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Abstract

Introduction. The implementation of high-precision attitude control systems of a new generation with improved technical
characteristics remains a key task in precision instrumentation — this is required for the reliable operation of moving
objects with a long service life. One of the promising ways is the use of sensors based on the Bryan effect (hemispherical
resonator gyroscopes, HRG),), which show significant advantages in stability of characteristics under external factors.
Over the past 10 years, foreign and domestic research has reached noticeable success in increasing the target parameters
of HRG, however, certain improvement problems remain open. Thus, in the literature, attention is paid to reducing the
errors in measuring the HRG through compensating for the impact of imperfections of the resonator, but more often these
methods are applicable at stages after geometry generation. Methods for early identification of material inhomogeneities
(density variation) during workpiece inspection are insufficiently developed, creating a gap in the process chain and
reducing the efficiency of subsequent balancing and calibration. The objective of this study is to develop a method for
identifying resonator density variations at an early stage of the process — during workpiece inspection.

Materials and Methods. An optically transparent material is considered — fused quartz glass, which is the most common
material for making a HRG resonator, in particular, the KU-1 brand (foreign analogs — Corning HPFS 7980, JGS1). The
identification method is based on the relationship of the optical properties of quartz glass (absorption coefficient) with
the desired density distribution over the volume of the workpiece. A virtual experiment was conducted, which consisted
in the formation and resolution of a system of linear algebraic equations (SLAE) based on the measurements series results
of a light beam intensity passing through a workpiece. A polynomial approximation was used to describe the density
distribution in order to increase the robustness of the method. The SLAE roots were obtained through finding a
pseudosolution by the least square method based on the singular value decomposition.

Results. A method for identifying the density variation of quartz glass at the stage of quality control of the technological
workpiece of the HRG resonator was developed. The desired density distribution of quartz glass over the volume of the
workpiece was obtained, coinciding with the “true” one — the difference was no more than 5%. The sensitivity of the
method to the presence of macrodefects in the volume of the workpiece (pores, bubbles, etc.) was assessed.

Discussion. The results show that the proposed method can effectively control the density variation of the workpieces
and optimize the resonator production, thereby improving the efficiency of the processes and minimizing the impact of
imperfections on their characteristics. Virtual experiments have demonstrated that measuring the light beam intensity
passing through the workpiece allows for the accurate reconstruction of the absorption coefficient and density distribution
with an accuracy of at least 0.005%. The developed system of linear algebraic equations (SLAE) makes it possible to
determine these parameters by volume. The paper highlights some features related to solving uncertain SLAE. Particular
attention is paid to the need to control the ratio between the number of roots and unknowns to obtain a stable solution.
Conclusion. The proposed method for identifying the density variation of quartz glass at the stage of workpiece quality
control in the production of HRG resonators demonstrates high efficiency and accuracy. The presented method has high
accuracy for describing the distribution function, and is also flexible in terms of obtaining the optimal dimension of the
SLAE, which is directly related to the number of experiments performed. The obtained results confirm the applicability
of the material optical properties for controlling the density distribution over the volume, which allows for improved
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control of workpieces and optimization of production processes. The required measurement accuracy, determined by the
level of density variation that affects the HRG characteristics, is practically achievable, which indicates that the method
can be used in the manufacturing process. This approach can be applied in future research and development of high-
precision systems, which will contribute to progress in the precision instrumentation industry and improve the quality of
manufactured products.
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OnTuyeckuii MeTox HACHTHQUKAIUY HECOBEPIIEHCTB MaTepuaJia B 3ar0TOBKe pe3oHaTopa
BOJIHOBOT'O TBEpPA0TEeIbHOI0 THPOCKOMNA
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Bgeoenue. Coznanne BHICOKOTOYHBIX CHCTEM OPUEHTALMK HOBOTO TTOKOJICHUS C YJIyUIICHHBIMU TEXHHUECKUMH XapaKTe-
PHUCTHKaMU OCTAETCS KIIFOYEBOM 3a/1a4eil TOUHOTO MPHUOOPOCTPOSHHS — 3TO HEOOXOAUMO ISl HAEKHOM PabOThI TIOBHK-
HBIX 00BEKTOB AJIMTEIBHOTO CPOKa IKCILTyaTau. OJJHAM U3 NEPCHEKTUBHBIX ITyTeH SBISETCS PUMEHEHHE JATIUKOB, OC-
HOBaHHBIX Ha 3¢ ¢pexre bpaiiana (BoiHOBOH TBepaoTenbHBIN TUpockoln, BTI'), koTopble MOKa3bIBaIOT CYIIECTBEHHBIE pe-
MMYIIECTBa MO CTaOMIBHOCTH XapaKTEPUCTHK B yCIOBHAX BHEIIHUX (akTopos. 3a nocienuue 10 set 3apyOexHble U OTe-
YECTBEHHBIC UCCIE0BaHUS JOCTUTIIM 3aMETHBIX YCIEXOB B MOBBIIEHUN LeneBbx napamerpoB BTT', ognako onpenenen-
HblE TPOOJIEMbI COBEPLICHCTBOBAHUS OCTAIOTCSI OTKPBITBIMHU. Tak, B JIMTEpaType YIENseTcss BHUMaHHE CHHKEHHIO
norpeutHocTed usmepenus BI'T 3a cuét koMIeHcaly BIMSHUS HECOBEPILLEHCTB PE30HATOPA, HO Yallle 3TH METOABI TPUMeE-
HUMBI Ha CTaAMAX mociie popmoobdpazoBanus. HegocTatouHo pa3paboTaHbl METOIbI PAaHHEHN HICHTU()UKAIIMN HEOTHOPO/I-
HocTel MaTepuana (pa3HOIUIOTHOCTH) Ha ATale KOHTPOJIS 3aTOTOBOK, YTO CO3Aa&T MPOOeT B TEXHOIOTHUECKOH IIEMOYKe U
cHKaeT 3G (GEeKTUBHOCTE MOCIICAYOIICH OaTaHCUPOBKH M KaTHOPOBKH. L{esib paboThl — pa3paboTaTh METO UACHTU(DH-
KaIliM pa3HOIUIOTHOCTH PE30HATOpa Ha PaHHEH TEXHOJIOTHYECKOHM CTauy — Ha 3Tare KOHTPOJIS 3aTOTOBKH.

Mamepuanst u memoowl. PaccMaTprBaeTcss ONTHYECKH MPO3PAYHBIA MaTepHall — KBaplieBOE CTEKIIO, SIBIISIOIICECS
HanOoJlee pacpOCTPaHEHHBIM MaTepHaIoM I U3roToBIeHUs pe3oHaTopoB BT, B wactHOCcTH Mapka KVY-1. Merton
nIeHTH(HUKAINT OCHOBAH Ha CBSI3U ONTHYECKUX CBOWCTB KBApIEBOTO CTEKIa (K03 uireHTa moriomeHns) ¢ HCKOMBIM
00BEMHBIM pacnpe/ieNIeHneM INIOTHOCTH 3aroTOBKH. I1poBei€H BUPTYaNIbHBIH 3KCIIEPUMEHT, BKJIIOYAIOIINH (hOpMHUpOBa-
HHUE U peIllleHNe CHCTEMBI JIMHEHHBIX anreOpandeckux ypasHeHui (CJIAY) mo pesynbraTam cepuu U3MEPEHUH WHTCH-
CHUBHOCTH CBETOBOTO Iy4Ka, MPOIIEINIETO Yepe3 3aroToBKy. [ onucanus pacnpeeneHns INIOTHOCTH HCIOIb30BaHa
MOJMHOMHAJIbHAS ANIPOKCUMAIHS, YTO MOBBIIIAET podacTHOCTh MeTosa. Pemmenne CJIAY nosyueHo yepes [OUCK NCEB-
JIOpEIIeHNs METO0M HaUMEHBIINX KBaJPaTOB Ha 6a3e CUHTYIAPHOTO Pa3IoKeHUS.

Pesynvmamut uccnedosanus. Pazpadboran MeTon HACHTH(UKAIMN Pa3HOIUIOTHOCTH KBAapIIEBOI'O CTEKJIa HA dTale KOH-
TpOJIs KauecTBa TEXHOJIOTrn4Yeckoi 3arotoBku pesoHaropa BTT'. [lonyueHno uckomoe pacnpeneneHre mIoTHOCTH KBaplie-
BOTO CTEKJIA 110 00BEMY 3aroTOBKH, COBIAJAIONICE C «UCTUHHBIMY» — OTKJIOHEHHE He mpeBblmaeT 5 %. OneHeHa gyB-
CTBHUTEILHOCTh METOA K HAIMYHIO MAaKpOAE(PEKTOB B 00bEME 3arOTOBKH — I1OP, ITy3bIPHKOB U TIP.

Oécyrcoenue. Pe3ynbTaTsl ITOKa3bIBAIOT, YTO MIPUMEHEHHE PEITI0KEHHOTO METO/Ia MO3BOJISIET 3P (PEKTUBHO KOHTPOIIHU-
pOBaTh Pa3HOILUIOTHOCTD 3ar0TOBOK UM ONTHMH3HPOBATh TEXHOJOTHIO IIPOU3BOACTBA PE30HATOPOB, 00ECIIEINBas TOBbI-
IIEHNE Pe3yJIbTAaTHBHOCTH IPOLIECCOB MUHUMM3ALNY BIMSHHUS HECOBEPIICHCTB HA MX XapaKTePUCTHKH. BupTyanbHble
9KCIEPUMEHTHI IPOIEMOHCTPUPOBAIIN, YTO U3MEPEHNE UHTEHCUBHOCTH CBETOBOTO JIy4a, IPOIIEAIIEro Yepe3 3aroTOBKY,
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MTO3BOJISICT BOCCTAHOBUTH pacipenesieHne ko3 duiuenTa moraomenns u IIOTHOCTH ¢ TOYHOCThIO He MeHee 0,005 %.
Co3znaHHas CHCTeMa JIMHEHHBIX anreOpandeckux ypaBHEHUH oOecieunia BO3MOXKHOCTD OIIPEISIICHIS STHX TapaMeTpoB
mo o0beMy. [Tom4epKHYTBI HEKOTOPhIE OCOOCHHOCTH, KacarIIUecs PEIICHHs HEONPEACICHHBIX CHCTEM JTHHEHHBIX a-
reOpandeckux ypaBHeHuid (CJIAY). [IpucTanbHOE BHUIMAHKE yIEICHO HEOOXOIUMOCTH KOHTPOJIS COOTHOIICHUS MEKIY
KOJIMYECTBOM KOpPHEH M HEU3BECTHBIX JUISl MOIYUYEHHs] YCTOMUUBOTO PELICHHUS.

3aknrouenue. TpeiokeHHBIH METO WACHTU(PHUKAIIMK PA3HOIUIOTHOCTH KBAPIIEBOTO CTEKJIA HA ATAre KOHTPOJIS Kade-
CTBa 3arOTOBKH MPH Npou3BoaCcTBe pe3oHaTtopoB BTI mokaseiBacT BRICOKYIO 3()(h)eKTUBHOCTh U TOYHOCTB. MeTO T103-
BOJISIET aJCKBATHO ONHMCHIBATH (PYHKIMIO pacmpeneneHuss U THOKO HacTpamBaTh ONTHMalbHYIO pasMepHOcTh CJIAY,
HaTpsAMYIO CBSI3aHHYIO ¢ 00BEMOM MPOBOAMUMBIX IKCIIEpHUMEHTOB. [loydeHHbIE pe3yIbTaThl MOATBEPKIAIOT IPUMEHH-
MOCTbH ONTHYECKHX XapaKTEPHUCTHK MaTepHaia It KOHTPOJISI 00BEMHOTO pacipeIesieHHs INTOTHOCTH, YTO JaéT BOZMOXK-
HOCTB YJIyUIIATH KOHTPOJIb 3aTOTOBOK M ONITUMH3MPOBATH MPOU3BOACTBEHHEIE TIpoIiecchl. TpedyeMast TOUHOCT H3Mepe-
HUM, 00yCIIOBIEHHAs] yPOBHEM Pa3HOIUIOTHOCTH, BIUSIOMIAM Ha XapakTepucTuku BTT, mpakTudecKu JOCTHKIMA, YTO
CBUJICTEIILCTBYET O PealibHON BO3MOXKHOCTH BHEAPEHHS METO/Ia B TPOU3BOJCTBE. JJaHHBIM MOIXO MOXKET OBITh UCTIOJb-
30BaH B MOCJICIYIONUX UCCICIOBAHUAX U pa3pabOTKax BRICOKOTOYHBIX CHCTEM, CIIOCOOCTBYS IPOTPECCy B TOYHOM IIPH-
OOPOCTPOCHUH U TIOBBIIICHAIO KAYECTBA BBIITYCKACMOW POy KIIHH.

Katouessie caoBa: BTI, nonycdepuueckuii pe3oHaTop, UASHTU(GHUKALUS, PACIICIUICHHE YacTOThI, HECOBEPILCHCTBA,
OIITHKA, METOJ] HANMEHBIINX KBaJPaTOB

Baaroaapuoctu. ABTophl 6maromapsat A.B. JlykuHa, kanaunata GuU3HKo-MaTeMaTHUECKUX Hayk, morieHtra BII MITY
CIIBITY u A.H. bensieBa, crapmero mnpenogasatensi bI'TY «BOEHMEX» wnM. JI.®. YcTuHOBa, HpPOBOAWUBIINX
9KCIEPTHHIC HHTEPBBIO COBMECTHO C aBTOPAMH CTATHH.

®unancupoBanme. lccrenoBanne BBITIOJHEHO 3a cUeT rpaHta Poccuiickoro HaydHoro ¢onma Ne25-21-00278,
https://rscf.ru/project/25-21-00278/

Jns uurupoBanus. I[lleBuenko C.A., Ilomo U.A., MenbuukoB B.E. Onruveckuii MeTox HUACHTUPUKAIMH
HECOBEPIICHCTB MaTepualia B 3arOTOBKE PE30HATOpPA BOJIHOBOTO TBEPIOTENBLHOTO TUpockomna. Advanced Engineering
Research (Rostov-on-Don). 2025;25(4):311-323. https://doi.org/10.23947/2687-1653-2025-25-4-2202

Introduction. Currently, the development of high-precision spatial position-determining systems (attitude control
systems, ACS) based on sensors (hemispherical resonator gyroscopes, HRG), whose operating principle is linked to the
elastic wave precession effect (the Bryan effect), remains relevant [1, 2]. The urgency of using HRG to construct ACS
for various purposes is primarily due to the obvious advantages of such devices compared to devices using other physical
principles: better weight and size characteristics, resistance to mechanical stress, energy efficiency, longer service life
and readiness time, etc. [3]. In the context of the tendency to increase the required assigned resource when creating new
mobile objects, the listed advantages make it possible to increase the payload mass, optimize the layout and, more
importantly, reduce the accumulated error of the ACS and the load on the energy systems.

With the development of design and modeling methods, as well as manufacturing technologies for HRG, their
technical characteristics are also improving, which makes it possible to create ACS of various accuracy classes and,
accordingly, apply them in a wide range of fields of science and technology, including space instrumentation [4]. A large
number of works published by leading domestic research teams are devoted to the development, design and manufacturing
technology of HRG [5]. This is stimulated both by the achievements of foreign companies in terms of the implemented
technical indicators of HRG [6], and by the creation of ACS based on them [7].

Despite the fundamental research and advanced results of our compatriots and their students — Academicians
V.F. Zhuravlev and D.M. Klimov [8], Professors B.S. Lunin, M.A. Basarab and V.A. Matveyev [9], I.V. Merkuriev [10],
K.V. Shishakov [4] — as well as the achievements of foreign groups of D.D. Lynch [11], D. Roselle [12], B.J. Shaw [13],
S. Zotov, A. Trusov and A. Shkel [14] — there remain directions and methods for further improvement of the HRG. This
allows us to follow the advanced trend of modern precision instrument making — the development of high-precision
ACS, based on various sensitive elements [1], [15], including on the basis of the HRG [16].

One of the directions is the minimization of the impact of imperfections in the main sensitive element of the HRG — the
resonator [8] — on the key parameters of the product, in particular on the splitting of its operating natural frequency [9].
When discussing the impact of imperfections, the question arises of how to identify them. Most existing works and
studies [3], [5] are devoted to assessing the level of imperfection and its compensation at the stages of mechanical and

electrical balancing. However, there are practically no studies proposing an identification method at earlier stages of
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production, for example, during quality control of a workpiece. The ability to determine the distribution function of material
properties (for example, density) by volume at the stage of choosing workpieces allows for a reduction in production costs
through the selection based on the criterion of the permissible magnitude of the imperfection amplitude and the choice of the
optimal direction of shaping. This, in turn, reduces the duration of the mechanical balancing process cycle and, consequently,
reduces operating frequency splitting. The need to monitor inhomogeneity is further dictated by existing methods for
assessing material quality, which are focused on its primary application — quartz glass is predominantly considered an
optical material; therefore, the focus of monitoring is shifted toward the corresponding parameters.! However, when
considering quartz glass as the material for the sensing element of a HVG, it is advisable to control the properties and their
distribution throughout the volume, which determine the dynamic characteristics (density, elastic modulus, etc.). In this
regard, this paper proposes a method for identifying inhomogeneity that has not previously been used.

The objective of this study is to develop a method for identifying imperfections of the “inhomogeneity” type based
on measuring the optical properties of a HVG resonator material, intended for use in the quality control stage of a resonator
workpiece. This study tests the feasibility of determining the volumetric density distribution function by directly
measuring the intensity of a light beam transmitted through the workpiece, given the existing relationship between density
and the optical properties of quartz glass.

Materials and Methods. A KU-1 quartz glass cube with a 30 mm edge length was used as the test object (as part of
a virtual experiment). Inhomogeneity across the volume of the cube was determined through a series of experiments
measuring the intensity of a light beam passing through the cube. In this case, for simplicity, the transmission of a beam
in the cross-section of the workpiece was considered (that is, a plane problem). Figure 1 shows the computational and

experimental setup used to identify the imperfection in the form of inhomogeneity.

Quartz glass
workpiece
Falling beam .
pi p2 Ps Transmitted beam
E| |ps ps Ps ‘D
- E 2
[} —
@ g
e
p7 Ps Po —
Light source T -
30 mm X

Fig. 1. Calculation and experimental scheme for identifying inhomogeneity

The method involved discretizing the workpiece cross-section into q elements, each of which had its own density
value within a specified tolerance characteristic of the material. The minimum element size was determined by the
minimum diameter of the light beam generated by the light source. To simplify the calculations, in each of the
measurements it was assumed that the light beam fell along the normal to the surface of the workpiece. By generating a
light beam of constant frequency (wavelength) and specified intensity, the transmitted light intensity was measured, which
made it possible to determine the absorption capacity of the material. The wavelength was selected away from optical
resonance to maintain the validity of the previously presented relationships for the non-resonant section [17]. The
absorption coefficient value took into account the dimensions of the workpiece, which made it possible to record changes
in the intensity of the light beam. As a result of measurements of the intensity of light transmitted through the workpiece,
a system of linear algebraic equations (SLAE) was formed on the basis of Bouguer's law, whose solution provided

obtaining the desired density distribution of the material.

! GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 31.10.2025).



https://vestnik-donstu.ru/
https://docs.cntd.ru/document/1200023786
https://docs.cntd.ru/document/1200023786

Advanced Engineering Research (Rostov-on-Don). 2025;25(4):311-323. eISSN 2687-1653

It is known that within the framework of electromagnetic optics [18], the intensity of a light beam passing through a
continuous medium can be described by the Bouguer-Lambert-Beer law (in the Gaussian system of units) [19]:

I =Iyexp(-8z),

where & — absorption coefficient; z — distance traveled by the light beam. Taking into account the dispersion of light —
the dependence of the optical properties of a medium on the frequency of the transmitted electromagnetic wave — and using
the Lorentz dispersion model, based on the oscillatory model of the atom, it is possible to determine the relationship between
density and absorption coefficient:
8(0)=— - N
4
where m and e — mass and charge of an electron excited by a light wave; ¢ — lightspeed; wo— resonant frequency of the

electron oscillations; @ — frequency of the light wave (excitation); I' — damping coefficient of the oscillations;

N= ]j\{:[p — number of atoms per unit volume (Na — Avogadro's number; M — molar mass; p — density of the medium).

Due to the directly proportional dependence of the absorption coefficient on density, its distribution by volume was
subsequently considered, implying that the change in density could also be found.
To ensure the formation of SLAE, Bouguer's law is represented as:

3 A )
’“m u/2
Iy
where 7, 6, — intensity of the beam transmitted through the workpiece for the u-th experiment and the average value of
the absorption coefficient for the s-th element in the u-th experiment, respectively; z = const — dimensions of the
workpiece; Iy = const — intensity of the generated light beam. Note that a system of g elements with an equal number of
elements on the edge was considered, from which it follows that the number of equations u = 2-\/3 with the number of
unknowns / = & = g. Writing the SLAE in matrix form, we obtain:
A-x=b,
where A4,x — main matrix of the system; x; — vector of unknowns; b, — vector of free terms.

Assuming a continuous and smooth density distribution over the volume, the absorption coefficient distribution is
represented as a two-dimensional polynomial of p-th degree. In this case, the number of unknowns will be independent
of the number of elements and will be / = (p + [)>. Conversely, the degree of system discretization and the number of
elements will be determined by the steady-state solution to the SLAE and the corresponding required polynomial degree.
In other words, it becomes possible to manipulate the data for solving an indefinite SLAE, which is important for
analyzing the obtained results to provide finding an approximate solution.

Writing the Legendre polynomial using the Rodrigues formula [20] for each of the coordinates (x, y):

P =p(x)=cr, L& (x2-1)",

2 dxt
v 1 d t
P :P(y):CWt'm'W(yz—l) ’

where ¢ = (0, ..., p) — constant; P’, P* — tensors of the first kind (v =w = (1, ..., t + 1)); CV),, CW, — unknown
coefficients of the polynomial; x(x5), y(vs) — coordinates of the A-th element, the desired distribution of the absorption
coefficient is represented through the elementwise sum of the corresponding second-rank tensor:

8y = Sum(PV ®PW) = sum(A) = ZP:IZZIAW.

A pseudosolution (approximate solution) of the resulting uncertain system of equations can be found by the least
squares method [21]:
x=A"b=VI'U"b,
where A" — Moore-Penrose pseudoinverse matrix, determined by the singular value decomposition (SVD) [21] of the
underlying matrix A.
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It should be noted that when finding d;, due to the properties of the Legendre polynomial used, in particular its
orthogonality on the interval [-1, 1], the origin of the coordinate system (X, Y) was determined at the geometric center of

the workpiece, and the solution was found in dimensionless form by coordinate:

x:2-xh ;y:2'yh .
z z

The computational assessment of the density distribution across the workpiece volume (virtual experiment) was

conducted in the MATLAB software package. The results of solving SLAE of various dimensions are presented for the

initial data shown in Table 1.

Table 1
Initial Data for Calculation
z, [m] 10, [W/mz] 7\4, [nm] Hmin / HMmax
0.03 1000 200 5.768-107%/5.432-107°

Note: Values Hmin / #max are given in accordance with the nominal value for quartz glass? and taking into account the
results [22].

As the results of the experiment, and also for the possibility of monitoring the reliability of the sought solution, an
array of data for /; (intensity of the beam transmitting through the workpiece) was used, obtained for the following

distribution of the absorption coefficient:

8(x.») S 42-6% +(8’"‘”‘ ;6’”"” j-sin(4-x)'cos(4'J’).

The distribution option selected for the example is due to the greatest impact of the 4th harmonic of the disturbance
(inhomogeneity) on the splitting of the operating frequency of the HRG resonator [9].

Research Results. Figures 2—5 show comparison graphs of the obtained solutions to uncertain SLAE of different
dimensions. In each figure (here and below for similar figures), the absorption coefficient distribution based on the
experimental points (linearly connected) and associated with the discretization in the X-axis direction for the Y value is
shown in green. The result of the SLAE solution, that is, a polynomial approximation, which is also true for distribution
surfaces, is shown in blue. Index 7 at y in the figure captions denotes the i-th coordinate along axis y.

yvi=y(1) =0.8 ea. yi=y(2) =04 ea.

5, 1/m /8, 1/m
” 5,1/
03521 0.352 , 1/m
0,348 \/ | 03s0(/ 0.354
: -0.5 0.0 x,en. -0.5 0.0 x,en.

yi=y(3) = 0,0 ea. yi=y(4) =—0.4 ea. 0.350

5, 1/m 4, 1/m \
/\ 0.346
0.352 : 7T 0352 / 1.0 L
/ \ X, ea.

0.348)/ 0.348/
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Fig. 2. Result of solving rectangular SLAE (p =2; ¢ =25), dimension of matrix 4 — [10%9];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

2 GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 10.10.2025).
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Fig. 3. Result of solving rectangular SLAE (p = 4; ¢ = 169), dimension of matrix 4 — [26x25];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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Fig. 4. Result of solving rectangular SLAE (p =5; ¢ = 361), dimension of matrix 4 — [38x36];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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Fig. 5. Result of solving square SLAE (p =9; ¢ =2 500), dimension of matrix 4 — [100x100];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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In addition, Figures 6-9 present supplementary calculation cases for discussing the issue of solvability of indefinite
SLAE, as well as the application of the proposed method in the presence of macrodefects of the workpiece.
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0.350 0.350
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5, I/m [/ 5, I/m :
0.350 0.352
0.345 0.345

-0.5 0.0 x,ea. —0.5 0.0 x,ea.

a) b)

Fig. 6. Result of solving rectangular SLAE (p = 6; ¢ = 361), dimension of matrix 4 — [38x49];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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Fig. 7. Result of solving rectangular SLAE (p = 3; ¢ = 361), dimension of matrix 4 — [38x16];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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§ Fig. 8. Result of solving square SLAE (p =9; ¢ = 2500), dimension of matrix 4 — [100x100];

a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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Fig. 9. Result of solving square SLAE (p = 20; ¢ = 2500), dimension of matrix 4 — [100x441];

a — two-dimensional slice of the absorption coefficient distribution along x for a defect-free solution;

b — two-dimensional slice of the absorption coefficient distribution along x for a solution with defects

Figure 10 shows the differences in the distribution of the desired value from the distribution obtained on the basis of

the results of solving the SLAE.

», ea. |
0.0
0.5

-1.0 —0.6 -0.2 0.2 0.6 X, ea.
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¥, ea.
0.0

0.5

-1.0
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Fig. 10. Result of solving square SLAE (p = 9; ¢ =2500), dimension of matrix 4 — [100%100];

a — distribution of the desired value according to experimental

data;

b — distribution of the desired value based on the results of solving the SLAE

Discussion. Analyzing the data obtained by the proposed identification method (Figs. 2-5), it can be noted that with
a sufficient number of measurements (system discretization), it is possible to obtain a solution to an uncertain system with
the required accuracy. The results for overdetermined systems turned out to be comparable to the results of
underdetermined systems [23], although in some cases, the values were inferior in accuracy. For example, the data

presented in Figure 4 demonstrated lower accuracy compared to the results for the matrix dimension 4 — [38%x49],

obtained by the 6th-degree polynomial (Fig. 6).

In case of significant imbalance between the number of equations and unknowns (for example, for the case of severe
overdetermination — Fig. 7), a satisfactory solution could not be found within the presented calculations. Even when
obtaining an approximate solution with minimal error, some differences between the reconstructed distribution and the

experimental one were still present. This may be due to the features of the proposed method, which requires separate

study. For clarity, Figure 10 shows a comparison of the distributions in a color gradient.
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At the same time, it was established that the proposed method is sensitive to the presence of macrodefects (pores,
bubbles) in the workpiece. Figure 8 shows the result obtained on the basis of the experimental data with three point
defects, which correspond to a zero absorption coefficient. When compared to Figure 5 (which presents the results with
the highest accuracy), it is evident that the distribution is distorted, and an additional low-frequency harmonic appears on
the graph, indicating possible defects. As the degree of the polynomial increases, the solution continues to change,
describing a more complex distribution (Fig. 9).

It should be noted that in the case of physical measurements, the presence of macrodefects can significantly affect the results,
as this violates the assumption of normal beam incidence on the interface of optically transparent media (pores and bubbles
often have curved surfaces). Despite this, the presented method can be improved by taking these aspects into account.

The use of a polynomial increased the stability of the solution to rectangular SLAE. However, it should be remembered
that real systems constructed on the basis of experimental data with certain measurement errors create additional
complexities that require the use of other methods for calculating SLAE, for example, with solution regularization [24].
Therefore, it is advisable to avoid significant underdetermination and overdetermination of the system. In defense of the
method used to solve SLAE, it should be noted that optimization of the relationship between the polynomial degree and
the discretization level is required to find an approximate solution with minimal effort. The analysis of the resulting
system of equations shows that even for the two-dimensional case, as the element size decreases, the system remains
rectangular and becomes increasingly underdetermined — in such systems, the number of equations () is less than the
number of unknowns (1). Such SLAE have more than one solution and are characterized by a high condition number of
the fundamental matrix (matrix A) of the system, which can cause significant difficulties in finding the roots. Taking this
into account, in order to control the ratio of the number of equations and unknowns, an assumption was made about the
smoothness and continuity of the distribution of the sought quantity over the volume. This assumption is based on the use
of the highest quality quartz glass for the manufacture of the HRG resonator, in which the presence of macrodefects?
(bubbles, cavities, cracks) is not allowed [25]. This assumption is consistent with the constitutive relations that are valid
both for a constant value of the refractive index and for a slowly varying, continuous function in an optical medium [19].

When discussing practical feasibility, it is necessary to estimate the required measurement error. As noted
previously [22], the maximum density spread for quartz glass over the volume of the workpiece (resonator), due to the
imperfect geometric parameters of the periodicity cell element, is £3 % of the nominal value. Due to the proportional
dependence of the absorption coefficient on density, the spread of the absorption coefficient over the volume will be
similar. In this case, the degree of impact of the spread of the absorption coefficient on the intensity of the light beam
passing through the workpiece can be estimated at the level of 0.03%. Consequently, the measurement accuracy must be
at least 0.005%. Reaching this level of accuracy requires a certain approach to organizing the field experiment, specifically
the use of stable light sources (lasers) with active feedback for thermal and current stabilization, light receivers
(photodetectors) with low dark current, and noise suppression from various sources (temperature fluctuations, vibration,
electromagnetic interference, etc.). This ultimately allows for an accuracy of approximately 0.001%.

Conclusion. Thus, in this study, we proposed and tested a method for identifying imperfections in the form of
inhomogeneity in quartz glass at the preform stage, intended for the fabrication of a resonator, a sensitive element of the
HRG. The identification was based on the optical properties of quartz glass, specifically its complex refractive index,
whose imaginary part is related to the absorption coefficient and, consequently, to the density of the material. It has been
demonstrated that, by conducting a series of experiments measuring the intensity of a light beam transmitted through a
workpiece, it is possible to reconstruct the unknown distribution of the absorption coefficient and density over the volume
with high accuracy (at least 0.005% of the measured value). Here, the distribution is represented through an orthogonal
Legendre polynomial of sufficient degree, maintaining an optimal ratio between the number of polynomial coefficients

and the degree of system discretization, determined by the magnitude of the harmonic of the imperfection distribution. It

3 GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 31.10.2025).



https://vestnik-donstu.ru/
https://docs.cntd.ru/document/1200023786
https://docs.cntd.ru/document/1200023786

Advanced Engineering Research (Rostov-on-Don). 2025;25(4):311-323. eISSN 2687-1653

has been established that a ninth-degree polynomial can be used to identify the fourth harmonic of density variation (as a
key parameter) with 100 tests. It is important to emphasize that conducting such work at the early stages of production
can optimize the shaping process, allowing for the selection of the most effective directions of density distribution

throughout the volume to minimize the impact on the splitting of the operating frequency of the resonator.
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