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Abstract

Introduction. The development of ultrasonic technology requires the creation of piezoelectric transducers with improved
operational and metrological characteristics. One of the most promising directions is the use of composite materials. As
shown in the literature, porous piezoceramics possess a unique property: their piezoelectric modulus ds; is practically
independent of porosity, whereas the elastic moduli noticeably decrease as porosity increases. This opens up possibilities
for the design of high-performance devices, particularly composites with a polymer matrix and porous piezoelectric
ceramic rods with axial polarization. However, despite the sufficient study of their static properties, theoretical analysis
of the dynamic behavior of such structures, including their simplified two-dimensional models, under bending vibrations
and longitudinal polarization, is virtually absent in the scientific literature. In this regard, the objective of the work is to
develop a simplified mathematical model for the analysis of bending vibrations of a layered plate of the specified
composite and to identify the effect of porosity on its dynamic characteristics.

Materials and Methods. The structure is made of a piezoelectric composite consisting of several layers. Each layer
is 1-3 piezoelectric composite, formed by a polymer matrix and porous longitudinally polarized piezoceramic rods. The
mathematical formulation of the boundary value problems is performed within the framework of the linear theory of
electroelasticity. Based on Kirchhoff-Love hypotheses and assumptions regarding the electric potential distribution, an
applied method for calculating steady-state bending vibrations of a layered plate is proposed. The adequacy of the approach
is verified through its comparison with the results of finite element modeling implemented in the ACELAN package.
Results. The key outcome of the study was the development and successful testing of an applied theory that reduced the
three-dimensional boundary-value problem of electroelasticity for layered piezoelectric elements to a simpler two-
dimensional formulation. This significantly reduced calculation time compared to traditional finite element methods while
maintaining the required accuracy. To verify the proposed model, numerical testing was performed by comparing it with
calculations in the ACELAN software package. The comparative analysis showed almost complete agreement between
the results in the low-frequency range, including the precise determination of the first bending mode frequency. The
obtained correspondence confirmed the high adequacy and reliability of the developed method, demonstrating its
applicability as an efficient tool for the analysis and optimal design of piezoelectric devices.

Discussion. One of the key challenges in the design of layered piezoelectric transducers is the high resource intensity of
three-dimensional modeling without transitioning to efficient characteristics, which significantly limits optimization
possibilities. The proposed approach, based on reducing the three-dimensional problem to a two-dimensional one,
represents a significant step forward in addressing this issue. Its main advantage is the reduction in computational costs
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and the possibility of using simpler software tools compared to “heavy” CAE packages in numerical analysis. This opens
the way to multiple runs, including those employing evolutionary algorithms, in the process of searching for the optimal
geometry and structure of the piezoelectric element. Validation of the model based on comparison with calculations in
the ACELAN finite element package has shown a high degree of correspondence in the low-frequency region, which
confirms its adequacy for practical application. At the same time, the identified limitations related to the frequency range
and differences in the elastic properties of the layers outline the boundaries of applicability and set directions for
subsequent research.

Conclusion. As a result of the conducted research, an efficient calculation method has been developed and tested. It
reduces the three-dimensional boundary value problem of electroelasticity for layered piezoelectric elements to a two-
dimensional formulation. The main outcome is a significant acceleration of numerical modeling while maintaining
accuracy. It is shown that the proposed theory provides high correctness of results in the low-frequency range, up to the
first flexural mode, which has been confirmed by comparison with reference data from finite element analysis in
ACELAN. This demonstrates the practical significance of the method as an efficient tool for the iterative search for the
optimal design of converters. Prospects are opening up for its application in engineering practice when designing new
types of piezoceramic devices, as well as for the further development of applied theory — in the direction of expanding
the frequency range and adapting to more complex multilayer structures.
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AHHOTALINA

Beeoenue. PazButie ynbTpa3ByKOBON TEXHUKH TPEOYET CO3AHUS THE30IEKTPHUYCCKUX MPE0Opa3oBaTeCii C yIIydIlIeH-
HBIMH JKCIUTYaTallMOHHBIMU U METPOJIOTUYECKAMU XapakTepucTukaMu. OIHUM U3 HanOoJIee MePCIICKTUBHBIX HATIPaBJIC-
HUH ABJSETCS MPUMEHEHNE KOMITIO3UIIMOHHBIX MaTepruaioB. Kak 1mokasaHo B JIUTEpaType, MOPUCTas be30KepaMuKka 00-
JafaeT YHUKAILHBIM CBOMCTBOM: €€ Mbe30MOIYJIb d33 IPAKTHUECKH HE 3aBHCHT OT IIOPUCTOCTH, TOT/Ia KaK MOYJIN YIIPY-
TOCTH 3aMETHO yOBIBAIOT MPH €€ YBETUICHUN. DTO OTKPHIBAET BOZMOYKHOCTH JIJIS TPOSKTHPOBAHUS BHICOKOA () (HEKTHUBHBIX
YCTPOMCTB, B 9aCTHOCTH KOMITO3UTOB C ITOJIMMEPHON MaTpUIIEH U TIOPUCTHIMHU IThe30KEPAMHUUECKUMH CTEPKHSIMU C 0Ce-
BOH mossipusanueit. OqHaKko, HECMOTPSL HA TOCTATOYHYIO M3YYEHHOCTh CTATMYECKUX CBOWCTB, TEOPETHUECKUN aHAIM3
JMIUHAMUYIECKOTO IOBEJICHUS TAKUX CTPYKTYP, BKJIFOYAs MX YIPOUIEHHBIC IBYMEPHBIC MOJICIH, IPY U3THOHBIX KOJICOAHUSIX
Y TIPOJIOJILHOM TMOJISIPU3AIMH B HAYYHOH TUTepaType MPaKTUIeCKUA OTCYTCTBYET. B 3TOMW CBSA3M IENbIO paOOTHI ABISCTCS
pa3paboTka ynpomEHHO MaTeMaTHYSCKONH MOJICIH [Tl aHAIM3a H3TUOHBIX KOJIeOaHHUH CIIOUCTOH TNIACTHHBI YKa3aHHOTO

KOMIIO3UTAa U BBIABJICHUC BJIUAHUA IMIOPUCTOCTU HaA e€ JTMHaAMHMYECKHE XapaKTCPUCTUKU.


https://vestnik-donstu.ru/
https://rscf.ru/project/22-11-00302/
https://doi.org/10.23947/2687-1653-2026-26-1-2272
mailto:solovievarc@gmail.com
https://orcid.org/0000-0001-8465-5554
https://orcid.org/0000-0002-7317-3768
https://orcid.org/0000-0003-2311-7562

Advanced Engineering Research (Rostov-on-Don). 2026;26(1):2272. eISSN 2687-1653

Mamepuanvt u memoos. Marepuan KOHCTPYKIIUH — TbE30AJIEKTPUUECKUNA KOMIIO3UT, COCTOSIIIMA M3 HECKOJIbKHX
cnoéB. Kaxplii ciiolt mpeacTasiser co00i Mbe30KOMITO3UT CBS3HOCTH 13, 00pa3oBaHHBIN TOJUMEPHON MaTpHUIEH U
MTOPUCTHIMHA TIPOIOJIEHO MOJIIPU30BAHHBIMH ITbE30KEPAMUIECKAMH CTEPKHAMHI. MaTeMaTHuecKasi IOCTaHOBKa KPAaeBbIX
3a/1a4 BBINTOJIHCHA B paMKaXx JIMHEHHOW Teopuu dieKTpoymnpyroctd. Ha ocHoBe rumote3 Tumna Kupxrodda-Jlssa u npen-
TIOJIOKEHUH O paclpeiesIeHHH AJIEKTPUYECKOro MOTEeHIMANA MPEJIOXKEH NPUKIAAHOW METOJI pacuéTra yCTaHOBHUBIINXCS
M3rHOHBIX KOJICOAHWH CIIOMCTOM IUIACTHHBI. AJIEKBAaTHOCTb MOAXO/a IPOBEPEHA COMIOCTABICHHEM C pe3yJIbTaTaMH KO-
HEYHO-3JIEMEHTHOT'O MOJIEINPOBaHUsl, peanu3oBaHHoro B nakere ACELAN.

Pesynemamut uccnedosanusn. KioueBbIM UTOroM paboThl cTana pa3paboTKa U ycrelHas anpooaiust MpuKIagHoi Teo-
PHH, O3BOJISIONICH CBECTH TPEXMEPHYIO KPAeBYIO 33/1auy 3JIEKTPOYNPYTOCTH JUlsl CIOMCTBIX IE30JIEMEHTOB K Oojiee
IIPOCTON IBYMEPHOI OCTaHOBKE. DTO 00ECIEUMIIO CYIIECTBEHHOE COKPAIlIEHHE BpEMEHH pacuéTa 10 CPaBHEHUIO C Tpa-
JUIMOHHBIMHA METOJIaMU KOHEYHBIX 3JIEMEHTOB IPH COXpaHEeHHH TpeOyeMoi ToyHocTH. JIiist BepupUKanuy npeaaokeH-
HOW MOJENH BBHITIONIHEHO YHCICHHOE TECTHPOBAHWE MyTEM CpaBHEHMSA C pacdéTaMd B NPOTPAMMHOM KOMIUIEKCE
ACELAN. CpaBHUTEJIbHBIN aHaTU3 TIOKa3aJl MPAKTHIECKHU TOJTHOE COBMAIEHUE Pe3yIbTaTOB B HU3KOYACTOTHOM JTara-
30HE, BKJIIOYast TOYHOE OTPEIEICHNE YaCTOTHI MepBOil M3rnOHOI Mozp!. [lomydeHHOE COOTBETCTBHE IMTOATBEPKAACT BBI-
COKYIO a/IEKBaTHOCTh H JJOCTOBEPHOCTE pa3pabOTaHHOTO METO/Ia, IEMOHCTPHUPYS €Tro MPUMEHIMOCTh B KadecTBe 3¢ dek-
TUBHOTO MHCTPYMEHTA /ISl aHAJIHU3a U ONTHMAJIHHOTO MIPOSKTUPOBAHMS MTHE303IEKTPHUECKUX YCTPOICTB.

Ooécyrycoenue. OnHOM U3 KITFOUEBBIX POOIIEM ITPH MPOSKTHPOBAHUH CIIOUCTHIX MTbE30ICKTPUICCKUX TIpeodpazoBaTene
SIBIISIETCSI BEICOKAsE PECYpPCOEMKOCTh TPEXMEPHOI'O MOJAEIUPOBaHUs 0e3 repexona K 3 (GeKTUBHBIM XapaKTEpUCTHKAM,
YTO CYIIECTBEHHO OIPaHMYMBAECT BO3MOXKHOCTH ONTUMH3AaLMUH. [IpeIutosKeHHBINH MMOJIX0/, OCHOBAHHBIN Ha CBEJCHUU
TpEXMEPHOH 3a/laul K IBYMEPHOM, NPEACTaBIIsICT 3HAUMMBIH IIar BHepén B pelieHuy 3Tol npobiemsl. Ero ocHoBHOE
MPEUMYIECTBO — CHM)KCHHE BBIYMCIUTENILHBIX 3aTPaT U BO3MOXKHOCTD HCIOJIb30BaHMUs O0Jee MPOCTOro MporpaMMHOTO
HHCTPYMEHTAPHSI 10 CPABHEHUIO ¢ «TsokEmpIMu» CAE-maketamMul py YUCICHHOM aHAIH3€E, YTO OTKPBIBACT IYTh K MHO-
YKECTBEHHBIM IIPOTOHKAM, B TOM YHCIIE C IPUMEHEHNEM 3BOJIIOIMOHHBIX aJITOPUTMOB, B IIPOIIECCE TOMCKA ONTUMAIILHON
TEOMETPHUH U CTPYKTYPHI ITbe303JeMeHTa. Bammmanust Mogenn Ha OCHOBE CpPaBHEHHS C pacuéTaMy B KOHEYHO-3JIEMEHT-
HoM maketre ACELAN mokasana BBICOKYIO CTETICHb COOTBETCTBUS B HU3KOYACTOTHOM OOJIACTH, YTO MOATBEPKIALT €&
aZIeKBaTHOCTh JUIS MIPAKTHIECKOTO NMPUMEHEHHs. BMecTe ¢ TeM BBIABICHHBIC OTpaHWYCHHSA, CBA3aHHBIE C YaCTOTHBIM
TUATIa30HOM H Pa3IMYMAMH B YIPYTHUX CBOHCTBAX CIOEB, 0UEPUNBAIOT IPAHHUIIBI IPIMEHUMOCTH 1 3a1aI0T HAIIPaBIICHUS
JUISl TIOCTIEYIOIINX MCCIIEAOBaHU.

3akniouenue. B pesynbraTe NpoBeAEHHOTO MCCIIEIOBAHMS CO3/1aH M anpoOupoBaH 3 QEeKTUBHBIH METOA pacyéra, CBO-
IAMAR TPEXMEPHYIO KPaeByIO 3afady 3JICKTPOYIPYTOCTH ISl CIOWCTHIX ITbE303JIEMEHTOB K ABYMEPHOW IMOCTAHOBKE.
I'naBHBIN UTOT — CYILIECTBEHHOE YCKOPEHHE YHCIICHHOTO MOJICJIMPOBAHUS IIPH COXpaHEHUH TOYHOCTH. [lokazaHo, 4To
MIpeUIoKEHHAsE Teopusl 00eCTIeunBaeT BEICOKYIO KOPPEKTHOCTh PE3YIbTaTOB B HU3KOUYACTOTHOM JHAaIla30HEe, BIIOTH J0
nepBOi M3ruOHOI MOJIBI, YTO HMOATBEPIKICHO CPAaBHEHUEM C ATAJIOHHBIMH JaHHBIMM KOHEYHO-3JIEMEHTHOI'O aHajlu3a B
ACELAN. Tem caMbIM IpOIEMOHCTPUPOBaHA MpaKTHIECKass 3HAYUMOCTb MeTo1a Kak 3(h(HEeKTUBHOTO HHCTPYMEHTA IS
UTEPALMOHHOI0 MOUCKA ONTUMAaIbHON KOHCTPYKIMHY NpeoOpa3oBareneil. OTKPBIBAIOTCS IEPCIIEKTHBBI €70 NPUMEHEHHUS
B MHKCHEPHOH NPaKTHKE MPH MPOCKTHPOBAHIH HOBBIX THIIOB ITEE30KEPAMHUECKUX YCTPOMCTB, a TakKe U JalbHEH-
LIIEr0 Pa3BUTHS PUKIIAIHON TECOPUU — B HAIIPABJICHUH PACIIMPEHHS YaCTOTHOTO IMalla30Ha U aJanTanny K 6oJiee cox-
HBIM MHOTOCJIOMHBIM CTPYKTYpPaM.

KiaroueBble cj10Ba: KOMIIO3UTHEIS MaTepualibl, MOpUCTAsA MbE30KEpaMUKa, CJIOUCTAad IJIAaCTHUHA, I/I3FI/I6, OpUuKjIagHas
TEOPUsA, MCTOJ KOHCYHBIX DJICMCHTOB
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Introduction. To improve the efficiency of piezoelectric transducers, research is being conducted to find the optimal
configuration of the device — its size, shape, electroplating pattern, loading methods, and the materials used. Despite a
significant amount of work having been carried out, the task of determining efficient designs for piezoelectric generators
and selecting piezo-materials with improved characteristics for energy storage devices remains a challenge. One of the
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most promising ways to improve the performance of such transducers is the use of piezocomposite materials. The most
well-known and thoroughly studied are fibrous piezocomposites, or systems with a 1-3 connectivity pattern according to
Newnham's terminology [1], in which rod-shaped piezoceramic elements are embedded in an elastic dielectric matrix.
Among numerous papers devoted to 1-3 composites, we should note [2], which examines applications for hydrophones.
In [3], the efficient properties are calculated through solving boundary value problems by the finite element method for a
unit cell with periodic boundary conditions. In [4], the corresponding coefficients are presented in closed form. In [5],
formulas are derived based on asymptotic averaging, and comparison with experiment shows good agreement.
Homogenization theory for the design of optimal piezocomposites is applied in [6]. In [7], analytical expressions for the
effective constants are also obtained under the condition that the structure period is significantly smaller than the elastic
wavelength, and new composites with improved global properties for biomedical imaging are proposed. An analysis of
electroelastic composites using self-consistent methods and asymptotic homogenization is performed in [8]. In [9], a
theoretical framework for designing piezocomposites with specified generalized characteristics is presented. Additional
information is gathered in review [10]. 1-3 composites provide high values for a number of key parameters important for
applications — the hydrostatic piezoelectric charge coefficient, the hydrostatic voltage coefficient, the thickness
electromechanical coupling coefficient, the hydrostatic Q-factor, and others.

Macro fiber composites, originally developed for the aerospace industry, are also successfully used in energy
harvesting systems. These miniature, low-power generators are thin beams and include piezoelectric fibers placed in a
dielectric medium. The fibers are integrated into a single multilayer structure with interdigital electrodes on the lateral
surfaces of the beams on both sides. The objective of [11] was to assess the effect of the uncertainty in the physical
properties of both the piezoelectric fibers and the epoxy matrix on the model response, and to identify the parameters that
determine the greatest variability in the output data. In [12], a potential technology is proposed for integrating energy
harvesting sources into complex airframe structures in aerospace engineering, enabling the generation of the energy
required for monitoring environmental conditions or controlled structural characteristics. A comparative analysis of
generators made from monolithic and composite piezoceramics, conducted in [13], showed the high efficiency of using
macro fiber composites. Study [14] presents the development of a microgenerator based on microcomposite piezoelectric
materials for energy harvesting in glove structures. The devices described consist of piezoelectric fibers with a diameter
0f 90-250 pm, aligned in a unidirectional order and embedded in a composite structure.

To improve the performance of 1-3 composites, it is possible to vary the materials of the piezoelectric fibers and the
elastic dielectric matrix. In particular, porous materials with a reduced Young's modulus and a significantly varying
Poisson's ratio can be used as the matrix [2, 14]. In [15, 16], the Mori-Tanaka method is used to determine the effective
moduli first for the porous matrix, after which an analysis of 1-3 composites is performed. In [15, 16], additional options
for pore orientation relative to the polarization direction are considered, which, however, is difficult to implement in
practice. In [2], approximations of the effective environmental method are used. In [17, 18] a topological optimization of
the porous structure of the matrix is performed based on the approaches from [2]. In [19], a modeling of a 0—3 composite
with piezoelectric particles in a porous matrix is performed. It is also shown that the use of a porous matrix does not lead
to an improvement in the electromechanical properties of a 03 system. However, the piezoelectric sensitivity coefficients
are not analyzed in that study.

Another direction of modification is related to the use of porous piezoceramics, which in recent years have been
considered a promising active material for energy storage devices. Compared with dense ceramics, porous materials are
characterized by reduced acoustic impedance, increased piezoelectric sensitivity, and a number of high-quality indicators.
Thus, in [20], a Rosen-type piezoelectric element utilizing the longitudinal piezoelectric modulus is investigated. In [21],
it is shown that introducing a porous layer into a multilayer element based on barium titanate significantly improves
performance in piezoelectric energy harvesting. Experimental study [22] describes a piezoelectric generator manufactured
using porous ceramics. In [23], a review of the current state and prospects for the use of porous piezoceramics is given.

The present study builds upon the results of [20, 24] and, to a certain extent, combines approaches to the introduction
of porous piezoelectric ceramics as an active phase in 1-3 composite fibers and to varying matrix materials with different
stiffness. In other words, it examines 1-3 piezoelectric composites in which porous piezoceramics are used as the
piezoelectrically active material.

Thus, an analysis of the literature shows that the main efforts of researchers are focused on determining the efficient
electroelastic properties of 1-3 composites. A wide range of methods has been developed — from analytical formulas to
detailed numerical procedures — that make it possible to predict with high accuracy the homogenized (averaged)
characteristics of the material depending on the properties of the constituent phases: the fibers and the matrix. This
information is undoubtedly important, but it describes the behavior of the material as a whole, rather than that of the final
structural element, which is the goal of engineering design.
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The transition from efficient properties to the analysis of the dynamics of real structures, such as plates and shells,
represents an independent and non-trivial problem. Although the finite element method (FEM) is applicable for high-
precision analysis, as implemented in numerous software packages, full-scale three-dimensional modeling at the stages
of preliminary design and optimization often proves to be excessively resource-intensive. At the same time, the
development of applied two-dimensional theories (theories of plates and shells) that take into account the specific features
of 1-3 composites (particularly in the presence of porous 3—0 and 3—3 components) would significantly simplify and
speed up calculations, while maintaining accuracy sufficient for engineering applications. In the scientific literature, there
is a distinct lack of such models capable of acting as a bridge between the micromechanics of the material and the
macromechanics of the structure.

The objective of this work is to construct an applied two-dimensional theory for calculating the transverse vibrations
of layered plates made of 1-3 piezoelectric composite, followed by validation of the results obtained using the proposed
theory through comparing them with a solution from the ACELAN finite element package.

Materials and Methods. The development of a mathematical model based on the linear theory of electroelasticity
and a computer model of a multilayer transducer with polarization along the layers is performed in the ACELAN finite
element package. The computer model of the device is subsequently used to validate the adequacy of the developed
applied theory.

Mathematical model

The paper considers models of piezoelectric transducers consisting of electroelastic composite materials, whose
properties are specified by effective constants [20, 24]. Let us introduce index j for numbering the bodies and write down
the equations and constitutive relations [25]:

p0ii+apu-V-6=f;;V-D=0;
o=c’ - (e+B é)—e) -E;E=—Vg; (D)
D+g,D=e, - (e+c,8)+3} -E;e=(Vu+Vu')/2,

where ¢ — stress tensor; p; — density of the body; € — strain tensor; u — displacement vector; D — electric induction

vector; E— electric field strength vector; f; — vector of mass forces; ¢ — electric potential; a, B, ¢, Bgj, ¢ — damping

5 , 3§ — tensors of elastic constants, piezo moduli and permittivity; index j corresponds to the

coefficients; ¢/, e
number of the body in the model.

System (1) is supplemented with the corresponding mechanical and electrical boundary conditions. In particular, the
value of the electric potential ¢ is specified on the electrodes, and on the non-electrode part of the surface — the no-
charge condition is set, i.e., the normal component of the electric induction vector D is equal to zero. In the case of free

electrode Sg, potential 7 on it is unknown and is determined from an additional condition:

j D, ds = 0. 2
SE

The same condition is applied when determining the antiresonance frequencies.
To analyze the efficiency of the device, the values of the output electric potential, mechanical stresses, and the
electromechanical coupling coefficient (EMCC) are used. This is calculated from the formula:

k=J1-(/,/ 1.}, 3)

where f; and f, — resonance and antiresonance frequencies, respectively.
The calculation of the damping coefficients when determining the output potential at resonant frequencies was
performed using the approach from [25], for which a constant quality factor O was assumed at the first two resonant
frequencies:
_ 2tfufn . 1
ad_.—s Bd_gd_—'
Q(frl+fr2) 2Tl:Q(frl"‘frZ)

The operating frequencies (f-1) and the next closest ones (f2) are selected as such resonant frequencies. For the

“

structures under consideration, the operating frequency is the first bending mode.

When modeling porous composites, the efficient moduli obtained for porous PZT-4 piezoceramics by the averaging
method [20, 26] in the ACELAN-COMPOS package were used. Data were obtained for materials with porosity up to
80%. The efficient moduli used in the numerical experiments are given in Table 1.

Mechanics
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Table 1
Efficient Porous Ceramic Modules [20]

Porosity, % 0 10 20 30 40 50 60 70 80
p, kg/m? 7500 6750 6000 5250 4500 3750 3000 2250 1500
cf, GPa 139 115.6 92.5 68.5 50.5 334 20.7 12.6 6.8
cly, GPa 77.8 61.5 46.6 314 21 11.6 6.2 2.8 1.3
cf;, GPa 74.3 58.2 42.5 28.2 18.7 10.6 52 24 1
¢33, GPa 115 953 72.3 542 39.1 27.2 16.3 9.1 4.7
iy, GPa 25.6 223 18.3 14.4 11 7.4 4.4 23 1
ey, C/m’ 5.2 —4.23 -3.14 -2.07 -1.32 -0.75 -0.43 -0.21 0.1
es; , C/m? 15.1 13.38 11.37 9.59 7.68 593 3.93 2.3 1.25
e, C/m’ 12.7 10.96 8.96 6.91 5 3.3 1.95 1 0.44

3 /€ 730 663 582 509 439 349 263 191 122
3% /&g 635 567 492 413 345 270 199 130 75

When modeling a 1-3 composite (Fig. 1), the effective properties (Tables 2, 3) are taken from [24].

Fig. 1. Examples of representative 1-3 composite volumes,
constructed in ACELAN-COMPOS complex

Table 2
Material Properties of Composite 1-3 with Matrix 1
Percentage of porosity 0 10 20 30 40 50 60 70 80
p, kg/m’ 5250 5060 4880 4690 | 4500 | 4310 | 4130 | 3940 | 3750
el 10, N/m? 6.36 6.12 5.83 544 | 505 | 4.54 4.05 3.63 3.27
cE™ 10", N/m? 2.77 2.66 2.52 2.31 2.09 1.8 1.53 1.28 1.09
cEeT 101, N/m? 2.82 2.67 2.48 225 | 2.03 1.78 1.54 1.36 1.22
i, 10, N/m? 6.22 5.89 5.51 512 | 476 | 4.43 4.08 3.83 3.67
cE™ 10", N/m? 1.64 1.58 1.51 1.43 1.35 1.25 1.16 1.08 1.02
et C/m? -1.3 -1.05 | —0.785 | —0.523 | —0.33 | —0.185 | —0.108 | —0.053 | —0.025
e C/m? 3.77 3.35 2.86 2.4 1.93 149 | 0972 | 0.58 0.31
et C/m? 3.66 3.26 2.81 2.31 1.83 1.3 0.845 | 0465 | 0221
a0 /g, 51.4 46.5 40.7 352 30.1 24.1 18.3 13.1 8.61
a5 /g, 159 142 124 104 86.9 | 682 50.5 332 19.5



https://vestnik-donstu.ru/

Advanced Engineering Research (Rostov-on-Don). 2026;26(1):2272. eISSN 2687-1653

Table 3
Material Properties of Composite 1-3 with Matrix 2

Percentage of porosity 0 10 20 30 40 50 60 70 80
p, kg/m? 3000 | 2810 | 2630 | 2440 | 2250 | 2060 | 1880 | 1690 | 1500
et 1010, N/m? 1.15 1.13 1.1 1.06 1.02 | 0956 | 0.882 | 0.796 | 0.685
e 101, N/m? 0237 | 0233 | 0228 | 0222 | 0.214 | 0202 | 0.18 | 0.158 | 0.133
e, 1010, N/m? 0332 | 0315 | 0294 | 0269 | 0246 | 0219 | 0.184 | 0.155 | 0.125
cET 101, N/m? 225 2.03 1.78 1.54 1.32 1.12 | 0904 | 074 | 0.632
cEe™ 101, N/m? 0.425 | 0415 | 0403 | 0388 | 0369 | 0341 | 0304 | 0261 | 0219
est C/m? 13 | -1.05 | —0.785 | —0.523 | —0.33 | —0.185 | —0.108 | —0.053 | —0.025

e C/m? 3.77 3.35 2.86 2.39 1.93 149 | 0972 | 0.8 0.31
es!", C/m? 1.44 1.35 1.24 1.1 0.959 | 0.783 | 0.591 | 0.381 | 0.209

3 /e, 14.1 12.9 115 10.1 8.9 7.39 5.93 4.62 3.47

25 /gy 159 142 123 104 86.9 68.2 50.5 332 19.5

Layered plate structures and finite element model

The piezoelectric element under consideration is a layered plate (Fig. 2), in which each layer is a 1-3 piezocomposite,
with the piezoceramic rods (marked by black circles in Fig. 2) made of porous piezoceramics. It is noteworthy that two
layers symmetric with respect to the midsurface have opposing longitudinal polarization.

X1
s X3
.
-
AT~
.':‘
sesss S aSSREREEEEEN & :..
BB S8 B B8 S SRR BN B W L]
-
X -
s Es BB S s sansERREReE .
FERE ERE N BN B N B N

Fig. 2. Layered plate structures

In the case where the piezoelectric element consists of two layers, its finite element model is constructed. Figure 3 a
presents the geometric model with two oppositely polarized layers (red and yellow colors), and Figure 3 5 shows the mesh
of triangular quadratic finite elements (1350 finite elements, 2839 nodes).

W e

b)

Fig. 3. Two-layer piezoelectric element: a — geometric model; b — finite element mesh
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The finite element model constructed in this section was used to validate the adequacy of the applied theory in
calculations in the following sections.

Research Results

Development of an applied theory for calculating transverse vibrations of a layered structure with polarization of
layers in the plane of the plate

The applied theory of bending vibrations of the plate under consideration, consisting of four layers, in which the upper
and lower layers are isotropic (thicknesses A with Lamé coefficients A, pt), and the internal electroelastic thickness # is
constructed on the basis of Kirchhoff-Love-type hypotheses. The first hypothesis is that normal stresses are equal to zero
throughout the entire volume of the plate 61 = 0, which makes it possible to express longitudinal deformations:

0
€31 — oz ¢(x .z )"‘Clz € tC3833
en = . ()

(G

The second hypothesis shows that the distribution of the components of the displacement vector and the electric

potential has the form:

0 0
u (x,y,z) = UX(y,z), uy(x,y,z)= —(5(])(()/,2)])6, uy(x,y,z)= —(a—ZUX(y,Z)jx,

(6)
Ux (y, z)] X,

2

0
UX(y,Z)Jx, €33 = _(az_z

where UX(y, z) — deflection of the midsurface, x; = x, x2 =y, x3 =z.
Taking into account relations (5) and (6) in system (1) in the case of steady-state vibrations with circular frequency ®

leads to a system of equations for two unknown functions ®(y, z), UX(y, z).

2 2
g, 2ot (thrHj LS, (lh+Hj —lth x
2 Ci1 2 4 2 4
, 2
N ?(y.z) —1[ 2t +2e3; (lh+HJ 2 |
0zoy? 2 o 2 4
o 2 ?(y,2) L 2enesn g, (lh+Hj2—lh2 i@( z) |+
520 Py, ) o 33 ) 4 023 Y,
5 3 2
+(_l 2012_20“ (lh+Hj _lhB _i _2}”_4M+L W3 x
3\ ¢ 2 8 24 A+2p
P 1 8 1 N 2( 2cppey3
(8—4UX()/JZ)J+[§HI’[3+§c44{(5h+HJ J_ghjjJ_g(T_ZCl} X
3 2 4
y (1h+HJ Lt 2 o | Loz |+ (7)
2 8 12\ A+2p oz2oy?
2 3 2
4 _l 2013 13 (lh_{_[_]j _lh3 _L _27“_4H+A h3 X
3| ¢ 2 8 24 A+2u
64
(—UX(y, ] @’phUX (y,z)=p(y,2)=0
82
—2g11{ J ( -2 33](62_2¢(y’z)j+
1| [ cipes ! o
*E[[ oy T [ 4h2J(6zay2 Plnz) )
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Bending moments and shear forces have the form:

My, :i[_z(mzu)[;_ux(y Z)J_

oz o
w2l o)
_2(572211;(( ))x 2(k+2p)£—UX(y Z)D

%(_i[z%( [ jy Ux (v, z)]clz ( ;;22 Ux (v, z)m
_2c13(§y—22UX(y,z)J 2c3{g Ux (», Z)]J[(%h+[‘[j3—%h3}+
K _2013631(;;(2}()}’2)]+2€33(a%@(y,2)j {(%}HHJZ —%hzj.

2 cyy

1 (@8 4( o 1 P
My =—— UX (y,z) |h* - UXx —h+H | ——h |+
? 6”[828)/ (yZ)J 3[628)/ (yz)jcM[[z ] 8 ]
2
+e5 3CD(y,z) (lh+Hj —lh2 .
Oy 2 4

3 3 3
szlu a—U)((y,z) wed a UX (9,2) |ca (lh+Hj VR
0z-0y 3 20y 2 8

6

—els[%cﬁ(y,z)j((%h+H)2 _ihZJ_2_14[_2(“2“)(;_33(1)((%2))_
_Mlzu (szai_sz( y,z)jk—k(%UX( y,z)j}]—ﬂ{%UX( y,z)B;f _
_é{_ci“[zcm (—(;}—ZUX( y,z)]c,z —e {%ux( y,z)m_
¢y (%UX(%Z))—ZCH (:y—ZUX(y,Z)D((%h+HJB —%;ﬂ}-

2

0
5 2012631 [(D(y,z)j 2
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0 _%(_ A +12u (zx(_(agyz UX(y’Z)]X _X(S;_ZUX(”)D] )

—2[%U)(( y,z)jk—2(?»+2u)[ai—33UX(y,z))]h3 -

Y 2¢i5| — a—BUX( z) e —c iUX( z2) || |-
3 o 13 628y2 Y, 2763|503 e
-2c iUX( z) |-2c iUX( z) (lh+HJ3—lh3 —
Bl Bl W 2 8
62

St T N

_ el L@ (y.z 2 _2

B2 VY 2 4

2 cn

1 (& 4 o [1 f 1
L O ] UX (3,2) |cal| [ 2+l | ——0° |-
6“(826}/2 (v Z)J 3(826))2 (v Z)J “4{ 2 8

—eys ((jy—Z@(y,z)j[GMsz —%hz].

For the case of a panel consisting of two internal layers (Fig. 2 and 3 a), the second equation of system (7) is reduced

to the form:

2
1[613631 —633]h(diUX(Z)}r[_ﬁ_gﬁ]@(z)JfClz+Cz =0, ®)
Z

4\ e 1

from which the electric potential is expressed:

d
_ h+ h)| —UX
1 ( C11€33 C13€3) )(dz (Z)\J . 1 4CICIIZ+4CZC“

2 2
4 833¢1 te3 4 gycptey

(€))

@(z) =

After this, the first equation (7) is reduced to the form:

2
(_L[ZCB —2033}13 1 ! > (— 2¢13631 +2e33jh2 (—011633h+cl3e31h)J X
24\ ¢y 32¢183; +e3 Cui (10)

x[jTtUX(Z)J—wzphUX(z)— p(2)=0.

System of equations (7) is generally solved numerically, whereas equation (10) can be solved analytically.

Validation of the proposed method for adequacy based on a comparison of the results with calculations in the
ACELAN package

To test the applicability of the proposed applied theory, two problems for a two-layer panel are solved: determining
the first resonant frequency of the bending mode, and the problem of steady-state vibrations at a frequency of 200 Hz
under a uniformly distributed load on the upper plane of the plate with an amplitude of 1000 Pa. The plate length is 0.1
m, the thickness of each layer is 0.0025 m, and the material is PZT-4. The plate is fixed at the left end and hinged at the
right (Fig. 3 a).

The self-resonant frequency of the first bending mode (Fig. 4) in the ACELAN package calculation is 1348.68 Hz,
while the applied theory calculation is 1360 Hz, i.e., the error is 0.8%.

The forced vibration calculation has yielded the following results: Figure 4 shows the distribution of vertical

displacements on the deformed plate.
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Fig. 4. Distribution of vertical displacement at a frequency of 200 Hz

Figure 5 shows the graphs of the deflection of the midsurface of the plate.
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Fig. 5. Plate deflection: « — ACELAN; b — applied theory of equation (8)—(10)
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Figures 6 and 7 present similar results for horizontal displacement, and Figures 8 and 9 show them for electric

potential.
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a — ACELAN; b — applied theory
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Fig. 9. Electric potential in the plate: @« — ACELAN; b — applied theory

Discussion. The key result of this research is an applied two-dimensional theory and the demonstration of a high
degree of agreement between the solutions obtained from it and the simulation data in the ACELAN finite element
package. The deviation in the calculation of the first resonant frequency is only 0.8%, which is more than sufficient for
engineering applications. Visual and quantitative comparison of the graphs of deflections, horizontal displacements, and
the distribution of electric potential under forced vibrations also shows their almost complete agreement (Figs. 5, 7, 9),
which confirms the proposed model adequacy in the frequency range under consideration.
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The primary application of the developed theory is the low-frequency range. The structural geometry is thin plates.
The range of variation of the material parameters of the layers is relatively small. For wider property ranges, when
constructing the applied theory, it will be necessary to take into account the broken normal and use a higher order of
approximation for the characteristics of the mechanical and electrical fields across the thickness of the structure.

The proposed theory eliminates resource-intensive 3D modeling at the preliminary design stages. The practical
significance of the results is in the creation of an efficient and fast tool for engineers and researchers: instead of time-
consuming calculations in “heavy” CAE packages, analytical or numerically analytical solutions of equations (7)—(10)
can be used to quickly evaluate dynamic characteristics, conduct parametric studies, and optimize the designs of
piezoelectric transducers, sensors, and energy harvesting devices.

Conclusion. Within the framework of the study, the problem of constructing and validating an applied two-
dimensional theory for calculating the transverse vibrations of layered plates made of a 1-3 piezocomposite and porous
piezoactive 3—0 and 3-3 elements is successfully solved.

A mathematical model based on the Kirchhoff-Love hypothesis is developed to describe the dynamic behavior of a
thin layered electroelastic plate with opposing longitudinal polarization of the layers.

A system of differential equations is derived, which, for the particular case of a two-layer panel, reduces to a single
equation that admits an analytical solution.

The proposed theory is validated through comparing its results with numerical simulation data in the ACELAN finite
element package. The error in determining the first resonant frequency does not exceed 0.8%.

The adequacy of the theory in calculating forced vibrations is proven: the profiles of vertical and horizontal
displacements, as well as the distribution of electric potential, calculated using the applied theory, almost completely
coincides with the results of finite element modeling.

Thus, it is shown that the proposed two-dimensional theory is an effective and computationally efficient tool for the
analysis and design of thin-walled structures made of piezocomposite materials, which allows for a significant
acceleration of development compared with the use of universal finite element packages.

Prospects for further research are related to the development of the next level of homogenization — the transition to
the efficient properties of a 2-2 composite with subsequent consideration of a two-layer plate — as well as with more
complex approximations of mechanical and electrical fields, including consideration of edge effects. However, when
complicating the model, it should be remembered that the primary practical purpose of such theories is the calculation of
the output integral characteristics of devices: resonant frequencies, output electrical potential, power, etc.
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