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Abstract

Introduction. Concave parabolic freeform surfaces are integral to high-performance optical reflectors and precision
mechanical components, where stringent geometric accuracy is paramount to functional efficiency. Despite their
widespread application, achieving high surface fidelity in 3-axis CNC milling remains a significant technical challenge.
This difficulty arises from the intricate, non-linear interactions between cutting tool geometry, machining parameters, and
the varying local curvature of the surface. While conventional research often focuses on global parameter optimization,
there exists a notable scientific gap in understanding how localized curvature gradients dictate error distribution during
the material removal process. This study addresses this gap by establishing a curvature-aware analytical framework aimed
at identifying the fundamental drivers of machining inaccuracies in parabolic geometries.

Materials and Methods. The research methodology integrates theoretical modeling with rigorous experimental validation.
Initially, a mathematical model based on principal deviation theory was formulated to characterize the geometric
deviations inherent in the 3-axis milling process. This analytical foundation allowed for the mapping of theoretical errors
against surface differential geometry. Subsequently, an experimental investigation was executed using a Taguchi Lo
orthogonal array design to systematically evaluate the influence of three primary machining factors: tool diameter, feed
rate, and step-over. Concave parabolic samples were machined and measured using high-precision metrology equipment.
The resulting data were processed via Analysis of Variance (ANOVA) and Signal-to-Noise (S/N) ratio analysis to
quantify the individual and interactive statistical contributions of each parameter to the total machining error.

Results. The findings demonstrate that tool diameter and step-over are the predominant factors, accounting for the
majority of the variance in machining accuracy, whereas the influence of feed rate is found to be statistically marginal
within the tested range. Crucially, the results have revealed that machining errors are not uniformly distributed but are
highly correlated with the local principal curvatures of the parabolic profile. MATLAB simulations further corroborated
these findings, showing that the maximum deviation occurs in regions of high curvature where the tool-surface
engagement geometry is most constrained. These specific results provide a quantitative map of how tool geometry
interacts with parabolic concavity to produce predictable error patterns.

Discussion. This research provides a novel interpretation of machining errors through the lens of surface differential
geometry, successfully bridging the gap between theoretical surface modeling and practical CNC manufacturing. The
findings demonstrate that “one-size-fits-all” toolpath strategy is inherently insufficient for concave freeform geometries
due to localized geometric complexities. Instead, this study validates that the implementation of an adaptive step-over
strategy, dynamically adjusted based on local curvature values, significantly enhances surface forming accuracy. The core
scientific novelty lies in the proposed integration of curvature-based compensation directly into the toolpath planning
phase, allowing for proactive error mitigation rather than reactive adjustments.

Conclusion. In conclusion, the proposed approach offers a robust and scalable solution for improving the precision of
complex freeform components in real-world industrial environments. By adopting this methodology, high-precision
manufacturing processes can potentially reduce post-processing requirements and overall production costs. While this
study focuses on static and geometric accuracy, future research will extend this model to incorporate the assessment of
dynamic processing errors. This expansion will provide a more comprehensive framework for accuracy optimization in
multi-axis CNC machining of complex surface.
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AHHOTALMA

Beeoenue. BornyTole napadosyeckre IoBEpXHOCTH CBOOOAHON (POPMBI UIPAIOT KIIIOUEBYIO POJIb B BHICOKOI((PEKTUB-
HBIX ONTHYECKUX OTPAXKATEISAX M MPEIM3MOHHBIX MEXaHHYECKHX y3Jax, I/ie )KeCTKHEe TPeOOBaHMSA K T€OMETPHUECKON
TOYHOCTH ONPEACISIIOT (PYHKIHMOHAIBHYIO 3(G(GEKTUBHOCTD H3einil. HecMOTps Ha MIMPOKOE PacpOCTPAaHEHUE TaKUX
MMOBEPXHOCTEH, 00eCTIeueHrne BRICOKOTO KauecTBa X 00paboTku Ha 3-0ceBhIX (ppesepHbIX cTankax ¢ YITY octaercs cy-
IICCTBEHHON TEXHUYECKOH mpoOiieMoid. JlaHHAs CII0KHOCTh 00YCIOBJICHA KOMIUIGKCHBIMH HETMHCWHBIMU B3aUMO/ICH-
CTBUSIMH MEX]y T€OMETPHEH PEXYIIEro HHCTPYMEHTA, apaMeTpaMu 00pabOTKH U M3MEHSIOIICHCS JIOKAIbHOW KPUBH3-
HOM ITOBEPXHOCTHU. B TO Bpems Kak TpaJUIIMOHHbIEC HCCIIEOBAHUSA OOBIIHO COCPEIOTOUCHBI Ha TII00aTBFHON ONTUMH3AIHN
apaMeTpPOB, CYIIECTBYET 3aMETHBII HAy4YHBIN MPOOE] B IOHUMAHUHU TOTO, KaK JIOKaJIbHBIC TPaIUCHTHI KPUBU3HBI OIpe-
TIENISAIOT pacipeesieHue MOrPenIHOCTe! B IMpoIiecce cheMa MaTepraia. HacTosimee ucciaeroBanne ycTpaHsaeT 3TOT Mpo-
0ed1, peiaras aHAIUTHYCCKYEO OCHOBY, YUUTHIBAIOIIYIO KDUBU3HY M HAMIPABICHHYIO HA BBISBICHUC (D)yHIAMECHTAIBHBIX
(hakTOpOB TIOrperrHOCTe 00pabOTKN MapadOTUISCKUX TEOMETPHH.

Mamepuanst u memoost. MeTo0510THsI UCCIIEIOBAHHS COUYETAET TEOPETUUECKOE MOJICIIMPOBAHHUE CO CTPOTOH IKCIIEpH-
MEHTAJIBHOH IMpoBepKoi. Ha rmepBoMm 3Tare Ha OCHOBE TEOPHH ITaBHBIX OTKJIOHEHHH ObLTa pa3paboTaHa MaTeMaTHIeCKast
MOJICJIb, XapaKTePU3YOIasi FTeOMETPHUYCCKIE OTKIIOHCHUS, CBOMCTBCHHEBIC PoLiecCy 3-oceBoil (pe3epoBku. [laHHas aHa-
JUTHYecKas 6a3za obecreunsia BO3SMOKHOCTh OTOOPaKESHHSI TEOPETUIECKHX TOTPENTHOCTEH OTHOCHTEIHHO AU PEepeHIn-
aJBHOM T€OMETPHUH ITOBEPXHOCTH. 3aT€M OBLIO MPOBEACHO IKCIICPUMEHTAIBHOE UCCIICIOBAHIE C IPUMCHEHUEM OPTOrO-
HanpHOTO TuTaHa Taguchi Lo a1t cucTeMaTHuecKol OLIEHKHU BIUSHHS TPEX OCHOBHBIX TEXHOJIOTHYECKUX (HaKTOPOB: IHa-
MeTpa UHCTPYMEHTA, TIOJa4YH ¥ MOTCPEUYHOTO CMEIICHUs. BpUIi U3roTOBICHBI 00Pa3iibl BOTHYTHIX Mapa0OIMYSCKUX IMO-
BEPXHOCTEH, KOTOPBIE 3aTeM ITOJIBEPTIINCH M3MEPEHUSAM Ha BBICOKOTOYHOM METPOJIOTHYECKOM obopymoBannu. Obpa-
00TKa TOJYYCHHBIX JAHHBIX BBINOJHAJIACH METoIaMu aucrepcruoHHoro aHamu3a (ANOVA) u aHanm3a OTHOIICHUS
curaan/myM (S/N ratio), 4To TTO3BOJIMIO KOJTUYECTBEHHO OIICHUTH MHIUBHTY JTbHBIN U HHTEPAKTUBHBIA CTATUCTUICCKUI
BKJIQJI KaXKJIOTO U3 PaCCMATPUBACMBIX MAPAMETPOB B CYMMAPHYFO IOTPEUTHOCTh 00PabOTKH.

Peszynvmamot uccneodosanuii. IlonydeHnpie pe3yabTaThl IOKA3aJIM, YTO JUAMETP WHCTPYMEHTA U MOTNEPEUHBIN IIar sB-
JISTFOTCSI IOMHHUPYIOIIUMU (haKTOpaMH, Ha JOJI0 KOTOPBIX MPUXOJUTCS OCHOBHAS 4YacTh TUCIICPCHU TOYHOCTH OOpa-
OOTKH, B TO BpeMsI KaK BIMUSHUE CKOPOCTH TOAAYH B MPeIeiax UCCIEAyeMOro Arana3oHa OKa3aloch CTATUCTHYECKH He-
3HAYHUTEIBHBIM. BaKHO OTMETUTH, YTO TIOTPEIIHOCTH 00pPabOTKU paclpeliesiecHbl He PABHOMEPHO, a CYIIIECTBEHHO KOP-
PENMHMPYIOT C TOKATBHOH TJIaBHOM KpUBU3HOH Mapabonmdeckoro npoduist. MoaenupoBanue B MATLAB nomoyiHUTENEHO
MOJITBEPIMIIO 3TU BBIBOJIBI, IOKA3aB, YTO MAKCUMAIILHOE OTKIOHCHHE MPOUCXOIUT B OOJIACTSIX C BBICOKOW KPUBU3HOWM,
TJIe TEOMETPHS B3aNMOACHCTBISI MHCTPYMEHTA C TOBEPXHOCTHIO Hanboee orpaHnyeHa. JJaHHbIe pe3yapTaThl oOecedn-
BaIOT KOJUYCCTBCHHOE OTOOPAKEHUE TOT0, KaK B3aUMOJICHCTBUAE TEOMETPHUN HHCTPYMEHTA C MapabOIHYECKOW BOTHYTO-
CTBIO IPUBOJNT K 00pa30BaHHIO MPEICKA3yeMbIX 3aKOHOMEPHOCTEH pacipeieIeHus] ITOT PEITHOCTEH.
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Obcyrycoenue. Hacrosiiee uccieoBaHUe MpeiaraeT HOBYIO HMHTEPIPETANUIO MOTPENTHOCTeH MexXaHWdecKod oOpa-
OOTKH CKBO3b NMPH3MY IU(epeHIHATEHON TeOMETPUN MOBEPXHOCTH, YCIICITHO MPEOI0IeBas Pa3phlB MEXKIY TEOPETH-
YECKUM MOJICITMPOBAHNEM ITOBEPXHOCTH U MTPAKTHIECKUM (hpe3epoBaHreM Ha ctankax ¢ UITY. Pe3ynbpraThl MOKa3bIBAIOT,
YTO YHHUBEpPCANbHAS CTPATEr sl IIOCTPOCHUS TPACKTOPHUH HHCTPYMEHTA («OIMH pa3Mep I BCEX») SBISACTCS MPHUHITUIIH-
aJBHO HEJOCTATOYHOW JJIi BOTHYTBIX CBOOOJHBIX IMOBEPXHOCTCH W3-3a MPUCYIIMX MM JIOKAJIBHBIX T'€OMETPHYCCKHX
cnoxkHoctel. JlaHHas paboTa MOATBEPIKAACT, YTO MPUMCHCHHUE AANTUBHON CTPATETUH H3MCHEHUS TOMCPEYHOTO 111ara,
JIMHAMUYECKH MOJICTPAUBAEMOI0 B 3aBUCUMOCTH OT JIOKAJIbHBIX 3HAYEHUN KPUBU3HBI, CYIIIECTBEHHO MOBBILIAET TOYHOCTh
(dhopmooOpazoBanus noBepxHOCTH. KirtoueBasi Hay4Hasi HOBH3HA COCTOUT B IPEAJIOKCHHON HHTETPALIMU KOMIICHCAIIHUH,
OCHOBAHHOM Ha KPUBU3HE, HETIOCPEACTBEHHO Ha 3Talle INIAHUPOBAHUS TPACKTOPUH IBIKEHUS HHCTPYMEHTA, 9TO MTO3BO-
JISET yIPeKIaromie MUHUMHU3UPOBATh MOTPEITHOCTA BMECTO TOTO, YTOOBI HCTIPABIIATE MX TOCTPAKTYM.

3aknrouenue. B 3akimodeHne ciIeayeT OTMETUTD, YTO TpeAsIaraeMbIil MOIX0 MPEICTaBIsIeT cO00i HaIe)KHOE U MACIIITa-
Oupyemoe pemieHne A TTOBBIIICHUS TOYHOCTH M3TOTOBICHHS CJIOXKHBIX KOMIIOHEHTOB TIPOU3BOIBHOM (OPMEI B peaib-
HBIX TIPOMBIIIUICHHBIX YCIOBUAX. BHEApeHIe TaHHOI METOIOJIOTHH B BRBICOKOTOYHBIE IPOM3BOJICTBEHHBIC ITPOIECCHI TT03-
BOJIUT MOTCHIMAIBHO COKPATUTh 00BEM MOCIEAYIOMICH 00pabOTKM M CHU3UThH OOINUC MPOU3BOJCTBEHHBIC U3JCPIKKH.
HecMmoTps Ha TO, YTO HACTOSIIEE UCCIICAOBAHIE COCPEIOTOUCHO HA CTATHYCCKON U TE€OMETPUICCKON TOYHOCTH, B OyIy-
IIeM IPE/II0IaracTcsl PaCUIUPUTh JAHHYIO MOJENb 32 CYCT BKIIFOYCHHS OLICHKH JHMHAMHUYCCKUX IMOTPEHIHOCTEH 00pa-
00TKH. DTO pacipeHne co3aact 601ee KOMIUIEKCHYFO OCHOBY JIJIsi ONITUMU3AIMKA TOYHOCTH IIPU MHOTOKOOPAMHATHOMN

(dpe3epHOi 00pabOTKE CI0KHBIX TOBEPXHOCTEH Ha cTaHkax ¢ UITY.

KnroueBble c/10Ba: TOBEPXHOCTH POM3BOILHOM (DOPMBI C BOTHYTOM ITapabOIIIECKOil CTPYKTYPOH, TMaMeTp HHCTPYMEHTa,

CKOPOCTh NIO/IaUH, TTOTIEPEYHBIN II1aT, KPHBU3HA TIOBEPXHOCTH, TEOMETPHUECKOE OTKIIOHEHHE, MEeTO/T Tarydn

BaaronapHocTu. ABTOpbI BBIPQKAIOT HCKPEHHIOK MPH3HATEIBHOCTh TEXHUYECKOMY MNPAKTHYECKOMY LECHTPY 3a
MIPEeIOCTaBJICHNE 00Pa3IOB ISl HCTIBITAHUA U 000PYI0BAHMSI, UCTIOIH30BAHHOTO B OKCTIEPUMEHTAILHOM paboTe. ABTOPHI
TaKKe OJIaroIapsT PEeAAKIIMOHHYIO KOJUICTHIO KypPHAJa U aHOHUMHBIX PELCH3CHTOB 33 X ITyOOKUE MPOPECCUOHATBHBIC
3aKIIFOYCHUS U LCHHBIC 3aMCYaHUsi, KOTOPHIC BHECIIM CYNICCTBEHHBIH BKJAJ B JOPa0OTKY M IMOBBIIICHUE Ka4yecTBa

HaCTOHHIeﬁ CTaTbH.

Jnsa uutupoBanus. Hrok Tyen Byit, Hryen Txo Ban. DkcrnepiMeHTaNbHBI aHAMNM3 M MOAXO] HA OCHOBE KPUBH3HBI JUISA

ONTHMHU3ALIY TOYHOCTH TpH 3-0ceBOM (pesepoBanmu ¢ UITY BOrHYTHIX MapabOTMYECKIX OBEPXHOCTEH MPOU3BOIBHOH (DOPMEL.
Advanced Engineering Research (Rostov-on-Don). 2026;26(2):2662. https://doi.org/10.23947/2687-1653-2026-26-2-2662

Introduction. Freeform surfaces are increasingly employed in advanced engineering applications such as precision
molds, optical components, and aerodynamic structures due to their superior functional and aesthetic performance.
Among various local geometrical features, concave parabolic structures are widely utilized in components such as
parabolic reflectors and antenna devices, where geometric accuracy directly affects functional efficiency. In particular,
the machining of such surfaces using 3-axis CNC milling remains a challenging task due to the complex interaction
between tool geometry, surface curvature, and toolpath strategy.

In the context of ball-end milling, surface generation errors are strongly influenced by geometric factors such as tool
radius, feed rate, and step-over, as well as by the local curvature of the machined surface. Previous studies have
extensively investigated the influence of machining parameters on freeform surface quality. Recently, significant
contributions from the Russian metalworking school have addressed both the experimental characterisation and the
predictive modelling of geometric accuracy in the milling of complex-shape parts. In [1], the authors developed an
experimental methodology and a mathematical model for controlling the geometric accuracy indicators of die impressions
in ball-end milling, with the resulting model employed to adjust the toolpath. In related study [2], empirical models were
established linking spherical end-mill life to geometric accuracy and surface roughness, using these models to define both
tool-replacement schedules and criteria for surface analysis. Furthermore, paper [3] explored the influence of tool
orientation angles on surface roughness when processing complex-profile surfaces, highlighting the critical role of tool-
surface contact geometry in determining final quality.

Specifically, the effects of toolpath strategies were evaluated in [4], while the impact of feed rate was analyzed in [5].
The role of step-over in determining geometric deviation was established in [6]. Other studies applied experimental design
approaches, such as the Taguchi method combined with analysis of variance (ANOVA), to determine optimal machining

conditions for minimizing surface errors [7]. These approaches have demonstrated that toolpath strategy is often a primary
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factor affecting machining accuracy [8]. In addition, the significant contribution of step-over to surface forming quality
has been confirmed through statistical analysis [9]. Furthermore, some researchers focus on comparing toolpath strategies
in various CAM systems [10] or proposing solutions to determine scallop heights from CNC part programs [11].
Strategies to reduce the variation of the effective tool diameter have also been proposed to ensure uniform machining
accuracy [12].

However, most existing studies focus on general freeform surfaces or specific geometries such as impellers [13]. Other
research has targeted specific profiles like saddle surfaces [14] or the optimization of geometric characteristics for
specialized cycloidal profiles [15]. Meanwhile, the machining characteristics of concave parabolic structures have
received limited attention. More importantly, the relationship between machining parameters and surface accuracy is
often analyzed from a purely experimental perspective, without explicitly considering the role of surface curvature in
governing geometric deviations. As a result, the underlying mechanisms that explain why certain parameters dominate
the machining accuracy remain insufficiently clarified.

To address these limitations, this study focuses on the machining of freeform surfaces with concave parabolic
structures, characterized by a first principal curvature of zero and a second principal curvature with a variable negative
value. Based on the theory of principal deviations and surface geometry [16], an experimental model is developed to
investigate the influence of key machining parameters, including tool diameter, feed rate, and step-over, on surface
forming accuracy in 3-axis CNC milling. A systematic experimental design based on the Taguchi orthogonal array is
employed, and the results are analyzed using ANOVA to quantify the contribution of each parameter [17].

The objective of this study is to evaluate the influence of surface curvature, tool radius, step-over, and feedrate on the
geometric error of a concave parabolic surface structure during 3-axis CNC milling. Theoretical error models and
MATLAB simulations aim to assess the distribution of feedrate error, step-over error, and total error on the surface for
parallel toolpaths in two principal curvature directions. From this, the appropriate toolpath direction is determined, and
an adaptive toolpath solution based on the developed theoretical model is proposed. Experimental models are used
to evaluate the extent to which tool radius, step-over, and feedrate affect the shaping accuracy. In addition to conventional
experimental analysis, this work emphasizes the geometric interpretation of machining errors by linking them
to curvature-related factors, thereby providing deeper insight into the interaction between tool geometry and surface
characteristics. The findings of this study contribute to a better understanding of parameter sensitivity in machining
concave parabolic surfaces and provide a basis for improving toolpath planning and machining efficiency
in practical applications.

Materials and Methods. The investigated surface is generated by sweeping a parabolic curve along a straight line,

resulting in a parabolic cylindrical surface. The parametric representation of the surface is defined as:
P(u,v) = (x(u). [y (v)]2 (1)) = (601~ 30,|70v, [240u> ~ 240u + 60). (1)
0<u,v<1.

This construction implies that the surface exhibits curvature only along the parametric direction u, while remaining
geometrically linear along the direction v.
A sample experimental model with the concave parabolic freeform surface P(u,v) was constructed using NX12 as

shown in Figure 1.

.5

H=170

a) b)

Fig. 1. Drawing of the experimental sample a — 2D drawing; » — 3D model
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The first-order partial derivatives are expressed as:

P, =(60,/0,]480u —240),P, = (0,70,

0). )
The second-order derivatives are:
P, =(0.]0,]480),P, =(0.0,|0).
Along the v-direction (generator direction), the first principal curvature is:
k; =0.
Along the u-direction (profile curve direction), the second principal curvature is:
z"(u) 480 _ 3)

5132 57372
[1+(z'(u)) } [1+(480u—240) J

The sign of the curvature depends on the surface orientation; for concave configurations, it is considered negative.
Importantly, &, varies continuously along the parameter u, reflecting the non-uniform curvature distribution of the
parabolic profile.

The Gaussian curvature is given by:

K=k -k, =0. ©)

This confirms that the surface is a developable surface, characterized by zero Gaussian curvature.

The mean curvature is:

H=%(k,+k2):k?2, )
which varies along the surface due to the dependence of &, on u.

Surface curvature characteristics significantly influence the geometric accuracy in CNC milling, leading to critical
implications for overall machining precision.

Since k1 = 0, there is no curvature-induced deviation along the toolpath direction when it is aligned with the generator
direction.

The varying curvature kx(u) leads to non-uniform tool-surface contact conditions, which significantly influence
geometric deviations.

Regions with higher curvature (smaller radius) are more sensitive to tool diameter and step-over, resulting in larger
scallop height and form error.

Therefore, the geometric deviation in ball-end milling can be interpreted as a curvature-dependent phenomenon, where
the second principal curvature plays a dominant role.

The optimization of machining accuracy is achieved through a comprehensive analysis of toolpath strategies and
curvature-based modeling. Two representative toolpath strategies are investigated for machining the concave parabolic
cylindrical surface. In Case A, the feed direction is aligned with the zero-curvature direction (ki = 0), while the step-over
is applied along the parabolic profile. In Case B, the feed direction follows the parabolic profile, and the step-over is
aligned with the zero-curvature direction.

In ball-end milling of freeform surfaces, the geometric deviation is strongly influenced by the local curvature of the
machined surface. For the considered parabolic cylindrical surface, the curvature is anisotropic, with one principal
curvature equal to zero and the other varying along the surface.

Let the second principal curvature be:

()= (1) R(0) = ©

where R(u) is the local radius of curvature.
The total geometric deviation in ball-end milling can be approximated as the sum of two components:

hy (u) =h, +h,
where /iy, hy are feed-direction deviation and step-over (scallop) deviation in turn.
The geometric deviations can be approximated using a second-order Taylor expansion of the surface profile [18]. This

approach leads to the classical relation h = s2/(8R), which is widely documented in manufacturing theory [19].

Machine Building and Machine Science
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The effective curvature radius R.(«) is defined by combining the curvature of the machined surface and the ball-end
tool. Based on curvature superposition, the effective radius can be expressed as:
1 1 1
e, ©6)
Ry (u) R(u) Ry
which leads to:
R(u)Ry

R(u)+R; @)

Ry (u)=

where R(u) and Ry are curvature radius of the machined surface and the ball-end tool, in turn.
Due to the anisotropic curvature characteristics of the surface, the geometric deviation exhibits distinct behaviors in
the feed rate and step-over directions.

For Case A, the feed-direction error h’; remains constant along the toolpath because the curvature in this direction is

zero, leading to an effective radius equal to the tool radius. Feed-direction deviation
2

hi ~—L= 3
f 4
8R¢/Jl/‘
where the effective radius is:
A
Reﬂ,f == RT'

The dominant geometric error in finishing is the step-over deviation (scallop height) hf (u) caused by the step-over S.

SZ
B () = >, ©)
8Ry s (1)
where the effective radius is:
R(u)R;
R, =71
f?tf,S(u) R(u)+RT

Total curvature dependent deviation /4,4 in Case A is:

f22 S2
. 10
SR, | 8RZ . (u) (10)

hA:

For Case B, the situation is reversed. The step-over error remains constant, while the feed-direction error varies
significantly with the local curvature. As the curvature reaches its maximum near the vertex of the parabola, the effective
radius decreases, resulting in a sharp increase in feed-direction error. This leads to a non-uniform error distribution, with
pronounced peaks in regions of high curvature.

The feed-direction deviation hf (u) depends on the feed per tooth £z, tool radius Rr, and curvature radius R(u):

B ()~ —1 (11

R,
8R s (u)
where the effective radius is:
R(u)R;
RE (u)=—"—.
. (1) R(u)+ Ry
The step-over deviation 42, caused by the step-over S in this case can be approximated as:

S2

W~ (12)

8 R(fj,.,x

where the effective radius is:
B
Rf?ff,s = RT .
Total curvature-dependent deviation in case B is
2 2

e (13)

= +—.
8RY ;(u) 8Ry
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Regarding the curvature-based optimization model for machining accuracy, the total error ss(u) must satisfy the

following constraint to meet the precision requirements:
hs (u) <[], (14)
where [/] is maximum allowable geometric deviation.

Substituting deviation 4, into this inequality, we get:

———<

J2 o, Sy
T md! (15)

Solving for S(u), the curvature-based adaptive step-over is obtained as:

st0)= s 0 D1 | a6

For the experimental study, the experimental setup was established to validate the proposed model.
Machine tool: CNC milling machine DX-6080 from WANTALI (Taiwan) with some basic technical characteristics as

follows: machine table size of 600 x 800 (mm); main spindle motor power of 5.5 kw, spindle speed of 600—18000 rev/min;

max feed rate of 6000 mm/min; repeatable positioning accuracy of 0.005 mm.
Cutting tool: from the formula for determining curvature k, above, the smallest radius of curvature of the surface is

determined as Rpui, = 7.5 mm. Therefore, to avoid undercutting, the ball end mills used in this study are chosen as ®6,

@10, ®14 from G.T. cutting tools (Taiwan) with number of teeth Z = 2.

Workpiece: L x W x H=70 x 70 x 70 (mm), aluminum alloy A6061

CAM software: NX12

Equipment for measurement: 3D Scanner SIMSCAN from SCANTECH (HANGZHOU) CO., LTD, with accuracy
up to 0.020 mm, scanning rate up to 2020000 measurements/sec, resolution up to 0.025 mm, scanning area up to
410 mm x 400 mm.

Experiment plan: the workpieces are rough machined and semi-finished to form a cylindrical surface with a finish
allowance of 0.1 mm.

The experimental finishing process was performed with zigzag parallel cutting strategy (Case A) according to the
experimental plan designed based on the Taguchi OAg(3?) orthogonal array with 3 factors: Step-over (S), Feed rate (F)
and Tool diameter (D). The factors and experimental levels are presented in Table 1.

Table 1.
Factors and Levels
Levels
Factors
1 2 3
Step-over S (mm) 0.1 0.4 0.7
Feed rate F' (mm/min)/f. (mm/tooth) 100/(0.025) 500/(0.125) 900/(0.225)
Tool diameter D (mm) 6 10 14

The remaining technological conditions are unchanged for all 9 samples: velocity of spindle » = 2000 rpm, depth of
cut of 0.1 mm, flushing with cutting fluid. The output indicators of this experimental planning are the machining accuracy
assessed by the geometric error of the surface of the machined sample compared to the surface of the designed sample.

The finished machined samples (Figure 4) were digitized using a SIMSCAN handheld 3D scanner. These 9 point
cloud data files were used for sequential registration with the design CAD model surface to determine the geometric
errors of the samples using Geomagic Quality 2003. Geomagic Quality performed iterative rigid-body registration
between the measured point cloud and the nominal CAD surface by minimizing the least-squares distance between
corresponding geometric entities, following the ICP framework. The criterion for evaluating geometric errors was the
average deviation determined by the formula: average deviation = (max dev — min dev)/2.
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Results and Discussion. Based on the above analysis, a machining error simulation program was written in MATLAB
with input parameters tool radius Ry = 7 mm, feed rate /2 = 0.2 mm/tooth, step over S = 0.1 mm. The program results for
machining errors for the two cases A and B are shown in Figure 2. Comparison of the total machining error shows that
both strategies produce errors that vary along the surface. However, Case A consistently yields lower error values than
Case B across the entire parameter domain. More importantly, the error distribution in Case A is smoother and more
stable, whereas case B exhibits strong sensitivity to curvature variations. This difference is critical from a manufacturing

perspective, as large variations in feed-direction error are directly associated with surface waviness and form deviation.
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Fig. 2. Errors simulation for two Cases
a — Feed error; b — Step-over error; ¢ —Total error

The results indicate that the feed-direction error plays a dominant role in determining the overall form accuracy. Although
the total error magnitude may appear comparable under certain parameter combinations, the redistribution of error
components significantly affects the final surface quality. By aligning the feed direction with the minimum-curvature
direction, Case A effectively decouples the most critical error component from curvature variations, thereby improving
machining stability and accuracy. Therefore, the toolpath strategy in Case A is better than the toolpath strategy in Case B.

From a practical standpoint, this finding supports the strategy commonly adopted in advanced CAM systems such as
Siemens NX and PowerMill, where toolpaths are preferentially oriented along directions of minimal curvature. Therefore,
for the machining of parabolic cylindrical surfaces, the optimal strategy is to align the feed direction with the zero-
curvature direction and to control the step-over according to the local curvature.

Figure 3 shows the result of running the program with input data Rr = 7 mm, £ = 0.02 mm/tooth, allowable error
[A] = 0.02mm. With the step-over that adapts according to the surface curvature as in the diagram, the geometric surface
error will remain unchanged at 0.02 mm. Currently, commercial CAM systems like Siemens NX and PowerMill also have

adaptive step-over in an indirect and heuristic way, but not explicitly formulated as here.

0.44

o
~
S

o
N
N

0.32¢

Adaptive step-over, mm

0.28

L s L L

0.0 0.2 0.4 0.6 0.8 u

Fig. 3. Adaptive step-over simulation for Case A

Regarding the experimental results and discussion, the machined samples are presented in Figure 4, the measured
geometric errors for Sample 2 are illustrated in Figure 5, while the comprehensive error data are summarized in Table 2.
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Average +1- 0.0167 /-0.0240 mm. Lo
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RMS Estimate: 0.0442 mm

Fig. 4. Nine experimental samples Fig. 5. Geometrical error of sample 2

In the analysis and assessment of machining accuracy, the performance is evaluated based on specific machining error
criteria. The smaller the machining error, the higher the machining accuracy. According to the choice of output as small
as possible (smaller is better), the S/N ratio for each experiment is determined (Table 2).

Experimental Results Obtained from the Orthogonal Array Taguchi OA(3%) reble?
A0 S F . D Geometric Deviation (um) (S/V)a
(mm) (mm/min) Upper Lower Average A

1 0.1 100 6 18.9 353 271 -14.3297
2 0.1 500 10 16.7 24 20.35 —-13.0856
3 0.1 900 14 20.4 18 19.2 —12.833
4 0.4 100 10 16.8 28.7 22.75 —13.5698
5 0.4 500 14 16.6 22.1 19.35 —12.8668
6 0.4 900 6 18.2 39.2 28.7 —-14.5788
7 0.7 100 14 15.5 34 24.75 —13.9358
8 0.7 500 6 22.6 45.8 34.2 —15.3403
9 0.7 900 10 25.7 38.2 31.95 —-15.0447

The average S/N ratio for each factor at levels 1, 2 and 3 can be calculated by averaging the S/N ratios of the
corresponding experiments. The influence of each factor on the machined surface geometric error is determined using
Minitab as shown in Figure 6. A large S/N ratio indicates that the machined surface has small geometric errors. Analysis
of variance (Table 3) shows that the coefficients of determination are quite high (98.92% and 95.68%), confirming that
the model fits the data well.

Table 3
Analysis of Variance (ANOVA) for (S/N)a
Model Summary R-Sq = 98.92%, R-Sq(adj) = 95.68%

Source DF Seq SS Adj SS Adj MS F P

S 2 12.4878 12.4878 6.2439 41.36 0.024

F 2 0.9044 0.9044 0.4522 2.99 0.250

D 2 14.2398 14.2398 7.1199 47.16 0.021

Residual Error 2 0.3020 0.3020 0.1510

Total 8 27.9339
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Through the data in this table, the influence of each factor on machining accuracy can also be determined. Diameter
of Tool (D) has the largest influence (51%), followed by the influence of Step-over (44.7%). The influence of Feed rate
is the smallest (3%) (Table 4).

Table 4
Influence of Factors on the Machining Accuracy
N Factor Contribution %
1 Step-over (S) 44.7
2 Feed rate (F) 3
3 Diameter of Tool (D) 51
4 Errors 1.3

From here, it can be seen that the conformity of a generating tool and the machined surface has a significant influence
on shaping accuracy. With the S/N value as large as possible, we can choose the optimal parameter set S;F2Ds3. The
optimal parameters to have the best geometrical accuracy of the machined surface are step-over of 0.1 mm, feed rate of
500 mm/min, and the tool diameter of 14 mm.

The predicted average deviation in this case would be:

XA;

Apin =A(S))+A(F,)+A(Ds)-2 =22.22+24.63+21.1-2-228.35/9 ~17.2 (um). (17)

Conclusion. This study investigated the influence of machining parameters on the forming accuracy of concave
parabolic freeform surfaces in 3-axis CNC milling. In contrast to conventional experimental approaches, a curvature-
based analytical framework was introduced to interpret machining errors from a geometric perspective.

The results confirm that the considered surface exhibits anisotropic curvature characteristics, where one principal
curvature is zero and the other varies continuously along the surface. This geometric property leads to non-uniform tool—
surface interaction conditions, which significantly affect machining accuracy. Experimental analysis based on the Taguchi
method and ANOVA indicates that step-over and tool diameter are the dominant factors influencing geometric deviation,
while feed rate has a comparatively smaller effect.

To provide a theoretical explanation for these observations, a curvature-based optimization model was developed. The
model relates machining errors to local curvature through an effective radius formulation, demonstrating that both feed-
direction deviation and scallop height are inversely proportional to the curvature radius. Based on this relationship, a
curvature-adaptive step-over strategy was proposed to maintain a constant allowable error across the surface.

The comparison between constant and curvature-adaptive step-over strategies shows that the adaptive approach
significantly reduces error variation and improves overall surface accuracy. This finding highlights the importance of
incorporating geometric characteristics into machining parameter selection, rather than relying solely on empirical

optimization methods.
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Although the direct implementation of continuous curvature-adaptive step-over is not supported by standard CNC
controllers, the proposed model provides a theoretical foundation for constant scallop height toolpath generation available
in modern CAM systems. Therefore, the results of this study have practical relevance for improving machining efficiency
and accuracy in industrial applications.

Future work will focus on extending the proposed approach to more complex freeform surfaces with non-zero
Gaussian curvature, as well as integrating curvature-based optimization into automated toolpath generation and intelligent

machining systems.
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