body along a horizontal plane under the action of a harmonic force
directed at an angle to the horizon is studied. The analytical and numerical results show that for all possible modes of
stationary motion of a rigid body, four phases are determined. The obtained dependences of the phases of stationary
motion and the average speed of motion of a rigid body on the angle of inclination of the line of action of an external
force allow us to determine the necessary and optimal values of the parameters of the problem to achieve the required
speed of motion of a rigid body. It is shown that for each value of the amplitude of the force, there is an optimal angle at
which the average speed of motion is maximum.

The results obtained can be used in the development of algorithms and design of the movement of robotic devices
when moving along a horizontal plane, taking into account the action of harmonic loads.
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3aneneHHblIl 6K1A0 ABMOPOB:

AWM. MyHUUBIH: ONFCAaHHE TEOPETHYECKONM YacTH HCCICNOBAHMS JBIKCHHH TSDKEJIOTO IUIOCKOTO Tela II0
TOPU30HTAIIBHOM IUIOCKOCTH NOJX AEMCTBHEM TapMOHUYECKOH CHWIIbI, HAIIPABICHHOM MOJ YIVIOM K TOpPH30HTY;
oopmiieHrEe HAYYHOM CTATHU.

B.J. Hoii: mpoBeaeHne YACICHHOTO MOJEITNPOBaHHSA, O(DOPMIICHHE HAYIHON CTAaThH.

Konghnuxm unmepecos: apropbl 3asiBJSIOT 00 OTCYTCTBHH KOH()JIMKTA UHTEPECOB.
Bce asmopbi npouumanu u 0000punu 0KOHYaAmeNbHbLIL 6APUAHN PYKORUCU.
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