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Abstract  
Introduction. Improving the accuracy of mathematical models for disseminating information in social networks is directly 
related to the ability to correctly identify their parameters. In numerous papers, the fundamental complexity of this 
problem is actually bypassed by substituting the direct identification of the desired functions for the selection of 
parameters for their heuristic approximations, which inevitably leads to a decrease in both the accuracy and universality 
of the model. In the linear diffusion model describing the spatiotemporal dynamics of information, one of the key 
parameters is the function characterizing user activity. The objective of this study includes the development and numerical 
implementation of an algorithm for direct parametric identification of user activity functions based on a direct extreme 
approach, which makes it possible to completely abandon heuristic approximations, and the evaluation of its 
computational efficiency in comparison to the classical gradient method. 
Materials and Methods. A direct extreme approach was used to solve the parametric identification problem. Unlike the 
classical steepest descent technique, the proposed method with adjustable descent direction adapted the search trajectory 
to local features of the quality functional through introducing a control parameter. The numerical solution to the direct 
and adjoint problems was implemented using an implicit finite-difference scheme. The method was verified using 
synthetic data. 
Results. For the identification algorithm, an analytical expression of the gradient of the target functional was obtained 
through the solution to the adjoint problem. The identifiability limits of the desired parameter conditioned by the inertia 
of the diffusion process and the network response time were determined. A comparative study of gradient algorithms was 
conducted. The classical steepest descent approach demonstrated slow and uneven convergence, requiring 13,217 
iterations to reach the stopping criterion, whereas the method with adjustable descent direction provided convergence to 
the same level of accuracy in 376 iterations. 
Discussion. The obtained results confirm the theoretical assumptions about the need to take into account the spatial 
heterogeneity of the functional gradient when solving infinite-dimensional optimization problems. The classical gradient 
technique exhibits low efficiency in reconstructing nonstationary parameters due to gradient nonuniformity, while the 
method with adjustable descent direction reaches uniform and rapid convergence. This demonstrates that adapting the 
algorithm to the specifics of an infinite-dimensional problem is a key success factor. The main contribution of the research 
is the development of a computing apparatus for the direct determination of functional parameters, which expands the 
methodological arsenal for analyzing systems described by partial differential equations.  
Conclusion. The key findings of this research are the development and verification of an efficient algorithm for direct 
identifying user activity functions in a linear diffusion model of a social network. The practical significance consists in 
the creation of more accurate and interpretable tools for modeling information flows without resorting to a priori 
approximations. The developed algorithm has demonstrated significant advantages in speed and convergence. However, 
the interpretation of the physical meaning of the identified function within this model requires further development. A 
promising direction is the application of the method to more sophisticated models that take into account the spatial 
heterogeneity of user activity, as well as its extension to the identification of the function vector. 
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Оригинальное эмпирическое исследование 

Идентификация функции активности пользователей социальной сети в линейной 
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Аннотация 
Введение. Повышение точности математических моделей распространения информации в социальных сетях 
напрямую связано с возможностью корректной идентификации их параметров. Во многих работах фундамен-
тальную сложность этой задачи фактически обходят, подменяя прямую идентификацию искомых функций под-
бором параметров их эвристических аппроксимаций, что неизбежно приводит к снижению как точности, так и 
универсальности модели. В линейной диффузионной модели, описывающей пространственно-временную дина-
мику распространения информации, одним из ключевых параметров выступает функция, характеризующая ак-
тивность пользователей. Целью данного исследования является разработка и численная реализация алгоритма 
прямой параметрической идентификации функции активности пользователей на основе прямого экстремального 
подхода, позволяющего полностью отказаться от эвристических аппроксимаций, а также оценка его вычисли-
тельной эффективности в сопоставлении с классическим градиентным методом. 
Материалы и методы. Для решения задачи параметрической идентификации был использован прямой экстре-
мальный подход. В отличие от классического метода наискорейшего спуска, предложенный метод с регулируе-
мым направлением спуска адаптирует траекторию поиска к локальным особенностям функционала качества за 
счет введения параметра регулирования. Численное решение прямой и сопряженной задач осуществлено по не-
явной конечно-разностной схеме. Верификация метода проводилась на синтетических данных.  
Результаты исследования. Для алгоритма идентификации получено аналитическое выражение градиента целе-
вого функционала через решение сопряженной задачи. Установлены границы идентифицируемости искомого 
параметра, обусловленные инерционностью диффузионного процесса и временем установления реакции сети. 
Проведено сравнительное исследование градиентных алгоритмов. Классический метод наискорейшего спуска 
продемонстрировал медленную и неравномерную сходимость, потребовав для достижения критерия остановки 
13 217 итераций, тогда как метод с регулируемым направлением спуска обеспечил сходимость к тому же уровню 
точности за 376 итераций. 
Обсуждение. Полученные результаты подтверждают теоретические предпосылки о необходимости учета про-
странственной неоднородности градиента функционала при решении бесконечномерных задач оптимизации. 
Классический градиентный метод демонстрирует низкую эффективность при восстановлении нестационарных 
параметров вследствие неоднородности градиента, в то время как метод с регулируемым направлением спуска 
позволяет достичь равномерной и быстрой сходимости. Это свидетельствует о том, что адаптация алгоритма к 
специфике бесконечномерной задачи является ключевым фактором успеха. Основной вклад исследования заклю-
чается в развитии вычислительного аппарата для прямого определения функциональных параметров, что расши-
ряет методологический арсенал анализа систем, описываемых уравнениями в частных производных.  
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Заключение. Основными результатами работы являются разработка и верификация эффективного алгоритма пря-
мой идентификации функции активности пользователей в линейной диффузионной модели социальной сети. Прак-
тическая значимость состоит в создании более точных и интерпретируемых инструментов для моделирования ин-
формационных потоков без привлечения априорных аппроксимаций. Разработанный алгоритм продемонстрировал 
значительное преимущество по скорости и характеру сходимости. Тем не менее, интерпретация физического 
смысла идентифицируемой функции в рамках данной модели требует дальнейшего развития. Перспективным 
направлением является применение метода к более совершенным моделям, учитывающим пространственную не-
однородность активности пользователей, а также его расширение на идентификацию вектора функций. 

Ключевые слова: социальные сети, диффузионная модель, идентификация параметров, прямой экстремальный 
подход, бесконечномерная оптимизация 
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Introduction. Social media have become an integral part of modern society, serving not only as entertainment but 
also as a tool for shaping public opinion and creating a community environment for various interests (everyday, political, 
extremist, etc.). Therefore, the tasks of studying, forecasting, and regulating the dissemination of information, as well as 
identifying and classifying communities on social media, are becoming hot issues. Solving these challenges requires the 
development of precise mathematical models of such processes. 

There is a wide variety of social platforms, each with its own structure and information transfer mechanisms. The 
constant evolution and emergence of new algorithms for social networking operations leads to significant diversity in 
their mathematical models. Epidemic models SI, SIR, SEIR [1] and their modern, more sophisticated versions in the form 
of mean-field models [2] classify nodes (users) in a social network by state, and describe the quantitative change of nodes 
of a certain class. At the same time, graph models in the form of linear threshold and cascade [3] emphasize the cumulative 
effect of information dissemination and are often used to find opinion leaders in a social network. Each of the 
aforementioned models describes only specific aspects of information dissemination, without encompassing this process 
in its spatiotemporal fullness. 

In recent years, machine learning-based models capable of accurately predicting information dissemination dynamics 
have gained widespread popularity [4]. However, such models typically operate on a “black box” principle and do not 
provide interpretable parameters (for example, virality, network throughput, or user activity). The lack of such parameters 
limits researchers' ability to evaluate social network clusters and manage information dissemination processes, which 
jeopardizes the application of models in problems requiring an understanding of the internal mechanisms of diffusion.  

In [5, 6], the feasibility of constructing a fundamentally general model that is not linked with the constantly changing 
algorithms of social network functioning is noted. In [7], in order to reach this objective, the use of the mathematical 
apparatus of partial differential equations, namely, the linear diffusion model, is proposed: 

 ( ) ( )
2

0 12 0    Ω a b
v vp rhv , x,t x ,x t ,t ,
t x
∂ ∂

− − = ∈ = ×
∂ ∂

 (1)  

where t — time; x — distance in a network graph, measured by the minimum number of edges along which information 
can be transmitted V(x, t) ∈ L2(Ω) (for example, in the form of the number of reposts of a certain news item);  
L2 — Euclidean space of square-integrable functions. 

The authors define the parameters of the model as follows: p — popularity of information (virality, speed of diffusion 
of information in the network); h — capacity of the social network (the maximum number of users who can take part in 
the dissemination of information); r — user activity (rate of growth of information in the network).  

Model (1) takes into account the spatiotemporal patterns of information dissemination, and its parameters can be 
adjusted to reflect the characteristics of specific social networks [7]. In this case, the key problem is the task of parametric 
identification of the model. In general, all specified parameters should be functions: p(x), h(x), r(t). The authors of 
model (1) propose approximating these functions with various heuristic dependences, which leads to the problem of 
parametric identification of the set of coefficients-numbers included in these dependences [8, 9]. This simplification does 
not allow us to reach maximum accuracy, which is possible only when identifying the functions directly specified, rather 
than their approximations, since the set of parameters included in the model may differ significantly for different social 
networks and even clusters of a single social network. The authors [10] reasonably point out that it is often impossible to 
analytically find optimal parameter functions, and classical numerical methods prove ineffective. 
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In [11], the problem of direct identification of function h(x) is considered. To find its optimal value, a direct extreme 
approach [12] is used, based on the direct minimization of the quality criterion of identification J(h) by extreme algorithms 
with gradient ∇J(h; x). Although an attempt was made in [11] to directly identify h(x), the problem of identifying the time 
function r(t) for similar models has not been systematically studied in the literature. The objective of this paper is to fill 
this gap through developing and numerically implementing an algorithm for direct parametric identification of the user 
activity function in the linear diffusion model (1) based on the direct extreme approach. The main task is to evaluate the 
efficiency of gradient algorithms for reaching this goal. The solution to this problem will create a methodological basis 
for the subsequent identification of other parameters (for example, p(x) or the simultaneous identification of a vector of 
parameter functions) and the transition to more complex nonlinear models. Parameters h(x) and p(x) are considered known 
in this paper and are taken from [5] for isolation and detailed analysis of the target problem. 

Materials and Methods. To model the processes of information dissemination according to equation (1) in the studied 
cluster of the network graph, boundary conditions of the first and second kind are specified: 

 ( ) ( )0 1 0 11 on Γ ,   0 on Γa a b b
vv x t ,t x t ,t .
x
∂

= = × = = ×
∂

  

Here, we assume that the information source is located at node 𝑥𝑥𝑎𝑎 and at time t = t0 generates information v(xa, t0) in 
the form of a single news item. Value xb determines the distance at which the information flow disappears. 

The initial condition corresponds to the absence of the news item in question in the network: 

 ( ]0 00 on Γ a bv x ,x t .= = ×   

The quality criterion of model identification is specified as the deviation of the model state v from the experimentally 
observed ve in the real network over the entire spatiotemporal region Ω in the form of the following functional: 

 ( ) ( )2
eJ r v v dxdt.= −∫∫Ω  (2) 

The problem of parametric identification of the optimal value of the function r*(t) is formulated as an extremum 
problem: 
 

( )
( )

2
* arg min

r L S
r J r .

∈
=   

To solve this problem, an infinite-dimensional gradient algorithm is used: 

 ( ) ( ) ( ) ( )1
Δ       0 1k k k kr t r t b t J r ;t , t S S , k , , ,+ = − α ∇ ∈ ⊂ = …  (3) 

where k — iteration number; bk — step multiplier (selected using the golden section method); α(t) — parameter for 
regulating the direction of descent. If α(t) = 1, then algorithm (3) is reduced to the classical steepest descent method 
(SDM). Otherwise, this algorithm is a method with adjustable direction of descent (ADDM) [12]. Parameter α(t) regulates 
the direction of descent to the optimum to provide uniform convergence of the functions rk+1(t) to r*(t) on SΔ ⸦ S, where 
uniform convergence is, in principle, possible. For ADDM, according to [12], the parameter for regulating the direction 
of descent can be set: 

 ( ) ( )
( )
0

0

r t
t .

J r ;t
α =

∇
  

To implement algorithm (3), it is required to find an analytical expression for the gradient of the objective 
functional (2), which depends implicitly on the control. This is the main difficulty in infinite-dimensional identification. 
The gradient is found through solving the adjoint problem, the technique for obtaining which is widely described in the 
literature [13, 14]. 

To evaluate the efficiency of the solution to the problem of parametric identification of the user activity function in 
model (1) through the direct extreme approach (3), the following test problem was set. 

The original and adjoint linear parabolic equations were solved numerically using the implicit Crank-Niсolson finite-
difference scheme by the sweep method. The spatiotemporal grid was defined by the values n = 50, m = 500. This 
corresponded to the distance of five edges of the network graph over which the news spread from the source, and time 
t1 – t0 = 72 hours. It was assumed that tΔ = 5 hours. 

To construct the synthetic data ve, parameters p and h were assumed to be known and were taken from [5]: 

 ( ) ( ) 2,   0 03 0 2xp x e h x . x . x.−= = − +   
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A test optimal value was set, which was also proposed in [5]: 

 ( ) 1 5526
*

0 0059 0 0059 1
1 5526 1 5526

. t. .r t e .
. .

−  = − − 
 

  

The direct problem for model (1) was solved. The resulting state v(x, t) was taken as the “experimental” ve(x, t). Next, 
the initial approximation r0(t) = 0.3was specified, and the iterative process of solving the inverse identification problem 
using the extremal algorithm (3) began to recover function r*(t).  

The condition for stopping iterations was the following criterion for the practical termination of convergence: 

 
1

5
1 10

k k

k
u u .

u

−
−

−

−
≤   

Research Results. For algorithm (3), the gradient is found: 

 ( ) ( )2 Δ
b

a

x

x
J r;t hvfdx L S .∇ = − ∈∫  (4) 

It is determined through solving the following adjoint problem𝑓𝑓: 

 ( )
2

2 2 0    Ωe
f fp frh v v , x,t ,
t x

∂ ∂
− − − + − = ∈
∂ ∂

 (5) 

with the corresponding boundary and initial (terminal) conditions: 

 [ ]1 10 on Γ    0 on Γ    0 on Γa b a b
fpf , p , f x ,x t .
x
∂

= = = = ×
∂

  

The adjoint problem is solved in the reverse time direction from the initial zero state f on Г1. For a nonoptimal 
value r(t), after some time tΔ due to free term 2(v – ve) in equation (5), a nonzero state f is formed. If we conduct a 
controllability analysis, we obtain a controllability set on which function 𝑟𝑟(𝑡𝑡) can be identified: 

 ( )Δ 0 Δ 1 ΔS t t , t t ,= + −  (6) 

where tΔ, on the one hand, is the waiting time for network users to begin reacting to the published news. Identifying user 
activity before their reaction is impossible. On the other hand, this is the onset time of the impact of term 2(v – ve) in the 
adjoint problem on the entire spatial domain of the network cluster under consideration.  

Figure 1 shows the initial value of the gradient. The identification results are presented in Figure 2 a. The convergence 
of the method ends at iteration k = 13,217 with nonuniform convergence on SΔ. The dash-dotted curve is an example of 
the value of function r20(t) at the 20th iteration.  

 

Fig. 1. Initial value of gradient ∇J (r0; t)  

The results of the ADDM identification are shown by the dotted curve in Figure 2 b. Convergence was completed after 
k = 376 iterations. The resulting function r376(t) visually matches the exact test value r*(t). The dash-dotted line is an example 
of r(t) at iteration k = 20. The final value of the objective functional in both methods was approximately the same. 
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a) b) 

Fig. 2. Identification of r(t): 
a — by SDM; b — by ADDM  

Discussion. The obtained results allow us to draw a number of important conclusions about the nature of the 
identification problem and the efficiency of the proposed method. The significant nonuniformity of the initial gradient 
∇J(r0; t) (Fig. 1) with a uniform initial approximation r0(t) is a direct consequence of the spatiotemporal dynamics of 
model (1) and limited controllability (6) of the system at the edges of the interval S. This explains why the classical 
SDM, which does not take this heterogeneity into account, exhibits slow and uneven convergence (Fig. 2 a). The 
algorithm spends significant computational resources on compensating for the gradient features, which leads to the 
need for 13,217 iterations.  

In turn, the ADDM effectively compensates for this heterogeneity due to parameter α(t), adapting the search direction 
to the local features of the functional. This is confirmed by the uniform rk(t) → r*(t) on the entire set SΔ (Fig. 2 b) and a 
reduction in the number of iterations by two orders of magnitude (376 versus 13,217). This result is in good agreement 
with the theoretical assumptions presented in [12] and confirms that for infinite-dimensional problems, the key factor is 
not simply minimization, but taking into account the heterogeneity of the gradient functional.  

As for consistency with previous research, success in direct identification r(t) develops the ideas embedded in [11] 
for identifying h(x), and demonstrates the universality of the direct extreme approach for functional parameters in 
distributed systems. At the same time, our approach offers a solution to the problem identified in [10], where the 
inefficiency of classical numerical methods was noted.  

For comparison, similar problems for systems of ordinary differential equations in the identification of a vector of 
numbers were considered in [15]. It was shown that the problem was not in the problem itself, but in the need to use 
specialized adaptive algorithms. Establishing the domain of identifiability SΔ is also an important methodological 
contribution.  

This result highlights a fundamental limitation associated with the inertia of the diffusion process and the time it takes 
for the network to react, which must be consicdered when correctly formulating such inverse problems. 

Conclusion.  This paper addresses the pressing problem of direct parametric identification of the user activity 
function r(t) in a linear diffusion model (1) describing the dissemination of information in a social network. The developed 
and verified algorithm, based on a direct extreme approach with an adjustable descent direction, has demonstrated a more 
than twofold improvement in convergence rate compared to the classical gradient method, proving its high efficiency for 
this class of problems. 

The practical significance of this research lies in the creation of a computational tool that eliminates a priori heuristic 
approximations of parameters and moves to direct function reconstruction, critically increasing the accuracy and validity 
of information dissemination models. This opens up opportunities for developing more reliable systems for predicting 
and managing information flows in social networks. 

The basic limitation of the current work is the use of synthetic data for method validation. Also, the interpretation of 
the physical meaning and dimensionality of r(t) function itself requires further in-depth study. Future research will focus 
on the development of model representations and adaptation of the proven method to more complex nonlinear models. A 
key challenge for the future is to expand the method for simultaneous identification of several functional parameters, 
which is a more complex but also more practically valuable task.  
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