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Abstract 
Introduction. Modern trends in construction, related to the optimization of weight and materials, require accurate methods 
for calculating the stress-strain state, particularly of beams with variable stiffness. Analytical calculation of the stress-
strain state for such beams is fraught with considerable difficulties, limiting its practical application. Numerical methods, 
specifically the Finite Element Method (FEM), are widely used to solve these problems, where the law of stiffness change 
is typically approximated by a piecewise (discrete) function. This study is aimed at the development of an approach based 
on piecewise-linear approximation of stiffness. Linear stiffness approximation suggests an optimal balance of accuracy 
and computational resources. This approach provides significantly higher accuracy compared to the traditional discrete 
approximation with similar computational complexity, allowing for adequate modeling of both smooth stiffness gradients 
and its violent changes. 
Materials and Methods. A first-approximation stiffness matrix for a one-dimensional beam finite element with linearly 
varying flexural stiffness was derived on the basis of a variational formulation of the problem. An exact stiffness matrix 
was obtained by direct integration of the differential equation for beam bending. In the calculation examples, an exact 
solution was obtained using the Maple software package. The numerical solution using FEM was implemented in the 
author's program written in Python. 
Results. During the study, approximate and exact stiffness matrices of the beam finite element were obtained, as well as 
the vector of nodal reactions (loads) from distributed loads. The efficiency of the proposed approach was demonstrated 
by numerical examples. The results obtained by the FEM were verified using analytical calculations. Based on the 
performed calculations, recommendations and criteria for using the exact or approximate stiffness matrix were developed. 
Discussion. Finite elements that account for linear change of stiffness along the length make it possible to increase the 
accuracy of the results and reduce the degree of discretization of the computational scheme by more than two times. The 
approximate matrix shows good convergence with a smooth change in stiffness along the length. In such cases, discrete 
approximation is also acceptable. The exact matrix allows for calculating cases where the stiffness within the beam 
changes by orders of magnitude with low error. The classical discrete approximation in this case does not ensure high 
accuracy of the calculation results. 
Conclusion. The paper presents stiffness matrices for finite elements that account for linear change of stiffness along the 
length. Their derivation is performed by two methods: on the basis of a variational formulation of the problem, and by 
direct integration of the differential equation of bending. The resulting matrices enable more accurate stress-strain analysis 
of beams with variable stiffness. They have an analytical format that simplifies their integration into existing software 
systems. Further research will be directed towards applying the obtained matrices to the calculation of reinforced concrete 
beams, considering physical nonlinearity, as well as to solving problems of stability and dynamics of beams with variable 
stiffness. 
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конечного элемента с линейным законом изменения жесткости по длине 
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Аннотация 
Введение. Современные тенденции в строительстве, связанные с оптимизацией массы и материалов, требуют 
точных методов расчёта напряжённо-деформированного состояния, в частности для балок переменной жёстко-
сти. Аналитический расчёт напряжённо-деформированного состояния таких балок сопряжён со значительными 
трудностями, что ограничивает его практическое применение. Для решения подобных задач широко использу-
ются численные методы, в частности метод конечных элементов (МКЭ), при этом закон изменения жёсткости 
обычно аппроксимируется ступенчатой (дискретной) функцией. Цель настоящей работы — разработать подход 
на основе кусочно-линейной аппроксимации жёсткости. Линейная аппроксимация жёсткости обеспечивает опти-
мальное соотношение точности, сложности и вычислительных ресурсов. Предлагаемый подход обеспечивает су-
щественно более высокую точность по сравнению с традиционной дискретной аппроксимацией при сопостави-
мой вычислительной сложности — это позволяет адекватно моделировать как плавные градиенты жёсткости, так 
и резкие её изменения. 
Материалы и методы. В первом приближении матрица жесткости одномерного балочного конечного элемента 
с линейно изменяющейся изгибной жесткостью получена на основе вариационной формулировки задачи. Точная 
матрица жесткости — методом непосредственного интегрирования дифференциального уравнения изгиба балки. 
Точные решения в примерах расчета получены с применением программного комплекса Maple. Численное реше-
ние, с использованием метода конечных элементов, реализовано в разработанной автором программе на языке 
программирования Python. 
Результаты исследования. В ходе исследования были получены приближенная и точная матрицы жесткости 
балочного конечного элемента, а также вектор узловых реакций (нагрузок) от распределенных нагрузок. Эффек-
тивность предложенного подхода продемонстрирована на примерах численного расчета. При этом результаты, 
полученные методом конечных элементов, верифицированы посредством аналитических вычислений. По итогам 
проведённых расчётов были выработаны рекомендации и критерии для использования точной или приближенной 
матрицы жесткости. 
Обсуждение. Конечные элементы, учитывающие линейное изменение жесткости по длине, позволяют повысить 
точность получаемых результатов и снизить степень дискретизации расчетной схемы более чем в два раза. При-
ближенная матрица демонстрирует хорошую сходимость при плавном изменении жесткости по длине. В подоб-
ных случаях также допустимо применять дискретную аппроксимацию. Точная матрица позволяет с малой по-
грешностью рассчитывать ситуации, в которых жесткость в пределах балки изменяется на несколько порядков. 
Классическая дискретная аппроксимация в таких случаях не обеспечивает высокой точности результатов расчета. 
Заключение. В данной работе были получены матрицы жесткости конечных элементов с учетом линейного из-
менения жесткости по длине. Их вывод осуществлен двумя методами: на основе вариационной постановки задачи 
и путём непосредственного интегрирования дифференциального уравнения изгиба. Полученные матрицы позво-
ляют выполнять более точный анализ напряжённо-деформированного состояния балок переменной жесткости. 
Они обладают аналитическим видом, что упрощает их внедрение в существующие программные комплексы. 
Дальнейшие исследования будут направлены на применение этих матриц к расчёту железобетонных балок с уче-
том физической нелинейности, а также на решение задач устойчивости и динамики балок переменной жесткости. 

Ключевые слова: метод конечных элементов, матрица жесткости, балочный элемент, переменная жесткость 
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Introduction. In modern engineering practice, specifically in the context of sustainable development and resource 
optimization, structures with variable stiffness — for example, beams with variable cross-sections — are widely used [1]. 
Such solutions significantly reduce the material consumption and dead weight of structures, which directly improves their 
cost-effectiveness and environmental friendliness by reducing material consumption [2]. In addition, the mathematical 
model of a beam of variable stiffness serves as a tool for the qualitative description of the stress-strain state of reinforced 
concrete elements, in which the change in stiffness occurs due to the nonlinear behavior of the material [3, 4] and the 
formation of cracks [5, 6]. 

In statically indeterminate beams, which are common in structural mechanics, the distribution of internal forces 
depends on the stiffness ratio of the elements. Neglecting the variable nature of stiffness can cause significant errors in 
determining internal forces and, consequently, the incorrect cross-section selection, which compromises both the 
reliability and economic viability of the project. Figure 1 shows a clear example: taking into account variable stiffness in 
a beam (Fig. 1 b) has led to a radical change in the bending moment diagram compared to the calculation model of 
constant stiffness (Fig. 1 a). 

  

  
a) b) 

Fig. 1. Results of calculation of statically indeterminate beam: 
a — fragment of statically indeterminate beam of constant stiffness and diagram 

 of bending moments in it; b — the same for beam of variable stiffness 

The analysis of beams with variable cross-sections is traditionally performed using numerical methods, in particular, 
the finite element method (FEM). Despite the existence of analytical solutions [7], they are often represented as complex 
series [8] or special functions [9], which complicates their practical implementation in engineering software. Moreover, 
such solutions often lack universality for arbitrary laws of stiffness change and boundary conditions [10, 11]. 

The stress-strain state of beams with variable cross-sections has been studied by various authors for a long time. In the 
context of numerical calculations using FEM, some of the first works [12, 13] can be mentioned. The most common approach 
to accounting for variable stiffness is a discrete approximation using finite elements of constant stiffness (Fig. 1 b), whose 
value is taken equal to the average in the section [14, 15]. Despite its simplicity, this approach does not always ensure the 
required accuracy of calculations. 

More accurate results are obtained by using a linear approximation of the stiffness within the finite element. This 
approach is described in this article. At the same time, classical methods for constructing stiffness matrices for elements 
with variable parameters [16], based on variational approaches [17] or approximations [18], may not provide the exact 
fulfillment of the differential equations of equilibrium and boundary conditions. This causes errors with significant 
changes in stiffness along the length of the element or in extreme cases, for example, when modeling zones with a sharp 
drop in stiffness (formation of cracks, plastic hinge). 

Thus, the relevance of this study is determined by the need to develop an efficient and more accurate method for 
calculating beams with variable stiffness. 

The objective of this study is to obtain and verify stiffness matrices for a beam finite element with a piecewise linear 
law of stiffness change. 

To reach this objective, the following tasks were formulated: 
1. To obtain an approximate stiffness matrix on the basis of a variational formulation of the problem and a linear 

approximation of the stiffness within the finite element. 
2. To develop an exact stiffness matrix for a beam finite element with linearly varying stiffness using an analytical 

solution to the differential bending equation. 

https://doi.org/10.23947/2687-1653-2025-25-4-2206
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3. To conduct a comparative analysis of the accuracy of the calculation results using the proposed stiffness matrices 
and the classical approach with discrete stiffness approximation on a series of test examples; to determine the accuracy 
by comparing to the results of the analytical solution. 

Materials and Methods 
Variational Method for Obtaining the Stiffness Matrix. Variational methods [19] are the generally accepted and most 

versatile methods for obtaining the stiffness matrix of a finite element. The accuracy of the resulting matrix depends on 
how well the input approximation of the desired function reflects the solution to the differential equation. 

For the beam under consideration, the classical Euler-Bernoulli hypotheses are applied. The change in the flexural 
stiffness of the cross-section Dz along the length of the finite element is assumed to be a linear function: 

 ( ) ( ) ( ) ( )0 0 1 0 0 0 1 00z z z
xD x D , D D , D L D ,
L

 = ψ + ψ −ψ = ψ = ψ  
 (1) 

where D0 — initial stiffness; L — length of the finite element; ψ0 and ψ1 — coefficients that take into account the change 
in initial stiffness D0 at the beginning and end of the element, respectively. In this case, ψ0 ≥ 0 and ψ1 ≥ 0. 

The finite element method is considered in the form of displacements. The unknowns are the deflection and rotation 
angle of the section vi and φi (Fig. 2 a) at the beginning x = 0 and end x = L of the element. 

  
a) b) 

Fig. 2. Beam finite element: 
a — unknowns of the finite element method; b — nodal loads and internal forces 

To approximate the displacement function v(x), Hermite polynomials are used [1, 4]: 
 0 1 0 2 1 3 1 4v v N N v N N ,= + ϕ + + ϕ  (2) 
where Ni — shape functions (Hermite polynomials) written below: 

 
3 2 3 2 3 2 3 2

1 2 3 43 2 2 3 2 2
2 3 2 2 31x x x x x x x xN ; N x; N ; N .

L LL L L L L L
= − + = − + = − + = −  (3) 

Approximation (2) corresponds to the following boundary conditions: 
 ( ) ( ) ( ) ( ) ( ) ( )0 0 1 10 0 0v v ; v ; v L v ; v L L .′ ′= = ϕ = ϕ = = ϕ = ϕ  (4) 

The prime in (4) denotes the derivative of function v(x) in respect to x. 
From formulas (3), it follows that classical shape functions do not take into account the distribution of bending stiffness 

along the length of the element, which, in turn, negatively impacts the accuracy of the calculation results. To improve the 
accuracy of calculations, when using a variational formulation of the problem, the double approximation method can be 
applied [20]. 

The bending moment is associated with the curvature by the relation: 

 
2

2
z

z

d v M .
Ddx

= −  (5) 

Here, Dz — bending stiffness of the beam cross-section according to (1). 
Taking into account (2) and (3): 

 3 2 2 3 2 20 0 1 1
12 6 4 12 6 66 2z

z

x x x x
L L

.
L

M
L

v
D L L L

v
L

       − = + ϕ + + ϕ       
   

+
  

− −


− −  (6) 

The potential energy of bending deformation is determined by the formula: 

 
22

2
0

1
2

L

z
d vU D dx.
dx

 
=  

 ∫  (7) 

Taking into account (6) and (1), formula (7) takes the form: 

 
( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )

3
0 0 1 11 0 1 12 0 1 13 0 1 14

2 2
0 1 22 0 1 23 0 1 24

2
0 1 33 0 1 34 0 1 44

2 6 4 2 12 4 2
3 4 2 2

6 4 2 3 ,

U L / D f L f f L f
L f L f L f

f L f L f

⋅ = ψ +ψ + ψ +ψ − ψ +ψ + ψ + ψ +
+ ψ +ψ − ψ +ψ + ψ +ψ +
+ ψ +ψ − ψ + ψ + ψ + ψ

 (8) 
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where  

 11 0 0 12 0 0 13 0 1 14 0 1

22 0 0 23 0 1 24 0 1 33 1 1 34 1 1 44 1 1

f v v ; f v ; f v v ; f v ;
f ; f v ; f ; f v v ; f v ; f .

= = ϕ = = ϕ
= ϕ ϕ = ϕ = ϕ ϕ = = ϕ = ϕ ϕ  (9) 

If we introduce the vector of unknowns [ ]0 0 1 1
Tu v , , v ,= ϕ ϕ , then (8) can be rewritten in the following form: 

 [ ]1
2

TU u K u .= ⋅ ⋅  (10) 

Here, [K] — stiffness matrix of the element, determined taking into account (8) and (9): 

 [ ]

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

0 1 0 1 0 1 0 1
2 2

0 1 0 1 0 1 0 10
3

0 1 0 1 0 1 0 1
2 2

0 1 0 1 0 1 0 1

6 2 2 6 2 2
2 2 3 2 2

6 2 2 6 2 2
2 2 2 2 3

  L   L
L   L   L L  DK .

L   LL
L L   L L   

ψ +ψ ψ +ψ − ψ +ψ ψ + ψ 
 ψ +ψ ψ +ψ − ψ +ψ ψ +ψ =  − ψ +ψ − ψ +ψ ψ +ψ − ψ + ψ
 

ψ + ψ ψ +ψ − ψ + ψ ψ + ψ  

 (11) 

This case ψ0 = ψ0 = 1 corresponds to the classical beam stiffness matrix. 
The positive directions of the nodal loads and internal forces are shown in Figure 2 b, from which it follows: 

 0 1 0 2 1 3 1 4Q X ; M X ; Q X ; M X .= − = = = −  (12) 

Let us calculate the work of external forces. 

 
( )1 0 2 0 3 1 4 1

0
2 2

1 0 2 0 3 1 4 12 12 2 12

L

W X v X X v X qv dx

qL qL qL qLX v X X v X .

= + ϕ + + ϕ + =

      = + + + ϕ + + + − ϕ      
      

∫
 (13) 

In matrix form 
 ( )T

qW u F F ,= ⋅ +  (14) 

where F� — vector of concentrated nodal loads; F�q — vector of nodal loads from distributed loads. The components of 
these vectors have the form (15): 

 [ ] 2 2
1 2 3 4 2 12 2 12

TT
qF X , X , X , X ; F qL / , qL / , qL / , qL / . = = −   (15) 

As we can see, the vector of nodal forces from distributed loads obtained in (15) does not take into account the change 
in stiffness along the length. This is a drawback of the variational approach in the context of the problem under 
consideration. 

The total energy of the system, taking into account (10) and (14), is determined by the expression: 

 [ ] ( )1
2

T T
qU W u K u u F F .= − = ⋅ ⋅ − ⋅ +Π  (16) 

Applying the principle of minimum potential energy, we obtain the condition for the stationarity of functional (16): 

 [ ] ( ) [ ] ( )1 0
2

T T
q qu K u u F F K u F F .

u u
∂ ∂  = ⋅ ⋅ − ⋅ + = ⋅ − + = 
∂ ∂  

Π
 (17) 

The basic equation of the finite element method follows from (17): 
 [ ] qK u F F .⋅ = +  (18) 

Direct Method for Obtaining the Stiffness Matrix. The resulting stiffness matrix (11) has a significant drawback. If we 
assume v0 = φ0 = 0, as well as ψ0 = 0 and ψ1 = 1 (which corresponds to zero stiffness at the left clamped edge), the moment 
at the left edge will be determined by the formula: 

 ( )0
0 2 2 1 0 2 2 0 2 3 1 2 4 1 1 12 2, , , ,

DM X K v K K v K v L .
L

= = + ϕ + + ϕ = − + ϕ  (19) 

Note that (19) considers a limiting case — a mathematical idealization, where the stiffness at the support is not simply 
small but asymptotically tends to zero. Thus, in accordance with (19), the moment at the left edge does not vanish, which 
contradicts formula (5). The reason lies in the inaccurate approximation of the deflection function by formula (2). To 
eliminate this discrepancy, an exact stiffness matrix was found through direct integrating the differential equation for 
beam bending, taking into account the change in stiffness along the length by formula (1). 

A similar approach was used by other authors. In [21], the solution is obtained in the form of power series, therefore, 
it cannot be considered closed. In [22], a direct integration method is used to obtain the stiffness matrix of an element 
with a power law of stiffness change for stability problems. In [23], an arbitrary law of stiffness change along the length  
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is considered. However, for the practical use of the presented results, integration is required. Works [24, 25] are devoted 
to solving stability problems. In these papers, the law of stiffness change along the length is given in the form of a 
polynomial of the second and fourth degree, while the vector of nodal forces from distributed loads is not provided. A 
common drawback of works that take into account second and higher order polynomials in the function of stiffness change 
along the length is the complexity of calculating the stiffness matrix. For example, according to [26], to obtain the stiffness 
matrix coefficients, it is required to calculate expressions of the form sin[ε ln (λ)] (the original notations are preserved), 
which complicates the analysis of limiting cases and the implementation of solutions in commercial software packages.  

To obtain an accurate stiffness matrix, the differential equation for plane transverse bending of a beam with variable 
stiffness, known from the course on strength of materials, is considered: 

 
2 2

2 2z
d d vD q.
dx dx

 
= 

 
 (20) 

Given the form (1), the general solution to the homogeneous equation (20) will contain a logarithm. We eliminate the 
dimensional quantities under the logarithm sign by replacing the variable using the formula: 
 0 1x L, .= ρ ≥ ρ ≥  (21) 

Considering (21): 

 
1dv dv .

dx L d
ϕ = =

ρ
 (22) 

As a result, general solution [27] of equation (20) takes the form: 

 ( ) ( ) ( ) ( )2
1 2 3 4v C C C C ln v ,∗ρ = + ρ−α + ρ−α + ρ−α ρ−α +  (23) 

where α = ψ0 / (ψ0 – ψ1), v* — particular solution to the inhomogeneous equation. Due to its cumbersome nature, the 
particular solution is not given. 

Solution (23) is valid for the cases ψ0 ≠ ψ1, ρ ≠ α, since these cases generate uncertainties that are resolved through 
limiting in formulas (31), (32) and (33). 

The unknown integration constants are determined from the boundary conditions: 
 ( ) ( ) ( ) ( )0 0 1 10 0 1 1v v ; v L; v v ; v L.′ ′= = ϕ = = ϕ  (24) 

In (24), the prime denotes the derivative with respect to ρ. Multiplier L at the rotation angles in the boundary 
conditions (24) is present due to the introduced change of variable (21), which is reflected in (22). After determining the 
integration constants from (24), the moment and shear force in the beam, taking into account the introduced change of 
variables, are calculated using the formulas: 

 
( ) ( ) ( ) ( )2 2

0 0 1 0
0 0 1 02 2 3 2

1D d v d vdM ; Q D .
dL d L d

ψ +ρ ψ −ψ   ρ ρ = − = − ψ +ρ ψ −ψ    ρρ ρ 
 (25) 

The coefficients of the stiffness matrix, taking into account (25) and (12), can be found from the expressions: 

 

( )
( )
( )
( )

1 11 0 12 0 13 1 14 1 1

2 21 0 22 0 23 1 24 1 2

3 31 0 32 0 33 1 34 1 3

4 41 0 42 0 43 1 44 1 4

0
0

1
1

q,

q,

q ,

q ,

X Q k v k k v k F ;
X M k v k k v k F ;
X Q k v k k v k F ;
X M k v k k v k F .

= − = + ϕ + + ϕ − 
= = + ϕ + + ϕ − 
= = + ϕ + + ϕ − 

= − = + ϕ + + ϕ − 

. (26) 

Matrix form (26) is equivalent to the one obtained earlier (18). The stiffness matrix in the case under consideration 
will take the form: 

 [ ]
( ) ( )

( ) ( )

2 2
0 1

2 2
0 0

2 2
0 1

22
0 0 0 10

3

2 2
0 1 1

2 2
1 11

2 2 2 2

2 2

2 2 2

2 2

2

2 22 2

L LDK .
LL

L L

L L

L L

L

L L

 
 

ψ ω − ψ ω + 
=  
β  

 ψ

−

−

ω + ψ ωω +

ξ λ ξω − ξ λ − ξω

ξω ξ − ξω ξ

− ξ λ ξω

ξ  

ξ λ ξω

− ξ − ξ ξω

 (27) 

In (27), the following notations are introduced for the sake of compactness: 
 ( ) ( )0 1 0 1 0 1 0 0 1 1; 2ln / ; ; ; .λ = ψ ψ ξ = ψ −ψ β = λ ψ +ψ − ξ ω = ψ λ − ξ ω = ψ λ − ξ  (28) 
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To implement the proposed stiffness matrix in software, it is critical to be able to transform distributed loads into a 
nodal force vector. The exact expressions for vector F�q are given below. 

 

( ) ( )

( ) ( )

( ) ( )

( ) ( )

2 2
0 0 1 1 0 1

2
0 0 1 0 1

2 2
0 0 1 1 0 1

2
1 0 1 0 1

2 2 2 3 3

6
2 2 5

12

2 2 2 3 3

6
2 2 5

12

q

qL

qL

F .
qL

qL

  λ ψ + ψ ψ −ψ − ξ ψ −ψ  
 βξ
 

λψ ψ + ψ −ξ ψ +ψ   
 βξ =
  λ ψ − ψ ψ − ψ − ξ ψ − ψ  
 βξ
 

λψ ψ +ψ −ξ ψ + ψ   
 βξ 

 (29) 

The main advantage of the obtained matrix (27) and vector (29) is the simplicity of implementation, as well as the 
absence of series and special functions in the calculations.  

When solving certain problems, it is more convenient to relate section stiffness coefficients ψ0 and ψ1 to the curvature. 
In this case, it is necessary to know how the curvature is related to the displacements and rotation angles of the nodes of 
the element. Formula (5) can be used for this. Knowing how the moment is expressed at the beginning and end of the 
element according to formulas (26), we obtain: 

 

( )
( ) ( )
( )
( ) ( )

21 0 22 0 23 1 24 1 2

2

2
0 00

2

2
0 1

41 0 42 0 43 1 44 1 4

0 1
0

1 1
zx

L

q,

q,
zx

Md k v k k v k F ;v
D Ddx
Md v
D x L D

kk v k v k F .
dx

=

=


= − = − ψ



+ ϕ + + ϕ −

+


ρ = = − =

= ψ
+ ϕ ϕ


+ −

 (30) 

Cases ψ0 = 0, ψ1 = 0 and ψ0 = ψ1 = ψ generate uncertainties of various types in matrix (27) and vector (29). Let us 
develop them. 

Case ψ0 = 0. 

 [ ]
2

0 1
3

2

1 0 1 3
0 0 0 0 0
1 0 1 2 3

0 6

2
q

DK .

L qL /

FL qL /
L L qL /

;
L

L 

−  
 
 =

− −  
 − 

 
 

ψ  =  


 −


 

 (31) 

Case ψ1 = 0. 

 [ ] 0 0
3

2 2

1 1 0 2 3
0 6

1 1 0 3
0 0 0 0 0

2
q

DK .

L qL /
L L L qL /

FL q
;

L L /

 
 

ψ  =  
 
  

−  
 −  =

− −  
 
 

 (32) 

From (31) and (32), it is evident that the columns and rows of the stiffness matrix, as well as the components of the 
nodal force vector from distributed loads associated with the bending moments at the left and right ends of the finite 
element, respectively, are set to zero — which corresponds to equation (5). The vanishing of the bending stiffness can 
occur, for example, when tensile reinforcement breaks, or the compressed zone of a reinforced concrete beam fails in any 
section. In the case of a statically indeterminate beam, the structure can continue to function during such failures. In 
commercial software packages, when such situations arise, hinges are typically activated in the calculation model. 

Case ψ0 = ψ1 = ψ. This case corresponds to the classical stiffness matrix. 

 [ ]
2 2 2

2

0

2

3

2

12 6 12 6 2
6 4 6 2 12
12 6 12 6 2

6 2 6 4 12

q
DK .

L L qL /
L L L L qL /

FL L
L

;
qL /

L L L qL
L

/

 
 

ψ  =  
 
 

−  
 −  =

− − −  
 − − 

 (33) 

In practical calculations, to reduce computational errors that may accumulate during the calculation of the stiffness matrix 
components and factors (28), it is recommended to use formulas (31), (32) and (33) not when strictly reaching the limiting 
case, but when approaching it. For example, set the threshold conditions for using (27) and (29) in the form ψi > 10–4 and 
|1 – ψ0 / ψ1| > 10–3. The specified values are approximate and depend on the specific implementation features. 
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Figure 3 shows graphs of three elements of the stiffness matrix, calculated using formulas (11) and (27) for 
ψ1 = D0 = L = 1. 

 

Fig. 3. Dependences k11, k22 and k12 on ψ0. Solid lines are based on exact stiffness matrix (27); 
dashed lines — on approximate matrix (11) 

The results presented in Figure 3 show that, for ψ0 = 0 and the corresponding boundary conditions, the stiffness matrix 
coefficients associated with the moment at the left edge vanish in the exact matrix (27) — this corresponds to the physical 
meaning. Approximate stiffness matrix (11) does not have this property. With a significant difference in stiffness, at the 
beginning and end of the element (ψ0 / ψ1 < 0.2), values of the coefficients of the exact and approximate matrices can 
differ by up to 100% (excluding from consideration the limiting case ψ0 → 0). In such situations, it is recommended to 
use exact stiffness matrix (27). Similar conclusions can be drawn for the right edge of the finite element. 

Research Results. To demonstrate the results obtained using the proposed stiffness matrices, calculation examples 
are performed for beams of length 2L, shown in Figure 4. 

  
a) b) 

Fig. 4. Schematic diagrams for calculation examples: 
a — clamped beam of length 2L, loaded with concentrated force; 

b — the same under uniformly distributed load  

Due to symmetry with respect to x = L, half of the beam is considered in the solution. The boundary conditions under 
the action of a concentrated force (diagram in Fig. 4 a) are as follows: 

 ( ) ( ) ( ) ( )0 0 0 0 0 2z
x L

v ; v ; v L ; D v P / .
=

′′ ′ ′′= = = = −  (34) 

Similarly for the case of distributed load (diagram in Fig. 4 b): 

 ( ) ( ) ( ) ( )0 0 0 0 0 0z
x L

v ; v ; v L ; D v .
=

′′ ′ ′′= = = =  (35) 

The following stiffness distribution function along the beam length is considered: 

 ( ) ( ) ( )
2

0 0 0 1 0 12
23 4 2z

x xD x D s s s s s ,
L L

 
= − + − + + − 

 
 (36) 

s0 and s1 — beam stiffness coefficients at the beginning and middle of the span, that is, Dz(0) = D0s0 and Dz(L) = D0s1. In 
this case, Dz(L / 2) = D0. It is important to note that (36) determines the law of stiffness change along the length of the 
beam as a whole, while (1) — along the length of the finite element. 

Function (36) is selected on the base of the method of load application and the boundary conditions. In this case, for 
a beam of constant stiffness, the moments at the support and in the middle of the beam reach maximum values. If the 
beam material is reinforced concrete, cracks and a decrease in flexural stiffness should be expected at these points [27]. 
At a quarter span, the moments are close to zero and, consequently, the stiffness is close to the initial Dz(L / 2) = D0. 
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Figure 5 shows the graphs of the stiffness distribution along the length of the beam, as well as the approximation 
methods under consideration for two alternatives: option 1 — s0 = 0.001, s1 = 1.0; option 2 — s0 = 0.6, s1 = 0.2. 

  
a)  b) 

Fig. 5. Stiffness Dz(x) / D0 distribution along the beam length: 
a — option 1 — s0 = 0.001 and s1 = 1.0; b — option 2 — s0 = 0.6 and s1 = 0.2. 
Curves 1 a, 1 b — initial function; 2 a, 2 b — piecewise linear approximation;  

3 a, 3 b — discrete approximation 

From the results presented in Figure 5, it is evident that the linear approximation, even with five finite elements, 
provides satisfactory agreement (the deviation does not exceed 5%) with the initial function of stiffness change along the 
length for the examples under consideration. High accuracy is maintained when approximating the stiffness with a 
piecewise linear function for variable cross-sections of complex shape [28]. The value of the average stiffness for discrete 
approximation was calculated using the formula: 

 ( )
1

1

1
i

i

x

z ,i z
i i x

D D x dx.
x x

+

+

=
− ∫  (37) 

The results of calculating the coefficients for the stiffness matrices of finite elements are given in Table 1. For discrete 
approximation, ψ0 = ψ1 = ψ. 

Table 1 
Coefficients of Element Stiffness Matrices 

Element  1 2 3 4 5 

ix  1ix +  0.0 0.6 0.6 1.2 1.2 1.8 1.8 2.4 2.4 3.0 

Option 1: s0 = 0.001 and s1 = 1.0 

Coeff. ψ0,1  ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 

Linear 0.001 0.52 0.52 0.88 0.88 1.08 1.08 1.12 1.12 1.0 

Discrete 0.274 0.714 0.993 1.113 1.073 

Option 2: s0 = 0.6 and s1 = 0.2 

Coeff. ψ0,1  ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 ψ0 ψ1 

Linear 0.6 0.904 0.904 1.016 1.016 0.936 0.936 0.664 0.664 0.2 

Discrete 0.768 0.976 0.992 0.816 0.448 

Since an elastic problem is being solved, the results of calculating the stress-strain state components depend linearly on 
the load magnitude and initial stiffness D0. Therefore, in the calculation, these quantities are assumed to be equal to unity. 

The solution to equation (20) with boundary conditions (34) and the law of stiffness change (36) is found analytically 
for values s0 and s1 under consideration. Due to its cumbersome nature, this solution is not presented here. It was not 
possible to obtain an analytical solution for arbitrary values s0 and s1. 

The results from the obtained analytical solution were then compared to the results of the finite element calculation. 
In the basic calculation, the beam was divided into five finite elements. To study the effect of the number of finite elements 
on the accuracy of the results, a series of calculations were performed in which their number varied. 
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Based on the calculation results, the error value was determined in comparison with the analytical solution. To 
formulate conclusions regarding the required number of elements, a 5% error threshold was adopted. Conclusions 
regarding the feasibility of applying this approach in practical calculations were based on the assumption that the threshold 
accuracy was achieved with fewer than 60 elements — in this case, the finite element length was 50 mm. Using a finer 
granularity is impractical for calculating beams in building structures — it significantly increases computational costs 
and calculation time. The maximum number of elements in the calculation examples was set to 400 (with a finite element 
length of 7.5 mm). With a larger number of finite elements, the solver implemented by the author began to accumulate 
computational errors. 

Example 1. Solution to the problem of bending of a clamped beam loaded at the center with a concentrated force. A 
sketch of the calculation scheme is shown in Figure 4 a. The stiffness distribution is adopted according to option 1: 
s0 = 0.001 and s1 = 1. The graph of the stiffness function for this option is shown in Figure 5 a. Figures 6 and 7 show the 
results of calculating the deflections and bending moments, as well as the calculation error. 

  
a) b) 

Fig. 6. Results of deflection calculations for the example: a — calculation results of deflection v depending on x;  
b — calculation error depending on the number of finite elements. 1 a, 1 b — linear approximation and exact stiffness matrix (27);  

2 a, 2 b — linear approximation and approximate stiffness matrix (11);  
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 

  
a) b)  

Fig. 7. Results of moment calculations for example 1: a — calculation results of bending moment M depending on x;  
b — calculation error depending on the number of finite elements; 1 a, 1 b — linear approximation and exact stiffness matrix (27); 

2 a, 2 b — linear approximation and approximate stiffness matrix (11);  
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 

Example 2. Example 1, considered previously, represents a case close to the limit, since the stiffness at the left edge 
of the beam tends to zero. For a more objective assessment of the accuracy of the approaches under consideration, a 
similar series of calculations was performed for the case of a smooth change in stiffness. Figures 8 and 9 present the 
results for option 2 of the stiffness change, namely for s0 = 0.6 and s1 = 0.2. The graph of the stiffness function for this 
option is shown in Figure 5 b. 
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a) b) 

Fig. 8. Results of deflection calculations for example 2: a —calculation results of deflections v depending on x;  
b — calculation error depending on the number of finite elements. 1 a, 1 b — linear approximation and exact stiffness matrix (27);  

2 a, 2 b — linear approximation and approximate stiffness matrix (11);  
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 

  
a)  b) 

Fig. 9. Results of calculating moments for example 2: a — calculation results of bending moments M depending on x;  
b — calculation error depending on the number of finite elements. 1 a, 1 b — linear approximation and exact stiffness matrix (27);  

2 a, 2 b — linear approximation and approximate stiffness matrix (11);  
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 

Example 3. The problem of bending of a clamped beam under a distributed load. The sketch is shown in Figure 4 b. The 
calculation results in Figures 10 and 11 were obtained for option 1 of the stiffness distribution, i.e., for s0 = 0.001 and s1 = 1. 

  
a)  b) 

Fig. 10. Results of deflection calculations for example 3: a — calculation results of deflections v depending on x;  
b — calculation error depending on the number of finite elements; 1 a, 1 b — inear approximation and exact stiffness matrix (27);  

2 a, 2 b — linear approximation and approximate stiffness matrix (11); 
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 
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a)  b) 

Fig. 11. Results of calculating moments for example 3: a — calculation results of bending moments M depending on x;  
b — calculation error depending on the number of finite elements; 1 a, 1 b — linear approximation and exact stiffness matrix (27);  

2 a, 2 b — linear approximation and approximate stiffness matrix (11); 
3 a, 3 b — discrete approximation; 4 a — analytical calculation results 

Discussion. Based on the analysis of the results shown in Figures 6 and 7, the following conclusions were formulated. 
In cases of significant changes in stiffness, as in Example 1, only the exact stiffness matrix (27) provided obtaining results 
comparable with an analytical calculation. In this case, the threshold accuracy of 5% was attained with five finite elements 
for displacements (Fig. 6 b) and with six finite elements (Fig. 7 b) for bending moments. Using the approximate stiffness 
matrix (11), similar accuracy was attained only with 90 and 180 finite elements for deflections and moments, respectively. 
Discrete approximation allowed us to obtain the threshold accuracy for deflections with 220 finite elements. For moments, 
the required accuracy for discrete approximation was not attained even with 400 elements. 

The calculation results for a distributed load, shown in Figures 10 and 11 for Example 3, are similar to those shown 
in Figures 6 and 7 for Example 1. The key difference is that the accuracy of the results when using the approximate 
matrix (11) and the discrete approximation has decreased. Thus, it can be concluded that the calculation results are affected 
not only by the stiffness matrix — exact or approximate — but also by the vector of nodal forces from distributed loads.  

Based on the calculation results for a smooth change in stiffness, shown in Figures 8 and 9 for Example 2, the following 
conclusions were drawn. The approximate (11) and exact (27) finite element stiffness matrices for a smooth change in 
beam stiffness along its length allowed for comparable results with fewer elements. For example, to attain an error of 5% 
when calculating deflections using the proposed matrices, no more than four finite elements were required, compared 
with eight for discrete approximation. Thus, even in the case of a smooth change in stiffness, a linear approximation 
within a finite element allowed for a two-fold reduction in the degree of discretization of the calculation model, while 
maintaining comparable calculation accuracy. 

The results presented in Figure 8 b and Figure 9 b have a unique feature. The results obtained by the approximate 
stiffness matrix (11) with the same number of elements showed a smaller deviation from the analytical solution than the 
results obtained by the exact matrix (27). This was due to the convexity (Fig. 5) of the stiffness change function along the 
length. In this case, the area of the figure bounded above by the approximation was smaller than the initial. Consequently, 
the deflection value obtained by the linear approximation was greater (0 а). From the results of calculating the coefficients 
of the approximate (11) and exact matrix (27), shown in Figure 3, it was clear that the approximate matrix (11) had greater 
stiffness, which partially compensated for this effect and reduced the total error. Below is matrix [ΔK], whose coefficients 
were calculated from the formula where ΔKi,j = Ki,j

приб./ Ki,j
точн.  где Ki,j

приб. — coefficients of matrix (11);  
Ki,j

точн. — coefficients of matrix (27). The calculations were performed for parameters ψ0 = 0.664, ψ1 = 0.2, D0 = 1.0 and 
L = 0.6, which corresponds to the fifth finite element for option 2 of the stiffness distribution. 

 [ ]

1 09 1 08 1 09 1 11
1 08 1 06 1 08 1 14
1 09 1 08 1 09 1 11
1 11 1 1 1

Δ

4 11 1 09

. . . .

. . . .
.

. . . .

. . . .

K

 
 
 =
 
 
 

 (38) 

The average value of the coefficients of matrix (38) is 1.098. Therefore, the stiffness of finite element 5 will be 
approximately 10% higher if the approximate stiffness matrix is used (11). 
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Conclusion. This paper proposes and verifies an approach to constructing stiffness matrices for beam finite elements 
with linear stiffness change along their length. Both approximate (based on a variational solution to the problem) and 
exact (by analytical integration of a differential equation) stiffness matrices and corresponding nodal load vectors are 
obtained. The key advantages of the resulting matrices are the following. 

1. Analytical form of approximate (11) and exact (27) stiffness matrices is presented, as well as approximate (15) and 
exact (29) vectors of nodal forces from distributed loads, which makes them easily implemented in existing FEM 
programs — both in the author's implementation in Python and in commercial packages.  

2. The presented verification examples (Fig. 6–11) allow us to state that even with a relatively rough discretization (a 
small number of elements), the linear approximation describes adequately the stress-strain state of beams with both 
smooth and abrupt changes in stiffness (including modeling of zones of significant decrease in stiffness).  

Linear stiffness approximation provides an optimal balance between accuracy, complexity, and computational 
resources, making the proposed method a practical tool for analyzing real-world structures with variable stiffness. A 
comparison of calculation results using an approximate and exact stiffness matrix shows that the approximate matrix 
allows for attaining the required accuracy with high precision and lower computational costs for beams with smoothly 
varying stiffness along their length. For rapid changes in stiffness along the length, as well as in extreme cases, to obtain 
significantly higher accuracy while maintaining the same number of elements, it is recommended to use the exact (27) 
stiffness matrix. Discrete approximation is only applicable in cases of smooth changes in stiffness along the length. 

The resulting stiffness matrices open up possibilities for more accurate and efficient analysis of real structures, 
including reinforced concrete elements, taking into account physical nonlinearity — this determines the direction of 
further research. It is also planned to obtain a geometric stiffness matrix for solving stability problems and a mass matrix 
for dynamic analysis. 
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