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Abstract

Introduction. Thermal performance of materials based on triply periodic minimal surfaces (TPMS) is becoming
increasingly important in view of the growing interest in materials with special thermophysical properties and their
applications in engineering, energy, and other fields. Since these materials have unique structural and functional
characteristics, understanding the relationship between their geometry and thermal parameters plays a key role in
optimizing their use. Despite the considerable attention paid to the problem, the study of the relationship between the
geometry of porous structures and their thermal characteristics remains incomplete. Existing scientific papers cover
only individual options, and a complete understanding of the effect of complex micro- and macrostructure on thermal
conductivity requires further study. The current gap in scientific knowledge is the lack of systematization and
generalization of existing data, which complicates the development of universal approaches to calculating thermal
conductivity in such materials. The objective of this study was to develop simplified formulas for calculating the
effective thermal conductivity of porous structures based on S-type TPMC cells proposed by Fisher and Koch. The
authors also set the task of analyzing the heat-conducting process in a plate with given porosity parameters. This will
improve the understanding of the thermodynamic processes occurring in such systems.

Materials and Methods. To achieve the stated objectives, mathematical modeling was performed, including the solution
to the boundary value problem taking into account the identified correlations. A cellular structure made of PETG plastic
and having pores consisting of identical repeating elements was considered. These elements formed a three-dimensional
minimal surface that corresponded to the Fisher-Koch model. The analysis was performed using two methods:
calculations in MathCAD based on the finite difference method, and modeling in ANSYS using the finite element
method. In this case, the effect of the geometric parameters of the porous structure on its thermal characteristics was
taken into account.

Results. The research results represented a numerical solution to the thermal conductivity problem for a porous plate,
taking into account the symmetrical boundary conditions of the first kind, and the presence of internal heat sources that
remained constant in time and considered the topological features of the material. In the course of the study,
temperature distributions were obtained, both in the spatial coordinate and in time. The change in heat flow depending
on variations in the plate porosity coefficient was estimated. The graphs of isotherm distribution and their speed of
movement were constructed and analyzed, which allowed for a deeper understanding of the heat transfer dynamics in
the system under consideration.

Discussion and Conclusion. The obtained mathematical dependences demonstrate the degree and nature of the effect of
porosity on the distribution of heat flux density. It has been found that changes in the porosity of the plate can both
increase and decrease the intensity of heat transfer, which provides reaching the required values of thermal resistance of
the material. The obtained results are consistent with the findings presented in other studies on similar topics, which
opens up opportunities for their application in further research. These results can be useful in designing thermal
protection systems for heat-generating equipment, as well as for heat and mass transfer paths of heat-mechanical
equipment and other applications. The solutions are presented in an accessible and understandable form, which makes
them easy to use for a wide range of researchers and engineers, and does not require expensive software or specialized
computing equipment.
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OpueuﬂaﬂbHoe meopemuy4eckoe uccnedosatue
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TPHIKIBI EPUOAUYECKHMX MUHUMAJIBHBIX NIOBEPXHOCTEH
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AHHOTaNUs

Beedenue. Tepmuueckne XapakTepUCTUKH MaTEPHAJIOB, CO3JaHHBIX Ha 0a3e TPHIKIbI NEPUOANYECKUX MHUHUMAIBHBIX
moBepxHocteit (TIIMIT), craHOBsTCS Bce O0jiee BaKHBIMM B CBETE POCTA HHTEpPECa K MaTepraiaM ¢ 0COOBIMH TEILTO(H-
3WYECKUMH CBOMCTBAMH M MX IPUMEHEHHSIM B MH)KEHEPHH, DHEPTeTHUKE U JApYyTrux obiacTsx. Ilockonbky 3T Marepua-
76l 00JIalaf0T YHUKAIbHBIMH CTPYKTYPHBIMH M (YHKIHOHAIBGHBIMU XapaKTEPUCTUKAMH, IOHUMaHHE B3aUMOCBS3H
MEXIY UX TeOMETpHEl 1 TemIo(hU3NIECKIMH MTapaMeTpaMH UrpaeT KIIOYEeBYIO POJIb B ONTHMHU3AIUHN UX HCIOJIb30Ba-
Hust. HecMoTps Ha 3Ha4MTENbHOE BHUMAHHUE, yJEJICHHOE MPOOJIeMe, HCCIEA0BAHUE B3aUMOCBI3U MEXIY IeOMeTpueh
TIOPHUCTBIX CTPYKTYP M UX TEPMHUYECKHMHU XapaKTEPUCTUKAMH OCTaeTcsl HemoyHbIM. CyIIecTBYyIONe HayqHble paboThI
OXBaTbIBAIOT JIMIIBL OTJACIIBHBIC BapUAHTBI, a IOJIHOC IMMOHHUMAaHUC BIIMAHUA CII0>KHOM MHUKPO- U MAKPOCTPYKTYPhI Ha
TEIUIONIPOBOAHOCTH TpeOyeT manbHelniero n3ydenns. CymecTBYIOMUi npoden B HaydHOM 3HAHWHU 3aKJIFOYaeTCs B He-
JIOCTaTOYHOW CHCTEMaTH3allui U 00OOLICHUH CYLIECTBYIOIINX AaHHBIX, YTO 3aTPYAHSET pa3paboTKy yHHBEpCAIbHBIX
MIOJIXOJI0B K PacyueTy TEIUIONPOBOAHOCTH B TaKMX MaTepHaiax. Llenbio TaHHOTO McCIenoBaHus SBISUIACh pa3paboTka
YIPOIIEHHBIX (GopMyJT [Uisi pacyera rnokasarens 3Qp(PeKTUBHON TEeMIONPOBOIHOCTH TOPUCTHIX CTPYKTYP, OCHOBaHHBIX
Ha TIIMII-sgelikax tuna S, npeatoskeHHbIX dumepom u KoxoM. ABTOpBI Tak:ke CTaBUIIM 3a]ady aHaJIN3a TEILUIOIPO-
BOJTHOTO TIpoIiecca B INIACTHUHE € 33JaHHBIMU MTapaMeTPaMH MOPUCTOCTH. JTO MO3BOJIUT YIIYyYIIUTh MOHUMAaHHE TEPMO-
JUHAMHYECKUX IPOLECCOB, IPOUCXOSIINX B TAKHX CHCTEMAX.

Mamepuanvt u memoowvt. JI1s1 NOCTHXEHHsI TOCTABIEHHBIX IeJel TPOBEJIEHO MaTeMaTHYeCKOe MOJIEIUPOBAHHUE,
BKJTIOYAIOIIEEe PEIICHHE T'PaHMYHON 3aJadd C yYeTOM BBIIBICHHBIX Koppessnuid. PaccmarpuBaeTcs saencras KOH-
CTPYKIHA, U3rOTOBJICHHAA U3 PETG-mnactuka u uMmeromias 1mopbl, COCTOAIMUEC U3 OJUHAKOBBIX IMOBTOPAIOMIUXCA DJIC-
MEHTOB. DTH 3JIEMEHTH! (POPMHUPYIOT TPEXMEPHYIO MHUHUMAIILHYIO TOBEPXHOCTh, KOTOPAs COOTBETCTBYET Monenn Pu-
mepa-Koxa. AHanu3 npoBOJHJICS C MCIOJIB30BaHUEM JBYX MeToaoB: pacuerbl B MathCAD, ocHOBaHHBIE Ha METO/E
KOHEYHBIX pazHOCTeH, n MojenupoBanie B ANSYS MeToI0M KOHEUHBIX 3JIEMEHTOB. [Ipy 3TOM yUIHTHIBAJIOCH BIHMSHHE
IeOMETPUYECKHX MapaMeTPOB IMOPUCTON CTPYKTYPHI Ha €€ TeIUIOPHU3NIECKUE XapaKTEPUCTUKH.

Peszynomamut uccnedosanus. Pe3ynpTaTbl UCCIEAOBAHUS IPEACTABIAIOT COOOH YMCICHHOE PEUICHUE 3a/1aud TeTulo-
MPOBOAHOCTHU IJIA HOpMCTOﬁ IJ1IaCTUHBI, IpUHUMAasA BO BHUMAaHUC CUMMETPUYHBIC TPAHUYHBIC YCJIOBUA NIEPBOTO poaa U
HaJIMYUe BHYTPEHHUX MCTOYHHMKOB TEIUIa, KOTOPBIE OCTAIOTCS IOCTOSIHHBIMHM BO BPEMEHH M YUHTHIBAIOT TOIOJIOTHYE-
CKHe 0COOEHHOCTH MaTepHaia. B xone paboThl OBUTH MOJTyYEHBI pacupeielieHHs] TeMIIepaTypbl Kak Mo MPOCTPAaHCTBEH-
HOW KOOpAWHATE, TaK U BO BpeMeHH. OeHEeHO N3MEHEHHE TEIIOBOTO TIOTOKA B 3aBHCUMOCTH OT BapHanuil Koaddurm-
€HTa MOPHUCTOCTH TUIACTUHBI. [10CTpOEHBI M TPOaHaIM3UPOBAaHbI IPaUKH PACIIPEeNIeHNs] U30TEPM U CKOPOCTHU UX TIe-
pEeMeEIIeH s, 94TO MO3BOIAET Ooee rTyO0KO MOHATh ANHAMUKY TETUIONEPEadr B pacCMaTpUBaeMOil CHCTEME.
Obcyxcoenue u 3axniouenue. IlonydeHHbIe MaTeMaTHUECKUE 3aBUCUMOCTH AEMOHCTPUPYIOT CTENIEHb U XapaKTep BIIH-
STHUSI TIOPHCTOCTH Ha PACIpeieNiHNe MIIOTHOCTH TEIIOBOTO MOTOKA. BEIJIO yCTaHOBIEHO, YTO M3MEHEHUS B TOPUCTOCTH
TUTACTUHBI MOTYT KaK YBEJIMYUTh, TAK U YMEHBIINTh HHTEHCUBHOCTh TEIIONEPEHOCA, YTO TIO3BOJISIET JOCTHIaTh HEO0-
XOAMMBIX 3HAUCHMI TEPMHUYECKOTO CONPOTUBICHHUA Marepuana. [lormydeHHbIe pe3yabTaThl COTNIACYIOTCS C BBIBOJAMH,
W3JI0)KEHHBIMU B JIPyTUX UCCIIECAOBAHUSIX aHAJIOTUYHON TEMATHKH, YTO OTKPBIBAET BO3MOXKHOCTH JJISl UX IPUMEHEHHS B
JaMbHEHIINX UCCIEIOBAaHMAX. DTH PE3YIbTaThl MOTYT OBITH MOJE3HBI IPU MPOCKTUPOBAHNH CHUCTEM TEIUIOBOH 3alTUTHI
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JUIs TEIUIOBBLACIISIONIEro 000pyI0BaHUS, a TAKXKe AJI TEIIOMAacCOOOMEHHBIX TPAKTOB TEIJIOMEXaHU4ECKOro 000pyno-
BaHUS U JIPyTUX NPHIOKECHUH. Pelenus npeacraBieHbl B JOCTYITHON M MOHATHOH (opMe, YTO 00JIeryaeT ux MCHOIb30-
BaHME KaK JUIsl IIUPOKOTO Kpyra UccieoBareneil, Tak 1 HHXEHEPOB, 1 He TpeOyeT NPUBIICUSHHUS TOPOTOCTOSIIIETO TIPO-
IPaMMHOTO 00€CTIEYEHHSI WK CIICIAATN3UPOBAHHON BEIUUCINTEILHON TEXHUKH.

KurodeBble cjioBa: TpHXKAbl IEPUOANYECKHE MUHUMAIIbHBIE MIOBEPXHOCTH, Tononorus dumepa-Koxa S, mopucrocts,
BHYTPEHHHE HCTOYHHUKH TEIUIOTHI, YUCIEHHOE pPELICHUE, TEIUIONPOBOIHOCTb, METOJ KOHEUHBIX JIEMEHTOB, METOJ
KOHEUYHBIX Pa3HOCTEH, CKOPOCTh pacIpOCTPAHEHHS TETIOTHI

BaarogapHocTH. ABTOpPHI BBIPOKAIOT OJIATOAAPHOCTh PEHAKIMK JKypHAla M PEICH3CHTaM 3a BHHMATEIHLHOC
OTHOIIICHHE K CTAThE.

dunaHcupoBaHue. VccienoBaHrne BBHIIONHEHO 3a CYET CPEACTB rpaHTa Poccuiickoro Hay4dHoro (oHAa (IPOEKT
Ne 23-79-10044, https://rscf.ru/project/23-79-10044/).
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Introduction. Porous materials are widely used in various industries, such as metallurgy [1], microelectronics [2],
and construction [3]. Their unique properties, due to the presence of cavities and voids filled with gases that conduct
heat poorly, make them ideal for use in the production of thermal insulation [4]. The urgency of this problem is related
to the need to improve energy efficiency in various areas, which is an important aspect in the context of sustainable
development. In light of this, in [4], the authors developed an energy- and resource-saving technology for producing an
effective porous heat and sound insulation structural material, which emphasizes the importance of research in this area.

A comparative analysis of the literature shows that the problem raised by the authors has been sufficiently studied,
but there are still a number of aspects that require more in-depth study. Paper [5] presents modern porous thermal
insulation materials, including the use of silicate raw materials in their production. In [6], various types of porous
material matrices are studied, and it is emphasized that the geometric size of the sample (specifically, its thickness,
optimal for sound absorption — about 20 mm) significantly affects their characteristics. In addition, it should be noted
that porous materials have a lower mass compared to homogeneous media, which makes them mostly attractive for use
under conditions of mass and size restrictions, such as the aviation [7] and space industries [8]. In the context of the
petrochemical industry, studies conducted by Mazitov A.A. [9] demonstrated the capabilities of a new web application
for mathematical modeling of non-stationary oil flow in a porous medium, which emphasizes the importance of porous
materials in this area as well. Paper [10] clearly demonstrated the relevance of the analysis of the mechanical properties
of porous plastics, since an applied methodology for calculating the vibrations of piezoceramic porous plates was
developed using the finite element method.

Despite their advantages, such as low weight, high strength characteristics and predictable thermal properties,
porous materials have disadvantages related to the stochastic distribution of pores and the anisotropy of their properties,
which complicates the mathematical and physical analysis of transport processes. In this regard, the analysis of a
material with a porous structure created on the basis of triply periodic minimal surfaces (TPMS) is of considerable
interest, since it demonstrates predictable properties depending on the geometric characteristics of the elementary cells.

Thermal properties of materials based on TPMP are actively studied in scientific circles [11]. To model the
processes occurring in porous media, both numerical [12] and analytical methods are used. However, one of the main
problems remains the search for a qualitative connection between the thermophysical characteristics [13] and the
geometry of porous media [14]. In this context, the study of the temperature field in porous bodies, taking into account
their geometric characteristics and cell porosity, as well as the application of modern numerical methods and
algorithms, is an area with high potential and considerable topicality. The development of numerical algorithms capable
of describing the behavior of temperature by coordinate and time, as well as heat flow depending on changes in the
porosity coefficient, allows for a more accurate and effective approach to the design of heat exchangers and the
development of thermal protection of equipment.

Thus, the objectives of this research were to study the process of thermal conductivity in a porous plate with a given
porosity made of PETG plastic, and to search for dependences to determine the coefficient of effective thermal
conductivity of such materials based on Fischer-Koch S cells. To achieve this goal, a problem of thermal conductivity
in a porous plate was formulated and solved, and an analysis of the obtained solutions was performed. The results of
this study can be useful for practitioners in the design of heat exchangers and in other areas of application.
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Materials and Methods. The object of the study is a porous plate made of PETG material with a wall thickness of
0.0001 m. Its heat capacity is 1,050 J/(kg'K), density is 1300 kg/m?, and thermal conductivity is 0.2 W/(m-K). Figure 1
shows a sketch of this plate created using the ANSY'S software package. The plate is formed from elementary Fisher-
Koch cells in the S topology. The initial conditions are set as follows: the temperature at the initial moment of time
To = 20°C, the temperature on the plate surface is Tcr = 100°C, and the power of the heat source is 500 W/m?>.

Mathematical Formulation of the Problem. The mathematical formulation of the problem under consideration is
as follows: (1) — (4) [15]:

00(& Fo) 0°©(& Fo)

(1- +Po- 4; 1
0=9) 0 oe2 ? W
Fo>0; 0<&<l;
©(&0)=0; (@)
0(1,Fo)=1; 3)
F
8@(?‘;, 0):0, @)
23
_ 2
£=2, @= r=Ty ; Fo=a—szt; po-— &L ; Az}\—s,
! Ter =Ty l keﬁ’A'(TCT_T)o Aoy

where ® — relative excess temperature; § — dimensionless coordinate; Fo — Fourier criterion (dimensionless time);
Po — Pomerantsev criterion; 7' — temperature, °C; x — coordinate, m; T — time, s; 7cr — wall temperature, °C; To —
initial temperature, °C; [ — cell size, m; 4 — coefficient; gy — power of internal heat source, W/m3; a, = XA,/ cp; —
thermal diffusivity coefficient.

Fig. 1. Plate illustration

Research Methods. In the study of thermal conductivity in porous materials, a combination of two approaches was
used: representative volume elementary (RVE) and computational homogenization. This methodology was
implemented on Fisher-Koch S TPMP cells to calculate the effective thermal conductivity [15]. The effective thermal
conductivity coefficient of the material was determined from formula [16]:

L =k -0,73-(1-0),
where A, — thermal conductivity coefficient of the frame material; ¢ — porosity [17].
The density of the porous material was determined from formula [18]:
Poy =P, (1-9),

where p; — density value of the material from which the cell is made.
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The geometric characteristics of the cellular structure are the determining factors on which the degree of porosity of

the material depends. They were calculated using the mathematical expression:
¢=1-Vimun /V,

where Vrrvmn — cell volume; V' — cube volume.

Numerical Solution. The solution to problem (1) — (4) was obtained by the finite difference method [19].
According to this method, a space-time grid with coordinate steps A§ and time steps AFo is introduced. In this case:

& =iA i=0,I; Fo, =kAFo; k=0K, (5)

where 7, K — number of steps along coordinate & and time Fo, respectively.

On grid (5), the grid functions ®f»‘ =0 (&, Foy) are introduced [20]. Using the explicit approximation scheme of
differential operators, problem (1) — (4) takes the following form [21]:
. O -0f 0f, -20f+0}

i+l .
A-(1-9) o AE? 2+ Po- 4;
0 =0;
O =1
k+1 _ @k
O =0y _
Ag

2.5 million grid cells were used in the calculations.

Two key limitations were established during the calculations. First of all, the PETG material was characterized by
constant and predetermined thermal parameters. It was also assumed that heat exchange occurred exclusively on
surfaces with specified boundary conditions, while the remaining cell faces were thermally insulated.

In the course of the study, it was found that using a grid containing 2.5 to 3.0 million cells leads to an optimal
solution to the problem. Increasing the number of grid elements does not significantly affect the accuracy of the
solution, but drastically increases the time costs and complexity of the process.

To confirm the correctness of the results obtained in the MathCAD environment, the authors conducted additional
modeling in the ANSYS system. The dynamics of temperature changes is graphically presented in Figure 2.

2C
100.020

Fig. 2. Change in temperature in the cell
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Research Results. Figure 3 shows the calculation results obtained by the finite element method (FEM) and the
finite difference method (FDM). The analysis of the results allows us to conclude that the dimensionless
temperatures obtained by the two methods are in satisfactory agreement. By analyzing the computational
experiments, it is established that the Fisher-Koch S-type TPMP cell retains its structure (there are no internal
intersections, complete filling of pores, etc.) in the wall thickness range 0 <8 <0.002 m. The time evolution of
isotherms and the dynamics of their speed mode are shown in Figures 4, 5. A notable feature is that in the process of
time development, each isothermal line is formed on the surface with a characteristic initial speed inherent in it. It is
noteworthy that an increase in the porosity of the material causes an increase in the heat flow over the entire time
interval of the research, which is clearly demonstrated in Figure 5. The dependence of the heat flow density on time
with varying porosity is shown in Figure 6.

T, °C
900 s _
600 s —— ek
——— /

75 - //

—
_39%——_?_—4-// /
50 -

_._—-——f—//
25 ==
0
0.00 2.50- 1073 5.00- 107 7.50- 107 X, m

Fig. 3. Temperature distribution by coordinate:
——— — solution according to FDM; — — ——— solution according to FEM

Fo
0.8
0.6
0.4

0.2

0.0
0.00 0.25 0.50 0.75 g

Fig. 4. Graphs of isotherm motion at coordinates depending on time at:
©=0.1(1);0.2(2); 0.3 (3); 0.4 (4); 0.5(5); 0.6 (6); 0.7 (7); 0.8 (8); 0.9 (9)

v

2// Y
o"’//:ii/’////

0.0 0.3 0.6 0.9 Fo

Fig. 5. Distribution of isotherm velocities in a porous plate at:
0=0.2(1);0.5(2);0.7(3); 0.9 (4)
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Fig. 6. Heat-flux density distribution at:
¢ =10.75(1); 0.80 (2); 0.85 (3); 0.90 (4);

Discussion and Conclusion. In the course of the study, a mathematical model of heat transfer for a flat porous plate
based on the Fisher-Koch prefractal S type TPMP was developed. The accuracy of the solution was confirmed by
comparison with alternative calculation methods, such as finite-difference and finite-element analysis. The maximum
deviation of the results according to the Chebyshev norm did not exceed 3%.

One of the significant advantages of the proposed approach is the ability to calculate the temperature distribution
and heat losses in porous media without using complex computer programs and expensive computing equipment. The
expressions obtained for the temperature function significantly simplify the process of engineering calculations of heat
transfer in such materials.

The numerical modeling results, consistent with fundamental studies on thermal conductivity [20], methods for
specifying boundary and initial conditions [15], as well as with various approaches to numerical calculations [11], open
up new prospects for further scientific research. In particular, the developed approach can be applied to the analysis of
one-dimensional heat transfer in porous media, including the calculation of temperature distribution, heat fluxes, and
effective thermal conductivity coefficients of materials based on TPMP.
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