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Abstract  
Introduction. Thermal performance of materials based on triply periodic minimal surfaces (TPMS) is becoming 
increasingly important in view of the growing interest in materials with special thermophysical properties and their 
applications in engineering, energy, and other fields. Since these materials have unique structural and functional 
characteristics, understanding the relationship between their geometry and thermal parameters plays a key role in 
optimizing their use. Despite the considerable attention paid to the problem, the study of the relationship between the 
geometry of porous structures and their thermal characteristics remains incomplete. Existing scientific papers cover 
only individual options, and a complete understanding of the effect of complex micro- and macrostructure on thermal 
conductivity requires further study. The current gap in scientific knowledge is the lack of systematization and 
generalization of existing data, which complicates the development of universal approaches to calculating thermal 
conductivity in such materials. The objective of this study was to develop simplified formulas for calculating the 
effective thermal conductivity of porous structures based on S-type TPMC cells proposed by Fisher and Koch. The 
authors also set the task of analyzing the heat-conducting process in a plate with given porosity parameters. This will 
improve the understanding of the thermodynamic processes occurring in such systems.  
Materials and Methods. To achieve the stated objectives, mathematical modeling was performed, including the solution 
to the boundary value problem taking into account the identified correlations. A cellular structure made of PETG plastic 
and having pores consisting of identical repeating elements was considered. These elements formed a three-dimensional 
minimal surface that corresponded to the Fisher-Koch model. The analysis was performed using two methods: 
calculations in MathCAD based on the finite difference method, and modeling in ANSYS using the finite element 
method. In this case, the effect of the geometric parameters of the porous structure on its thermal characteristics was 
taken into account. 
Results. The research results represented a numerical solution to the thermal conductivity problem for a porous plate, 
taking into account the symmetrical boundary conditions of the first kind, and the presence of internal heat sources that 
remained constant in time and considered the topological features of the material. In the course of the study, 
temperature distributions were obtained, both in the spatial coordinate and in time. The change in heat flow depending 
on variations in the plate porosity coefficient was estimated. The graphs of isotherm distribution and their speed of 
movement were constructed and analyzed, which allowed for a deeper understanding of the heat transfer dynamics in 
the system under consideration. 
Discussion and Conclusion. The obtained mathematical dependences demonstrate the degree and nature of the effect of 
porosity on the distribution of heat flux density. It has been found that changes in the porosity of the plate can both 
increase and decrease the intensity of heat transfer, which provides reaching the required values of thermal resistance of 
the material. The obtained results are consistent with the findings presented in other studies on similar topics, which 
opens up opportunities for their application in further research. These results can be useful in designing thermal 
protection systems for heat-generating equipment, as well as for heat and mass transfer paths of heat-mechanical 
equipment and other applications. The solutions are presented in an accessible and understandable form, which makes 
them easy to use for a wide range of researchers and engineers, and does not require expensive software or specialized 
computing equipment.  
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Аннотация 
Введение. Термические характеристики материалов, созданных на базе трижды периодических минимальных 
поверхностей (ТПМП), становятся все более важными в свете роста интереса к материалам с особыми теплофи-
зическими свойствами и их применениям в инженерии, энергетике и других областях. Поскольку эти материа-
лы обладают уникальными структурными и функциональными характеристиками, понимание взаимосвязи 
между их геометрией и теплофизическими параметрами играет ключевую роль в оптимизации их использова-
ния. Несмотря на значительное внимание, уделенное проблеме, исследование взаимосвязи между геометрией 
пористых структур и их термическими характеристиками остается неполным. Существующие научные работы 
охватывают лишь отдельные варианты, а полное понимание влияния сложной микро- и макроструктуры на 
теплопроводность требует дальнейшего изучения. Существующий пробел в научном знании заключается в не-
достаточной систематизации и обобщении существующих данных, что затрудняет разработку универсальных 
подходов к расчету теплопроводности в таких материалах. Целью данного исследования являлась разработка 
упрощенных формул для расчета показателя эффективной теплопроводности пористых структур, основанных 
на ТПМП-ячейках типа S, предложенных Фишером и Кохом. Авторы также ставили задачу анализа теплопро-
водного процесса в пластине с заданными параметрами пористости. Это позволит улучшить понимание термо-
динамических процессов, происходящих в таких системах.  
Материалы и методы. Для достижения поставленных целей проведено математическое моделирование, 
включающее решение граничной задачи с учетом выявленных корреляций. Рассматривается ячеистая кон-
струкция, изготовленная из PETG-пластика и имеющая поры, состоящие из одинаковых повторяющихся эле-
ментов. Эти элементы формируют трехмерную минимальную поверхность, которая соответствует модели Фи-
шера-Коха. Анализ проводился с использованием двух методов: расчеты в MathCAD, основанные на методе 
конечных разностей, и моделирование в ANSYS методом конечных элементов. При этом учитывалось влияние 
геометрических параметров пористой структуры на ее теплофизические характеристики. 
Результаты исследования. Результаты исследования представляют собой численное решение задачи тепло-
проводности для пористой пластины, принимая во внимание симметричные граничные условия первого рода и 
наличие внутренних источников тепла, которые остаются постоянными во времени и учитывают топологиче-
ские особенности материала. В ходе работы были получены распределения температуры как по пространствен-
ной координате, так и во времени. Оценено изменение теплового потока в зависимости от вариаций коэффици-
ента пористости пластины. Построены и проанализированы графики распределения изотерм и скорости их пе-
ремещения, что позволяет более глубоко понять динамику теплопередачи в рассматриваемой системе. 
Обсуждение и заключение.  Полученные математические зависимости демонстрируют степень и характер вли-
яния пористости на распределение плотности теплового потока. Было установлено, что изменения в пористости 
пластины могут как увеличить, так и уменьшить интенсивность теплопереноса, что позволяет достигать необ-
ходимых значений термического сопротивления материала. Полученные результаты согласуются с выводами, 
изложенными в других исследованиях аналогичной тематики, что открывает возможности для их применения в 
дальнейших исследованиях. Эти результаты могут быть полезны при проектировании систем тепловой защиты 
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для тепловыделяющего оборудования, а также для тепломассообменных трактов тепломеханического оборудо-
вания и других приложений. Решения представлены в доступной и понятной форме, что облегчает их использо-
вание как для широкого круга исследователей, так и инженеров, и не требует привлечения дорогостоящего про-
граммного обеспечения или специализированной вычислительной техники. 

Ключевые слова: трижды периодические минимальные поверхности, топология Фишера-Коха S, пористость, 
внутренние источники теплоты, численное решение, теплопроводность, метод конечных элементов, метод 
конечных разностей, скорость распространения теплоты 
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Introduction. Porous materials are widely used in various industries, such as metallurgy [1], microelectronics [2], 
and construction [3]. Their unique properties, due to the presence of cavities and voids filled with gases that conduct 
heat poorly, make them ideal for use in the production of thermal insulation [4]. The urgency of this problem is related 
to the need to improve energy efficiency in various areas, which is an important aspect in the context of sustainable 
development. In light of this, in [4], the authors developed an energy- and resource-saving technology for producing an 
effective porous heat and sound insulation structural material, which emphasizes the importance of research in this area. 

A comparative analysis of the literature shows that the problem raised by the authors has been sufficiently studied, 
but there are still a number of aspects that require more in-depth study. Paper [5] presents modern porous thermal 
insulation materials, including the use of silicate raw materials in their production. In [6], various types of porous 
material matrices are studied, and it is emphasized that the geometric size of the sample (specifically, its thickness, 
optimal for sound absorption — about 20 mm) significantly affects their characteristics. In addition, it should be noted 
that porous materials have a lower mass compared to homogeneous media, which makes them mostly attractive for use 
under conditions of mass and size restrictions, such as the aviation [7] and space industries [8]. In the context of the 
petrochemical industry, studies conducted by Mazitov A.A. [9] demonstrated the capabilities of a new web application 
for mathematical modeling of non-stationary oil flow in a porous medium, which emphasizes the importance of porous 
materials in this area as well. Paper [10] clearly demonstrated the relevance of the analysis of the mechanical properties 
of porous plastics, since an applied methodology for calculating the vibrations of piezoceramic porous plates was 
developed using the finite element method. 

Despite their advantages, such as low weight, high strength characteristics and predictable thermal properties, 
porous materials have disadvantages related to the stochastic distribution of pores and the anisotropy of their properties, 
which complicates the mathematical and physical analysis of transport processes. In this regard, the analysis of a 
material with a porous structure created on the basis of triply periodic minimal surfaces (TPMS) is of considerable 
interest, since it demonstrates predictable properties depending on the geometric characteristics of the elementary cells. 

Thermal properties of materials based on TPMP are actively studied in scientific circles [11]. To model the 
processes occurring in porous media, both numerical [12] and analytical methods are used. However, one of the main 
problems remains the search for a qualitative connection between the thermophysical characteristics [13] and the 
geometry of porous media [14]. In this context, the study of the temperature field in porous bodies, taking into account 
their geometric characteristics and cell porosity, as well as the application of modern numerical methods and 
algorithms, is an area with high potential and considerable topicality. The development of numerical algorithms capable 
of describing the behavior of temperature by coordinate and time, as well as heat flow depending on changes in the 
porosity coefficient, allows for a more accurate and effective approach to the design of heat exchangers and the 
development of thermal protection of equipment. 

Thus, the objectives of this research were to study the process of thermal conductivity in a porous plate with a given 
porosity made of PETG plastic, and to search for dependences to determine the coefficient of effective thermal 
conductivity of such materials based on Fischer-Koch S cells. To achieve this goal, a problem of thermal conductivity 
in a porous plate was formulated and solved, and an analysis of the obtained solutions was performed. The results of 
this study can be useful for practitioners in the design of heat exchangers and in other areas of application. 
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Materials and Methods. The object of the study is a porous plate made of PETG material with a wall thickness of 
0.0001 m. Its heat capacity is 1,050 J/(kg⸱K), density is 1300 kg/m3, and thermal conductivity is 0.2 W/(m⸱K). Figure 1 
shows a sketch of this plate created using the ANSYS software package. The plate is formed from elementary Fisher-
Koch cells in the S topology. The initial conditions are set as follows: the temperature at the initial moment of time  
T0 = 20°C, the temperature on the plate surface is TCT = 100°C, and the power of the heat source is 500 W/m3. 

Mathematical Formulation of the Problem. The mathematical formulation of the problem under consideration is 
as follows: (1) – (4) [15]: 

 ( ) ( ) ( )2
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x T T a g LFo Po A
l T T A T Tl

− τ λ
ξ = Θ = = = =

− λ ⋅ − λ
  

where Θ — relative excess temperature; ξ — dimensionless coordinate; Fo — Fourier criterion (dimensionless time); 
Po — Pomerantsev criterion; T — temperature, °C; x — coordinate, m; τ — time, s; ТСТ — wall temperature, °C; T0 — 
initial temperature, °C; l — cell size, m; A — coefficient; qV — power of internal heat source, W/m3; as = λs / cρs — 
thermal diffusivity coefficient. 

 
Fig. 1. Plate illustration 

Research Methods. In the study of thermal conductivity in porous materials, a combination of two approaches was 
used: representative volume elementary (RVE) and computational homogenization. This methodology was 
implemented on Fisher-Koch S TPMP cells to calculate the effective thermal conductivity [15]. The effective thermal 
conductivity coefficient of the material was determined from formula [16]: 
 ( )0 73 1 ,eff s ,λ = λ ⋅ ⋅ − ϕ   

where λs — thermal conductivity coefficient of the frame material; φ — porosity [17]. 
The density of the porous material was determined from formula [18]: 

 ( )1 ,eff sρ = ρ ⋅ −ϕ   

where ρs — density value of the material from which the cell is made. 
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The geometric characteristics of the cellular structure are the determining factors on which the degree of porosity of 
the material depends. They were calculated using the mathematical expression: 
 ТПМП1 ,V / Vϕ = −   
where VТПМП — cell volume; V — cube volume. 

Numerical Solution. The solution to problem (1) – (4) was obtained by the finite difference method [19]. 
According to this method, a space-time grid with coordinate steps Δξ and time steps ΔFo is introduced. In this case: 
 ; 0 ; ; 0 ,i ki i , I Fo k Fo k , Kξ = ∆ξ = = ∆ =  (5) 
where I, K — number of steps along coordinate ξ and time Fo, respectively. 

On grid (5), the grid functions  Θi
k = Θ (ξi, Fok) are introduced [20]. Using the explicit approximation scheme of 

differential operators, problem (1) – (4) takes the following form [21]: 

 ( )
1

1 1
2

21 ;
k k k k k
i i i i iA Po A
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+
− +Θ −Θ Θ − Θ +Θ

⋅ −ϕ ⋅ = + ⋅
∆ ∆ξ

  

 0 0;iΘ =   

 1;k
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1

0 0 0.
k k+Θ −Θ

=
∆ξ

  

2.5 million grid cells were used in the calculations. 
Two key limitations were established during the calculations. First of all, the PETG material was characterized by 

constant and predetermined thermal parameters. It was also assumed that heat exchange occurred exclusively on 
surfaces with specified boundary conditions, while the remaining cell faces were thermally insulated. 

In the course of the study, it was found that using a grid containing 2.5 to 3.0 million cells leads to an optimal 
solution to the problem. Increasing the number of grid elements does not significantly affect the accuracy of the 
solution, but drastically increases the time costs and complexity of the process. 

To confirm the correctness of the results obtained in the MathCAD environment, the authors conducted additional 
modeling in the ANSYS system. The dynamics of temperature changes is graphically presented in Figure 2. 

 
Fig. 2. Change in temperature in the cell 

  



Gubareva KV, et al. Numerical Solution to the Problem of Thermal Conductivity in a Porous Plate … 

 

 

ht
tp

s:
//v

es
tn

ik
-d

on
stu

.ru
  

28 

Research Results. Figure 3 shows the calculation results obtained by the finite element method (FEM) and the 
finite difference method (FDM). The analysis of the results allows us to conclude that the dimensionless 
temperatures obtained by the two methods are in satisfactory agreement. By analyzing the computational 
experiments, it is established that the Fisher-Koch S-type TPMP cell retains its structure (there are no internal 
intersections, complete filling of pores, etc.) in the wall thickness range 0 < δ < 0.002 m. The time evolution of 
isotherms and the dynamics of their speed mode are shown in Figures 4, 5. A notable feature is that in the process of 
time development, each isothermal line is formed on the surface with a characteristic initial speed inherent in it. It is 
noteworthy that an increase in the porosity of the material causes an increase in the heat flow over the entire time 
interval of the research, which is clearly demonstrated in Figure 5. The dependence of the heat flow density on time 
with varying porosity is shown in Figure 6. 

 

Fig. 3. Temperature distribution by coordinate: 
 ––––– – solution according to FDM; – – – – – solution according to FEM 

 

Fig. 4. Graphs of isotherm motion at coordinates depending on time at: 
Ѳ = 0.1 (1); 0.2 (2); 0.3 (3); 0.4 (4); 0.5 (5); 0.6 (6); 0.7 (7); 0.8 (8); 0.9 (9) 

 

Fig. 5. Distribution of isotherm velocities in a porous plate at: 
Ѳ = 0.2 (1); 0.5 (2); 0.7 (3); 0.9 (4) 
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Fig. 6. Heat-flux density distribution at: 
φ = 0.75 (1); 0.80 (2); 0.85 (3); 0.90 (4); 

Discussion and Conclusion. In the course of the study, a mathematical model of heat transfer for a flat porous plate 
based on the Fisher-Koch prefractal S type TPMP was developed. The accuracy of the solution was confirmed by 
comparison with alternative calculation methods, such as finite-difference and finite-element analysis. The maximum 
deviation of the results according to the Chebyshev norm did not exceed 3%. 

One of the significant advantages of the proposed approach is the ability to calculate the temperature distribution 
and heat losses in porous media without using complex computer programs and expensive computing equipment. The 
expressions obtained for the temperature function significantly simplify the process of engineering calculations of heat 
transfer in such materials.  

The numerical modeling results, consistent with fundamental studies on thermal conductivity [20], methods for 
specifying boundary and initial conditions [15], as well as with various approaches to numerical calculations [11], open 
up new prospects for further scientific research. In particular, the developed approach can be applied to the analysis of 
one-dimensional heat transfer in porous media, including the calculation of temperature distribution, heat fluxes, and 
effective thermal conductivity coefficients of materials based on TPMP. 
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