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Abstract 
Introduction. Controllability analysis is a required stage for the correct formulation and solution of any optimal control 
problem. This problem becomes specifically relevant in the context of optimizing systems with distributed parameters, 
which are described by partial difference equations. Such problems include the considered problem of optimization of the 
shape of the nozzle of a hydrocannon. The optimal nozzle should provide the maximum value of the functional expressed 
through the average force of the impulse of the jet of a hydrocannon. The relevance of this research is due to the lack of 
a unified approach to the analysis of controllability of systems with distributed parameters, which complicates the correct 
formulation and solution of optimization problems. In particular, previous attempts to solve the problem of hydrocannon 
nozzle optimization using classical variational calculus were unsuccessful due to ignoring aspects of controllability. The 
objective of this research was to apply a new approach proposed by V.K. Tolstykh to controllability analysis to solve the 
problem of optimal design of the shape of a hydrocannon nozzle. 
Materials and Methods. The research method used was controllability analysis based on the Tikhonov conditional 
correctness of the inverse problem. This approach allowed us to identify the conditions for the existence of the gradient 
of the objective functional and construct a regularization of the solution to the inverse problem using adaptive gradient 
methods. It was of current interest for multiextremal problems, including the problem of the optimum nozzle shape. It 
was solved by a direct extreme approach in the form of direct maximization of the objective functional based on its 
gradient. In the process of research, a nonlinear, quasi-one-dimensional mathematical model of isentropic water flow in 
a hydrocannon nozzle was used. The flow was considered inviscid, compressible, and subsonic. 
Results. As part of the research, controllability conditions were obtained that allowed us to radically simplify the problem 
of optimizing the shape of the hydrocannon nozzle. It was found that in order to correctly determine the gradient of the 
objective functional, it was required to narrow the solution area of the conjugate problem to a small rectangular area. The 
use of adaptive gradient methods with satisfactory step factors provided for the regularization of the solution. For the first 
time, two optimum shapes of the hydrocannon nozzle were found. The first shape provided a local maximum of the 
objective functional, the second — a global maximum of the functional with a restriction on the expansion of the nozzle. 
Discussion and Conclusion. The results obtained show that it is impossible to perform a directed search for an optimal 
solution using the Frechet derivative without taking into account controllability conditions. The first proposed approach, 
in combination with the desired adaptive gradient optimization methods, allowed us not only to correctly formulate the 
optimization problem, but also to find optimal nozzle shapes that provided the maximum average pulse force of the 
ultrajet. In some cases, for the stability of the solution, it was necessary to introduce expansion limitation of the nozzle 
beyond the barrel of the hydrocannon. This made it possible to meet the requirements of the controllability theorem and 
guaranteed the correctness of the results obtained. The theoretical relevance of the research is in the development of 
controllability analysis methods for systems with distributed parameters, which creates new opportunities for solving 
similar problems in other areas. The research results can be used to optimize devices operating on the basis of pulsed jets, 
as well as for further study of more complex models of fluid flow.  

INFORMATION TECHNOLOGY,  
COMPUTER SCIENCE AND MANAGEMENT 

ИНФОРМАТИКА,  
ВЫЧИСЛИТЕЛЬНАЯ ТЕХНИКА И УПРАВЛЕНИЕ 

 
EDN: RVWIZA 

© Tolstykh VK, Dmitruk YuV, 2025 

https://doi.org/10.23947/2687-1653-2025-25-1-65-76
mailto:mail@tolstykh.com
mailto:loktyushina.julia@yandex.ru
https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=https://doi.org/10.23947/2687-1653-2025-25-1-65-76%20%20&domain=pdf&date_stamp=2025-03-30
https://orcid.org/0000-0001-9055-1102
https://orcid.org/0009-0009-6750-2068


Tolstykh VK, et al. Controllability Analysis and Optimization of Hydrocannon Nozzle Shape Based on Direct Extreme Approach 

 

 

ht
tp

s:
//v

es
tn

ik
-d

on
stu

.ru
  

66 

Keywords: nozzle shape, hydrocannon nozzle, jet impulse force, nozzle expansion limitation, maximization of objective 
functional, gradient 

Acknowledgements. The authors appreciate the scientific teams of the Departments of Computer Technology and 
General Physics, Donetsk State University, and Donetsk Institute of State Fire Service, the RF Ministry for Civil Defense, 
Emergencies and Elimination of Consequences of Natural Disasters, for fruitful discussions of the research materials.  

Funding Information. The research is done at the Federal State Budgetary Educational Institution of Higher Education 
“DONSU” with the financial support from the Azov-Black Sea Mathematical Center (Agreement No. 075–02–2025–
1608, dated 02.27.2025), as well as within the framework of the state-financed research “Development of Intelligent 
Systems for Analyzing and Forecasting the Condition of Natural and Technical Facilities (FRRE-2023–0012)” (State 
Registration No. 124012400344–1). 

For Citation. Tolstykh VK, Dmitruk YuV. Controllability Analysis and Optimization of Hydrocannon Nozzle Shape 
Based on Direct Extreme Approach. Advanced Engineering Research (Rostov-on-Don). 2025;25(1):65–76. 
https://doi.org/10.23947/2687-1653-2025-25-1-65-76 

Оригинальное теоретическое исследование 

Анализ управляемости и оптимизация формы сопла гидропушки на основе прямого 
экстремального подхода 
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Аннотация 
Введение. Анализ управляемости является необходимым этапом для корректной постановки и решения любой задачи 
оптимального управления. Эта проблема становится особенно актуальной в рамках оптимизации систем с распределен-
ными параметрами, которые описываются уравнениями в частных производных. К таким задачам относится рассматри-
ваемая задача оптимизации формы сопла гидропушки. Оптимальное сопло должно обеспечивать максимальное значение 
функционала, выражаемого через среднюю силу импульса струи гидропушки. Актуальность данного исследования обу-
словлена отсутствием единого подхода к анализу управляемости систем с распределёнными параметрами, что затруд-
няет корректную постановку и решение задач оптимизации. В частности, предыдущие попытки решения задачи оптими-
зации сопла гидропушки с использованием классического вариационного исчисления не увенчались успехом из-за игно-
рирования аспектов управляемости. Целью данной работы являлось применение нового подхода, предложенного Тол-
стых В.К., к анализу управляемости для решения задачи оптимального дизайна формы сопла гидропушки. 
Материалы и методы. В качестве метода исследования использовался анализ управляемости, основанный на 
условной корректности по Тихонову обратной задачи. Такой подход позволил выявить условия существования 
градиента целевого функционала и построить регуляризацию решения обратной задачи адаптивными градиент-
ными методами. Это актуально для многоэкстремальных задач, в том числе для задачи оптимальной формы 
сопла. Она решалась прямым экстремальным подходом в виде непосредственной максимизации целевого функ-
ционала на основе его градиента. В процессе исследования использовалась нелинейная, квазиодномерная мате-
матическая модель изоэнтропического течения воды в сопле гидропушки. Течение при этом считалось невязким, 
сжимаемым и дозвуковым. 
Результаты исследования. В рамках исследования были получены условия управляемости, которые позволили 
радикально упростить задачу оптимизации формы сопла гидропушки. Установлено, что для корректного опре-
деления градиента целевого функционала необходимо сузить область решения сопряженной задачи до малой 
прямоугольной области. Использование адаптивных градиентных методов с удовлетворительными шаговыми 
множителями обеспечило регуляризацию решения. Впервые были найдены две оптимальные формы сопла гид-
ропушки. Первая форма обеспечивает локальный максимум целевого функционала, вторая — глобальный мак-
симум функционала при ограничении на расширение сопла. 
Обсуждение и заключение. Полученные результаты показывают, что направленный поиск оптимального реше-
ния невозможно осуществить по производной Фреше без учета условий управляемости. Впервые предложенный 
подход, в сочетании с необходимыми адаптивными градиентными методами оптимизации, позволил не только 
корректно поставить задачу оптимизации, но и найти оптимальные формы сопла, обеспечивающие максималь-
ную среднюю силу импульса ультраструи. В некоторых случаях для обеспечения устойчивости решения потре-
бовалось введение ограничения на расширение сопла за пределы ствола гидропушки. Это позволило выполнить 
требования теоремы об управляемости и гарантировало корректность полученных результатов. Теоретическая  
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значимость приведенного исследования заключается в развитии методов анализа управляемости для систем с 
распределенными параметрами, что создает новые возможности для решения схожих задач в других областях. 
Результаты работы могут быть применены для оптимизации устройств, работающих на основе импульсных 
струй, а также для дальнейшего исследования более сложных моделей течения жидкости. 

Ключевые слова: форма сопла, сопло гидропушки, сила импульса струи, ограничение на расширение сопла, 
максимизация целевого функционала, градиент 
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Introduction. Despite the significant amount of research on the control theory, there is still no unified approach to 
the analysis of controllability for systems with distributed parameters. Existing studies are usually limited to 
considering controllability as the possibility of transferring a system from an initial state to a given final state [1]. 
However, this approach turns out to be insufficient for optimization problems of spatially distributed systems described 
by partial differential equations. Controllability by the final state does not guarantee controllability by the conditions 
specified in the objective functional, which makes the analysis of such systems complex and non-obvious. In this 
paper, the authors use the concept of controllability proposed by V.K. Tolstykh [2] and apply it to find the optimal 
shape of the hydrocannon nozzle. 

Hydraulic cannons designed to generate pulsed jets of high-pressure liquid are widely used, e.g., in the mining industry 
to destroy rocks [3]. The efficiency of such devices largely depends on the shape of the nozzle [4], which makes the task of 
its optimization urgent. Despite significant interest in this problem, existing papers, such as the works of Zuikova Z.G. [5], 
Zubov V.I. [6], and Atanova G.A. [7], are primarily theoretical. These authors formulated the required conditions for 
optimality, but the numerical results were not supported by evidence of their optimality. Moreover, as it is shown in this 
research, the previously obtained “optimal” nozzle shapes are not such. Thus, despite multi-year research, the problem of 
designing an optimal nozzle shape remains unsolved. 

The solution to this complex problem is possible only through using a direct extreme approach with original adaptive 
gradient methods described in the work of V.K. Tolstykh [8]. The objective of this work was to apply the new approach 
proposed in [2] to the analysis of the controllability of a system with distributed parameters for the problem of optimal 
design of the hydrocannon nozzle shape. Thus, the article is aimed at developing the controllability theory for systems 
with distributed parameters and demonstrating its practical applicability using the example of optimizing the shape of a 
hydrocannon nozzle. 

Materials and Methods. The essence of the direct extreme approach is the direct maximization of some objective 
functional using gradient methods: 

 
( )

( )
( ) , , ,

provided that 0 on 

J u I v u d max

v, u v .
ω

= ω→ ω⊂ Ω

= Ω
∫


, (1) 

Here, the control (in our case — function of the nozzle shape along the length x) u(x) ∈ U(S), S = (xa, xb) — domain 
of control definition, U — admissible set of controls, v(x, t) ∈ V(Ω ) — state of the nonstationary process of ultra-jet 
formation on the closed space-time set {x, t} = Ω . Operator 𝔻𝔻 includes a specific type of differential equations of water 
flow in a hydrocannon and acts on v. Objective function I(v, u) is defined on the set ω, and its value clearly depends on 
the parameters v and u. 

The direct approach does not use any intermediate conditions (e.g., required optimality conditions), but solves the 
problem immediately: 
 ( ) ,*u arg max J u=  (2) 
where u* — optimal control. 
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The original problem with the equations of the distributed system (v, u)v = 0 is characterized by a direct mapping: 
 ( ) ( ) , .U S V S→ Ω ⊂ Ω   

At the same time, optimization problem (1) is inverse. Such problems are usually ill-posed in the classical sense [9]. 
The solution to direct and inverse problems differs significantly. The latter require regularization of the solution to narrow 
the set of possible solutions U to the compact of correctness 𝒰𝒰 ⊆ U, which leads to conditional correctness according to 
Tikhonov. In the direct extreme approach, regularization is performed by gradient methods. 

According to the definition of controllability [2], the distributed system in problem (1) will be controllable  
by u(x) ∈ U(S) with respect to objective functional J, when the inverse problem of mapping the elements of space V(ω) 
of model states into element u* is correct according to Tikhonov, provided that max J: 

 ( ) ( ) , .max JV u U S∗ω → ∈ ω⊂ Ω   

Next, when solving problem (2), we will perform a controllability analysis and obtain controllability conditions that 
can allow us to correctly formulate and solve the problem of optimizing the shape of the hydrocannon nozzle using 
gradient methods [10]. 

Paper [8] describes in detail the formulation of the problem under consideration for subsonic, axisymmetric flows of 
compressible fluid in smoothly changing channels. Let us recall it in the form required for further research. The isentropic 
motion of water in the nozzle is described by a quasi-one-dimensional, quasi-linear hyperbolic system of equations [11]: 

 0 на v vv A F .
t x
∂ ∂

= + + = Ω
∂ ∂

  (3) 

The state of the system is characterized by vector function v = {ρ, w} ∈ V(Ω ), where ρ — density of water, w — 

speed of water. Operator ,A F
t x
∂ ∂

= + +
∂ ∂

  its matrix ( ) 2

w
A v c w

ρ 
 =  
 ρ 

 and vector ( ) ,
0

F v,u
ϕ 

=  
 

φ = ρwuΘ(x – xa), 

Θ — Dirac theta function, xa — beginning of the nozzle at the end of the barrel of hydrocannon, 
1

2

0

n

n
Bnc

−ρ
=

ρ
 — square 

of the speed of sound in water, B and n — constants in the equation of state of water in theta form. 
The control is described by the formula: 

 ( ) ( )
( ) ( ) ( )1 , .a b

d x
u x U S S x ,x

x dx
σ

= ∈ =
σ

 (4) 

Here, σ — nozzle cross-sectional area, 
( )

( )
x

xa
u d

ax e
ζ ζ∫σ = σ , x ∈ [xa, xb], σa = σ(xa). In the barrel of the hydrocannon, 

when x ≤ xa, there is no control u(x), and free term φ = 0. 
Boundary and initial conditions of problem (3): 

 
( ) ( )

0

0 0 1

0 0 0 0

1 0 on Г ,

on Г Г ,
on Г .

n

p
p

b b

dw uB
dt m

v x,t ,w

 ρ + − =   ρ  
ρ = ρ ∪

= ρ
  

Here, mp — piston mass, ρ0 — density of water at atmospheric pressure, w0 — speed of water and piston before it 
starts flowing into the nozzle. The boundaries of process Г for domain Ω, are shown in Figure 1. The type of Ω is important 
for the controllability analysis. 

 
Fig. 1. Area of water flow in the hydrocannon 
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We specify Ω. The origin of coordinates is aligned with the nozzle entrance xa, and t0 — time of the beginning of water 
flow into the nozzle. On the one hand, the water is limited by the piston moving in the barrel of the hydrocannon along 
the trajectory Гp, and on the other hand — by the free surface of the inflow Гb0 from t0 to t1 and the outflow Гb1 from t1 
to t2. The line of the initial state of system (3) is Г0, coordinates xp0 and xp2 — initial and final positions of the piston. The 
specified Г-lines for Ω form the closure of Ω . The domain of definition of the control ( ) ,

ax x xS P >= Ω  i.e., for x > xa, S 

is the projection of a part of domain Ω onto x axis. 
The optimization problem (optimal design of the nozzle shape) is formulated as follows: it is necessary to find the 

control u(x) that delivers the maximum to the functional: 

 ( ) ( ) ( ) ( ) ( )2

1

2
0

2 1, = .
t

b b

t

x w x ,t
J u I w,u dt I w,u

t tω ω
ρ σ

=
−∫  (5) 

The objective functional is set at ω = Гb1, i.e., at the nozzle exit of the hydrocannon, and determines the average force 
of the jet on a possible obstacle [12]. 

The gradient algorithm for maximizing functional (5) has the form: 
 ( ) ( ) ( )1 ; , , 0, 1 ,k k k ku x u x b J u x x S k+ = + ∇ ∈ = 

 (6) 

where k — iteration number; bk — step multiplier that controls the rise to max J in the direction of gradient ∇Jk. 
The gradient is the functional Frechet derivative Ju

' , which can be found from the first variation of the objective 
functional ( )

'
u U SJ J , u ∗δ = δ . Here, the angle brackets denote the scalar product, in this case, in the conjugate control 

space U*(S). The superscript * denotes conjugacy. 
It should be noted that sometimes the gradient of a functional on a Hilbert space is confused with the Frechet derivative 

of this functional [13]. Derivative Ju
' (u; x) may be insensitive to the control u(x) on the entire set S or on parts of S of 

nonzero measure. Therefore, in the general case, Ju
' (u; x) in (6) will not indicate a reliable direction of correction uk for 

the directed search for the optimal solution 𝑢𝑢∗(𝑥𝑥). The gradient from the Frechet derivative can be obtained only when 
the controllability conditions are realized. 

Approaches to solving problems of hydrocannon nozzle optimization with the aim of maximizing the average jet 
impulse force [5], the functional depending on the flow parameters [6], and maximizing the outflow velocity [7] were 
mentioned earlier. In these papers, after varying δJ, a formal expression for derivative Ju

'  was obtained. It depends on the 
solution 1 2( ) ( )f f , f V ∗= ∈ Ω  of the linear conjugate hyperbolic problem: 

 0 on T ' T
v

f fA F f .
t x

∂ ∂
− − + = Ω
∂ ∂

 (7) 

The superscript T means transposition, Fv
'  — deriva F tive of the free term F with respect to v. Boundary and initial 

(terminal on Г2) conditions: 

 

2
1

1 0

0
0 1 2 1

2 1

1 2 2

0 on Г ,

0 on Г ,

20, on Г ,

0 0 on Г .

p
p

a

b

b b' '
b w w b

m fd f
dt F

f

wf w f I I
t t

f , f

ω

 
+ ρ = ρ 

=

ρ σ
ρ + + = =

−

= =

  

Frechet derivative Ju
'  is sometimes called the residual or gradient. It is more convenient to represent it in operator form: 

 ( ) ( ) ( ) ( );'
uJ u x f x,t f x,t J U S .∗ ∗ ∗

∅= ≡ + κ ∈   (8) 

Here, the conjugate inhomogeneous operator ,J∗ ∗
∅ = + κ   𝕌𝕌*— conjugate homogeneous operator, the dot denotes 

the location of argument f of the operators, κ — weight coefficient for equalizing the computational noise of the numerical 
solution of the original and conjugate problems [8]. Expression (8) contains the value of the functional in the form of the 
number J. This is the value of derivative Iu

' . 
The heterogeneity of operator ∗

∅  is a consequence of the dependence of the objective function I(w, u) on the control u. 
Such a dependence is a rare feature of optimization problems and can significantly complicate the calculation of the gradient. 

The value of homogeneous operator 𝕌𝕌* in derivative (8) has the form: 

 
2 2

0 0
1

Г Г
,

b b

t t
' T
uf F fdt wf dt∗ = = ρ∫ ∫   

where integration is performed from the lower nonlinear boundary Гb0 (Fig. 1) when water flows into the nozzle. 
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The meaning and objective of the conjugate problem is to map derivative Iw
'  (sensitivity of J to w) from domain ω to 

domain S, where the gradient and control are defined. Such a mapping with the help of f is done using the intermediate 
set ⊂ ΩΩ , which, according to controllability, specifies the correct domain V*(Ω) of the definition of the homogeneous 
operator 𝕌𝕌*, so that in expression (8) from Ju

' , we obtain gradient ∇J. 
That is, the conjugate problem implements the mapping: 

 ( ) ( ):f V V .∗ ∗ω → Ω   

Next, using operator 𝕌𝕌* : V*(Ω) → U*(S), we can obtain the gradient from Frechet derivative Ju
' : 

 ( )'
uJ f J U S .∗ ∗ ∗

∅ ∅→ = ∇ ∈Ω    

Domain Ω is determined from the controllability analysis. 
Research Results. The requirements for controllability conditions within the framework of the direct extreme 

approach are formulated in the following theorem (for the proof, see [2]). 
Theorem. The mathematical model (v, u)v = 0 in problem (3) is controllable by u(x) on S with respect to functional J if: 
1) there exists domain V*(Ω), ⊂ ΩΩ  of a correct conjugate state, which is the domain of definition of operator 𝕌𝕌* 

with its values in the gradient domain U*(S); 
2) operator 𝕌𝕌* — non-degenerate;  
3) algorithm (6) for u0 ∈ 𝒰𝒰 uses satisfactory regularization parameters bk. 
We start with the first and most difficult requirement of the theorem. First, it is necessary to verify the classical correctness 

of the original and conjugate problems. Original (3) and conjugate (7) systems are of the hyperbolic type. The eigenvalues 
of the matrices A and AT are the same. Therefore, in both systems, the characteristics ξ1,2 will be the same — as the trajectories 

of the propagation of disturbances in the plane (x, t) along the characteristic directions 1 2,d
w c

dt
ξ

= ± . The conjugate waves 

generated by derivative ( )'
wI V ∗

ω ∈ ω  at the nozzle exit Гb1 = ω, will move with the same characteristics as the original 

ones, but in the opposite direction. The initial condition for the conjugate problem is specified on the terminal line Г2. 
All characteristics in domain Ω emerge from the boundary sections 𝜕𝜕Ω with known solutions given by the boundary 

conditions. In the case of shock-free wave flows (it is precisely such flows that are considered in this research), the 
characteristics of the same family do not intersect, and at the intersection of two characteristics of a different family ξ1 
and ξ2 at any point Ω , a solution to the hyperbolic system of two equations [14] can be found in the form of two-
dimensional vector functions v and f. 

To find the domain of operator 𝕌𝕌*, it is necessary to conduct an analysis and identify the existence of the following 
sequence of mappings, starting from the control u ∈ U(S) and ending with gradient ∇J ∈ U*(S):  

The problem under discussion can be described more simply. First, objective functional J(u), specified on ω, must be 
sensitive to the control defined on S (sensitivity is characterized by derivative '

wI ω ). Second, from the set of conjugate 

solutions on the entire Ω , it is necessary to select such a subset Ω, where the conjugate solutions f Ω  will uniquely 

depend on the values of the objective functional in the form '
wI ω . There may not be such a dependence on the entire 

domain Ω . Thirdly, the set Ω must provide operator 𝕌𝕌* with the ability to map the conjugate states f Ω  into U*(S). This 

mapping is represented by the last branch, where operator 𝕌𝕌* from the obtained domain of definition 𝑉𝑉∗(𝛀𝛀) can produce 
a mapping into the domain of values U*(S). where there is gradient J f∗

∅∆ = Ω . 

From the correctness of the original direct problem, it follows that any functions u(x) ∈ U(S) will uniquely affect the 
value of the derivative of the objective function Iw

'  on ω = Гb1 through the characteristics ξ1, if at least one of them has 
passed through the entire nozzle. The loss of such effect is possible in the presence of dissipation in the system, but this 
is not the case with isentropic flows. That is, there is a left branch of mappings in (9): 

   
Let us proceed to identifying the set Ω, required for domain V*(Ω) of the definition of operator 𝕌𝕌*. Term '

wI ω  in the 

boundary condition of conjugate problem (7) causes perturbations of the conjugate solution f. They propagate in the form of 
waves along the characteristics of the first family ξ1 in the reverse time direction from the nozzle exit toward the piston (Fig. 2).  

https://vestnik-donstu.ru/
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Fig. 2. Space-time diagram of domain Ω with redundant domain ω 

These disturbances propagate along the entire nozzle and transfer information about the objective functional from the 
points ω to the points on S = (xa, xb). On the piston, the waves described by the characteristics of the first family ξ1, are 
reflected and, changing the direction of their propagation, continue to transfer information received from ξ1 about 

disturbances '
wI ω , adding new information about the piston motion. This process of wave reflections from the piston and 

from the inner part of the nozzle continues until the moment t0. 
Starting from the moment t3 and below, two conjugate waves ξ1 and ξ2, generated by different values of Iw

'  and with 
unnecessary information (noise), at a minimum, will arrive at the same point of some sections of the set S from the piston. 
And below the characteristic ξ1, which came out of the nozzle below t1, unnecessary information from the nozzle will be 

added. This information is not needed, since it does not contain information about the optimization goal from '
wI ω . 

Figure 2 shows an example of a possible set Ω (the entire area shaded with different densities under the upper 
characteristic ξ1 from xa to xb). In this case, Ω corresponds to the Frechet derivative Ju

' . In domain Ω, under characteristic 
ξ2 (reflection ξ1, which came out at t2) and under ξ1 (which came out at t1), a light area of ambiguous influence of the 

values of function '
wI ω on the conjugate state f is formed. Obviously, that it is pointless to solve the conjugate problem 

and calculate the gradient in such a domain Ω. 
It is reasonable to limit ourselves to considering (Fig. 2) the conjugate state of f on the part of Ω, enclosed in the rectangle: 

 ( ) ( )1 1 2a bx ,x t ,t .Ω = ×   

In this case, rectangle Ω1 should be considered too large if the piston is relatively close to the beginning of the nozzle, 
affecting the conjugate state. 

In this rectangle Ω1, the set Ω (shaded with different density in Figure 2 from t1 to t2) will correspond to the redundant 
set ω. That is, in the objective functional J, the interval (t1, t2) will be redundant. At the same time, in the considered 
domain Ω, there may be unacceptable interference on the left (low density of shading in Ω1) for calculating gradient ∇J. 

Redundancy ω is eliminated by further reducing Ω1 to t3 = t1, i.e., when t3 corresponds to the start of the outflow (Fig. 3 a). 

 

a) 
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b) 

Fig. 3. Space-time diagrams of correct domains Ω for determining the gradient: 
 a — Ω in domain Ω2; b — Ω in domain Ω3 

In this case, the entire domain of a sufficient solution to the conjugate problem is narrowed to an even smaller 
rectangle: 

 ( ) ( )2 3 1 2, ,a bx x t t t .Ω = × =   

Here, the piston will not “interfere” with the display uniquely'
wI fω → Ω . 

If the technical conditions for designing a hydrocannon allow for an even greater reduction in the flow time t2 – t1, 
then the solution rectangle of the conjugate problem can be reduced even further, to rectangle Ω3 with a corresponding 
triangular domain Ω (Fig. 3 b): 

 ( ) ( )3 1 2, ,a bx x t t .Ω = ×   

Here there is a minimally sufficient set ωmin to form the domain of definition V*(Ω) of operator 𝕌𝕌*. 
It is in the obtained domains Ω, located inside Ω2 and Ω3 (Fig. 3), that there is a domain of definition V*(Ω) of operator 

𝕌𝕌* with a unique mapping of the derivatives '
wI ω  by means of f into the domain of values of gradient U*(S).  

Conjugate problem (7) and its solution in the rectangles Ω2,3 become significantly simpler: 

 

2 3

2

0 1 2 1

0 on ,

0 on Г Г ,

0 on Г

T ' T
v ,

a

'
b w b

df dfA F f
dt dx

f

f w f I .

− − + = Ω

= ∪

ρ + + =

 (10) 

Here, Гa = xa × (t1, t2). Now there is no impact of the piston from line Гp, and there is no flow into the nozzle at the 
boundary Гb0. 

Formula (8) for calculating the gradient of the objective functional also takes a simplified form (there is no nonlinear 
integration boundary Гb0): 

 ( ) ( )
2

1
1; , , .

t

a b
t

J u x f wf dt J x x x∗
∅∇ = = ρ + κ ∈∫  (11) 

The resulting set Ω ⊂ Ω2,3 will correctly define domain V*(Ω) of the definition of operator 𝕌𝕌*(Ω) with the range of 
values in U*(S). The corresponding expression for the time required to form such Ω depends on the characteristics of the 
first family ξ1 and has the form: 

 2 1 1 3, .
b

a

x

x

dxt t t t
w c

≥ + ≥
+∫  (12) 

That is, firstly, the upper characteristic ξ1 must pass through the entire nozzle from xb to xa. Secondly, the start of the 
outflow t1 should not be less than the moment t3 of the start of the entry of waves reflected from the piston into the nozzle. 

This expression is the controllability condition in the problem under consideration. In this case, the remaining branches 
of the mappings are fulfilled (9): 

 ( )uniquely .'
wI f U S

∗ ∗
ω → →Ω

   
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Now we discuss requirement 2) in the theorem on the nondegeneracy of operator 𝕌𝕌*. Let us start with operator ∗
∅ , 

which defines gradient (8). If the objective function I did not depend explicitly on the control u, then ∗ ∗
∅ ≡   and the 

set of conjugate states in the kernel fker = {f : 𝕌𝕌*f = 0 on S} would be zero for an unbounded optimal control u*. In our 

case, for ∗
∅ , the values of the elements of the kernel fker will not be zero, i.e., the optimal control will correspond to 

non-zero conjugate states. The subscript ∅  means the absence of a zero kernel. Obviously, if 𝕌𝕌* was nondegenerate, 

then operator ∗
∅  will also be nondegenerate. The nonhomogeneity of operator ∗

∅  in our problem leads only to a shift 
in the zero kernel of the homogeneous operator 𝕌𝕌*. 

We estimate the possible degeneracy of the homogeneous operator 𝕌𝕌*. It is obvious that for any values of ρ and w, the 

result of integration in 
2

1
1

t

t
f wf dt∗ = ρ∫  can become zero on S only when f1 = 0 on Ω. This means that operator 𝕌𝕌* is 

nondegenerate, and therefore, ∗
∅  is also nondegenerate. 

The last requirement of the theorem remains. Regularization in the direct extreme approach is provided by: 
− selection of the initial approximation u0 ∈ 𝒰𝒰; 
− subsequent steps of algorithms of type (6) with a satisfactory regularization parameter, i.e., with parameter bk, that 

does not take the control uk+1 beyond the compact set 𝒰𝒰. 
Paper [8] describes the required regularizing gradient methods for algorithm (6) in the problem under consideration. 
Thus, all the requirements of the theorem for providing controllability are met. The distributed system (3) is 

controllable by u(x) on S according to functional J (5) under condition (12). 
Results of Using Controllability Conditions for a Hydrocannon. The parameters of the experimental setup were 

borrowed from the research of A.N. Semko [15]: 
− origin xa = 0; 
− nozzle length xb = 0.253 m; 
− initial position of the piston with the left boundary of water xp0 = –0.28 m; 
− piston mass mp = 2.25 kg; 
− initial velocity of the piston and water ω0 = 76.2 m/s; 
− water density at atmospheric pressure ρ0 = 103 kg/m3; 
− hydrocannon barrel radius Ra = 33 ∙ 10–3 m; 
− start of water flow into the nozzle t0 = 0. 
The original problem was solved in a complex closed domain Ω , and conjugate problem — on a small rectangle 

[ ] [ ]2 1 2, ,a bx x t tΩ = × . Two spatial grids were constructed, each containing 50 steps. The first grid was movable and was 

used to calculate the water flow from the piston to the nozzle exit section, while the second grid was stationary and was 
designed to describe the nozzle shape. The number of layers over time was variable and reached 103. The exact value 
depended on the nozzle shape and was determined by the final time t2. The original and conjugate problems were solved 

by the method of characteristics on identical movable grids in Ω  and in 2Ω , respectively. 

The start of the jet flow from the nozzle was observed at t1 ≈ 2.7 ∙ 10–3 s. The average value of the impulse force of 
the obtained jet was estimated by objective functional J(u) in the interval t2 – t1 = 3 ∙ 10–4 s. This interval was 

approximately 2
b

a

x

x

dx
w c+∫ . In this case, the begin time of the flow t1 > t3, i.e., the piston did not affect the flow. Thus, the 

specified time t2 satisfied the controllability condition (12). 
In [8], the required adaptive computational extremal algorithms were implemented taking into account the 

controllability conditions described here. And the optimal nozzle shapes obtained for the first time were presented. 
In Figure 4, nozzle 1 corresponds to the internal local maximum of functional J(u), and nozzle 2 — to the edge 

maximum under the constraint on nozzle expansion: u(x) ≤ 0, ∀x ∈ S. The first nozzle practically has the shape of a cone, 
while the second one provides that the objective functional reaches a global maximum, whose value J is approximately 
three times greater than the value obtained for the first nozzle. 
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Fig. 4. Optimal shapes of hydrocannon nozzles 

The initial approximation u0(x) was set in the form of a pipe — as a continuation of the cannon barrel. At the first 
iterations of nozzle narrowing, functional J(u) grew with its convexity (growth of the norm ∇J). Then, the convexity 
changed to concavity (decrease of the norm ∇J), at the end of which there were very small regions of maximum (minimum 
norm ∇J with concavity of the functional) with a subsequent convex minimum. Nozzle 1 was obtained in the local 
maximum. The transition through these local extrema was further accompanied by unlimited convex growth of J(u). Only 
adding a constraint on the control made it possible to stop the uncontrolled expansion of the nozzle on the boundary with 
reasonable shape 2. 

Recall that attempts were previously made to obtain a satisfactory solution using the classical calculus of variations. To 
do this, the authors [5] and [7] used relaxation methods to find root u* from the required optimality condition Ju

' (u; x) = 0 

(the Frechet derivative Ju
'  on the incorrect Ω from Figure 2). However, this approach did not give the desired results. 

Moreover, it requires an additional restriction on the nozzle exit area to prevent its collapse. Such collapse also confirms the 
incorrectness of using Ju

' (u; x) for the directed search for u*(x) without isolating the controllability domain Ω inside Ω2,3. In 
other words, instead of the Frechet derivative, it is required to obtain a gradient with the justification. 

Discussion and Conclusion. The research results show that the application of the controllability analysis proposed in [2] 
made it possible to identify the key controllability conditions (12) required for the correct formulation and solution of the 
problem of optimizing the shape of the hydrocannon nozzle. 

According to the controllability conditions, the optimization problem must be set and solved in a small rectangular 
domain Ω2 or even Ω3, and not in a large and complex domain Ω. This is due to the fact that the nozzle shape optimization 
problem with a statement in Ω does not reduce the Frechet derivative Ju

'  to gradient ∇J, which makes it impossible to 
search for the optimal solution. It was this circumstance that caused failures of the previous studies, where the optimality 
of solutions was not proven.  

Our recommendations are as follows: first, perform a controllability analysis until the correct controllability domain Ω is 
identified, and then, for the resulting Ω, identify the solution region of the conjugate problem (in our case, it is Ω2 or Ω3) and 

find the variation ( )
'
u U SJ J , u ∗δ = δ . Next, you can continue the controllability analysis and obtain gradient ∇J from derivative 

Ju
' . It is with the help of Ω inside Ω2,3, that you can find the value of gradient ∇J(u; x), which is distributed along the entire 

nozzle and uniquely corresponds to the objective functional of the problem J(u). And then, you can purposefully search for the 
optimal nozzle shape. 

The major advantage of the proposed approach is the use of a direct extreme method, which allows for direct 
maximizing the objective functional using gradient algorithms. This provides not only for the clarity of the controllability 
analysis, but also the possibility of obtaining numerically confirmed optimal solutions. 

The theoretical value of the research is in the development of controllability analysis methods for distributed parameter 
systems, which opens up new prospects for solving similar problems in other areas. Further research can be aimed at 
expanding the method for more complex fluid flow models, as well as optimizing other devices operating on the basis of 
pulsed jets. 
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