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Abstract

Introduction. Improving the accuracy of mathematical models for disseminating information in social networks is directly
related to the ability to correctly identify their parameters. In numerous papers, the fundamental complexity of this
problem is actually bypassed by substituting the direct identification of the desired functions for the selection of
parameters for their heuristic approximations, which inevitably leads to a decrease in both the accuracy and universality
of the model. In the linear diffusion model describing the spatiotemporal dynamics of information, one of the key
parameters is the function characterizing user activity. The objective of this study includes the development and numerical
implementation of an algorithm for direct parametric identification of user activity functions based on a direct extreme
approach, which makes it possible to completely abandon heuristic approximations, and the evaluation of its
computational efficiency in comparison to the classical gradient method.

Materials and Methods. A direct extreme approach was used to solve the parametric identification problem. Unlike the
classical steepest descent technique, the proposed method with adjustable descent direction adapted the search trajectory
to local features of the quality functional through introducing a control parameter. The numerical solution to the direct
and adjoint problems was implemented using an implicit finite-difference scheme. The method was verified using
synthetic data.

Results. For the identification algorithm, an analytical expression of the gradient of the target functional was obtained
through the solution to the adjoint problem. The identifiability limits of the desired parameter conditioned by the inertia
of the diffusion process and the network response time were determined. A comparative study of gradient algorithms was
conducted. The classical steepest descent approach demonstrated slow and uneven convergence, requiring 13,217
iterations to reach the stopping criterion, whereas the method with adjustable descent direction provided convergence to
the same level of accuracy in 376 iterations.

Discussion. The obtained results confirm the theoretical assumptions about the need to take into account the spatial
heterogeneity of the functional gradient when solving infinite-dimensional optimization problems. The classical gradient
technique exhibits low efficiency in reconstructing nonstationary parameters due to gradient nonuniformity, while the
method with adjustable descent direction reaches uniform and rapid convergence. This demonstrates that adapting the
algorithm to the specifics of an infinite-dimensional problem is a key success factor. The main contribution of the research
is the development of a computing apparatus for the direct determination of functional parameters, which expands the
methodological arsenal for analyzing systems described by partial differential equations.

Conclusion. The key findings of this research are the development and verification of an efficient algorithm for direct
identifying user activity functions in a linear diffusion model of a social network. The practical significance consists in
the creation of more accurate and interpretable tools for modeling information flows without resorting to a priori
approximations. The developed algorithm has demonstrated significant advantages in speed and convergence. However,
the interpretation of the physical meaning of the identified function within this model requires further development. A
promising direction is the application of the method to more sophisticated models that take into account the spatial
heterogeneity of user activity, as well as its extension to the identification of the function vector.
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AHHOTALINA

Beeoenue. TloBbilieHNe TOYHOCTH MaTeMaTHYECKHX MOJeJel paclpocTpaHeHUs] MHQOPMAIMU B COLMAIBHBIX CETSAX
HalpsIMyI0 CBSI3aHO C BO3MOKHOCTBIO KOPPEKTHOW MISHTHU(HKAIMK MX rapameTrpoB. Bo MHorux paborax ¢yHmamen-
TAJIBHYIO CJIOXKHOCTb 9TOH 3a/1au (pakTHUeCKH 00XOIAT, HOAMEHSS NPSAMYIO HJICHTU(PHKALNIO HCKOMBIX (QyHKIMHA MOJ-
60poM MmapaMeTPOB WX SBPUCTHUECKUX aNMPOKCUMAINH, YTO HeM30eKHO MPUBOAUT K CHIDKCHHIO KaK TOYHOCTH, TaK M
YHHUBEpCATFHOCTH MoaeH. B nureitHo# nnddy3noHHONW MOJIENH, OMUCHIBAIOIIEH TIPOCTPAHCTBEHHO-BPEMEHHYIO THHA-
MHKY PaclpoCTpaHeHUs WHPOPMAaIUH, OJHUM H3 KIFOUEBHIX IMapaMeTPOB BHICTyMaeT (QYHKIHNS, XapaKTepU3yromas ak-
TUBHOCTH TIOJIb30BaTeneil. Llenpio JaHHOTO MccaenoBaHus SBISIETCS pa3padoTKa M YHCICHHAS pealn3alis alropuTMa
MIPSIMOi mapaMeTpIIecKoi HIeHTH(GUKANHN (YHKIIMA aKTHBHOCTH II0JIB30BaTEIIei HA OCHOBE MPAMOTO AKCTPEMAITEHOTO
MOJIX0/1a, MO3BOJIAIOIETO MOJHOCTBIO OTKA3aThCs OT 3BPUCTUYECKUX AlMPOKCHUMALUH, a TaKkKe OLEHKA €ro BBIYMCIH-
TeJILHOHM 3()()EKTUBHOCTHU B COIIOCTABIICHUH C KJIACCHYECKUM T'PaJUEHTHBIM METOIOM.

Mamepuanst u memoost. 11151 pellicHUs 3aJa4¥ apaMeTpU4ecKol uaeHTH(HUKaMK ObLI KCIOIB30BaH NPSIMOH dKCTpe-
MaNbHBIA MOAX0A. B oTinnume oT K1accuueckoro MeTojia HauCKOpeHero ciycka, npeioKeHHbIN METO/ ¢ peryIupye-
MBIM HallpaBJIEHHEM CITyCKa aJlalTHPYeT TPAeKTOPHIO MOKCKA K JIOKAILHBIM 0COOCHHOCTSIM (DyHKIIMOHAJIa KayecTBa 3a
CYeT BBEICHUS MapaMeTpa peryIupoBaHms. YUCIIeHHOE pelIeHne PSMON 1 CONPSKEHHOM 3a/1a4 OCYIIECTBICHO 10 He-
SIBHOIM KOHEUHO-Pa3HOCTHOH cxeMe. Bepudukanus MeToqa mpoBOIMIACH HA CHHTETHISCKIX JTaHHBIX.

Pe3ynomamut uccnedosanus. [ s anroputMa HASHTH(PHUKAIINHN ITOJTy4YeHO aHATUTUIECKOE BEIpaKEHUE TPaJleHTa Iielie-
BOTO (YHKIIMOHAJIA Yepe3 PeIlIeHre COTPsDKEHHOHN 3amadi. Y CTAHOBJIECHBI TPaHUIBI UACHTH(PHUIUPYEMOCTH HCKOMOTO
napamerpa, o0yCIIOBJIEHHbIE HHEPIIMOHHOCTHIO MU()()Y3HOHHOIO Tpoliecca U BPEMEHEM YCTaHOBIIEHHUSI PEaKIUHU CETH.
IIpoBeneHO cpaBHUTENBHOE HCCIIEAOBaHUE I'PAAUEHTHBIX alropuTMoB. Kitaccuueckuii MeTos Hauckopeiiero criycka
MPOJIEMOHCTPUPOBA MEAJICHHYIO U HEPAaBHOMEPHYIO CXOJMMOCTb, MOTPEOOBAB /ISl TOCTHIKEHUS! KPUTEPHUSI OCTAaHOBKU
13 217 urepanmii, TOrJa KaKk METOJ1 C peryJupyeMbIM HAIlPaBJICHUEM CITyCKa 00ECIIeYHI CXOJUMOCTh K TOMY K€ YPOBHIO
TOYHOCTH 3a 376 urepanuu.

Obcyscoenue. TlomydeHHBIE Pe3yIbTATH OATBEPKIAIOT TEOPSTUICCKUE TPEAMOCHUTKA O HEOOXOIMMOCTH y4eTa Mpo-
CTPaHCTBEHHOW HEOJHOPOTHOCTH TpaareHTa (yHKIIMOHANA MPH pPEIIeHNH OCCKOHECYHOMEPHBIX 3aJad ONTHMH3AIIHH.
Krnaccraecknii TpaqieHTHBIA METOX IEMOHCTPUPYET HU3KYIO 3((HEKTUBHOCTD MIPH BOCCTAHOBJICHUHN HECTAIMOHAPHBIX
mapaMeTpOB BCIIEACTBHAE HEOTHOPOIHOCTH TPAIMEeHTa, B TO BPeMs KaK METOM C PEryIHPYEeMBIM HaIlpaBJICHUEM CITyCKa
IIO3BOJIACT JOCTHYb paBHOMepHOﬁ u 6LICTpOﬁ CXOOUMOCTH. 39T10 CBUACTCIBLCTBYCT O TOM, YTO aJaliTalidd aJlrfOpUTMa K
cneuudrke 6eCKOHEUHOMEPHOH 3a/1a4H SIBIISIETCS KIFOUEBBIM (akTopoM ycnexa. OCHOBHOM BKJIa]| UCCIICAOBAHMUS 3aKITI0-
YaeTcs B Pa3BUTHH BBIUYUCIHUTENILHOTO alnapaTa JUis PsIMOro onpeaeneHus (pyHKIMOHANBHBIX IapaMeTPOB, YTO PaCIIH-

psAeT MeTOI[OHOFI/I‘IeCKI/Iﬁ apccHaJl aHajIn3a CUCTEM, ONNUCHIBAEMbIX YPABHCHUAMU B YaCTHBIX IMTPOU3BOJHBIX.
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3akntouenue. OCHOBHBIMHU pe3yJIbTaTaMH pabOTHI ABJISIOTCS pa3paboTka v Bepudukaiws 3GGekTHBHOTO aaropuTMa mpsi-
Mo uneHTH(GHUKaIUY QyHKITNH aKTHBHOCTH TTOJIb30BaTeNel B TMHEeHHOM M (Hy3nOHHON MOACIH COITMaTbHOM ceTH. [Ipak-
THUYECKast 3HAUMMOCTb COCTOHUT B CO3JJAaHUH 00JIee TOUHBIX U UHTCPIPETUPYEMBIX HHCTPYMCHTOB JJIsl MOJICIIMPOBAHUS HH-
(hOpPMaIIOHHBIX TTOTOKOB 0€3 MPHUBIICUCHHS AIPHOPHBIX alMPOKCHMAIHiA. Pa3paboTaHHEIN allrOPUTM ITPOAEMOHCTPHUPOBAI
3HAUUTEIHHOE MPEUMYIIECTBO MO CKOPOCTH W XapaKTepy CXOIMMOCTH. TeM He MeHee, MHTepHpeTaris (pu3ndecKoro
CMBICTa HACHTH(GUIMPYeMOl (QYHKIMU B paMKaxX NaHHOW MOJAENU TpeOyeT MaibHEHIIero pa3BuTHs. lepCrieKTHBHBIM
HAIIPaBJICHUEM SIBIISICTCS IPUMEHCHHE METO/Ia K 00Jiee COBEPIICHHBIM MOJIEIISIM, YYUTHIBAOIIUM IIPOCTPAHCTBEHHYIO HE-
OTHOPOIHOCTH aKTHBHOCTH TIOJIB30BATEICH, a TAKXKE €ro pacIiiipeHre Ha HACHTU(DHUKAIINIO BEKTOPa (QYHKIIHIA.

KaioueBsie ciioBa: conuanbHble ceTH, TudQy3noHHas MOIENb, HASHTH(UKALNS TapaMEeTPOB, MPSIMON IKCTPEMalIbHBINA
oaX0/1, 6eCKOHEUHOMEpHAsT ONTHMH3aLUs

BaarogapHocTH. ABTOpPBI BBIP@XAIOT MNPU3HATENFHOCTh HAYYHOMY KOJUIGKTHBY Kadenpsl «KoMmbproTepHBIE
TEXHOJIOTUI» J|OHEIIKOTO roCy1apCTBEHHOTO YHUBEPCHUTETA 32 IJIOOTBOPHOE 00CYKICHHE MaTepPHaIoB PaOOTHI.

®dunancupoBanue. PaboTa BbInoHeHA IPH PUHAHCOBOI Moepkke A30B0-UepHOMOPCKOro MaTeMaTn4ecKoro eHTpa
Ha npoBe/icHue (QyHIaMeHTAIBHBIX Hay4dHbIX uccienoanuii (Cornamenue ot 27.02.2025 Ne 075-02-2025-1608).

s nutupoBanus. Toncteix MLA., Toncteix B.K. UnenTuduxanns GyHKINM aKTHBHOCTH TOJIH30BATENEH COIMAIBHON
cern B suHeWHOH nuddysnonHoit momenu. Advanced Engineering Research (Rostov-on-Don). 2025;25(4):363-370.
https://doi.org/10.23947/2687-1653-2025-25-4-2208

Introduction. Social media have become an integral part of modern society, serving not only as entertainment but
also as a tool for shaping public opinion and creating a community environment for various interests (everyday, political,
extremist, etc.). Therefore, the tasks of studying, forecasting, and regulating the dissemination of information, as well as
identifying and classifying communities on social media, are becoming hot issues. Solving these challenges requires the
development of precise mathematical models of such processes.

There is a wide variety of social platforms, each with its own structure and information transfer mechanisms. The
constant evolution and emergence of new algorithms for social networking operations leads to significant diversity in
their mathematical models. Epidemic models SI, SIR, SEIR [1] and their modern, more sophisticated versions in the form
of mean-field models [2] classify nodes (users) in a social network by state, and describe the quantitative change of nodes
of a certain class. At the same time, graph models in the form of linear threshold and cascade [3] emphasize the cumulative
effect of information dissemination and are often used to find opinion leaders in a social network. Each of the
aforementioned models describes only specific aspects of information dissemination, without encompassing this process
in its spatiotemporal fullness.

In recent years, machine learning-based models capable of accurately predicting information dissemination dynamics
have gained widespread popularity [4]. However, such models typically operate on a “black box” principle and do not
provide interpretable parameters (for example, virality, network throughput, or user activity). The lack of such parameters
limits researchers' ability to evaluate social network clusters and manage information dissemination processes, which
jeopardizes the application of models in problems requiring an understanding of the internal mechanisms of diffusion.

In [5, 6], the feasibility of constructing a fundamentally general model that is not linked with the constantly changing
algorithms of social network functioning is noted. In [7], in order to reach this objective, the use of the mathematical
apparatus of partial differential equations, namely, the linear diffusion model, is proposed:

——pa—v—rhv:O, x,t€Q=(x,.x,)x(t0.1,), (1)
x

where ¢ — time; x — distance in a network graph, measured by the minimum number of edges along which information
can be transmitted V(x, f) € L,(Q) (for example, in the form of the number of reposts of a certain news item);
L, — Euclidean space of square-integrable functions.

The authors define the parameters of the model as follows: p — popularity of information (virality, speed of diffusion
of information in the network); 4 — capacity of the social network (the maximum number of users who can take part in
the dissemination of information); » — user activity (rate of growth of information in the network).

Model (1) takes into account the spatiotemporal patterns of information dissemination, and its parameters can be
adjusted to reflect the characteristics of specific social networks [7]. In this case, the key problem is the task of parametric
identification of the model. In general, all specified parameters should be functions: p(x), A(x), 7(f). The authors of
model (1) propose approximating these functions with various heuristic dependences, which leads to the problem of
parametric identification of the set of coefficients-numbers included in these dependences [8, 9]. This simplification does
not allow us to reach maximum accuracy, which is possible only when identifying the functions directly specified, rather
than their approximations, since the set of parameters included in the model may differ significantly for different social
networks and even clusters of a single social network. The authors [10] reasonably point out that it is often impossible to
analytically find optimal parameter functions, and classical numerical methods prove ineffective.
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In [11], the problem of direct identification of function /(x) is considered. To find its optimal value, a direct extreme
approach [12] is used, based on the direct minimization of the quality criterion of identification J(%) by extreme algorithms
with gradient VJ(#; x). Although an attempt was made in [11] to directly identify /(x), the problem of identifying the time
function 7(¢) for similar models has not been systematically studied in the literature. The objective of this paper is to fill
this gap through developing and numerically implementing an algorithm for direct parametric identification of the user
activity function in the linear diffusion model (1) based on the direct extreme approach. The main task is to evaluate the
efficiency of gradient algorithms for reaching this goal. The solution to this problem will create a methodological basis
for the subsequent identification of other parameters (for example, p(x) or the simultaneous identification of a vector of
parameter functions) and the transition to more complex nonlinear models. Parameters /4(x) and p(x) are considered known
in this paper and are taken from [5] for isolation and detailed analysis of the target problem.

Materials and Methods. To model the processes of information dissemination according to equation (1) in the studied
cluster of the network graph, boundary conditions of the first and second kind are specified:

v=lonT, =x,x(t.t), ?=00nl“b =x; x(to.1,).
x

Here, we assume that the information source is located at node x, and at time 7= ) generates information v(x,, %) in
the form of a single news item. Value x; determines the distance at which the information flow disappears.
The initial condition corresponds to the absence of the news item in question in the network:

v=0o0nTy=(x,,x,]xt.

The quality criterion of model identification is specified as the deviation of the model state v from the experimentally
observed v. in the real network over the entire spatiotemporal region Q in the form of the following functional:

J(r) = IIQ (v -V, )2 dxdt. 2)

The problem of parametric identification of the optimal value of the function 7,(¢) is formulated as an extremum
problem:

7 = arg renLl;I(ls)J(r)'

To solve this problem, an infinite-dimensional gradient algorithm is used:
rEt () =r* (t)—bkoc(t)VJ(rk;t), teS,cS, k=01,..., 3)

where k — iteration number; b¥ — step multiplier (selected using the golden section method); a(f) — parameter for
regulating the direction of descent. If a(7) = 1, then algorithm (3) is reduced to the classical steepest descent method
(SDM). Otherwise, this algorithm is a method with adjustable direction of descent (ADDM) [12]. Parameter a(¢) regulates
the direction of descent to the optimum to provide uniform convergence of the functions 7*"!(¢) to r.(f) on Sx = S, where
uniform convergence is, in principle, possible. For ADDM, according to [12], the parameter for regulating the direction
of descent can be set:

(X(t) ro (t)

) ‘VJ(rO,-z)"

To implement algorithm (3), it is required to find an analytical expression for the gradient of the objective
functional (2), which depends implicitly on the control. This is the main difficulty in infinite-dimensional identification.
The gradient is found through solving the adjoint problem, the technique for obtaining which is widely described in the
literature [13, 14].

To evaluate the efficiency of the solution to the problem of parametric identification of the user activity function in
model (1) through the direct extreme approach (3), the following test problem was set.

The original and adjoint linear parabolic equations were solved numerically using the implicit Crank-Nicolson finite-
difference scheme by the sweep method. The spatiotemporal grid was defined by the values n =50, m = 500. This
corresponded to the distance of five edges of the network graph over which the news spread from the source, and time
t1 — to =72 hours. It was assumed that #, = 5 hours.

To construct the synthetic data v., parameters p and # were assumed to be known and were taken from [5]:

p(x) =e ", h(x) =-0.03x% +0.2x.
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A test optimal value was set, which was also proposed in [5]:

e (t)zw_e—l,sszez 0-0059_1 .
1.5526 1.5526

The direct problem for model (1) was solved. The resulting state v(x, ) was taken as the “experimental” v¢(x, 7). Next,
the initial approximation 7°(¢) = 0.3was specified, and the iterative process of solving the inverse identification problem
using the extremal algorithm (3) began to recover function r.(%).

The condition for stopping iterations was the following criterion for the practical termination of convergence:

-

uk—l

<107,

Research Results. For algorithm (3), the gradient is found:

Xp
VI (rit) =~ j hvfidx € Ly (S,). @)
It is determined through solving the following adjoint problemf":
of o2
———p———frh+2(v-v,)=0, x,t€Q, 5
Ot P ox? f ( ) (%)
with the corresponding boundary and initial (terminal) conditions:
pf=0onT,, pg—f:O onl,, f=0onT, =[x,,x,]|xt.
X

The adjoint problem is solved in the reverse time direction from the initial zero state f on I';. For a nonoptimal
value r(¢), after some time #x due to free term 2(v —v.) in equation (5), a nonzero state f is formed. If we conduct a
controllability analysis, we obtain a controllability set on which function r(¢t) can be identified:

Sp =(to+ta.t1—14), (6)
where 74, on the one hand, is the waiting time for network users to begin reacting to the published news. Identifying user
activity before their reaction is impossible. On the other hand, this is the onset time of the impact of term 2(v — v,) in the
adjoint problem on the entire spatial domain of the network cluster under consideration.

Figure 1 shows the initial value of the gradient. The identification results are presented in Figure 2 a. The convergence
of the method ends at iteration k£ = 13,217 with nonuniform convergence on Sa. The dash-dotted curve is an example of
the value of function 72°(¢) at the 20th iteration.

VJ(0) |
6,000
5,000
4,000
3,000
2,000

1,000 4

0

0 s 30 45 60 th
Fig. 1. Initial value of gradient V.J (+; 1)

The results of the ADDM identification are shown by the dotted curve in Figure 2 b. Convergence was completed after

k=376 iterations. The resulting function 737%(f) visually matches the exact test value 7.(¢). The dash-dotted line is an example
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of 7() at iteration k& = 20. The final value of the objective functional in both methods was approximately the same.
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Fig. 2. Identification of r(¢):
a — by SDM; b — by ADDM

Discussion. The obtained results allow us to draw a number of important conclusions about the nature of the
identification problem and the efficiency of the proposed method. The significant nonuniformity of the initial gradient
VJ(%; ¢) (Fig. 1) with a uniform initial approximation 7°(¢) is a direct consequence of the spatiotemporal dynamics of
model (1) and limited controllability (6) of the system at the edges of the interval S. This explains why the classical
SDM, which does not take this heterogeneity into account, exhibits slow and uneven convergence (Fig. 2 a). The
algorithm spends significant computational resources on compensating for the gradient features, which leads to the
need for 13,217 iterations.

In turn, the ADDM effectively compensates for this heterogeneity due to parameter a(¢), adapting the search direction
to the local features of the functional. This is confirmed by the uniform 74(f) — 7.(f) on the entire set Sx (Fig. 2 b) and a
reduction in the number of iterations by two orders of magnitude (376 versus 13,217). This result is in good agreement
with the theoretical assumptions presented in [12] and confirms that for infinite-dimensional problems, the key factor is
not simply minimization, but taking into account the heterogeneity of the gradient functional.

As for consistency with previous research, success in direct identification r(f) develops the ideas embedded in [11]
for identifying A(x), and demonstrates the universality of the direct extreme approach for functional parameters in
distributed systems. At the same time, our approach offers a solution to the problem identified in [10], where the
inefficiency of classical numerical methods was noted.

For comparison, similar problems for systems of ordinary differential equations in the identification of a vector of
numbers were considered in [15]. It was shown that the problem was not in the problem itself, but in the need to use
specialized adaptive algorithms. Establishing the domain of identifiability Sa is also an important methodological
contribution.

This result highlights a fundamental limitation associated with the inertia of the diffusion process and the time it takes
for the network to react, which must be consicdered when correctly formulating such inverse problems.

Conclusion. This paper addresses the pressing problem of direct parametric identification of the user activity
function r(¢) in a linear diffusion model (1) describing the dissemination of information in a social network. The developed
and verified algorithm, based on a direct extreme approach with an adjustable descent direction, has demonstrated a more
than twofold improvement in convergence rate compared to the classical gradient method, proving its high efficiency for
this class of problems.

The practical significance of this research lies in the creation of a computational tool that eliminates a priori heuristic
approximations of parameters and moves to direct function reconstruction, critically increasing the accuracy and validity
of information dissemination models. This opens up opportunities for developing more reliable systems for predicting
and managing information flows in social networks.

The basic limitation of the current work is the use of synthetic data for method validation. Also, the interpretation of
the physical meaning and dimensionality of #(¢) function itself requires further in-depth study. Future research will focus
on the development of model representations and adaptation of the proven method to more complex nonlinear models. A
key challenge for the future is to expand the method for simultaneous identification of several functional parameters,
which is a more complex but also more practically valuable task.
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