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Abstract  
Introduction. The study of the motion of a rigid body carrying moving masses greatly simplifies the design of capsule 
robots that can move inside aggressive environments and perform the required operations. The following cases have been 
studied quite well: movement during interaction of a solid body with a reference plane and in aggressive environments; 
vibratory displacement of bulk media and solids on a vibrating base; optimization of rigid body motion; variation of 
average speed and acceleration at different intervals of motion; dependence of average speed on task parameters; control 
of the motion speed of the internal mass for the fastest possible rotation of a rigid body. However, at present, insufficient 
attention has been paid in the literature to the problems of studying the motion of a heavy flat body along a horizontal 
plane under the action of a harmonic force directed at an angle to the horizon, specifically, in terms of taking into account 
all possible driving modes and their features. This does not allow determining the optimal parameters of the problem. 
Therefore, the objective of this research was to identify the features of all possible modes of motion of a heavy solid body 
along a horizontal plane under the action of a harmonic force directed at an angle to the horizon.  
Materials and Methods. The equations of motion of the mechanical system were used. Both analytical approaches and 
numerical methods were used to solve the steady-state equations of motion of the system. The dry friction model was 
adopted as a friction model, which made it possible to obtain accurate solutions for positive and negative values of the 
slip velocity up to constants. Values of these constants were determined from the docking conditions and the periodicity 
of the solution.  
Results. An analytical solution to the problem for periodic solutions was obtained. Three possible motion modes were 
identified. Using numerical analysis, the dependences of the average speed of a body motion over the period on the angle 
of inclination of the force to the horizon were constructed. The optimal direction of force was established. 
Discussion and Conclusion. The results of the conducted research allowed us to determine the optimal values of the 
problem parameters in order to reach the required value of the average velocity of a solid body. In particular, optimal 
values of the amplitude of the force and its direction can be found to reach the maximum value of the average velocity of 
motion of a solid. 
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Оригинальное эмпирическое исследование 

Динамика плоского твердого тела на горизонтальной плоскости 

А.И. Муницын , В.Э. Цой  
Национальный исследовательский университет «МЭИ», г. Москва, Российская Федерация 
 tsoyve@mpei.ru 

Аннотация 
Введение. Исследование движения твердого тела, несущего подвижные массы, значительно упрощает проекти-
рование капсульных роботов, которые могут перемещаться внутри агрессивных сред и выполнять необходимые 
операции. Достаточно хорошо изучены случаи: движения при взаимодействии твердого тела с опорной плоско-
стью и в агрессивных средах; вибрационного перемещения сыпучих сред и твердых тел на вибрирующем осно-
вании; оптимизации движения твердых тел; варьирования средней скорости и ускорения на различных интерва-
лах движения; зависимости средней скорости от параметров задачи; управления скоростью перемещения внут-
ренней массы для наискорейшего поворота твердого тела. Однако в настоящее время в литературе уделено недо-
статочно внимания задачам исследования движения тяжелого плоского тела по горизонтальной плоскости под 
действием гармонической силы, направленной под углом к горизонту, особенно в плане учета всех возможных 
режимов движения и их особенностей. Это не позволяет определять оптимальные параметры задачи. Поэтому 
целью данной работы стало выявление особенностей всех возможных режимов движения тяжелого твердого тела 
по горизонтальной плоскости под действием гармонической силы, направленной под углом к горизонту. 
Материалы и методы. В работе использовали уравнения движения механической системы. Для решения ста-
ционарных уравнений движения системы применялись как аналитические подходы, так и численные методы. В 
качестве модели трения была принята модель сухого трения, что позволило получить точные решения для поло-
жительного и отрицательного значения скорости проскальзывания с точностью до констант. Значения этих кон-
стант определялись из условий стыковки и периодичности решения.  
Результаты исследования. Получено аналитическое решение задачи для периодических решений. Выявлены 
три возможных режима движения. С помощью численного анализа построены зависимости средней за период 
скорости движения тела от угла наклона силы к горизонту. Установлено оптимальное направление силы. 
Обсуждение и заключение. Результаты проведенных исследований позволяют определить оптимальные значе-
ния параметров задачи для достижения необходимого значения средней скорости движения твердого тела. В 
частности, могут быть найдены оптимальные значения амплитуды силы и ее направления для достижения мак-
симального значения средней скорости движения твердого тела. 

Ключевые слова: опорная плоскость, сухое трение, нелинейные колебания, режим движения, плоское твердое 
тело, горизонтальная плоскость 
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Introduction. Recently, the tasks of designing the movement of robots carrying the required objects, including those moving 
in aggressive environments [1] and capable of performing the requested operations [2], have become increasingly urgent. As a 
rule, the model that takes into account the interaction of a solid body with a reference plane is the dry friction model [3]. This 
task has a lot in common with the task of vibratory movement of bulk media and solids on a vibrating base [4]. Optimization of 
the capsule robot motion with varying average speed was considered in [5]. In [6], acceleration was varied at different motion 
intervals. A capsule robot, the control of which was based on these two principles, was studied in [7]. In [8], optimization of 
average speed was presented. In [9], a mathematical model of the electromagnetic force of core retraction was constructed. The 
dependence of average speed on excitation parameters was studied in [10]. In [11], the law of control of the speed of the internal 
mass for the fastest turn of the robot was investigated. The motion of a capsule robot with two masses moving along parallel 
guides was considered in [12], and along two mutually perpendicular guides — in [13]. Robots with linearly moving masses 
and a rotor were described in [14]. In all the listed papers, the motion of a rigid body along a horizontal plane under the action 
of a harmonic force directed at an angle to the horizon was not studied, and various motion modes and their features were not  
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established. Therefore, this research was aimed at identifying the features of all possible modes of motion of a rigid body along 
a horizontal plane under the action of a harmonic force directed at an angle to the horizon. Achieving this objective allows us to 
determine the optimal parameters of the research problem, such as: the optimal angle of action of the force to build up maximum 
speed, the necessary and optimal values of the parameters of the research problem to build up the required speed of motion of 
a rigid body. 

Materials and Methods. To solve the problem, we compose an equation of motion for a mechanical system. The 
solution to the equation for each mode of motion can be obtained separately. 

Equations of Motion. A body has mass m and moves along the horizontal plane along the x-axis. The body is subjected 
to harmonic force F = A0 cos(θt), directed at angle β to the horizontal plane, where A0 — amplitude of the acting external 
force; θ — frequency of the acting external force. Let Vx be the speed of the body in the horizontal direction; Vy — speed 
of the body in the vertical direction. 

The motion of a rigid body is described by a system of two equations: 

 ( )0 ,xdVm Ns A cos cos t
dt

= η + β θ   

 ( )0 ,ydV
m A sin cos t N mg

dt
= β θ + −   

where g — gravitational acceleration; N — reaction force of the base. In the equations given, the friction force is taken 
into account using the Coulomb model. For this purpose, the coefficient of dry friction η and dimensionless parameter s 
are introduced, which at rest can take any value in the range from –1 to 1. In the case of slippage, when Vx is not equal to 
zero, the friction force is constant and directed opposite to the slip velocity. The dimensionless parameter is given by 
expression s = –sign(Vx).  

Next, we assume that the reaction forces of the base are distributed uniformly over the reference surface, and the body 
moves without separation from the base, i.e., the body speed in the vertical direction is zero. Of the two equations for 
describing the motion of a rigid body, one remains — for movement in the horizontal direction: 

 ( )1 ,dV s Asin cosT Acos cosT
dt

= η − β + β  (1) 

where T = θt — nondimensional time; V = Vxθ/g — dimensionless speed and dimensionless amplitude of vibration 
excitation A = A0/(mg). 

A similar problem of the motion of a rigid body carrying an unbalanced rotor along an inclined plane was considered in [15].  
Equation (1) has a trivial solution at V(t)=0. This means that the body is at rest during the time interval under consideration. 
Then, the friction force parameter changes according to the following law: 

 
( )

.
1
Acos cosTs

Asin cosT
β

=
η − β

 (2) 

At this, the amplitude value of the projection of the external force onto the horizontal axis is not enough to start the 
body movement. 

Motion with two instantaneous stops. The solution to equation (1) in the case of slippage between the body and the base: 
 ( ) [ ] 1 2k k kV T s T Asin cosT Acos sinT C , k , .= η − β + β + =  (3) 

Here, the following notations are introduced: V1 — for the positive velocity of the body, to which s1 = –1 corresponds; 
V2 — for the negative velocity; s2 = 1. From here on, we will consider stationary solutions to the equation of motion of 
the body. We introduce the following notations for the motion of the body with a positive velocity: ϕ11 denotes the start 
time of the motion, and ϕ12 — the end time of the motion of the body, through ϕ21 and ϕ22 — the same values for motion 
with negative velocity. For six unknowns, we obtain four equations: 

 ( ) ( ) ( )1 1 1 1
0;k k k k k k k kV s Asin sin Acos sin s Cϕ = −η β ϕ + β ϕ + η ϕ + =  (4) 

 ( ) ( ) ( )2 2 2 2
0k k k k k k k kV s Asin sin Acos sin s C .ϕ = −η β ϕ + β ϕ + η ϕ + =  (5) 

 1 2k , .=   

From the condition of absence of a long stop of the body, we obtain two more conditions: 
 12 21 ,ϕ = ϕ  (6) 

 22 11 2 p.ϕ = ϕ +  (7) 
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The integration constants C1 and C2 can be eliminated from equations (4) and (5). From the obtained equations, phases 
ϕ11, ϕ12, ϕ21 and ϕ22 are found numerically. The resulting transcendental equations have two solutions each. To select the 
correct solution, we determine the second derivative of the velocity:  

 ( ) ( ) ( )( )1 1 1

2

2 ,k
k k k k

d V A cos cos s sin sin
dT

ϕ = − β ϕ + η β ϕ  (8) 

which should be positive at k = 1 and negative at k = 2. 
Motion with two long stops. In this case, conditions (6) and (7) are not valid. When moving from rest to motion, the 

acceleration of the body must be zero: 

 ( ) ( )( ) ( )1 1 1
1 0; 1 2k

k k k k
dV s Asin cos Acos cos k , .
dT

ϕ = η − β ϕ + β ϕ = =  (9) 

From equation (9), we obtain an exact solution for the phases of motion: 

 
1

.k
k

k

sarccos
Acos s sin

 η
ϕ = − β −η β 

 (10) 

The required root is determined similarly to the previous case. Constant Ck and phase ϕk2 are found from (4) and (5). 
If the condition A > η / (cos β + η sin β) is true, the body can move with a speed greater than zero; and provided that the 
amplitude of the excitation of oscillations is A > η / (cos β + η sin β), the body moves with a speed less than zero.  

If the end time of the body motion with positive velocity ϕ12 is less than the start time of the body motion with negative 
velocity ϕ21, and ϕ21 is less than ϕ11 + 2p, then the motion of the rigid body can have two long stops.  

Let us consider the motion of a body with instantaneous and prolonged stops. The reaction of the horizontal base, as 
well as the force acting on the body, changes according to a harmonic law, periodic solutions are possible here.   

In the case of a rigid body moving with a positive velocity and an instantaneous transition to negative, and from 
negative to positive, after a long stop, we obtain a system of equations (4), (5) for k = 1, 2 (9), for k = 1 and condition 
ϕ12=ϕ21. Phase ϕ11 is determined by expression (10). For the remaining unknowns, an exact solution is also determined. 
The obtained solution is valid when the condition ϕ22< ϕ11+2p is met. 

In the instantaneous transition from negative to positive velocity of a rigid body, and from positive to negative, after 
a long stop, the system of equations (4–5) for k = 1, 2 remains unchanged. We compose equation (9) for k = 2, and replace 
the instantaneous stop condition with ϕ22 = ϕ11 + 2p.  

Thus, for all possible modes of stationary motion of a rigid body, four phases and two integration constants are 
determined. On one period of motion, using formulas (3), it is possible to construct the dependence of the average velocity 
of motion of rigid body vm on the angle of inclination of the line of action of the external force β. On the interval 
ϕ11 < t < ϕ12, the rigid body moves with a velocity greater than zero, and when ϕ21 < t < ϕ22, the rigid body moves with a 
velocity less than zero. On the interval ϕ12 < t < ϕ21 and ϕ22 < t < ϕ11 + 2p, the rigid body does not move. When ϕ12 and 
ϕ21 or ϕ22 and ϕ11 + 2p coincide, the velocity of the body at these points changes instantly. 

The constructed solution for three types of motion and a state of rest (2) for one period of oscillations allows us to 
determine the average speed of motion of a rigid body: 

 ( )
22

11

1 .
2mV V T dT

ϕ

ϕ
=

π ∫   

Research Results. The results of the study were obtained with dry friction coefficient η = 0.1 and excitation amplitude 
A = 0.6. The dependences of the four phases ϕkj(β), (ji k = 1, 2) on the angle of inclination of the external force to the 
horizon are shown in Figure 1. The dotted curves indicate the points of instantaneous change in the speed of the body, 
and the solid curves indicate the points of change in speed with a long stop. 

At small angles of inclination of force ϕ12=ϕ21, ϕ22 = ϕ11 + 2p, the motion of the rigid body occurs with two 
instantaneous stops. The motion pattern changes when angle β increases. At point B1, the curve branches 
ϕ22(β) = ϕ11(β) + 2p. As a result, we have two curves: ϕ22(β) and ϕ11(β), and at point В2, the curve ϕ12(β) = ϕ21(β) 
branches into ϕ12(β) and ϕ21(β). Between points В1 and В2, the rigid body may have a long and instantaneous stop. 
Between points В2 and В3, the motion may have two long stops. At point B3, curves ϕ22(β) and ϕ21(β) merge. Between 
points B3 and B4, during the motion of the rigid body within one period at a speed greater than zero, there may be one 
long stop. At large values of the angle of inclination, the body is at rest. 
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Fig. 1. Dependences of phases of stationary motion on the angle of inclination of the applied force 

Figure 2 shows the dependences of the average velocity of solid body vm on the angle of inclination of the line of 
action of the external force β for friction coefficient 0.1 and several excitation amplitudes. For any values of the excitation 
amplitude and horizontal action of the force (β = 0), the average velocity of the solid body is zero. With an increase in β, 
the average velocity grows up. The points of change of the motion modes are indicated only on the curve A = 0.6. For 
each value of the force amplitude, there is an optimal angle at which the average velocity of motion is maximum. 

 

Fig. 2. Dependence of average speed Vm on angle β  

Discussion and Conclusion. The motion of a rigid body along a horizontal plane under the action of a harmonic force 
directed at an angle to the horizon is studied. The analytical and numerical results show that for all possible modes of 
stationary motion of a rigid body, four phases are determined. The obtained dependences of the phases of stationary 
motion and the average speed of motion of a rigid body on the angle of inclination of the line of action of an external 
force allow us to determine the necessary and optimal values of the parameters of the problem to achieve the required 
speed of motion of a rigid body. It is shown that for each value of the amplitude of the force, there is an optimal angle at 
which the average speed of motion is maximum. 

The results obtained can be used in the development of algorithms and design of the movement of robotic devices 
when moving along a horizontal plane, taking into account the action of harmonic loads. 
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