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Том 23, № 3, 2023 
Создан в целях информирования читательской аудитории о новейших достижениях и перспективах в области 
механики, машиностроения, информатики и вычислительной техники. Издание является форумом для 
сотрудничества российских и иностранных ученых, способствует сближению российского и мирового научно-
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основные научные результаты диссертаций на соискание ученой степени кандидата наук, на соискание 
ученой степени доктора наук (Перечень ВАК) по следующим научным специальностям: 

 
1.1.7 – Теоретическая механика, динамика машин (технические науки) 
1.1.8 – Механика деформируемого твердого тела (технические, физико-математические науки) 
1.1.9 – Механика жидкости, газа и плазмы (технические науки) 
1.2.2 – Математическое моделирование, численные методы и комплексы программ (технические науки) 
2.3.1 – Системный анализ, управление и обработка информации, статистика (технические науки) 
2.3.3 – Автоматизация и управление технологическими процессами и производствами (технические науки) 
2.3.5 – Математическое и программное обеспечение вычислительных систем, комплексов и компьютерных сетей (технические науки) 
2.3.7 – Компьютерное моделирование и автоматизация проектирования (технические, физико-математические науки) 
2.3.8 – Информатика и информационные процессы (технические науки) 
2.5.2 – Машиноведение (технические науки) 
2.5.3 – Трение и износ в машинах (технические науки) 
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2.5.6 – Технология машиностроения (технические науки) 
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2.5.9 – Методы и приборы контроля и диагностики материалов, изделий, веществ и природной среды (технические науки) 
2.5.10 – Гидравлические машины, вакуумная, компрессорная техника, гидро- и пневмосистемы (технические науки) 
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Influence of the Sphero-Cylindrical Tool Orientation Angles on Roughness under Processing 
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Abstract  
Introduction. When milling complex-profile surfaces of parts, the selection of tool trajectories and orientations affect 
the roughness parameters. However, in the studies devoted to the formation of trajectories, recommendations to provide 
the quality of microgeometry of surfaces were not taken into account. Moreover, when writing programs for CNC 
equipment in CAM systems, the limitations of cutting modes were determined exclusively using a geometric approach. 
It did not take into account the influence of the orientation angles of the sphero-cylindrical tool relative to the normal 
plane on the quality of surface treatment, namely on roughness. The work was aimed at the creation of the methodology 
for selecting the limiting values of the orientation angles of a sphero-cylindrical tool to optimize the process of 
machining spatially complex surfaces. The tasks included achieving the minimum values of the amplitude roughness 
parameter Rz and determining the effectiveness of various machining paths. 
Materials and Methods. Methods of correlation and regression analysis were used, the results were compared and 
generalized. The least-squares method was applied to estimate the parameters of the regression equation. The DMU 50 
ecoline processing center was used for the experimental studies. Roughness was measured on a Surfcam 1800 D 
profilometer. The material of the samples was steel 12X18N10T. The material of the tool was hard alloy 1620 Sandvik 
with PVD coating (physical vapor deposition, the closest domestic analogue is T15K6). 
Results. It has been shown in detail how roughness parameters Rz depend on the angle of inclination and the diameter 
of the tool. Twenty examples were summarized in a table. Natural regression coefficients were calculated using linear 
and hyperbolic models. It was found that the diameter of the tool had a greater effect on the formation of roughness 
parameter Rz than the angle of inclination. For a detailed description of the influence features, the coefficients of 
multiple, partial, paired correlation and multiple determination were compared. The limitations associated with the 
angles of inclination of the tool when processing complex surfaces were determined. A scheme for calculating the angle 
of the normal was visualized, which included the selected step along the axis to determine the lengths of the segments 
of the broken curve. The profilograms of surfaces obtained with different shaping trajectories were given in the form of 
drawings. This allowed us to conclude that milling from top to bottom is unsuitable when the tool is tilted 5°–35°. A 
map has been compiled by which it is possible to judge the roughness, knowing the type of milling and the inclination 
angle (from 5° to 80°). The dependence of the roughness parameter on the processing speed and the use of coolant was 
represented graphically. The calculated parameters for determining the optimal angle of inclination of the tool were 
tabulated. Their analysis proved the adequacy of the proposed method of preparing control information. 
Discussion and Conclusion. The presented technique made it possible to determine the optimal values of the 
orientation angles of the sphero-cylindrical tool. taking into account the cutting speed and the minimum possible 
amplitude roughness parameter Rz. The pattern of feeding fz = 0.4 mm/tooth for surface areas with a total angle of  
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5–50° was considered. In this case, processing along trajectories in the passing, opposite and bottom-top directions, 
provided roughness in the range of 3–6 µm according to parameter Rz. The top-down toolpath is not recommended for 
use in final operations due to the significant height of parameter Rz.  

Keywords: amplitude roughness parameter, orientation of a sphero-cylindrical tool, milling of complex-profile 
surfaces, spatially complex surfaces 
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Влияние углов ориентации сфероцилиндрического инструмента на шероховатость  
при обработке сложнопрофильных поверхностей 
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Аннотация 
Введение. При фрезеровании сложных поверхностей деталей выбор траекторий и ориентации инструмента 
влияют на параметры шероховатости. Однако в исследованиях, посвященных формированию траекторий, не 
учитываются рекомендации, позволяющие обеспечить качество микрогеометрии поверхностей. К тому же при 
написании программ для оборудования с ЧПУ в CAM-системах (от англ. computer-aided manufacturing — 
автоматизированное производство) ограничения режимов резания определяются исключительно с помощью 
геометрического подхода. Он не учитывает влияние углов ориентации сфероцилиндрического инструмента 
относительно плоскости нормали на качество обработки поверхностей, а именно на шероховатость. Цель 
работы — создание методики по выбору предельных значений углов ориентации сфероцилиндрического 
инструмента для оптимизации процесса механической обработки пространственно-сложных поверхностей. 
Задачи: достижение минимальных значений амплитудного параметра шероховатости Rz и определение 
эффективности различных траекторий обработки. 
Материалы и методы. Использовались методы корреляционного и регрессионного анализа, результаты 
сравнивались и обобщались. Для оценки параметров уравнения регрессии применялся метод наименьших 
квадратов. Для экспериментальных исследований задействовали обрабатывающий центр DMU 50 ecoline. 
Шероховатость измеряли на профилометре Surfcom 1800 D. Материал образцов — сталь 12Х18Н10Т. Материал 
инструмента — твердый сплав 1620 Sandvik с PVD-покрытием (от англ. physical vapor deposition — физическое 
осаждение паров металлов. ближайший отечественный аналог — Т15К6). 
Результаты исследования. Детально показано, как параметры шероховатости Rz зависят от угла наклона и 
диаметра инструмента. Двадцать примеров представлены в виде таблицы. Естественные коэффициенты 
регрессии рассчитаны по линейной и гиперболической моделям. Установлено, что диаметр инструмента 
больше влияет на формирование параметра шероховатости Rz, чем угол наклона. Для детального описания 
особенностей влияния сравнивались коэффициенты множественной, частной, парной корреляции и 
множественной детерминации. Определены ограничения, связанные с углами наклона инструмента при 
обработке сложных поверхностей. Визуализирована схема для расчета угла нормали, которая включает 
выбранный шаг по оси для определения длин отрезков ломаной кривой. Даны в виде рисунков профилограммы 
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поверхностей, полученные при различных траекториях формообразования. Это позволило сделать вывод о 
непригодности фрезерования сверху вниз при наклоне инструмента 5°–35°. Составлена карта, по которой 
можно судить о шероховатости, зная вид фрезерования и угол наклона (от 5° до 80°). Графически показана 
зависимоcть параметра шероховатости от скорости обработки и применения охлаждающей жидкости. Сведены 
в таблицу расчетные параметры для определения оптимального угла наклона инструмента. Их анализ доказал 
адекватность предложенного метода подготовки управляющей информации. 
Обсуждение и заключение. Представленная методика позволила определить оптимальные значения углов 
ориентации сфероцилиндрического инструмента с учетом скорости резания и достижения минимально 
возможного амплитудного параметра шероховатости Rz. Рассмотрена ситуация подачи fz = 0.4 мм/зуб для 
участков поверхности с суммарным углом 5º–50°. В этом случае обработка по траекториям в попутном, 
встречном направлении и снизу вверх обеспечила шероховатость в диапазоне 3–6 мкм по параметру Rz. 
Траектория движения сверху вниз не рекомендована к применению на окончательных операциях из-за 
значительной высоты параметра Rz. 

Ключевые слова: амплитудный параметр шероховатости, ориентация сфероцилиндрического инструмента, 
фрезерование сложных поверхностей, пространственно сложные поверхности 
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Introduction. The reliability of machine parts is determined by such performance properties (PP) of surfaces as 
wear resistance, tightness, strength, quality of coatings [1]. These PP depend on the physico-mechanical and geometric 
parameters of functional surfaces, including roughness [2–4]. 

The analysis of the scientific literature suggests a growing interest in the topic of providing the necessary roughness 
parameters due to the reasonable selection of trajectories of shaping movements and orientation of the sphero-
cylindrical tool when milling spatially complex surfaces (SCS) [5–7]. Examples of such parts are forming elements of 
die tooling, master models for casting, executive surfaces of gearing [8–10].  

A number of authors studied the influence of strategies under the milling of SCS and methods of optimizing 
machining [10–12]. However, knowledge about the formation of trajectories does not take into account the 
recommendations for providing the quality of microgeometry of the surfaces of the part. It should also be noted that 
when creating programs for CNC equipment in CAM systems, the limitations of cutting modes are determined 
exclusively using a geometric approach [13, 14]. It does not take into account the influence of the orientation angles of 
the sphero-cylindrical tool relative to the normal plane on the quality of surface treatment, namely on roughness. The 
method of selecting the angles of tool orientation based on empirical models can overcome these disadvantages. Its 
advantages: 

– influence of the tool orientation angles on the surface roughness is taken into account; 
– ability to reasonably select processing paths is supported. 
The study was aimed at the creation of a methodology for selecting the limiting values of the orientation angles of a 

sphero-cylindrical tool to optimize the process of machining spatially complex surfaces. The tasks included achieving 
the minimum values of the amplitude roughness parameter Rz and determining the effectiveness of various machining 
trajectories.  

Materials and Methods. Thus, CAM systems provide forming multi-coordinate machining trajectories with tracking 
of additional parameters, such as collisions, the point of contact between the tool and the part, etc. The sphero-
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cylindrical tool touches the part at point Pi (xi. yi. zi) = Pd (xd. yd. zd). At the same time, it is required to avoid machining 
with the center of the cutter and orient the tool with an angle of inclination of at least 5°–15°. 

In the final operations, the effective cutting speed is determined by the effective diameter. At an equal rotational 
speed, it grows with the increase in the angle of inclination of the tool to the workpiece. An increase in the cutting speed 
generally causes a decrease in the microhardness of the surface, and with an increase in V > 75 m/min, the 
microhardness parameters change slightly [12]. The dissipation rate strongly depends on the cutting speed and the 
volume of the material being removed; therefore, cutting-tool lubricant (CTL) is needed to intensify the cutting  
process [15]. 

For the experiments, technological equipment with CNC was used, a five-axis machining center DMU 50 ecoline 
with a maximum spindle frequency of 8,000 rpm. The surface roughness was measured by a Surfcom 1800 D 
profilometer. Sandvik end mills of the R216 series were used for processing 12X18H10T steel. The material was hard 
alloy 1620 with PVD coating (the closest domestic analogue is T15K6). The diameter was 8 mm, the number of  
teeth — 2. To provide a uniform allowance (ap = 0.2 mm), mechanical treatment with sphero-cylindrical cutters was 
carried out before the final milling operation. 

Research Results. Before determining the angles of inclination, it was required to establish how variable factors 
affected the response function. In this case, we are talking about the surface roughness according to parameter Rz (µm). 
To find empirical mathematical models of milling with a sphero-cylindrical tool, we took the independent variables: 
X1 — diameter (D, mm) and X2 — the angle of the tool inclination (γ, °). The initial data for the analysis were 
considered in previous studies (when applied to tooth fz = 0.4 mm/tooth) [16–19] (Table 1).  

Table 1 
Roughness parameters Rz depending on the angle of inclination and diameter of the tool 

Angle, ° 
Tool diameter, mm 

6 8 10 12 
10 9.33 7.66 5.99 4.33 
20 8.59 7.06 5.53 4.01 
30 7.85 6.46 5.07 3.69 
40 7.11 5.86 4.61 3.37 
50 6.37 5.26 4.15 3.05 

 
Based on theoretical data on significant factors affecting roughness, linear (1.1) and hyperbolic (1.2) models were 

adopted: 
      1 1 2 2 ,Rz = Y  a + b X  + b X=     (1.1) 

 .2
1 1

2

bRz = Y' = a' + b X  + 
X

'
'   (1.2) 

Here are the calculated natural regression coefficients: a =  13.37; a′ = 10.25; 1b = –0.66; 2b =  –0.58; 2b' =  0.51. 
The parameters of the two-factor regression equation were estimated using the standard least squares method; 

therefore, for simplicity of presentation, we omitted the formulas indicating the coefficients. Standardized  
β-coefficients: 1 0.79;′β = − 2 0.58;β = − 2 0.51.′β = −  Comparison of the modules of the values of standardized regression 
coefficients β allowed us to conclude that factor X1 (tool diameter) had more effect on the formation of the roughness 
parameter Rz than X2 (inclination angle). Coefficients of multiple, partial, paired correlation and multiple determination: 

1 2YX XR = 0.98; 
1 2YX Xr = – 0.98; 

2 1YX Xr ⋅ = – 0.97; 
1 2X X Yr ⋅ = – 0.95; 

' 'Y X X1 2
R = 0.95; ' 'Y X X1 2

r
⋅

= – 0.93; ' 'Y X X2 1
r

⋅
= 0.85; ' 'X X Y1 2

r
⋅

= 0.79;  

YX1
r = – 0.79; YX2

r = – 0.58; X X1 2
r = 0.00; 'YX2

r = 0.51; 

'X X1 2
r = 0.00; 2 ( )R Y  = 0.95; 2 ( )R Y ′  = 0.90.  

Comparing the coefficients, we drew the following conclusions. 
When factor X2 was fixed at a constant level, factor X1 most strongly affected (|0.98| > |0.79|). When comparing the 

coefficients of the hyperbolic model, (|0.93| > |0.79|). 
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When factor X1 was fixed, the effect of factor X2 on Rz increased for both models: linear |0.97| > |0.58|, hyperbolic 
|0.93| > |0.51|. 

To ensure the uniformity of the microrelief of the surface, the dependence of the feed and the effective diameter of 
the tool (Dcap) was established, which varied depending on the angle of processing. We defined the limitations 
associated with the angles of the tool inclination when processing the SCS. To do this, the surface of the part was to be 
divided into sections and the normal angles calculated. If z = f (x. y), then, in general, the orientation of the tool to the 
surface was set by selecting the direction of the normal.  

At cos γ = 1 / |N|: 

 1f fN , ,
x y

 δ δ
= − − δ δ 

. (2.1)
 

At cos γ = –1 / |N|: 

 1 .f fN , ,–
x y

 δ δ
=  δ δ 

 (2.2)
 

To determine the inclination angle of the tangent plane, the following equation was used: 

 
22

tan A
z z = grad(z)
x y

 δ δ α = +   δ δ   
, (3) 

where α = |90° – γ|. 

AV Nikitenko [20] presented a model for optimizing the orientation angle of a part with corrective angles of 

inclination А and B relative to X and Y axes:  

 
22

tan ' tan tan .z z  B  A
x y

 δ δ α = + + +  δ δ   
 (4) 

For a special case (Fig. 1), determination of angle λ to normal N: 

 arctan .z=  
x

∆
λ

∆
 (5) 

 
Fig. 1. Scheme for calculating the angle of the normal: N — normal; λ — angle to the normal; Δx — selected step along X axis to 
calculate the lengths of the polyline curve segments, mm; Δz — distance along Z axis, depending on the step along X axis, mm 

With a discretely defined surface profile, the length of the curve describing the profile geometry: 

 
1

.
n

n i
i

S = S
=
∆∑  (6) 

Here, the length of the polyline section 2 2 .iS = x z∆ ∆ + ∆  
The roughness of Rz was considered as an output parameter (Fig. 2), taking into account the limitations associated 

with the trajectories of motion and the angles of inclination of the sphero-cylindrical tool. 

γ 

N 

Z 

X x
i+1

 x 

λ 

Δx Δz
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 а)       b) 

   
 c)         d) 

Fig. 2. Profilograms of surfaces obtained with different shaping trajectories at Γ = 35°–45°: 
a — passing milling; b — counter milling; c — top-bottom milling; d — bottom-up milling  

 

Top-bottom milling is characterized by the greatest amplitude, the unevenness of the resulting surface profile, and is 
not recommended for shaping with a tool tilted at an angle of 5°–35°. 

The roughness selection map (Fig. 3) for Rz parameter is based on the results of the given and previous  
studies [16–19]. 

 
Fig. 3. Roughness selection map 

When using CTL, a film was formed on the contact surfaces of the tool and the workpiece material, which helped to 
reduce adhesive wear. At the cutting speed V > 70 m/min, the effect of dynamic friction was reduced. At the same time, 
the duration of the physico-chemical effect of the medium on the contact surfaces went down, which limited the effect 
of the use of the CTL (Fig. 4). 
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Fig. 4. Dependence of roughness parameter Rz on the machining speed: a — without CTL; b — with the use of CTL 

The considered technique was aimed not at establishing critical values of possible orientation angles of a sphero-
cylindrical tool for a specific object, but at achieving roughness parameters taking into account the effective cutting 
speed, feed, and inclination angles for a wide range of parts with concave-convex and linear sections. This approach 
could provide generalizing and clarifying the ways of optimizing machining. In addition to roughness, the limitations of 
the minimum effective cutting speed, depending on the effective diameter of the tool, were analyzed. At the same time, 
the minimum recommended effective cutting speed was (Vcap) — 75 m/min. 

According to the feed and lateral pitch, the angle of orientation of the tool can correspond to positive and negative 
values. When calculating, it was considered modulo. Based on the calculated data (Table 2), the surface profile (Fig. 1) 
was divided into sections. The normal angles were determined, and the trajectories of the shaping movements were 
assigned to provide the required roughness, taking into account the angles of inclination of the tool. 
 

Table 2 

Design parameters for determining the optimal angle of inclination of the tool 

n Δz, mm Δx, mm λ,° 
Γ = λ + γ,° Vсap 

at γ = 5 
  

γ = 1 γ = 3 γ = 5 
1 0.16 

0.25 

3.59 4.59 6.59 8.59 68.0 
2 0.48 10.83 11.83 13.83 15.83 84.4 
3 0.82 18.25 19.25 21.25 23.25 99.8 
4 1.22 26.01 27.01 29.01 31.01 114.2 
5 1.71 34.34 35.34 37.34 39.34 127.2 
6 2.38 43.64 44.64 46.64 48.64 138.6 
7 3.55 54.82 55.82 57.82 59.82 147.5 
8 6.59 69.21 70.21 72.21 74.21 150.7 
9 4.56 61.26 62.26 64.26 66.26 150.1 

10 2.81 48.39 49.39 51.39 53.39 143.1 
11 1.98 38.41 39.41 41.41 43.41 132.7 
12 1.43 29.71 30.71 32.71 34.71 120.3 
13 1.00 21.73 22.73 24.73 26.73 106.5 
14 0.63 14.17 15.17 17.17 19.17 91.5 
15 0.30 6.87 7.87 9.87 11.87 75.5 
16 0.01 0.32 1.32 3.32 5.32 60.2 
17 0.33 7.52 8.52 10.52 12.52 77.0 
… … … … … … … 
ni 1.03 22.43 23.43 25.43 27.43 107.8 

ni+1 1.47 30.46 31.46 33.46 35.46 121.5 
 

The measured roughness values, taking into account the recommended angles of inclination of the sphero-
cylindrical tool and the movement trajectory, are minimal with respect to Rz parameter (from 3 to 6 µm). At the same 

0

2

4

6

17.5 37.5 57.5 77.5

Rz, µm

V, m/min
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time, these values correlate with data from other studies (Fig. 3). This allows us to conclude that the proposed method 
of preparing control information is adequate. 

Discussion and Conclusion. The presented technique of selecting the limit values of the orientation angles of a 
sphero-cylindrical tool can be used to process the SCS with one tool without replacement, taking into account the 
accepted restrictions. The proposed approach makes it possible to determine the optimal values of the orientation angles 
of a sphero-cylindrical tool, allowing for the cutting speed and achieving the minimum possible amplitude parameter  
of roughness Rz. 

We considered the situation for surface areas with a total angle of 5°–50° at feed fz = 0.4 mm/tooth. In this case, 
machining along trajectories in the passing direction, from bottom to top and in the opposite direction allowed for 
roughness in the range of 3–6 µm according to Rz parameter. This was less than the maximum values obtained by  
15–30 %. At angles of 10°–40° and the passing processing direction, the minimum values of Rz — 3–4 µm were 
recorded. The trajectory of top-bottom movement was not recommended for use in final operations due to the 
significant height of the Rz profile. At the same time, the values of 4.1–6 µm for this trajectory were achieved in a 
narrow range of angles — 40°–50°. 
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Abstract 
Introduction. In recent years, one of the main trends in the field of testing road structures has become field study of their 
large-scale models at the accelerated load facility (ALF). It can significantly reduce the cost of selecting the most 
economical and durable pavement designs. However, the results obtained on the ALF are often relative, since they 
practically do not correlate with the results of laboratory and field tests on real objects. This study is aimed at a 
comprehensive investigation of the response of a road structure to a dynamic load, the establishment of patterns of fatigue 
failure of asphalt concrete layers during the accelerated testing and full-scale tests on real objects. 
Materials and Methods. During testing, an accelerated load facility was used, located on the territory of the ShanDong 
Transport University. When conducting field tests, a dynamic loading unit with a falling weight FWD Primax 1500 was 
used, which recorded the deflection bowl on the surface of the structure under study. To record the dynamic response in 
the arrangement of the road structure, a complex of strain gauge sensors was used, which made it possible to register both 
compressive stresses and tensile strains in different layers. The results obtained under natural conditions were compared 
to the results obtained on the mathematical FEM model. 
Results. The research results have shown that the thickness of the lower coating layer is the main factor affecting the 
amount of vertical deformation of the pavement, which must be taken into account at the design stage of the pavement 
structure. Thus, with a thickness of the upper layer of the base of 10 cm, the vertical deformation was 100 µm, and with 
a thickness of 20 cm – 55 µm, provided that the overall strength of the structure was ensured. The number of load 
application cycles on the ALF had a minimal effect on the selected asphalt concrete samples during split tensile tests. 
Discussion and Conclusion. The adequacy of the results obtained in the course of accelerated testing of road structures 
was shown through a comprehensive comparison of numerical simulation data and full-scale tests, and the adequacy of 
the applied calculation methods was validated. The results of the study can be further applied in the road industry to 
develop and improve the regulatory framework for the design of non-rigid pavement under conditions of increased loads 
and heavy traffic. 

Keywords: asphalt concrete pavement, accelerated loading test, multilayered half-space, stress-strain, temperature 
correction, dynamic response model 
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Исследование характеристик динамического отклика дорожных конструкций  
при ускоренном тестировании 
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Аннотация 
Введение. Одним из главных трендов в области испытаний дорожных конструкций в последние годы стали 
натурные исследования их крупномасштабных моделей на установках ускоренного тестирования (ALF). Это 
позволяет значительно уменьшить затраты на выбор наиболее экономичных и долговечных конструкций 
дорожных одежд. Однако результаты, полученные на установках ALF, зачастую являются относительными, так 
как практически не увязываются с результатами лабораторных и полевых испытаний на реальных объектах. 
Поэтому целью данного исследования явилось комплексное изучение отклика дорожной конструкции на 
динамическую нагрузку, установление закономерностей усталостного разрушения асфальтобетонных слоев при 
испытаниях на ускоренное тестирование и при натурных испытаниях на реальных объектах. 
Материалы и методы. При проведении испытаний использовалась установка ускоренного тестирования, 
находящаяся в Шаньдунском транспортном университете. Полевые испытания проходили с применением 
установки динамического нагружения с падающим грузом FWD Primax 1500, которая осуществляет регистрацию 
чаши прогиба на поверхности обследуемой конструкции. Для регистрации динамического отклика в структуре 
дорожной конструкции использовался комплекс тензометрических датчиков, позволяющих отмечать как 
сжимающие напряжения, так и растягивающие деформации в различных слоях. Результаты, полученные в 
натурных условиях, были сопоставлены с результатами, полученными на математической МКЭ-модели.  
Результаты исследования. Результаты исследования показали, что толщина верхнего слоя основания является 
основным фактором, влияющим на величину вертикальной деформации дорожного покрытия, который 
необходимо учитывать на стадии проектирования конструкции дорожной одежды. При толщине верхнего слоя 
основания в 10 см вертикальная деформация — 100 мкм, а при толщине в 20 см — 55 мкм при условии 
обеспеченности общей равнопрочности конструкции. Количество циклов приложения нагрузки на установке 
ускоренного нагружения имеет минимальное влияние на отобранные образцы асфальтобетона при испытаниях 
прочности на раскол.  
Обсуждение и заключение. Путем комплексного сопоставления данных численного моделирования и натурных 
испытаний показана их тождественность результатам, полученным в ходе ускоренного тестирования дорожных 
конструкций, обоснована адекватность применяемых расчетных методик. Результаты исследования могут быть 
применены в дорожной отрасли для разработки и совершенствования нормативной базы при проектировании 
нежестких дорожных одежд в условиях повышенных нагрузок и интенсивного движения транспорта.  

Ключевые слова: асфальтобетонное покрытие, установки ускоренного тестирования, многослойное 
полупространство, напряженно-деформированное состояние, температурная корректировка, модель 
динамического отклика 
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Introduction. Fatigue damage is one of the main forms of damage to exploited asphalt concrete pavements [1, 2]. As 

a rule, it is associated with alternating loading from the intense multi-cycle impact of the traffic flow. This type of 

destruction is characteristic of highways all over the world and is one of the challenges to which road scientists are trying 

to respond. One of the priorities of modern research in the field of fatigue failure forecasting is the testing of road 

structures at the accelerated load facilities. A certain contribution to the solution of this problem was made by Chinese 

scientists who analyzed the law of variation in the elasticity modulus of the asphalt concrete layer and its deformation 

during accelerated loading [3, 4]. The mechanism of destruction and fatigue characteristics of asphalt concrete mixture 

during operation were investigated in [5]. Its authors obtained a correction factor that took into account the difference in 

the mechanisms of deformation of the road structure under the influence of a test load on accelerated testing installations 

and during real field tests. 

In general, it should be noted that, despite the sufficiently effective simulation of the passage of single loads from the 

traffic flow, reproduced on ALF, difficulties arise with modeling the load distribution over the width of the carriageway, 

under environmental conditions, soil-geological conditions, etc. Thus, the test results at ALF cannot be directly used to 

assess the fatigue characteristics of the actual road surface. They require additional validation under real conditions. 

The authors [6–8] studied the responses of road structures to the dynamic impact of the test load, compared and 

analyzed their changes. The researchers applied methods combining real-time visual observation, instrumental tests for 

deflection, and fatigue failure resistance during loading, and also carried out work to establish relationships between 

stresses, deformations in the pavement structure and the temperature of various pavement structures. 

It should also be noted that similar studies are being conducted in other countries, besides the PR China, including the 

Russian Federation, European countries, and the USA. The results of active research aimed at comparing laboratory 

loading modes to the loading modes corresponding to real road conditions were considered in [9–11]. At the same time, 

there are no similar comparisons of the results of field and laboratory studies to the results obtained on large-scale models 

in a controlled experiment. The results of experimental studies in the field of predicting fatigue failure of asphalt concrete 

layers were given in [12–14]. They comprehensively considered the issues of determining the empirical coefficients 

required to predict the fatigue failure of asphalt concrete layers according to field visual observations, as well as standard 

methods of testing asphalt concrete for fatigue when applying a four-point load or indirect stretching. However, the issues 

of research on large-scale models were also not addressed in them. A number of works deal directly with large-scale 

modeling, but for roadway paving of different designs [15–17]. The comparison of equal-strength structures to different 

layers and their thicknesses is the most interesting from a research point of view, since it will provide establishing patterns 

in the processes of deformation of asphalt concrete associated with its fatigue failure. 

Materials and Methods. Accelerated Load Facility. The Accelerated Load Facility (ALF) is located on the territory 

of ShanDong Transport University. It is a set of equipment for complex testing of road structures (Fig. 1). At the moment, 

it is one of the modeling methods closest to the real conditions for reproducing a moving transport load. ALF is used to 
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study the characteristics of asphalt concrete coatings under plastic deformations, fatigue cracking and downward cracking. 

On the ALF, the axle load and the speed of its movement can be adjusted, which provides the best of all types of test 

equipment compliance with real deformation conditions. 

 
Fig. 1. Accelerated Load Facility [8]  

Three typical designs of the roadway paving for the device on the test track were selected to study the fatigue resistance 

of asphalt concrete mixtures while in operation and pavement defects in different regions. The test section of the road is 

12 m long and 4 m wide. The road structure is a working layer of the soil of the roadbed, reinforced with cement, with a 

coating of three different types of asphalt concrete: S1, S2, and S3, respectively (Fig. 2). The calculated load reproduced 

by the ALF system is a semi-axial load transmitted through two wheels — BZZ-100. The reproducible load range is  

80-200 kN, the load step is 20 kN, the time interval between load applications is 9 s.  

4 m 4 m  4 m 

   
5 cm SMA-13 

5 cm AC-20 10 cm AC-20 15 cm АС-20 

20 cm AC-25 15 cm AC-25 10 cm AC-25 

Soil treated with cement 6 % 

Soil treated with cement 4 % 

Earth road 

Fig. 2. Road structure at the test road section 

A set of equipment was assembled from soil pressure, deformation and temperature sensors installed parallel and 

perpendicular to the direction of loading to provide real-time monitoring of the dynamic response of the structure during 

the construction of the test section of the road (Fig. 3, 4). In the lower part of the monolithic asphalt concrete layer there 

were four sensors of horizontal and longitudinal deformation (Fig. 5). The data collection channel of the corresponding 

sensor and its location are indicated in Table 1. This arrangement of equipment was validated by world experience in 

monitoring the stress-strain state (SSS) of road structures and was described in [18–19]. 

 
Fig. 3. Sensor for registering pressure in the soil and on the surface of the base layers [18] 
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Fig. 4. Sensor for recording relative tensile strain [18] 

 

Fig. 5. The depth of each sensor 

Table 1 

Sensor number and location 

No. Model Location 

W1 B-134 6 m 

W2 013 2.5 m 

W3 24 2 m 

W4 09 3.2 m 

W5 Y-15 2.5 m 

W6 03 5.5 m 

F1 Soil pressure sensor 4.5 m 
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To register the dynamic response on the surface of the road structure, in addition to the ALF, a dynamic loading unit 

with a falling load FWD PRIMAX 1500 was used. This unit is a pulse dynamic meter of surface movements of the 

coating, which provides determining the history of movements on the pavement surface under impact by means of 

installed geophone sensors (Fig. 6). Studies have shown that FWD can be used to determine the elastic modulus of 

pavement layers during testing at the ALF [20]. In the course of the research, measurements with the FWD were carried 

out every time after 70,000 cycles on the ALF. The measurement scheme is shown in Figure 7. 

 

 
Fig. 6. Falling Weight Deflectometer (FWD) [20] 

 

 
Fig. 7. Schematic diagram of measurements by the FWD 

Split Tensile Tests. To obtain comparable results within the framework of this study, laboratory tests for fatigue 

durability were carried out at the MTS asphalt concrete testing facility [21–24] (Fig. 8). The tests were performed on 

asphalt concrete samples selected from the accelerated testing site in accordance with the PR China standard — JTG E20-

20111. When testing asphalt concrete for splitting, the temperature was 15 ℃, the loading speed was 50 mm/min. Each 

type of asphalt concrete mix was subjected to four parallel tests. When tested for fatigue durability under controlled 

voltage conditions, the waveform was half-sinusoid with a frequency of 10 Hz. The complete destruction of the sample 

was taken as the criterion of destruction. Each test was carried out for three stress levels and three samples of asphalt 

concrete mix.  

 
1 Ministry of Transport of the People's Republic of China. JTG E20-2011 “Test Regulations of Asphalt and Asphalt Mixture for Highway Engineering” 
JTG E20-2011 English PDF (JTGE20-2011). (chinesestandard.net) [S]. 

Sensor location 

 

S1 S2 S3 

     
0.5 m 0.5 m 0.5 m 0.5 m 0.5 m 

https://www.chinesestandard.net/PDF/English.aspx/JTGE20-2011?Redirect=YES
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Fig. 8. Installation of a material testing system [21] 

Research Results. The temperature condition of the road structure operation at the accelerated testing section. 
Temperature sensors were mounted in the test structures of the roadway paving at a depth of 0.2 and 6 cm from the road 
surface, respectively (Fig. 9). 

 
Fig. 9. Temperature variation diagram of asphalt concrete layers at different depths 

 

Automatic data collection was carried out every 15 minutes. Figure 9 shows the curve of temperature variation at 

different depths of the pavement structure. It can be seen that the temperature here changes together with the change in 

ambient temperature. The temperature at a depth of 2 cm from the coating surface is almost during the entire observation 

period above the air temperature and the temperature at a depth of 6 cm. 

Analysis of temperature, stresses and deformations in the lower layer of asphalt concrete. During the tests at the 

ALF, data on tensile deformations at the lower boundary of the lower asphalt concrete layer were collected during each 

test day. To provide the accuracy and reliability of the deformation data, its registration was carried out using a channel 

with a transmission frequency of 2,000 Hz and continuous recording of the response lasting at least three minutes, with 

the possibility of parallel recording of temperature information. 

The maximum number of cycles before the appearance of fatigue cracks during testing at the ALF was 420,000 load 

applications. At the same time, it was found that temperature had the greatest effect on tensile deformations in the range 

from 140,000 to 240,000 applications, as can be seen from the data presented in Figures 10 and 11. 
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а) 

 
b) 

 
c) 

Fig. 10. Strain curve depending on the temperature on the lower face of the lower coating layer and the upper coating layer at 
different loading times: a — structure S1; b — structure S2; c — structure S3 

 

Fig. 11. Maximum stress value change curve in the lower layer of the coating depending on the temperature at different loading times 
 

 

As can be seen in Figures 10 and 11, the deformation of various layers of the pavement changed depending on 

temperature at different loading times: in S1 structure, the tensile deformation in the lower part of the upper layer of the 

pavement was 19.3–39.7 µε, and the deformation at the lower boundary of the lower layer of asphalt concrete ranged 
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from 58.3 to 75.6 µε. In S2 structure, the range of deformation variation at the lower boundary of the upper coating layer 

was 42.5–64.8 µε, the deformation range of the lower layer of asphalt concrete was 59.2–115.37 µε. Tensile and 

compressive deformations at the lower boundary of the lower coating layer gradually decreased with increasing loading 

time and strongly depended on temperature. Changes on the lower face of the lower layer of asphalt concrete were not 

obvious. In S3 structure, the deformation range in the lower part of the upper coating layer was 76.2–105.2 µε, the 

deformation range on the lower face of the lower layer of asphalt concrete was 92.8–186.2 µε. Tensile deformation of the 

lower coating layer was mainly independent of temperature. 

The range of changes in compressive stress at the upper boundary of the base layer was 30.2–48.3 kPa; as the number 

of loads increased, the change in compressive stress had a high correlation with the trend of temperature change. 

Analysis of FWD impact test results. The FWD was used, first of all, to determine the actual values of the elastic 

modulus of the layers of the road structure and their variation under testing by the ALF in accordance with the 

backcalculation methodology [25]. 

A total of six tests were carried out by the FWD. At each test point, measurements were carried out three times at the 

same load. Then, the average deflection value at the central loading point for the last two impacts was used as a 

characteristic displacement. The curves of vertical displacement variation at the point of load application depending on 

the number of cycles of application of the load during accelerated tests are shown in Figure 12. 

 
Fig. 12. Deviation curve of various pavement structures depending on the load time 

The deflection value in the center of the load application by the FWD gradually grew with increasing number of 

loads (Fig. 12). Depending on the temperature and loading time during the first 100,000 load cycles, the change in the 

deflection value was insignificant. The largest change in the magnitude of vertical displacement was observed in the range 

from 100,000 to 200,000 load applications. After 200,000 load applications, the vertical movement stabilized. Since the 

pavement structure was affected by temperature and load time, the structural strength of the pavement decreased 

accordingly, and the amount of vertical displacement increased. 

To verify the results of determining the elastic modulus of asphalt concrete layers using the backcalculation technique 

based on the results of testing by the FWD, additional laboratory examination of asphalt concrete samples was carried 

out2. As a rule, the actual dynamic modulus of elasticity was reduced to a standard value measured at a temperature of 

2 °С according to formula 1: 

 0.0722(20 )
20 ,T

TE E e− −= ⋅  (1) 
where E20 — inversely calculated module of the asphalt concrete layer at 20 °С, MPa; ET — inversely calculated elastic 
modulus of the asphalt concrete layer at the actual temperature, MPa; T — temperature, °C. 

 
2 AASHTO TP 62-2007 Standard Method of Test for Determining the Percentage of Fracture in Coarse Aggregate [S].(D 5821 – 01 (kashanu.ac.ir)) 
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Figure 13 shows the results of determining the elastic modulus of the asphalt concrete base layer depending on the 
number of load cycles reproduced during the accelerated testing. 

 
Fig. 13. Variation of dynamic modulus of elasticity of the lower layer of asphalt concrete depending on the number of loading cycles 

 

Figure 13 shows that as the number of load applications increased, the module of the lower layer of asphalt concrete 

of various pavement structures tended to decrease. At the initial stage of the test, 0–100,000 load applications (the standard 

total calculated axle load was 0–25.6 mln applications), the elastic modulus of the lower layer of asphalt concrete slowly 

decreased with an increase in the number of load applications (the average decrease was 5.23 %). When the number of 

load applications exceeded 100,000, the rate of reduction of the elastic modulus of the lower layer of asphalt concrete 

increased significantly. The modulus of elasticity of the lower layer of asphalt concrete of all structures decreased by an 

average of 54.87 %. 

Split tensile test analysis. As the results of accelerated testing showed, fatigue cracks began to appear by about 

350,000 load application cycle. When the load reached 420,000 applications, fatigue cracks were observed on the surface 

layer of asphalt concrete with an opening width of up to 2 mm, and the test was stopped. 

When sampling cores at the locations of cracks, it was found that cracks, as a rule, appeared on the surface of the 

coating, and did not penetrate into the layers. Most of them were transverse, passing through the rolling bands of the 

wheel load, and only a small part could be attributed to downward fatigue cracks. According to the results of laboratory 

tests of asphalt concrete samples selected at the accelerated testing sections, the dependence of the split strength on the 

number of cycles of the applied load was established.  

Figure 14 shows that the tensile strength during the splitting of asphalt concrete mixtures under operation, subjected 

to different accelerated loading times, changed little. In general, the effect of accelerated loading on the tensile strength 

during the splitting of the asphalt concrete mixture under operation was insignificant.  
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c) 

Fig. 14. Strength limit for indirect stretching of asphalt concrete mixtures under operation:  

a — structure S1; b — structure S2; c — structure S3  

Determination of the estimated number of asphalt concrete cycles to failure. At the end of this study, in 

accordance with the regulatory document of the People's Republic of China JTG D50-2017 “Specifications for Design of 

Highway Asphalt Pavement”3 and based on the data got by the authors of this study, using the regression analysis method, 

dependence (2) was obtained for predicting the maximum number of cycles before the onset of fatigue failure. To take 

into account the influence of the thickness of the asphalt concrete layer package using the regression analysis method and 

based on the data obtained during accelerated tests, the dependence for the assignment of the correction factor was 

determined. It is shown in Figure 15. 
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t

N
E

   =   ε   
   (2) 

 1 ,f alfN C N= ⋅   (3) 

where Nf  — number of loading cycles on the actual structure of the roadway paving, cycles; Nalf  — number of loading 

cycles on the ALF, cycles; εt — tensile strain ratio on the lower face of the asphalt concrete layer, µmε; E — elastic 

modulus of asphalt concrete layer, MPa; C1 — correction factor between laboratory values and values obtained at a full-

scale ALF. 

 

Fig. 15. Relationship between the ALF correction factor and the thickness of the asphalt concrete layer 
 
 

 
3 Ministry of Transport of the People's Republic of China. JTG D50-2017 “Specifications for Design of Highway Asphalt Pavement. Ministry of 
Transport” [S]. 2017. (JTG D50-2017 English PDF (JTGD50-2017) (chinesestandard.net)) 
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The dependence structure corresponds to the general view obtained by the Asphalt institute [14]: 

 11 b c

fN a
s

 =  
 

 


ε

, (4) 

where a, b, c — empirical coefficients determined under laboratory or field tests; ε — ultimate deformation at which the 

tests are carried out; S — material stiffness parameter. 

 Analysis of mechanical response characteristics. In JTG D50-2017 “Specifications for Design of Highway 

Asphalt Pavement”, the parameter of fatigue cracking of the bottom layer of asphalt concrete is one of the calculated 

indicators adopted in the design. Due to the greater rigidity of the bottom layer of asphalt concrete, the greatest tensile 

deformations are concentrated at its lower boundary, which is confirmed by the results given in this article. In the 

framework of a numerical experiment, S3 structure is considered as a key control structure for calculating the tensile 

strain in the lower part of the asphalt concrete pavement. The design scheme of the pavement adopted in the simulation 

is shown in Figure 16. 

 
Fig. 16. Mechanical response calculation model according to JTG D50-2017 

The calculation of the structure response was carried out on a finite element model of the road structure, while the 

hypothesis of complete adhesion between all structural layers of the pavement was accepted. The calculation was 

performed for a paired wheel of a motor vehicle with an axle load of 200 kN and a pressure of 1.1 Mpa [25–27]. When 

substituting into the mathematical model, the elastic modules of the pavement layers were used as input data, calculated 

according to the test results by the FWD. The results of comparing the road structure response registered during 

accelerated tests and calculated using the finite element method (FEM) are shown in Figure 17. 

 
Fig. 17. Comparison of measured and calculated values of the response to deformation of the bottom layer of S3 coating 
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Judging by the data in Figure 17, due to the influence of ambient temperature and the thickness of the bottom layer of 

asphalt concrete, the calculated value of deformation in the lower part is slightly less than the measured value of 

deformation. However, this can be explained by a number of simplifications adopted in the mathematical model. In 

general, the results of full-scale tests and numerical modeling are quite close and are characterized by similar trends, 

which indicates the adequacy of both the full-scale testing and the applied methods of numerical modeling. 

Discussion and Conclusion. One of the basic results presented in this article and differing from the results of previous 

studies [3–8, 14, 19, 20] is the conclusion about the prevailing influence of the thickness of the top layer of the base on 

the amount of the vertical elastic deformation recorded on the surface of the road structure. It was validated by a set of 

experimental measurements using a dynamic loading unit with FWD Primax 1500. In similar works, it was noted that the 

combined effect of the thickness of the bottom coating layer and the top base layer had the greatest effect on the amount 

of elastic deflection on the surface.  

Also, within the framework of this study, a comprehensive analysis of the test results at the ALF and numerical 

experiments based on known models for predicting fatigue failures was carried out. As a result, dependences (2) and (3) 

were obtained to implement the transition and provide comparability of this outcome. It should be noted that the 

coefficients obtained in the course of this work for dependence (2) differ from similar values known to us obtained at the 

MnRoad test site [14] (Fig. 18). 

Coefficient MnRoad dependence Dependence obtained by the 
authors 

a 0.314 0.265 

b 3.291 4.510 

c 0.854 1.420 

Fig. 18. MnRoad dependence coefficients and those obtained by the authors 

Differences in coefficients are largely due to differences in the rules for the selection of asphalt concrete mixtures, as 

well as regional testing conditions. It should also be noted that these coefficients somewhat tighten the classical 

performance model, reducing the predicted service life of road clothes, in comparison to the MnRoad model. 

Undoubtedly, these results were obtained for a fairly limited sample of experiments and a set of materials according 

to their physical and mechanical properties. They meet the requirements for asphalt concrete mixtures used in the 

construction of highways in China, and are quite close to the mixtures used in the Russian Federation. At the same time, 

it seems promising to use the results obtained. In the future, investigation on calibration of the dependence will be 

continued taking into account data from test sections of operated highways in the Russian Federation and China. 

Laboratory checkout has shown that the split tensile strength practically does not depend on the number of loading 

cycles of the tested asphalt concrete during accelerated testing. 

The results obtained can be applied for further development and improvement of the legal framework of the road 

industry regulating methods of calculation and prediction of fatigue cracking. 
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Buckling of Rectangular Plates under Nonlinear Creep 
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Abstract  
Introduction. The task of analyzing the stability of plates and shells under creep conditions is critical for structural 
elements made of materials with the property of aging, which are under the action of long-term loads, since the loss of 
stability can occur abruptly and long before the exhaustion of the strength resource of the material. Currently, the issues 
of joint consideration of geometric nonlinearity and creep in the problems of buckling plates remain poorly studied, 
existing software systems do not provide such calculations. The objective of this work is to develop an algorithm for 
calculating the stability of rectangular plates with initial deflection, which are subjected to loads in the middle plane, 
taking into account geometric nonlinearity and creep. 
Materials and Methods. When obtaining the resolving equations, the geometric and static equations of the theory of 
flexible elastic plates were taken as the basis. Physical equations were derived from the assumption that total strains were 
equal to the sum of elastic strains and creep deformations. Finally, the problem was reduced to a system of two differential 
equations, in which the desired functions were the stress and deflection functions. The resulting system of equations was 
solved numerically using the finite-difference method in combination with the method of successive approximations and 
the Euler method. As the boundary conditions for the stress function, the frame analogy was used, as in the case of a plane 
problem of elasticity theory. 
Results. The solution to the problem for a plate compressed in one direction by a uniformly distributed load has been 
presented. The nature of the growth of displacements at different load rates and initial deflection was studied. It has been 
established that when the vertical displacements reach values comparable to the thickness of the plate, their growth rate 
begins to decay even at a load greater than the long-term critical one. 
Discussion and Conclusion. The results of stability analysis using the developed algorithm show that the growth of plate 
deflection under the considered boundary conditions is limited, stability loss is not observed at any load values not 
exceeding the instantaneous critical one. This indicates the possibility of long-term safe operation of such structures with 
a load less than instant critical one. 

Keywords: stability, creep, plate, geometric nonlinearity, physical nonlinearity, initial imperfections, finite-difference 
method 
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Научная статья  

Выпучивание прямоугольных пластин при нелинейной ползучести  

C.Б. Языев , А.С. Чепурненко 🖂🖂 

Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация 
🖂🖂 anton_chepurnenk@mail.ru 

Аннотация 
Введение. Задача анализа устойчивости пластин и оболочек в условиях ползучести актуальна для элементов 
конструкций из материалов, обладающих свойством старения, находящихся под действием длительных нагрузок, 
поскольку потеря устойчивости может происходить резко и задолго до исчерпания прочностного ресурса 
материала. Вопросы совместного учета геометрической нелинейности и ползучести в задачах выпучивания 
пластин в настоящее время остаются слабо изученными, существующие программные комплексы не позволяют 
выполнить такой расчёт. Целью настоящей работы выступает разработка алгоритма расчета на устойчивость 
прямоугольных пластинок с начальной погибью, испытывающих действие нагрузок в срединной плоскости с 
учетом геометрической нелинейности и ползучести. 
Материалы и методы. При получении разрешающих уравнений в основу положены геометрические и 
статические уравнения теории гибких упругих пластин. Физические уравнения выводятся из предположения, что 
полные деформации равны сумме упругих деформаций и деформаций ползучести. Окончательно задача была 
сведена к системе из двух дифференциальных уравнений, в которых в качестве искомых функций выступают 
функция напряжений и прогиба. Решение полученной системы уравнений выполнялось численно с помощью 
метода конечных разностей в сочетании с методом последовательных приближений и методом Эйлера. В 
качестве граничных условий для функции напряжений используется рамная аналогия, как в случае плоской 
задачи теории упругости.  
Результаты исследования. В рамках поставленной цели разработан алгоритм расчета и представлено решение 
задачи для пластины, сжимаемой в одном направлении равномерно распределенной нагрузкой. Исследован 
характер роста перемещений при различной величине нагрузки и начальной погиби. Установлено, что при 
достижении вертикальными перемещениями величин, соизмеримых с толщиной пластинки, скорость их роста 
начинает затухать даже при нагрузке больше длительной критической.  
Обсуждение и заключение. Результаты анализа устойчивости с использованием разработанного алгоритма 
показывают, что рост прогиба пластины при рассмотренных граничных условиях ограничен, потеря 
устойчивости не наблюдается при любых значениях нагрузки, не превосходящих мгновенную критическую. Это 
говорит о возможности длительной безопасной эксплуатации таких конструкций при нагрузке менее мгновенной 
критической. 

Ключевые слова: устойчивость, ползучесть, пластина, геометрическая нелинейность, физическая нелинейность, 
начальные несовершенства, метод конечных разностей 

Благодарности: авторы выражают благодарность редакции и рецензентам за внимательное отношение к статье 
и указанные замечания, которые позволили повысить ее качество. 
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ползучести. Advanced Engineering Research (Rostov-on-Don). 2023;23(3):257–268. https://doi.org/10.23947/2687-
1653-2023-23-3-257-268 

Introduction. Much attention is paid to the stability analysis of thin-walled structures in the form of plates and shells, 
since such structures are widely used in construction and other branches of technology [1–3]. One of the challenges in 
the field of calculating plates and shells is the analysis of their stress-strain state under creep conditions, which is 
confirmed by a significant number of works published recently on this problem in domestic and foreign sources. Thus, 
in [4–8], the issues of buckling under creep of composite thin-walled structures were investigated. In [9], the problem of 
stability of functionally gradient plates was considered, taking into account the dependence of material properties on 
temperature. In [10], stochastic analysis methods were applied to the problem of buckling composite plates. In [11–17], 
the issues of stability of viscoelastic plates and shells under the influence of dynamic and tracking loads were discussed, 
and [18] dealt with plates of medium thickness, taking into account the dependence of material properties on time. 
Mathematical difficulties arising in solving these problems led to the fact that numerous researchers limited themselves 
to linear laws of viscoelastic deformation or considered the case of steady-state creep. The finite element method opens 
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up great possibilities in solving the problems of calculating plates and shells taking into account creep. However, modern 
computational complexes, such as ANSYS, Abaqus, LIRA, etc., contain a limited set of rheological models applicable to 
specific materials in a fixed range of stresses and temperatures. There is a need for alternative calculation methods suitable 
for arbitrary laws of viscoelastic deformation, including nonlinear ones.  

This work was aimed at constructing a system of resolving equations for the problem of buckling rectangular plates 
with nonlinear viscoelastic properties under the action of forces in the middle plane, taking into account large 
displacements, as well as an algorithm for its solution. Note that the problem of the stability of structural elements, taking 
into account creep, cannot be solved as a problem of pure stability. Its solution requires the presence of disturbances in 
the form of initial irregularities. Generally, the initial imperfections are given in the form of the initial loss or eccentricities 
of the application of loads. 

Materials and Methods. Let us consider the calculation method on the example of a plate with an initial deflection 
w0(x,y), compressed by a distributed load p [kN/m] in the x-axis direction and having a hinge support along the 
contour (Fig. 1). 

 
Fig. 1. Computational scheme  

In the case under consideration, in the presence of creep, if compared to the theory of elastic flexible plates, the 
difference manifests itself only in the form of physical equations. Total deformations can be presented as the sum of 
deformations of the middle plane (passing into the surface) and bending deformations caused by changes in the curvature 
of the middle surface: 

 
2 2 2

0 0 0
2 2

; ; 2 ,x x y y xy
w w wz z z

x y x y
∂ ∂ ∂

ε = ε − ε = ε − γ = γ −
∂ ∂ ∂ ∂

 (1) 

where xε and yε  — total linear deformations; xyγ — total angular deformations; 0
xε  and 0

yε  — linear deformations of the 

middle surface; 0γ — angular deformations of the middle surface.   
For deformations of the middle surface, the equation of continuity of deformations can be written [19]: 

 ( ) ( ) ( )2 22 0 2 2 22 0 2 2 22 0
0 0 0 0 0 0

2 2 2 2 2 2

  
.yx w w w w w w w w w

y x x y x y x y x y x y

 ∂ ε ∂ + ∂ + ∂ + ∂ ε ∂ ∂ ∂ ∂ γ
+ − = − − −    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     

 (2) 

For materials with viscoelastic properties, total deformations can be represented as: 

  ( ) ( ) ( )
* * *

2 11 1; ; , x x y x y y x y xy xy xyE E E
+ ν

ε = σ −νσ + ε ε = σ −νσ + ε γ = τ + γ  (3) 

where * * *, , x y xyε ε γ  — creep deformations; E — modulus of elasticity; ν  — Poisson's ratio; σx, σy, τxy — values of stress 

components in the corresponding directions. 
Having expressed the stress components in (3) through deformations, we write down the physical relations in the 

inverse form: 

  ( )( ) ( )( ) ( ) ( )* * * * *
2 2

; ; .
1 1 2 1x x y x y x y x y x xy xy xy

E E E
σ = ε + νε − ε + νε σ = ε + νε − ε + νε τ = γ − γ

− ν − ν + ν
 (4) 

The relationship of internal force factors and stresses is determined by integral relations: 

 
/2 /2 /2 /2 /2 /2

/2 /2 /2 /2 /2 /2
; ; ; ; ; ,

h h h h h h

x x y y xy x x y y xy
h h h h h h

N dz N dz S dz M zdz M zdz H zdz
− − − − − −

= σ = σ = τ = σ = σ = τ∫ ∫ ∫ ∫ ∫ ∫  (5) 

where xN  and yN — linear longitudinal forces; S  — linear shear forces; xM  and yM  — linear bending moments; 

H  —  linear torques; h — plate thickness. 
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Next, we substitute (1) in (4), as well as (4) in (5). As a result, we get: 

( ) ( ) ( )
0 0 * 0 0 * 0 *

2 2
; ; ;

1 1 2 1x x y x y y x y
Eh Eh EhN N N N S S= ε + νε − = ε + νε − = γ −
− ν − ν + ν

 

( )
2 2 2 2 2

* * *
2 2 2 2

; ; 1 ,x x y y
w w w w wM D M M D M H D H

x y y x x y
   ∂ ∂ ∂ ∂ ∂

= − + ν − = − + ν − = − − ν −   ∂ ∂ ∂ ∂ ∂ ∂   
 

(6) 

where 
( )

3

212 1
EhD =
−ν

 — cylindrical rigidity of the plate, ( )/ 2
* * *

2 /2
,

1
h

x x y
h

EN dz
−

= ε + νε∫
− ν

( ) ( )
/ 2 /2

* * * * *
2 /2 /2

, ,
1 2 1

h h

y y x xy
h h

E EN dz S dz
− −

= ε + νε = γ∫ ∫
− ν + ν

 

( ) ( ) ( )
/ 2 /2 /2

* * * * * * * *
2 2/2 /2 /2

, , .
1 1 2 1

h h h

x x y y y x xy
h h h

E E EM zdz M zdz H zdz
− − −

= ε + νε = ε + νε = γ∫ ∫ ∫
− ν − ν + ν

  

Values * * * *, , , , ,yx yxN N S M M H∗ ∗  have the dimension of internal forces and determine the contribution of creep 

deformations to the redistribution of forces.  
Static equations of the flexible plate theory have the form [19]: 

0; 0;yx NN S S
x y x y

∂∂ ∂ ∂
+ = + =

∂ ∂ ∂ ∂
 

( ) ( ) ( )2 2 2 22 2
0 0 0

2 2 2 2
2 2 0.yx

x y

M w w w w w wM H N N S q
x x y y x y x y

∂ ∂ + ∂ + ∂ +∂ ∂
+ + + + + + =

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 

(7) 

Here, q — normal load on the surface of the plate, which is zero in this problem. 
It is possible to satisfy the first two static equations using the Airy stress functions, introduced by the formulas: 

2 2 2

2 2

Φ Φ Φ; ; .x yN N S
y x x y

∂ ∂ ∂
= = = −
∂ ∂ ∂ ∂

 (8) 

After substituting the last three equalities from (6) into the last static equation in (7) and taking into account (8), we 
obtain the first resolving equation: 

( ) ( ) ( )2 2 22 2 2
0 0 04 *

2 2 2 2

Φ Φ Φ2 ,
w w w w w w

D w q q
x y y x x y x y

∂ + ∂ + ∂ +∂ ∂ ∂
∇ = + + + −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
 (9) 

where 
2 *2 * 2 *

*
2 2

2 .yx MM Hq
x x y y

∂ ∂ ∂
= − + + ∂ ∂ ∂ ∂ 

  

To obtain the second resolving equation, it is required to express the deformation of the median surface from (6): 
* * 2 2

0 * *
2 2

1 Φ Φ ;x y x y
x x y

N N N N
N N

Eh Eh y x
−ν + − ν  ∂ ∂

ε = = − ν + − ν ∂ ∂ 
 

* * 2 2
0 * *

2 2

1 Φ Φ ;y x y x
y y x

N N N N
N N

Eh Eh x y
−ν + − ν  ∂ ∂

ε = = − ν + − ν ∂ ∂ 
 

( ) ( ) ( ) 2
0 * *

2 1 2 1 Φ .S S S
Eh Eh x y
+ ν + ν  ∂

γ = + = − + ∂ ∂ 
 

(10) 

Substituting (10) into (2), we get: 

( ) ( ) ( ) ( )
2 22 2 22 2 2 2 *

0 0 00 0 04
2 2 2 2

2 * 2 *2 * 2 *

2 2 2 2

1 1 (2 1

 ).y yx x

w w w w w ww w w SФ
Eh x y x y x y x y Eh x y

N NN N
x y y x

∂ + ∂ + ∂ +  ∂ ∂ ∂  ∂
∇ = − − + + + ν +   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂  

∂ ∂ ∂ ∂
+ν + − − ∂ ∂ ∂ ∂ 

 (11) 

Thus, for the problem under consideration, a system of resolving equations is obtained from two fourth-order 
differential equations (9) and (11). Equations (9) and (11) are nonlinear. In the resulting equations, values Ф  and w are 
functions of the coordinates x, y,  and time t. Explicitly, there is no time in these equations, the time dependence is laid 
down in creep deformations *

xε , *
yε , *

xyγ , which are taken into account by the introduction of integral quantities 
* * * *, , , , ,yx yxN N S M M H∗ ∗ . 
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For the calculation scheme shown in Figure 1, the boundary conditions are written as: 
2 2

2

2 2

2

Φat 0, : ; 0; 0; 0;

Φat 0, : 0; 0; 0; 0.

x x

y y

Фx x a N p S w M
y x y
Фy y b N S w M
x x y

∂ ∂
= = = = − = − = = =

∂ ∂ ∂
∂ ∂

= = = = = − = = =
∂ ∂ ∂

 (12) 

Equation (11) for small displacements, in the case of a plate made of elastic material, is a biharmonic equation that is 
used to solve the plane problem of the theory of elasticity in stresses. Frame analogy can serve as the boundary conditions 
for the stress function for the biharmonic equation. The plate contour is considered as a frame, and the stress function on 
the contour are equal to the bending moment M in it, and its derivative along the normal to the contour is the longitudinal 
force N. Plots M and N in the frame can be constructed in one of the basic systems of the force method (BSFM). The 
basic system, as well as the diagrams of the bending moment and longitudinal force in the frame are shown in Figure 2. 

 
Fig. 2. BSFM and diagrams of the bending moment and longitudinal forces  

If the vertical displacements do not exceed a quarter of the plate thickness, then it is possible to assume the forces in 
the middle surface independent of the coordinates x and y ( , 0x yN p N S= − = = ) and use the linearized equation for 

calculations: 
22

04 *
2 2

.
wwD w p q p

x x
∂∂

∇ + = −
∂ ∂

 (13) 

The analytical solution to the system of equations (9) and (11) is associated with great difficulties. The authors propose 

to solve this system numerically. The finite-difference method (FDM) was used in combination with the method of 

successive approximations. The Euler method was applied to determine creep deformation in the time domain. As the 

first stage, the solution for the elastic plate was performed. Load p was applied stepwise with small steps. At the initial 

load values, deflections w1 were calculated by solving the simplified equation (13). Then, the calculated values w1 were 

substituted into the differential equation (11). This provided determining the stress function. The next step was to solve 

the differential equation (9) using the known values of function Ф, which made it possible to determine the nodal values 

of deflections 1w′ . After that, the values (11 ( )2 1 1 / 2w w w′= +  were substituted into equation (11).  The iterative process 

was repeated at each step until the relative discrepancy with the norms of the vectors of the nodal values of deflections 

iw  and iw′  was greater than the specified value (the authors assumed it to be equal to 0.1 %). For the second load step, 

the initial value 1w  in each node was the final result obtained in the first step. The calculation technique in the time 

domain, taking into account creep, was similar. The time interval, at which the process was investigated, was divided into 

steps ∆t. In the case of setting the law of viscoelastic deformation in differential form, the values of creep deformations 

at step t + ∆t were calculated on the basis of the known rate of their growth at time t using the Euler approximation:  
*

* * .t t t t
t+∆

∂ε
ε = ε + ∆

∂
 (14) 

The block diagram of the creep calculation algorithm is shown in Figure 3.  

Note that the system of equations (9) and (11) provides using schemes of a higher order of accuracy, e.g., the fourth-

order Runge-Kutta method. At the same time, to achieve the same accuracy of the results, you can set noticeably large 
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time steps. However, with an increase in the step, there is a chance of not catching the effects of unsteady creep at the 

initial moments of time. And with the same time step, the Runge-Kutta method, in comparison to the Euler method, 

requires four times more operations to be performed.  

 
Fig. 3. Block diagram of the creep calculation algorithm 
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* * *
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Research Results. A polyvinyl chloride polymer plate with dimensions a =2 m, b = 2 m, h = 1 cm at E = 1480 MPa, 
ν = 0.3 was considered. The nonlinear Maxwell-Gurevich equation was adopted as the law determining the rate of creep 
strain growth: 

* *

*
,  , ,  , ;ij ijf

i x y j x y
t

∂ε
= = =

∂ η
 

( )* *
0

3  ;
2ij ij ij ijf E∞= σ −σ δ − ε  

( )
*

* * * *
0 0*

 3 exp  ;  ,
2

max
max rr rr

max

f
f E

m ∞

 
η = η − = σ −σ − ε 

 
 

(15) 

where ijδ  — Kronecker symbol; 0 1 / 3Jσ = , 1 x yJ = σ + σ  — first invariant of the stress tensor; *
0η ,  E∞ and  

*m — rheological parameters of the material, called the initial relaxation viscosity, the modulus of high elasticity, and the 

modulus of velocity. 
Indices rr in formula (15) indicate the direction of the primary stresses. 
For PVC, the authors took the values of rheological parameters from [20]: E∞ = 5.99∙103 MPa, *m = 12.6 MPa,  

*
0η  = 5.44·107 MPa·s. The shape of the initial deflection w0(x,y) was taken in accordance with the first form of the loss of 

stability of the plate made of elastic material:   

( )0 0, sin sin .x yw x y f
a b
π π

=  (16) 

For a plate made of elastic material without initial imperfections, the critical load, in the case of the whole ratio of 
sides a/b, was determined from the formula [19]: 

2

2

4 .кр
Dp

b
π

=  (17) 

To verify the developed calculation algorithm, the first step was to solve the elastic test problem and compare the 
results to the calculation in the finite element LIRA-CAD package (Fig. 4). The value of the arrow of the initial 
deflection f0 was set to 0.15 mm. The grid size when using the FDM was 20×20, the number of load steps was 200. 
When calculating in the LIRA-CAD PC, the plate was divided by triangular finite elements with a triangulation step 
of 0.1 m. The load step size was assumed to be the same as when using the FDM. The value of the critical load for the 
elastic plate, calculated from formula (17), was 1340 N/m. Table 1 shows a comparison of vertical displacements in 
the center of the plate for different load values obtained by the author's method and using the finite element method 
(FEM). The deflections calculated using two alternative methods are quite close, except for the load of 1330 N/m. The 
deviation at this load value can be explained by the fact that when approaching the critical load, the movements rush to 
infinity. 

 

 
Fig. 4. Isofield of vertical displacements in LIRA-CAD PC (p = 1330 N/m)  
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Table 1 
Comparison of calculation results using the author's method and with the help of FEM 

p, N/m 
w∙103, mm 

LIRA-CAD the authors’ method 
133 16 16 
266 37 37 
399 63 63 
532 98 99 
665 146 148 
798 218 221 
931 336 342 

1,064 562 578 
1,197 1,163 1229 
1,330 3,646 4,229 

 

In [21], the possibility of transition from the solution of the elastic problem of calculating plates to the solution at the 
end of the creep process is shown. The value of the long-term critical load p∞ can be obtained by replacing the cylindrical 
stiffness D of the elastic plate with the long-term cylindrical stiffness D∞, which is determined from the formula: 

( )
3

2 2
,

12
hD∞

α
=

α −β
 (18) 

where 1 1 1; .
2E E E E∞ ∞

ν
α = + β = +   

For viscoelastic rods and round plates, it has been previously established that in case p < p∞, the growth of 
displacements in time slows down, and the deflection arrow comes to a finite value. If p = p∞, deflections grow at a 
constant rate. At p > p∞, the rate of deflection growth increases.  

The authors also analyzed the nature of the growth of deflections over time for p < p∞, p = p∞ and p > p∞ for different 
values of the maximum initial loss f0. The deflection curves over time in the center of the plate at p = 0.9 p∞, p = p∞ and 
p = 1.1 p∞ are shown respectively in Figures 5–7. 

 

 Fig. 5. Deflection curves over time in the center of the plate at p = 0.9p∞  
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Fig. 6. Deflection curves over time in the center of the plate at p = p∞  

 

Fig. 7. Deflection curves over time in the center of the plate at p = 1.1 p∞  

 

Discussion and Conclusion. It can be seen from Fig. 5 that at p < p∞, the deflection arrow always comes to the final 

value, regardless of the values of the initial imperfections. At the same time, at p ≥ p∞, the pattern of deflection growth 

obtained in [21] occurs only with small displacements. When deflections reach values exceeding about a quarter of the 

plate thickness, the rate of deformation growth begins to decrease even in the case of loads exceeding the long-term 

critical one. It should also be noted that there is a complete absence of a section with an increasing rate of displacement 

growth for plates with large initial curvatures. The identified effects can be explained by the redistribution of efforts  

,, x yN N S  in the middle surface. 

Summarizing the above, we can conclude that the vertical movements of the plate pivotally supported along the 

contour, under the action of a compressive load on one axis, always come to a final value if the load does not exceed the 

instantaneous critical one. In other words, with the considered fastening and loading, the plate is in stable equilibrium 

under creep conditions. 

The obtained equations and the calculation algorithm make it possible to calculate plates made of arbitrary viscoelastic 

materials for any fastening options. The law of the relationship between stresses and creep deformations can also be set 

arbitrarily.  
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Optimization of Geometric Characteristics of Cycloidal Profiles of Gerotor Hydraulic 
Machines 

Sergey O. Kireev , Alexey R. Lebedev , Marina V. Korchagina  

Don State Technical University, Rostov-on-Don, Russian Federation 
 kireevso@yandex.ru 

Abstract 
Introduction. The performance and reliability of gerotor hydraulic machines depend on the geometry of the cycloidal 
gearing profile. The existing methods of calculating and optimizing the profile parameters are cumbersome, multi-
criteria and difficult for practical application. Therefore, the problem of creating the methodology for calculating the 
parameters of the gerotor machine profile suitable for engineering calculations at the stage of conceptual design is a 
challenge. In this regard, the objective of this work was to modernize the methodology for designing the geometry of 
the profiles of the end section of hypocycloidal gears used in gerotor hydraulic machines, and to analyze the 
possibilities of their optimization during preliminary design. In the course of the study, the Mathcad computer 
mathematics system was used; numerical experiments were carried out to study the influence of geometric profile 
parameters on the performance and operability of the gerotor hydraulic machine, based on the data obtained and 
analyzed; recommendations for the design of optimal profiles of the end section of gerotor hydraulic machines were 
developed.  
Materials and Methods. Materials included known methods of profile parameters calculation, based on application of 
classical formulas of hypocycloidal equidistant used for outlining profiles of teeth of working elements of gerotor 
machines. The basic research method was modeling the gerotor machine profile using Mathcad computer mathematics 
system. Calculated data were obtained for the selected ranges of varying parameters, processed through the univariate 
regression analysis. 
Results. An algorithm for analyzing the tooth profile smoothness was developed. Two target parameters were defined: 
the cross-sectional area of the end profile, which affects the productivity; the smallest reduced radius of contact that 
determines operability of the working body. A technique for calculating the target parameters at the early stage of 
design was proposed. A number of optimal values of profile parameters according to the criteria of productivity and 
operability of gerotor machine was obtained. The dependences providing the optimum values of profile parameters at 
the stage of designing were constructed. 
Discussion and Conclusion. The developed methodology makes it possible to obtain an assessment of the performance 
and operability of the gerotor hydraulic machine at the design stage of the working body. The research results can be 
used in mechanical engineering when designing gerotor hydraulic machines in order to improve their technical and 
operational characteristics. 

Keywords: hydraulic machine, gerotor gearing, hypocycloid, rotor, stator, contact, open area 
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 Научная статья  

Оптимизация геометрических характеристик циклоидальных профилей героторных 
гидромашин 

С.О. Киреев , А.Р. Лебедев , М.В. Корчагина  

Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация 
 kireevso@yandex.ru 

Аннотация 
Введение. Производительность и надежность работы героторных гидромашин зависит от геометрических 
параметров профиля циклоидального зацепления. Существующие методики расчета и оптимизации параметров 
профиля громоздкие. многокритериальные. сложные для практического применения. Поэтому актуальной 
представляется проблема создания методики расчета параметров профиля рабочего органа героторной машины, 
пригодной для инженерных расчетов на этапе эскизного проектирования. В связи с этим целью данной работы 
является модернизация методики проектирования геометрии профилей торцевого сечения гипоциклоидальных 
зубчатых зацеплений, используемых в героторных гидравлических машинах. и анализ возможностей их 
оптимизации при предварительном проектировании. В ходе исследования была использована система 
компьютерной математики Mathcad, проведены численные эксперименты для изучения влияния 
геометрических параметров профилей на производительность и работоспособность героторной гидравлической 
машины. на основе полученных и проанализированных данных выработаны рекомендации по проектированию 
оптимальных профилей торцевого сечения героторных гидравлических машин. 
Материалы и методы. Материалы включают в себя известные методики расчета параметров профиля, 
основанные на применении классических формул эквидистант гипоциклоид, используемых для очерчивания 
профилей зубьев рабочих органов героторных машин. Основной метод исследования — моделирование 
профиля героторной машины с помощью системы компьютерной математики Mathcad. Получены расчетные 
данные для выбранных диапазонов варьируемых параметров. обработанные методом регрессионного 
однофакторного анализа. 
Результаты исследования. Разработан алгоритм анализа гладкости профилей зубьев. Определены два целевых 
параметра: площадь сечения торцевого профиля. влияющая на производительность. и наименьший 
приведенный радиус контакта. определяющий работоспособность рабочего органа. Предложена методика по 
расчету целевых параметров на ранней стадии проектирования. Получен ряд оптимальных значений 
параметров профиля по критериям производительности и работоспособности героторной машины. Построены 
зависимости. позволяющие установить оптимальные значения параметров профиля на стадии проектирования. 
Обсуждение и заключение. Разработанная авторами методика дает возможность на этапе проектирования 
рабочего органа получить оценку производительности и работоспособности героторной гидромашины. 
Результаты исследований могут быть использованы в машиностроении при проектировании героторных 
гидромашин для улучшения их технико-эксплуатационных характеристик. 

Ключевые слова: гидравлическая машина, героторное зацепление, гипоциклоида, ротор, статор, контакт, 
площадь живого сечения 

Благодарности: авторы выражают благодарность всем участникам договора за помощь в проведении 
стендовых испытаний. 

Финансирование. Работа выполнена в рамках госбюджетной НИОКР АААА–А20–120012190068-8 
«Исследование, моделирование и разработка инновационных конструкций машин и оборудования 
нефтегазовых промыслов». 

Для цитирования. Киреев С.О., Лебедев А.Р., Корчагина М.В. Оптимизация геометрических характеристик 
циклоидальных профилей героторных гидромашин. Advanced Engineering Research (Rostov-on-Don). 
2023;23(3):269–282. https://doi.org/10.23947/2687-1653-2023-23-3-269-282 

  
Introduction. Gerotor hydraulic machines are increasingly being used in the construction and operation of oil and 

gas wells. The reason is their structural and operational advantages, the primary of which are low delivery unevenness 
for pumps or torque for motors, compact overall dimensions. 

In the scientific literature, a large place is occupied by studies devoted to the operation of gerotor hydraulic 
machines. The strong geometric effects of the rotor profile on the performance and reliability of screw gerotor hydraulic 
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machines were noted by D. and F. Baldenko [1]. The basic unit of such a machine is a multithread screw gerotor 
mechanism — a cylindrical planetary gear train of internal gearing, consisting of a stator and a rotor, with a difference 
in the number of teeth equal to one. The stator profile in the end section contacts the rotor profile, forming closed 
platforms. The authors also analyzed the technology of manufacturing gears. 

R. Iyer, V. Jatti and others investigated the feasibility of mathematical models in the design of screw pumps [2]. 
They also presented the results of modeling various sizes of twin-screw pumps when pumping water, a mixture of water 
and air. Hong-Seok Park and Xuan-Phuong Dang proposed a CAD model optimization process using the results of CAE 
modeling and Mathcad calculations [3]. Other authors (A. Lebedev. S. Kireev. M. Korchagina. S. Vlaskin. A. Efimov) 
noted in their publications the effectiveness of designing various objects and processes based on parametrization and 
subsequent optimization of the design according to one or more target parameters [4–6]. 

In their work, F.D. Baldenko and Yang Yao have emphasized that the open area does not depend on the relative 
position of the rotor and stator profiles and determines the pump performance. They analyzed the effect of 
dimensionless geometric profile parameters on the open area [7].   

Jie Chen, He Liu, Fengshan Wang, Guocheng Shi, Gang Cao and Hengan Wu developed a finite element model of 
the working body of a screw pump with a surface drive for the oil and gas industry [8]. Based on the results of modeling 
and experimental tests, they concluded that the gaps in the coupling and the thickness of the stator were the two key 
factors affecting the optimized target parameter — the volumetric efficiency of the pump. 

New data were obtained by J. Gamboa, A. Olivet and S.H. Espin when modeling the working body of a multilobe 
screw pump [9]. These authors determined a significant relationship between the sliding clearance area and the pressure 
drop associated with the mechanical properties of the stator material. 

Yang Yao and F. Baldenko investigated the effect of dimensionless coefficients of the end profile of a gerotor 
hydraulic machine on the characteristics of cycloid engagement, which provided optimization based on geometric and 
kinematic criteria [10]. I.A. Lyagov, F.D. Baldenk, A.V. Lyagov, V.U. Yamaliev and A.A. Lyagova proposed a 
methodology for selecting the optimal configuration of power sections when designing sectional downhole motors, 
noting the urgency of the problem of reducing the overall parameters of the screw pump length [11]. 

Yu.A. Korotaev, A.N. Alpatov, A.V. Sobolev and others have come to the conclusion that the most effective is mesh 
profiling from the initial contour of the rail outlined by the equidistant shortened cycloid [12]. With regard to the 
profiles obtained from the equidistant of an ordinary hypocycloid, the authors pointed out their major drawback: they 
were built as special and did not provide for tension in the engagement. Yu.A. Korotaev and D.A. Goldobin drew 
attention to the problem associated with the need to increase the performance of screw pumps, and the resulting 
unacceptable rigidity conditions under the production of stators and rotors [13]. 

A.F. Minikaev, V.A. Pronin, D.V. Zhignovskaya, Yu.L. Kuznetsov, F.D. Baldenko, A.E. Kovalenok developed a 
methodology for studying the stress-strain state of the stator during contact interaction with the rotor of a screw working 
body of a hydraulic machine using CAE modeling. They have stated that the classical Hertz theory of contact 
interaction cannot be applied to determine contact stresses in the rotor and stator due to a number of features: change in 
the curvature of the contacting surfaces of the rotor and stator; different thickness of the elastic lining along the 
circumference of the housing; presence of preload in a pair; complex planetary motion of the rotor, accompanied by a 
combination of friction rolling and sliding; displacement of the radial force vector relative to the normal at the point of 
contact. 

Summing up the review of scientific publications on the design of a gerotor hydraulic machine, it should be noted 
that most researchers in this field strive to improve the efficiency of this machine by increasing the open area and 
reducing the overall dimensions of the working body. Optimal results were achieved by applying and varying the 
coefficients of off-centroidness, tooth shape, relative sliding speed, rail displacement, etc. Calculation methods were 
cumbersome, they were difficult to apply in practice. End profiles were built, as a rule, on the basis of shortened 
hypocycloids, which caused problems with providing kinematic accuracy of movement, contact interaction of the rotor 
and stator. Some authors (Yu.A. Korotaev, A.N. Alpatov, A.V. Sobolev, et al.) pointed out the impossibility of creating 
tension in the case of using an ordinary hypocycloid, but tension could be created through changing the equidistant 
distance of the rotor and stator profiles. 

Materials and Methods. To obtain profiles of the rotor and stator in the end section of the working body of the 
gerotor hydraulic machine, we specify the following set of initial parameters (Fig. 1): 

1) kR — profile contour radius, which determines the diameter of circle С1, describing the profile of the stator (mm). 
In fact, this parameter assigns the radial dimension of the gerotor machine, which is particularly important in the oil and 
gas industry when the projected object needs to be placed, e.g., in the trunk of the production well column;  

2) 1z  — number of rotor teeth; 



Advanced Engineering Research (Rostov-on-Don). 2023;23(3):269–282. eISSN 2687−1653 

  

 

   
 h

ttp
://

ve
st

ni
k-

do
ns

tu
.ru

 

272 

3) rR  — radius of the roller, which determines the distance of the equidistant line of the rotor and stator profiles 
relative to the corresponding hypocycloids (mm); 

4) ∆ — tension in the coupling of the rotor and stator (mm).  
Recall the principle of formation of hypocycloidal engagement profiles, which consists in the fact that inside circle 

2С  (base circle of the stator hypocycloid), circle 3С  (base circle of the rotor hypocycloid) rolls without sliding. The 
center of circle 3С  is always at distance e (eccentricity) from the center of circle 2 .С  

 
Fig. 1. Diagram of formation of the hypocycloidal profile of the end section of the working body of the gerotor machine, 

1 4, 150 mm, 30 mmk rRz R= = =  
 

Inside circle 3 ,С  circle 5С  (generating circle of the rotor hypocycloid), one point of which forms the rotor 

hypocycloid, rolls without sliding. Inside circle 2 ,С  circle 4С  (generating circle of the stator hypocycloid), one 

point of which forms the stator hypocycloid, rolls without sliding. Note that the radii of circles 5С  and 4С  are equal 

to eccentricity е. The rotor and stator profiles are formed as equidistant lines deposited at distance rR  from the 

corresponding hypocycloids. 
In this setting, the rotor and stator profiles provide an ideal contact under eccentric rotation of the rotor. When 

required to provide tension/clearance in the engagement, the equidistant distance rR  for the rotor profile should be 

changed by ∆.  
Let us move on to the mathematical description of the method of forming the profiles of the end section of the rotor 

and stator. The number of stator teeth is equal to 

 2 1 1.z z= +   (1) 

The radius of the base circle of the stator hypocycloid bsR  is determined from the condition (Fig. 1): 

    – .bs k rR R R=   (2) 

We determine eccentricity e of the transmission from the condition that the length of circle 2С   is equal to integer 

2z  of the lengths of generating circle 4С  with radius е: 

 22  2 ,bspR pez=  

then, 

 2  / .bse R z=   (3) 
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Note that for 1 1 z =  (Moineau mechanism) according to other formulas: 

  1   / 3  2 , if 1 .k re R иR e z= = =   (4) 

The radius of the base circle of the rotor hypocycloid brR  is equal to (Fig. 1): 

   – .br bsR R e=   (5) 

We introduce a function to determine the radius of the base circle of the rotor or stator, fulfilling conditions (2)  
and (5): 

 2  – – –) ( ).( k rR z R R e z z= ⋅   (6) 

Parametric formulas of the hypocycloid of the rotor and stator in the Cartesian coordinate system XOY:  

 
( ) ( ) ( )( )
( ) ( ) ( )( )

( , ) ( ) 1 1/ cos / ( / ) cos 1 1/

( , ) ( ) 1 1/ sin / ( / )sin 1 1/

x z R z z z a z z

y z R z z z a z z

 ϕ = ⋅ − ϕ + − ϕ 
 ϕ = ⋅ − ϕ − − ϕ 

.  (7) 

where z — number of branches of the hypocycloid of rotor 1z  or stator  2 ,z  a — velocity factor of the hypocycloid. In 

the case of an ordinary hypocycloid in theory, 1.a =  However, in practical calculations using computer mathematics 
systems (Mathcad. MATHLAB) at 1,a =  difficulties arise with calculating equidistant profiles of the rotor and stator. 

Therefore, in the model, we assume 0.99,a =  which is quite justified to achieve our goals; ϕ — rotation angle of the 

radius vector drawn from the origin to each point of the hypocycloid. If the hypocycloid must be constructed from 

pN  points, then 

 ( , ) 2 / pi z i z Nϕ = ⋅ π ⋅ ⋅ .   0... .pi N=   (8) 

The profiles of the rotor and stator are determined from the well-known equidistant trajectory formulas relative to 
the hypocycloids of the rotor or stator at distance Rr taking into account the tension in the coupling ∆. 

 

2 2

2 2

( , ) ( , ) ( , )( , , ) ( , ) ( ) /

( , ) ( , ) ( , )( , , ) ( , ) ( ) /

p r

p r

y z y z x zX z x z R

x z y z x zY z y z R

   ∂ ϕ ∂ ϕ ∂ ϕ
ϕ ∆ = ϕ + + ∆ ⋅ +   ∂ϕ ∂ϕ ∂ϕ   

   ∂ ϕ ∂ ϕ ∂ ϕ
ϕ ∆ = ϕ − + ∆ ⋅ +   ∂ϕ ∂ϕ ∂ϕ   

. (9) 

During transmission operation, the center of the rotor moves along a circle with radius e and rotates by angle 
α=0…2π. At the same time, all points of the rotor make an additional rotation by angle ψ, determined by the function   

 2 1( ) (1 / )z zψ α = α ⋅ − .  (10) 

The rotor rotation model is described by parametric coordinate transformation functions when moving and rotating 
an object: 

  1 1

1 1 1

( , , ) cos( ) ( , , ) cos( ( )) ( , , ) sin( ( ))
( , , ) sin( ) ( 1,0,1) ( , , ) sin( ( )) ( , , ) cos( ( ))
v p p

v p p

X e X z Y z
Y e if z X z Y z

α ϕ ∆ = ⋅ α + ϕ ∆ ψ α − ϕ ∆ ψ α
α ϕ ∆ = ⋅ α ⋅ = + ϕ ∆ ψ α + ϕ ∆ ψ α

. (11) 

In expression (11), a conditional function is applied that zeroes the movement along Y axis in the case of rectilinear 
movement of the rotor in the stator cavity at 1 1.z =  

The experience of using this technique has shown that the equidistant profiles of the rotor and stator with an increase 
in the equidistant distance or radius of the roller rR  can lose smoothness. This occurs at the points of transition from the 

equidistant circle to the equidistant hypocycloid. Figure 2 shows the problem of loss of smoothness of the stator profile 
line in the vicinity of ±1 mm from the transition point of equidistant lines.   

In mathematics, the formula for the function smoothness criterion given in parametric form is known. For the stator 
profile, such a function has the form 
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( , ,0) ( , ,0)

( , ) /
p p

s

Y p z X p z
F p z

p p

 
=

 
,  (12)  

where 
2 ;z z=  

p — angle of the radius vector of the stator profile point. 

It should be noted that function 
sF  behaves unstable in the entire range 

2( ),i z , and it is quite difficult to find any 

features of its behavior at the transition point of equidistant lines of interest to us. Therefore, the behavior of function 

sF  was studied only in the vicinity of the transition point when the angular parameter changes 

 
2  2   / – /  ,p z m z m=  +   (13) 

where m — angle of deviation from the angle of the radius vector of the transition point. 

    2 ,m p u=     (14) 

where u — part of the angular sector of the stator profile to study smoothness in the vicinity of the transition point. 

Value u (for 
2 2..12z = ) is determined from the empirical formula 

 
2   0.12 – 0. 1  .( 1)0 –u z=    (15) 

Figure 2 shows that with an increase in the radius of the roller in the vicinity of the transition point of equidistant 

lines, the stator profile turns from smooth to self-intersecting. The behavior of function 
sF  also changes, and when 

the self-intersection effect of the profile appears, a loop occurs (Fig. 2 c). 

This effect is taken as a basis for the stator profile smoothness control algorithm proposed by the authors of the 

article (Fig. 3). It should be noted that, judging by numerous measurements, if the stator smoothness criterion is met, 

then the smoothness of the rotor profile does not need to be checked, since it is built on a hypocycloid with a smaller 

value of the radius of the base circle. 

 
 Fig. 2. Stator profile in the vicinity of 1 mm from the transition point of equidistant lines (upper graph) and values of 

function Fs (lower graph) at 
1

3z =  and 150 mm,
k

R =  for : — 40 mm;
r

R а  b — 50 mm; c — 60 mm 
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Fig. 3. Algorithm scheme for monitoring the stator profile smoothness 

Control of the stator profile smoothness should always be carried out when designing the geometry of the end 
section of the gerotor machine. In order to study the parameter of the maximum radius of roller r maxR , below which the 
smoothness of the curve was not violated, the authors conducted a series of numerical experiments where various values 
of the contour radius kR  and the numbers of rotor teeth 1z  were specified. 

The first target parameter of this study is the open area of the working body S. This parameter is included in the 
formula for feeding the gerotor machine, and it determines its performance. With the available parametric functions 
describing the profiles of the rotor and stator, the task of determining S is reduced to calculating the difference in the 
areas of the parametric curves of stator sS  and rotor rS (9). The formula for the area of the parametric curve is known 
from mathematics; therefore, in the authors' methodology, it looks like this: 

 2 12 12 2
2 10 0

( , ,0) ( , , )
( , ,0) ( , , )p pz z

s r p p

Y p z Y p z
S S S X p z dp X p z dp

p p
⋅ π ⋅ π∂ ∂ ∆   

= − = ⋅ − ∆ ⋅∫ ∫   ∂ ∂   
  (16) 

The second target parameter of the study is the reduced radius прρ of curvature at the contact interaction of the rotor 

and the stator. Recall that according to Hertz theory, when two cylindrical surfaces come into contact, the reduced 
radius is calculated, which is in the denominator in the contact stress formula. Consequently, the magnitude of the 
contact stresses, along with the physical and mechanical parameters of the materials of the contacting surfaces, has the 
largest value at the lowest value of the reduced radius ,прρ  determined from the formula: 

 ( ) / ( )пр r s r sρ = ρ ⋅ρ ρ + ρ .  (17) 

where rρ — radius of the equidistant circle of the rotor, equal to parameter  ;rR  sρ — radius of the stator profile 
curve. 

Note that if 1,sρ >  then the numerator in formula (17) always grows faster than the denominator; therefore, the 
smallest value пр minρ  is completely determined by the parameter of the smallest radius of the stator ст min .ρ   

In the end section of the working body of the gerotor machine, at any rotation angle of the rotor, continuous contact 
of its equidistant circle and a complex curve of the stator profile is made. Based on the results of observations of the 
contact interaction dynamics, it can be concluded that the greatest stresses occur at the transition points of the 
equidistant hypocycloids in the equidistant circumference of the stator profile. Consequently, the smallest radius of the 
stator profile line ст minρ  is also located in the transition zone of equidistant lines and determined by the formula known 
from mathematics:   

 

3
2 2 2

2 2

min 2 2
2 2 2 2

2 2

( , ,0) ( , ,0)

( )
( , ,0) ( , ,0) ( , ,0) ( , ,0)

p p

ст
p p p p

X p z Y p z
p p

p
X p z Y p z X p z Y p z

p p p p

 ∂ ∂   
 +   ∂ ∂     ρ =

∂ ∂ ∂ ∂       
− ⋅ + ⋅       ∂ ∂ ∂ ∂       

.  (18) 
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where 2/ zρ = π  angular parameter of the stator profile point at the junction of equidistant lines. In case of loss of 
smoothness of the stator line, parameter ст minρ  tends to zero. 

The technique described above was implemented in the Mathcad system of mathematical calculations. When 
performing calculations, the hypocycloid velocity factor a=0.99, pN =  40,000. 

At the first stage of research. it was planned to study the maximum radius of roller max ,rR  at which the stator profile 
line smoothness criterion G was zero. Variable parameters — contour radius kR (100, 150, 200 mm) and the number of 
rotor teeth 1z  (from 1 to 7). Calculations were performed with a sequential increase in parameter rR  from 5 mm until 
the smoothness criterion G was trigged. The investigated parameter  r maxR  was fixed with an accuracy of 1 mm. 

At the second stage, a series of calculations were carried out to study the effect of the roller radius rR  (from 5 mm 
to maxrR ), the number of rotor teeth 1z  (from 2 to 7) and the contour radius kR  (100, 150, 200 mm) on the open area S 
and the minimum reduced contact radius пр min .ρ  

The described method of calculating the profile geometry of the end section of the working body of the gerotor 
machine can be implemented in any other programming system or in a computer mathematics system. 

Research Results. The data of numerical experiments to determine the parameter of the maximum radius of roller

max ,rR  at which the stator profile line smoothness is preserved, are shown in Table 1. 

Table 1 
Maximum radius of roller maxrR  (mm) at different contour radii kR  (mm) 

1z  kR = 100 kR = 150 kR = 200 

1 66.6 100 133 

2 45 68 91 

3 27 41 55 

4 20 31 40 

5 15 23 31 

6 12 19 25 

7 10 16 21 
 

Based on the data in Table 1, graphs were constructed (Fig. 4 a). It can be seen that the estimated parameter maxrR  
grows proportionally with increasing contour radius .kR  We introduce into consideration the relative parameter 

max / ,o r kR R R=  whose graph is presented in Figure 4 b. 

 
Fig. 4. Dependence of maximum radius of the roller on the number of teeth of the rotor: 

 a — maxrR and kR : 1 — 100 mm; 2 — 150 mm; 3 — 200 mm; b — oR  (1) and trend line (2) with extrapolation to 1z =16 
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The empirical formula from which it is possible to determine the maximum allowable radius of roller max ,rR  has the form: 

 0.996
 1 0.768oR z −=   (19) 

At 1z = 15, kR  = 150 mm, oR  = 0.0517 mm, maxrR = 7.76 mm, the profile smoothness is achieved at Rr = 7.5 mm. 

At 1z  = 10, kR  = 200 mm, oR  = 0.0775 mm, maxrR = 15.5 mm, the profile smoothness is achieved at Rr = 15.5 mm. 

Thus, we can conclude about the satisfactory accuracy of empirical formula (19) for predicting the maximum allowable 
parameter Rr max. 

It should be noted that formula (19) was obtained at the values of the velocity factor a = 0.99. A decrease in a causes 
the smoothness of the profile with a more significant increase in parameter .rR  However, the shape of the cycloidal 

engagement tooth changes, and the conditions of contact interaction between the rotor and the stator are violated, 
specifically, in those places where the rotor should touch the stator with the sides of the teeth. Calculations show that at 

0.99a = and rR =  38 mm, the smoothness criterion is at the limit of feasibility. Though at 0.90a = and rR = 38 mm, 

good smoothness of the stator profile is achieved, but the kinematic contact of the parts of the working body of the 
machine is disrupted, which can be restored only by a special selection of the values of the hypocycloid parameters of 
the rotor and stator. Therefore, the study of the influence of the velocity factor on parameter  maxrR  is beyond the scope 

of this research. 
Table 2 presents the data of calculations of the target parameters of the studies for the number of rotor teeth 1z  = 3 

at different values of contour radii. The obtained values of the open area S and the minimum reduced contact radius 

пр minρ  in the last two columns of Table 2 are given in a dimensionless form for ease of analysis. 

Table 2 
Calculation data of target parameters at z1=3 

rR , mm  пр min ,ρ  mm S, mm2 S/max(S) пр min ,ρ /max( пр minρ ) 

kR  = 150 mm 

5 4.72 18,038 0.9712 0.2656 
10 8.83 18,256 0.983 0.4969 
15 12.28 18,415 0.9915 0.6911 
20 14.98 18,513 0.9968 0.843 
25 16.85 18,572 1 0.9482 
30 17.77 18,530 0.9977 1 
35 17.63 18,450 0.9934 0.9921 
40 16.28 18,307 0.9857 0.9162 

kR  = 200 mm 

10 9.14 32,275 0.9786 0.3857 
20 16.37 32,738 0.9926 0.6909 
30 21.36 32,982 1 0.9015 
35 22.9 32,980 0.9999 0.9664 
40 23.69 32,943 0.9988 0.9998 
45 23.695 32,844 0.9958 1 
50 22.82 32,685 0.991 0.9631 
55 20.98 32,466 0.9844 0.8854 

kR  = 100 mm 

5 4.57 8,068 0.9773 0.3857 
10 8.18 8,184 0.9914 0.6903 
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rR , mm  пр min ,ρ  mm S, mm2 S/max(S) пр min ,ρ /max( пр minρ ) 

kR  = 150 mm 

13 9.83 8,225 0.9964 0.8295 
15 10.68 8,245 0.9988 0.9013 
17 11.32 8,255 1 0.9553 
20 11.85 8,235 0.9976 1 
24 11.64 8,189 0.992 0.9823 

Figure 5 shows graphs of variation in the target parameters of studies at 1z =3. It is easily seen on them that with an 
increase in the radius of roller ,rR  there is a slight change in the open area S and a sufficiently strong change in the 
reduced contact radius, whose maximum value falls on a fairly narrow range  rR . This is of the greatest interest to the 
designer, since in this case, the contact stresses are minimal. Calculations for other values  1z  (from 2 to 7) showed 
approximately the same qualitative picture as in Figure 5. 

 

 
Fig. 5. Dependences of the target parameters of the study on the radius of roller rR  at z1 = 3. a = 0.99. ∆ = 0: 1 — S/max(S); 

2 — пр minρ /max( пр minρ ) (Table 2); kR . mm: a — 150; b — 200; c — 100 mm 

Table 3 shows the calculation data of the optimal radii of rollers Rr opt for various parameters  1z  and kR . As a result 

of the analysis, it turned out that parameters Rr opt and kR  for one 1z  change almost the same. Therefore, if you enter the 

parameter of the relative optimal radius of the roller  

    / ,ro r opt kR R R=   (20) 

then, with the help of a single-factor dependence of  1 ( )roR f z=  )-type, it is possible to determine the optimal radius of 

roller rR  at the preliminary stage of designing the working body of the gerotor machine. 

As a result of similar reasoning, for parameters S and пр min ,ρ  given in Table 3, dimensionless parameters of the 

relative reduced radius of contact   пр oρ  and relative open area  пр minρ  were also introduced (Table 3): 

 2
  пр min / ;  /o k пр o kS S R r R= ρ =  (21) 

New relative values are also presented in Table 3. 
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Table 3 
Optimal radii  r optR  and relative engagement parameters 

kR , mm 1z  ,r optR  mm S, mm2 пр min ,ρ  mm roR    пр oρ  oS  

200 2 68 36,103 43.2 0.340 0.216 0.903 
150 2 51 20,318 32.2 0.340 0.215 0.903 
100 2 34 9,015 21.65 0.340 0.217 0.902 
100 3 21 8,235 11.85 0.210 0.119 0.824 
150 3 32 18,530 17.8 0.213 0.119 0.824 
200 3 42 32,800 23.1 0.210 0.116 0.820 
200 4 28 30,015 15.32 0.140 0.077 0.750 
150 4 21 16,880 11.5 0.140 0.077 0.750 
100 4 14 7,495 7.63 0.140 0.076 0.750 
100 5 10 6,860 5.35 0.100 0.054 0.686 
150 5 15 15,441 8.1 0.100 0.054 0.686 
200 5 20 27,452 10.81 0.100 0.054 0.686 
150 7 9 13,050 4.7 0.060 0.031 0.580 
200 7 12 22,100 6.2 0.060 0.031 0.582 
100 7 6 5,780 3.2 0.060 0.032 0.578 

 
It should be noted that all newly introduced relative values with a high degree of confidence obey approximating 

formulas that include one factor — the number of rotor teeth 1z . 
The formula for the relative optimal radius of roller roR  has the form 

 1.392
10.9331  ²( 0.9965),roR z R−= ⋅ =   (22) 

where 2R  — value of the approximation accuracy. 
The formula for the relative reduced contact radius   пр oρ  has the form 

 1.534
 10.635 ² 0.999 ).( 5пр o z R−ρ = ⋅ =   (23) 

The formula of the relative open area So has the form 

 11.0175 – 0.0641  ² 0.9911 .( )oS z R= =   (24) 

Let us consider an example of the application of the results obtained in the design of the geometry of the end section 
profile of the gerotor machine. We specify the following set of initial data: contour radius kR = 120 mm, number of 

rotor teeth 1z = 4, tension in the coupling ∆=0 mm (empirical formulas are obtained at zero tension). The relative 
optimal radius of roller roR  according to formula (22):    

1.3920.9331 4 0.135.roR −= ⋅ =  

Absolute value of the roller radius  0.135 120 16.2 mm.r ro kR R R= ⋅ = ⋅ =  

Relative reduced contact radius   пр oρ  from formula (23): 
1.534

   0.635 4 0.076.пр o
−ρ = ⋅ =  

Absolute value of the minimum reduced contact radius  

 min  0.076 120 9.12 mm.пр пр o kr Rρ = = ⋅ =  

Relative open area  oS  from formula (24): 
1.0175 – 0.0641 4 0.761.oS = ⋅ =  

Absolute value of the open area  
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2 2 2 0.761 120  10,958 mm .o kS S R= ⋅ = ⋅ =  

Mathcad calculations give the following values: 2
 min10,820 mm , 9.167  mm.прS = ρ =  As can be seen in this 

example, empirical formulas accurately predict the basic parameters of the geometry of the end section of the gerotor 
machine. 

Discussion and Conclusion. The conducted research was aimed at solving the problem of improving the working 
bodies of gerotor hydraulic machines. It sufficiently corresponds to the works of domestic and foreign authors [10–15]. 
The key difference is that when constructing the rotor and stator profiles, ideal hypocycloids are used, providing the 
greatest kinematic accuracy of movement and contact interaction of the engagement elements. It was proposed to solve 
the well-known problem of providing tension in the coupling with respect to the difference in the parameters of the 
roller radius. A special algorithm was developed to control the smoothness of the profiles [12]. The optimal geometry of 
the profile, as in [10], was proposed to be determined on the basis of the maximum open area of the working body of 
the gerotor machine. But at the same time, the reduced contact radius should also have the largest value, as a guarantee 
of the lowest contact stresses. In this study, based on a large number of calculations using a purpose-built Mathcad 
program, in the range of rotor teeth 1z  from 2 to 7 and contour diameter kR  from 100 to 200 mm, optimal values of the 
equidistant hypocycloid distance, or roller radii ,rR  at which the best combination of the reduced contact radius and the 
open area of the working body of the gerotor was achieved. It turned out that the introduction of relative values of the 
radius of the roller, the open area, and the reduced contact radius provided obtaining absolute values of the same 
magnitudes for any contour radius within the established ranges using simple empirical dependences at an early stage of 
design. 

The developed technique makes it possible to evaluate the performance and operability of the gerotor machine at the 
design stage of the rotor and stator profiles. In the future, similar studies can be carried out for epicycloid and mixed 
engagements in gerotor hydraulic machines.   

The research results can be used in mechanical engineering under the design of gerotor hydraulic machines to 
improve their operating characteristics.  
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Investigation of Dynamic Characteristics of an Automated Position Long-Stroke Pneumatic 
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Abstract  
Introduction. Long-stroke movements in automated pneumatic drives account for a significant number of executive 
movements in coordinate tables, automated warehouses, cutting machines, etc. Long-stroke movements degrade the 
dynamic quality and positioning of the drive. This is due to the friction of the piston and the nonlinear characteristics of 
the compressed gas flow in significant volumes of the pressure and drain cavities of the cylinder. Thus, it seems 
promising to create an automated position pneumatic actuator for long-stroke movements. This will increase the 
productivity of processes while providing the declared accuracy. The objective of the work is to obtain a mathematical 
model and dependences of the critical parameters of the proposed automated position long-stroke pneumatic drive of 
fabrication system in the areas of acceleration, steady-speed movement, deceleration, and braking. 
Materials and Methods. The basis for calculations and modeling was the scheme of two trajectories of movement from 
point A to point E, taking into account the forces expended on these processes. The optimal displacement was 
determined using the Portnyagin’s principle (i.e., optimal performance). Proportional drive control was presented as a 
method of achieving the result. For long-stroke drive movements, schematic solution and design scheme were 
visualized in detail (presented as drawings). An original jet sensor with an internal pneumatic connection and a 
pneumo-mechanic discrete-proportional device for the control loop performance were proposed. The mathematical 
model included the movement and braking of the piston, the balance of mass flow, the pressure at points, and the 
control loop. The system of equations was solved by the Runge-Kutta method in the SimInTech software product. 
Based on the results of the study of a generalized mathematical model, the dependences of changes in the kinematic, 
power and pneumatic properties of the drive were constructed in real time during a typical positioning cycle. The 
information was summarized and presented as a set of graphs. 
Results. The mathematical model was formed according to a set of calculations. It took into account the dependences 
characteristic of the movement of the piston of the pneumatic cylinder. The balance of mass flow was investigated by 
the equations of gas flow during compression in the chamber, through distributors and chokes, in the discharge and 
drain cavities and in the control device. Inequalities describing the pressures at the points and the control loop were 
considered. A complex mathematical model was solved in the SimInTech software environment by the Runge-Kutta 
method with a variable integration step. A fragment of the program was selected as one of the illustrations. It showed 
that the software used the following indicators for calculations: target and reduced coordinates; absolute gas constant; 
coefficients of spring stiffness, resistance, adiabatic and viscous friction in the piston; compressor pressure; mass of the 
moving parts of the pneumatic actuator; strength of external resistances; diameters of the pipeline, the pneumatic 
cylinder piston and the braking device; length of the stroke of the cylinder piston; area of piston cavities and throttles; 
length of the pipeline and its internal volume. Thus, the program manipulated a significant set of data, which made it 
possible to obtain meaningful and adequate results. The relationship of blocks and diagrams used in solving the model 

MACHINE BUILDING AND MACHINE SCIENCE  

© Korotych DA, Sidorenko VS, Prikhodko SP, 2023 

https://doi.org/10.23947/2687-1653-2023-23-3-283-295
https://doi.org/10.23947/2687-1653-2023-23-3-283-295
mailto:daniilberuk@gmail.com
https://creativecommons.org/licenses/by/4.0/
https://crossmark.crossref.org/dialog/?doi=https://doi.org/10.23947/2687-1653-2023-23-3-283-295&domain=pdf&date_stamp=2023-09-30
https://orcid.org/0000-0002-8772-5551
https://orcid.org/0000-0001-5124-6324
https://orcid.org/0000-0003-4412-1659


Advanced Engineering Research (Rostov-on-Don). 2023;23(3):283–295. eISSN 2687−1653 

 

 

   
 h

ttp
:/

/v
es

tn
ik

-d
on

st
u.

ru
 

284 

was schematically shown. We are talking about graphs of movements, areas, pressures, velocities and temperatures. 
Blocks with the program text and intended for integration were used. Thus, a mathematical model of an automated 
pneumatic drive of the fabrication system and the dependences of the basic parameters of its operation were obtained. 
The graphs indicated that the operating mechanism of the pneumatic actuator properly followed the proposed trajectory. 
Discussion and Conclusion. The research results allowed us to consider several stages of long-stroke movement of the 
drive, to determine the time frame of these processes (from 0 to 0.65s), as well as changes in pressure and speed of 
movement of the pneumatic cylinder carriage recorded in these intervals. There were five such stages: acceleration, 
steady-speed movement, deceleration, movement with positioning speed, and braking. Further research will focus on 
optimizing the system to reduce the duration and maintain accurate positioning under external influences. 

Keywords: long-stroke pneumatic actuator, jet control system, mechatronic module, pneumatic sensor, pneumatic 
actuator positioning, SimInTech software environment, Runge-Kutta method  
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Аннотация 
Введение. На длинноходовые перемещения в автоматизированных пневмоприводах приходится значительное 
количество исполнительных движений в координатных столах, на автоматизированных складах, раскройных 
машинах и т. д. Длинноходовые перемещения ухудшают динамическое качество и позиционирование привода. 
Это обусловлено трением поршня и нелинейными характеристиками потока сжатого газа в значительных 
объемах напорной и сливной полостей цилиндра. Таким образом, представляется перспективным создание 
автоматизированного позиционного пневмопривода для длинноходовых перемещений. Это позволит повысить 
производительность процессов при обеспечении заявленной точности. Цель работы — получение 
математической модели и зависимостей основных параметров предложенного автоматизированного 
позиционного длинноходового пневмопривода технологического оборудования на участках разгона, движения 
с установившейся скоростью, замедления и торможения. 
Материалы и методы. Базой для расчетов и моделирования стала схема двух траекторий перемещения из 
точки А в точку Е с учетом сил, затраченных на эти процессы. Оптимальное перемещение определили с 
помощью принципа Портнягина (то есть оптимального быстродействия). Пропорциональное управление 
приводом представлено как метод достижения результата. Для длинноходовых перемещений привода детально 
визуализированы (представлены как рисунки): схематическое решение и расчетная схема. Предложены 
оригинальный струйный датчик с внутренней пневматической связью и пневмомеханическое дискретно-
пропорциональное устройство для быстродействия контура управления. Математическая модель включает 
движение и торможение поршня, баланс массовых расходов, давление в точках и контур управления. Систему 
уравнений решали методом Рунге — Кутты в программном продукте «Симинтех» (Simintech). По итогам 
исследования обобщенной математической модели построили зависимости изменения кинематических, 
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силовых и пневматических свойств привода в реальном времени при типовом цикле позиционирования. 
Информацию суммировали и представили как совокупность графиков. 
Результаты исследования. Математическая модель сформирована по комплексу расчетов. Она учитывает 
зависимости, характерные для движения поршня пневмоцилиндра. Баланс массовых расходов исследуется по 
уравнениям расхода газа при сжатии в камере, через распределители и дроссели, в нагнетательной и сливной 
полостях и в управляющем устройстве. Рассмотрены неравенства, описывающие давления в точках и контур 
управления. Сложная математическая модель решалась в программной среде «Симинтех» (Simintech) методом 
Рунге — Кутты с изменяемым шагом интегрирования. Фрагмент работы программы выбран в качестве одной 
из иллюстраций. Он показывает, что софт задействует для расчетов такие показатели, как: заданная и 
приведенные координаты; универсальная газовая постоянная; коэффициенты жесткости пружины, 
сопротивления, адиабаты и вязкого трения в поршне; давление компрессора; массу подвижных частей 
пневмопривода; силу внешних сопротивлений; диаметры трубопровода, поршня пневмоцилиндра и тормозного 
устройства; протяженность хода поршня цилиндра; площади поршневых полостей и дросселей; длину 
трубопровода и его внутренний объем. Таким образом, программа оперирует значительным комплексом 
данных, что дает возможность получить существенные и адекватные результаты. Схематически показана 
взаимосвязь блоков и диаграмм, использованных при решении модели. Речь идет о графиках перемещений, 
площадей, давлений, скоростей и температур. Использованы блоки с текстом программы и предназначенные 
для интегрирования. Таким образом получены математическая модель автоматизированного пневмопривода 
технологического оборудования и зависимости основных параметров его работы. Графики свидетельствуют о 
том, что исполнительный механизм пневмопривода должным образом следует предложенной траектории. 
Обсуждение и заключение. Итоги работы позволяют рассмотреть несколько этапов длинноходового 
перемещения привода, определить временные рамки этих процессов (от 0 до 0,65 сек), а также фиксируемые в 
данные промежутки изменения давления и скорости движения каретки пневмоцилиндра. Таких этапов пять: 
разгон, движение с установившейся скоростью, замедление, движение со скоростью позиционирования и 
торможение. Дальнейшие исследования будут сосредоточены на оптимизации системы для сокращения 
продолжительности и поддержания точного позиционирования при внешних воздействиях. 

Ключевые слова: длинноходовой пневмопривод, струйная система управления, мехатронный модуль, 
пневматический датчик, позиционирование пневмопривода, программная среда «Симинтех», метод Рунге — Кутты 

Благодарности: авторы выражают благодарность редакции и рецензентам за внимательное отношение к статье 
и замечания, которые позволили повысить ее качество. 

Для цитирования. Коротыч Д.А., Сидоренко В.С., Приходько С.П. Исследование динамических характеристик 
автоматизированного позиционного длинноходового пневмопривода технологического оборудования. Advanced 
Engineering Research (Rostov-on-Don). 2023;23(3):283–295. https://doi.org/10.23947/2687-1653-2023-23-3-283-295 

Introduction. The performance of the drives is determined by the accuracy of positioning and the speed of 
movement of the coordinates in different operating cycles. Modern fabrication systems are often equipped with 
automatic pneumatic actuators, which are characterized by long-stroke movements. These are, e.g., gantry resistance 
welding machines, coordinate tables, and cutting devices. 

Modern positioning pneumatic actuators for long-stroke movements in fabrication equipment provide a speed of 
up to 30 mm/s and an accuracy of ~1 % of the travel length. Customized actuators provide positioning accuracy of 
0.4 % at speeds up to 100 mm /s. Note that the trajectory of movements is formed by the compressed air flow control 
in pressure or drain pipelines and the pneumatic cylinder sides. In long-stroke drives, the length of such sides reaches 
3 m. Complex thermodynamic processes and compressibility in air flows are the key factors limiting the increase in 
accuracy [1–3]. 

Thus, it is necessary to increase the productivity of the working and engineering processes of the equipment while 
providing the declared accuracy. In this case, it seems promising to create an automated positioning pneumatic actuator 
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for long-stroke movements. The new solution should take into account such characteristics of the pneumatic actuator as 
speed, weight-size parameters, explosionproof, and fire protectability [2, 4]. 

The objective of the work is to obtain a mathematical model and dependences of the key parameters of the proposed 
automated positioning long-stroke pneumatic drive of industrial equipment in the areas of acceleration, steady-speed 
movement, deceleration, and braking. 

Materials and Methods. Figure 1 shows schematically the transport problem of moving from point А to point Е 
along two trajectories. The forces expended on each of the movements are taken into account. The suboptimal 
movement ABCDE (trapezoid) with a simple control algorithm is realized in time п1 п2 min.T T>> →  

The optimal displacement AFE (bell) was obtained by solving the optimal speed based on the Portnyagin’s principle 

п2 min,T → max .L L∆ ≤ ∆  The result was achieved with more complex proportional control of the drive. The trajectory 

of movement provided the accuracy of switching motion controls along path пу .L  

 

Fig. 1. Movement trajectories: 1 — suboptimal ABCDE; 2 — optimal AFE 

In the description of trajectory 1, the switching points are indicated in Latin letters: А — for acceleration of the 
drive; В — for deceleration; С — for positioning speed; D — for stopping. In sections AB and BC, initial acceleration 
and braking are provided up to the positioning speed 𝑉𝑉пз and further stopping by the braking device 2 max .L L∆ ≤ ∆   
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When moving along the second trajectory, А — switching to acceleration of the drive; F — switching to stop. 
An original jet sensor with an internal pneumatic connection and a pneumo-mechanical discrete-proportional device 

are proposed, which provides increasing the control circuit speed, since feedback in known analogues reduces the 
accuracy of the main engine by about 10–15 % during long strokes [4–6]. 

A schematic solution of a pneumatic positioning drive for long-stroke movements is shown in Figure 2. The drive 
operates in accordance with the suboptimal motion trajectory determined in the optimal speed problem for a given 
positioning accuracy. Here, ПЦ1 — rodless pneumatic cylinder of long-stroke movements, which carries out the main 
motion; ПЦ2, ПЦ3 — brake pneumatic cylinders that fix the drive; СА — jet sensor that determines the coordinate of 
movement, acceleration of the drive, its speed and force; Р1 — pneumatic distributor with electropneumatic control, it 
controls the supply to the jet sensor; Р2 — main control distributor; Р3 — distributor with pneumatic control, it controls 
the operation of pneumatic brake cylinders; Г1–Г4 — mufflers responsible for pressure relief into the atmosphere;  
ДД — pressure sensor receiving data from the jet sensor; ПЛК — logic controller; ШД — stepper motor controlling 
the distributor spool; БПВ — air-preparation unit; ДР1, ДР2 — throttle with check valve, used to regulate the speed of 
the rodless pneumatic cylinder of long-stroke movements of the main motion [7]. 

 

 

Fig. 2. Circuit design proposal of an automated positioning long-stroke pneumatic actuator 

The drive contains a control system that monitors the position of the carriage of a rodless pneumatic cylinder, slows 
down when approaching the specified coordinates, and sends a signal to the braking gear [1, 4, 7]. 

The speed is increased by the introduction of a discrete proportional control device. Signals generated by the control 
loop are used for control. The device is made in the form of two nozzles and contains compensation measurements. 

Research Results. The design scheme of the pneumatic drive of long-stroke movements is shown in Figure 3.  
Here, ПЦ1 — rodless pneumatic cylinder of long-stroke coordinate movements, carrying out the main motion; ПЦ2, 

ПЦ3 — brake pneumatic cylinders that fix the drive during a stop in the desired position; СА — jet sensor that 
determines the coordinate of movement, acceleration of the drive, its speed and force; Р1 — pneumatic distributor with 
electropneumatic control, it controls the supply to the jet sensor; Р2 — main control distributor; Р3 — distributor with 
pneumatic control, it controls the operation of brake pneumatic cylinders; Г1–Г4 — mufflers responsible for pressure 
relief into the atmosphere; ДР1–ДР2 — throttle with a check valve, which serves to regulate the speed of a rodless 
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pneumatic cylinder of long-stroke movements of the main motion; ДД — pressure sensor receiving data from a jet 
sensor; S — piston area of a rodless pneumatic cylinder of long–stroke coordinate displacements; P1–Р5 — 
investigated pressures at points 1–5; Т1–Т5 — investigated temperatures at points 1–5; Fтр — friction force in a rodless 
pneumatic cylinder of long-stroke displacements; Fвт — viscous friction force in a rodless pneumatic cylinder of long-
stroke displacements; Fвн — external force in the rodless pneumatic cylinder of long-stroke movements; x — travel of 
the carriage of the rodless pneumatic cylinder of long-stroke movements; V — travel speed of the rodless pneumatic 
cylinder carriage; Cпр — spring rate of brake pneumatic cylinders; m — mass to be moved; Рт — pressure in brake 
cylinders; Ру — pressure in the control channel; f1–f4 — areas of the through sections; Ра — atmospheric pressure; 
dз1–dз3 — diameters of distributor spools; Спрр1–Спрр3 — spring rate of distributors 1–3; xp1–xp4 — displacement of 
distributor spools 1–4; Vp1–Vp4 — travel speed of distributor spools 1–4; Fэм1–Fэм2 — force of the distributor control 
electromagnet 1–2; Pm — compressor pressure; Tm — temperature generated by the compressor. 

 
Fig. 3. Diagram of the automated pneumatic drive of long-stroke movements of the industrial equipment  
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The mathematical model was formed with the following assumptions [8–12]: 
– pressure of the compressed air source remained constant over time; 
– thermodynamic process of gas behavior in a pneumatic system was adiabatic; 
– description of pneumatic devices used the ideal gas model, since the pressure of the pneumatic system did not exceed 10 bar; 
– leaks were not taken into account; 
– viscous friction force was proportional to the velocity; 
– expense ratio was recognized experimentally through identification; 
– mass of the moving part was constant; 
– force at the output link of the pneumatic drive was constant. 
1. Equation of motion of the pneumatic cylinder piston [1, 4]: 

 ( )
2

1 22
α  вн вт тр т

d x dx dxm S p p F k F sign F
dt dt dt

⋅= ⋅ − − ⋅ ⋅− − − .    (1) 

Here, S — area of the piston of the discharge and drain sides of the rodless pneumatic cylinder of long-stroke coordinate 
movements of the main motion, m2; 1 2,P P — air pressure in the discharge and drain sides of the pneumatic cylinder, Pa; 

BHF — external forces, N; kвт — viscosity friction coefficient; трF — friction force, N; α — Boolean parameter: α = 0 at 

5 aтмp p≤  and α = 1 at 5 aтм ;p p≥  5p  — pressure in the control channel, Pa; aтмp — atmospheric pressure, Pa [12–14]; 
𝑚𝑚 — mass of the moving parts of the drive, kg; FТ — braking force, N. 
 ( )  0μт пр т т тF с x x= −⋅ ⋅ ,   (2) 

where cпр т  — spring rate of the pneumatic cylinder of the brake; μ — friction ratio. 
2. Equation of motion of the piston of the braking pneumatic cylinder: 

 ( )
2

  
  0   2

т т
пр т т т т m вн т вт т

d x dx
m с x x S p F k

dt dt
= −⋅ ⋅− ⋅ − − .    (3) 

Here, cпр т — spring rate of the brake pneumatic cylinder; х0т — coordinate of the initial compression; ST — effective 
area of the piston of the drain side of the brake pneumatic cylinder, m2; PM — air pressure, respectively, in the discharge 
side of the brake pneumatic cylinder, Pa; FВН Т — external forces, N; kвт т — viscosity friction coefficient.  

3. Mass expenditure balance equations: 
 ( ) ( ) ( )2 1 0р пц сжG t G t G t− + = ,       (4) 

 ( ) ( ) ( ) ( )2 3 0пц р др сжG t G t G t G t− − + = ,         (5) 

 ( ) ( ) ( ) ( )1 2 1 0др др уу сжG t G t G t G t− − + = ,      (6) 

 ( ) ( ) ( ) ( )3 4 2 0др др уу сжG t G t G t G t− − + = ,      (7) 

 ( ) ( ) ( )4 0уу ру сжG t G t G t− + = .     (8) 

Here, ( )СЖG t  — gas mass flow rate under compression in the chamber; 2 3,( ) ( )p pG t G t — mass flow through 

distributors; 1 2 and( ) ( )пц пцG t G t  mass flow rate in the discharge and drain chambers of a rodless pneumatic cylinder of 

long-stroke movements; 1 2 3( ) ( ) (, , , ,) ( ) ( )др др др др дрG t G t G t G t G t  — mass flow through throttles in the drain line, at the 

inlet to the nozzle unit of the jet sensor and at the outlet of the nozzle unit; 1 2 4, ,( ) ( ) ( ) ( ),уу уу уу руG t G t G t G t  — mass flow 

rate in the control channels of the control device, at the outlet of the control device, distributor of brake pneumatic 
cylinders [7].  

 ( ) ρ π
4сж

V dpG t
E R T dt
⋅ ⋅

⋅
⋅ ⋅ ⋅

= ,  (9) 

where 3 1.288 kg/mρ =  — air density; 𝑉𝑉 — volume of the chamber; R = 287 J/(kg∙k) — gas constant; 𝐸𝐸 — volume 

modulus of elasticity of air; 𝑇𝑇 — temperature at the point; dp
dt

— pressure variation at the point [6]. 

 ( ) 1 1
1пц

W dpG t
k R T dt

⋅
⋅ ⋅

= ,     (10) 

 ( ) 2 2
2пц

W dpG t
k R T dt

⋅
⋅ ⋅

= ,      (11) 
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where W1 and W2 — current volumes in the pressure and drain sides of the base pneumatic cylinder, m3; k — adiabatic 
exponent (for air, k = 1.4). 

4. Pressure equations in points: 

 
( ) ( )

1
2

1 3 31 12 2 2 2
1 1 3

1 0101 1 01 2ξ ξ

k
k

M M
M

k f R T k f R T pdp k p dxp p p p
dt p x x dtS x x S x x

−

⋅ ⋅ ⋅ ⋅ ⋅ ⋅   ⋅
= ⋅ − − ⋅ ⋅ − − ⋅  ++ +  

,     (12) 

 
( )

1
2

22 2 22 2
2

0202 2ξ

k
k

M
a

a

k f R Tdp p k p dxp p
dt p L x x dtS L x x

−

 
= − − +

⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ − +− +  

 ,       (13) 

 
1

2
3 3 4 43 32 2 2 2

1 3 3
1 3 2 4ξ ξ

k
k

a
a

k f R T k f R Tdp p
p p p p

dt pW W

−

⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅

 
= − − 

⋅
−

⋅
 ,       (14) 

 
1

2
5 5 6 64 42 2 2 2

1 4 4
3 5 4 6

, 
ξ ξ

k
k

a
a

k f R T k f R Tdp pp p p p
dt pW W

−

 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅

⋅ ⋅
= − − − 

 
           (15) 

 6 75 2 2
5

5 7ξ a

k f R Tdp
p p

dt W
⋅

⋅
⋅

−
⋅ ⋅

= .     (16) 

Here, k — adiabatic exponent; R — gas constant, J/ kg К⋅ ; TМ — air temperature in the main line, К; Pa  — 

atmospheric pressure, Pa; P1 − P5 — pressure in the flow parts of the pipeline, Pa; W1 − W5 — volumes of the flow 
parts, m3; ξ1 − ξ7 — resistance values in the line; f1 − f6 — areas of the flow sections of the pipeline, m2; L — maximum 
stroke of the piston, m; x01, x02 — ratio of the initial volumes of the pneumatic actuator to the useful area of the piston 

side of the pneumatic cylinder, m; dx
dt

— piston speed, m/s. 

5. Control loop equations. 
Equation of motion of the distributor spool 1: 

 
2

1 1 1 
 1  1 1 1 1 12

з з з
з р пр р з c y эм

d x dx dx
m с x F sign F F

dt dt dt
⋅    = − − −   


⋅

  
⋅ .    (17) 

Equation of motion of the distributor spool 2: 

 
2

2 2 2 
 2  2 2 2 2 22

з з з
з р пр р з c y эм

d x dx dx
m с x F sign F F

dt dt dt
⋅    = − − −   


⋅

  
⋅ .      (18) 

Equation of motion of the distributor spool 3: 

 
2

3 3 3 
 3 3  2 3 3 12

з з з
з р р y пр р з c y

d x dx dx
m S p с x F sign F

dt dt dt
   = − − −⋅ ⋅ ⋅
 

⋅  
 

.         (19) 

Equation of motion of the distributor spool 4: 

 
2

4 4 4 
 4 4 3 4 4 4 42

з з з
з р р р c y

d x dx dx
m S p S p F sign F

dt dt dt
⋅ ⋅    = − − −   

 
⋅ ⋅

 
.      (20) 

Here, Sp — area of the distributor spool end face, m2; P3, P4, Py  — pressure in the control channels, Pа; Fc — resistance 

forces to the movement of the distributor spool, N; Fy — reaction forces of stops, N; FЭМ — force of the electromagnet 

acting on the distributor spool, N; cпр р  — spring compression ratio, N/m; mзр — weight of the distributor spool, kg. 

To solve the mathematical model, SimInTech software product was used. We applied the Runge–Kutta method with 

a variable integration step (Fig. 4–5). 
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Fig. 4. Model fragment in SimInTech program 

Here, Pr1–Pr3 — blocks with the program text; fs1, fs2 — graphs of the output of areas 1 and 2 of the jet sensor 
throttle;  fss1 — block of the problem of the areas of the flow sections of the jet sensor; fss2 — graphs of the output of the 
areas of the flow sections of the jet sensor; dT1–dT8 — integration blocks; Р1–Р4 — graphs of the output of the 
received pressures at points 1–4; Р — general schedule for the output of all pressures; V — graph of the obtained speed 
output of the rodless pneumatic cylinder carriage; х  — graph of the received movement output of the rodless pneumatic 
cylinder carriage; х, V — general graph of the output of the received movement and the speed of the rodless pneumatic 
cylinder carriage; Т — graphs of the output of the obtained temperatures; Хз — graph of the received movement output 
of the control distributor spool. 

 
 

а)  b) 
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c) d) 
Fig. 5. Programming block in SimInTech: a — part of the source data; b — part of the logical functions; 

c — part of the assignment of variables; d — skeletal code 

The study of the generalized mathematical model of the proposed drive made it possible to obtain graphs of the 

behavior of the drive during acceleration, deceleration, and stop (Fig. 6), describing the changes in kinematic, power 

and pneumatic properties of the drive during a typical positioning cycle in real time [15]. 

 
Fig. 6. A set of graphs based on the data of a generalized mathematical model 

Discussion and Conclusion. The graph shows a long-stroke movement along the trajectory proposed in Figure 1. 
The operation of the drive consists of several stages. 

1. 0–0.1 sec. Acceleration. The pressure in the pressure side increases to 4 bar, the pneumatic cylinder carriage  
speed — 1 m/s. 

2. 0.1–0.38 sec. Movement at a steady speed. Pressure in the discharge side — about 3.8 bar. Pressure in the drain 
line increases to 1.6 bar, the pneumatic cylinder carriage speed — 0.85 m/s.  

3. 0.38–0.5 sec. Slowing down. Pressure in the pressure and drain sides increases. The pneumatic cylinder carriage 
speed decreases to 0.075 m/s. 

V, m/s      P3, Pа          P4, Pа    х, m   P2, Pа        P1, Pа               P5, Pа   P5, Pа  V, m\s    х,m   P4,Pа  P3,Pа P2,Pа P1,Pа       

0     0.05  0.1    0.15   0.2   0.25   0.3   0.35   0.4    0.45  0.5   0.55   0.6   0.65   0.7     t, sec 
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4. 0.5–0.65 sec. Movement with the speed of positioning. Pressure in the pressure and drain sides increases, the 
pneumatic cylinder carriage speed — 0.075 m/s. 

5. 0.65 sec. Switching to braking, activation of an external braking gear. 
The graphs obtained confirm that the long-stroke movements of the pneumatic actuator are performed in accordance 

with the proposed trajectory (Fig. 1), and the control system functions properly. Further research will focus on 
optimizing the system to reduce the duration and maintain accurate positioning under external influences.  
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GATCGGenerator: New Software for Generation of Quasirandom Nucleotide Sequences 
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Abstract  
Introduction. In recent decades, knowledge about DNA has been increasingly used to solve biological problems 
(calculations using DNA, long-term storage of information). Principally, we are talking about cases when it is 
required to select artificial nucleotide sequences. Special programs are used to create them. However, existing 
generators do not take into account the physicochemical properties of DNA and do not allow obtaining sequences 
with a pronounced “non-biological” structure. In fact, they generate sequences by distributing nucleotides 
randomly. The objective of this work is to create a generator of quasirandom sequences with a special nucleotide 
structure. It should take into account some physicochemical features of nucleotide structures, and it will be 
involved in storing non-biological information in DNA. 
Materials and Methods. A new GATCGGenerator software for generating quasirandom sequences of nucleotides was 
described. It was presented as SaaS (from “software as a service”), which provided its availability from various devices 
and platforms. The program generated sequences of a certain structure taking into account the guanine-cytosine (GC) 
composition and the content of dinucleotides. The performance of the new program algorithm was presented. The 
requirements for the generated nucleotide sequences were set using a chat in Telegram, the interaction with the user was 
clearly shown. The differences between the input parameters and the specific nucleotide structures obtained as a result 
of the program were determined and generalized. Also, the time costs of generating sequences for different input data 
were given in comparison. Short sequences differing in type, length, GC composition and dinucleotide content were 
studied. The tabular form shows how the input and output parameters are correlated in this case. 
Results. The developed software was compared to existing nucleotide sequence generators. It has been established that 
the generated sequences differ in structure from the known DNA sequences of living organisms, which means that they 
can be used as auxiliary or masking oligonucleotides suitable for molecular biological manipulations (e.g., amplification 
reactions), as well as for storing non-biological information (images, texts, etc.) in DNA molecules. The proposed 
solution makes it possible to form specific sequences from 20 to 5,000 nucleotides long with a given number of 
dinucleotides and without homopolymer fragments. More stringent generation conditions remove known limitations and 
provide the creation of quasirandom sequences of nucleotides according to specified input parameters. In addition to the 
number and length of sequences, it is possible to determine the GC composition, the content of dinucleotides, and the 
nature of the nucleic acid (DNA or RNA) in advance. Examples of short sequences differing in length, GC composition 
and dinucleotide content are given. The obtained 30-nucleotide sequences were tested. The absence of 100 % homology 
with known DNA sequences of living organisms was established. The maximum coincidence was observed for the 
generated sequences with a length of 25 nucleotides (similarity of about 80 %). Thus, it has been proved that 
GATCGGenerator can generate non-biological nucleotide sequences with high efficiency. 
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Discussion and Conclusion. The new generator provides the creation of nucleotide sequences in silico with a given GC 
composition. The solution makes it possible to exclude homopolymer fragments, which improves qualitatively the 
physicochemical stability of sequences. 

Keywords: GATCGGenerator, nucleotide sequences generator, synthetic nucleic acids, random sequences, data storage 
in DNA, steganography, NYRN-oligonucleotides, calculations with DNA, cryptography, DNA-tagging in hydrology 
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Научная статья 

GATCGGenerator: новый генератор для создания квазислучайных нуклеотидных 
последовательностей 
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 olga.kiryanova27@gmail.com 

Аннотация 
Введение. В последние десятилетия знания о ДНК все шире применяются для решения небиологических задач 
(вычисления с помощью ДНК, долговременное хранение информации). В первую очередь речь идет о случаях, 
когда необходимо подобрать искусственные нуклеотидные последовательности. Для их создания используются 
специальные программы. Однако существующие генераторы не учитывают физико-химические свойства ДНК 
и не позволяют получать последовательности с явно выраженной «небиологической» структурой. Фактически 
они генерируют последовательности, распределяя нуклеотиды случайным образом. Целью данной работы 
является создание генератора квазислучайных последовательностей с особой нуклеотидной структурой. Он 
должен учитывать некоторые физико-химические особенности нуклеотидных структур и будет задействован 
при хранении небиологической информации в ДНК. 
Материалы и методы. Описано новое программное обеспечение GATCGGenerator для генерации 
квазислучайных последовательностей нуклеотидов. Оно предоставляется как SaaS (от англ. software as a 
service — программное обеспечение как услуга), что обеспечивает его доступность с разных устройств и 
платформ. Программа генерирует последовательности определенной структуры с учетом гуанин-цитозинового 
(GC) состава и содержания динуклеотидов. Представлена работа алгоритма новой программы. Требования к 
сгенерированным нуклеотидным последовательностям заданы с помощью чата в «Телеграм» (Telegram), 
наглядно показано взаимодействие с пользователем. Определены и обобщены различия входных параметров и 
получаемых в результате работы программы конкретных нуклеотидных структур. Также в сопоставлении даны 
временные затраты генерации последовательностей при различных входных данных. Изучены короткие 
последовательности, различающиеся по типу, длине, GC-составу и содержанию динуклеотидов. В табличном 
виде показано, как в этом случае соотносятся входные и выходные параметры. 
Результаты исследования. Созданное программное обеспечение сравнили с существующими генераторами 
нуклеотидных последовательностей. Установлено, что генерируемые последовательности отличаются по 
структуре от известных ДНК-последовательностей живых организмов, а значит, могут быть использованы в 
качестве вспомогательных или маскирующих олигонуклеотидов, пригодных для молекулярно-биологических 
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манипуляций (например — реакции амплификации), а также для хранения в молекулах ДНК небиологической 
информации (изображений, текстов и т. д.). Предложенное решение дает возможность формировать 
специфические последовательности длиной от 20 до 5 000 нуклеотидов с заданным числом динуклеотидов и 
без гомополимерных участков. Более жесткие условия генерации снимают известные ограничения и позволяют 
создавать квазислучайные последовательности нуклеотидов по заданным входным параметрам. Кроме 
количества и длины последовательностей можно заранее определить GC-состав, содержание динуклеотидов и 
природу нуклеиновой кислоты (ДНК или РНК). Приводятся примеры коротких последовательностей, 
различающихся по длине, GC-составу и содержанию динуклеотидов. Полученные 30-нуклеотидные 
последовательности прошли проверку. Установлено отсутствие 100-процентной гомологии с известными ДНК-
последовательностями живых организмов. Максимальное совпадение наблюдалось для сгенерированных 
последовательностей длиной 25 нуклеотидов (сходство около 80 %). Таким образом доказано, что 
GATCGGenerator может с высокой эффективностью генерировать небиологические нуклеотидные 
последовательности. 
Обсуждение и заключение. Новый генератор позволяет создавать нуклеотидные последовательности in silico с 
заданным GC-составом. Решение дает возможность исключить гомополимерные фрагменты, что качественно 
улучшает физико-химическую стабильность последовательностей. 

Ключевые слова: GATCGGenerator, генератор нуклеотидных последовательностей, синтетические 
нуклеиновые кислоты, случайные последовательности, хранение данных в ДНК, стеганография, NYRN-
олигонуклеотиды, вычисления с помощью ДНК, криптография, ДНК-метчики в гидрологии 

Благодарности: авторы выражают признательность рецензентам за ценные замечания, способствовавшие 
улучшению статьи.  

Финансирование. Работа выполнена в рамках гранта РФФИ 20−07−00222. 

Для цитирования. Кирьянова О.Ю., Гарафутдинов Р.Р., Губайдуллин И.М. Чемерис А.В. GATCGGenerator: 
новый генератор для создания квазислучайных нуклеотидных последовательностей. Advanced Engineering 
Research (Rostov-on-Don). 2023;23(3):296–306. https://doi.org/10.23947/2687-1653-2023-23-3-296-306  

Introduction. DNA is a unique biopolymer that provides storage, transmission and reproduction of genetic 
information in living organisms. DNA molecules consist of four types of nucleotides containing nitrogenous 
bases: adenine (A), guanine (G), cytosine (C), thymine (T). Their possible combinations provide nucleotide 
sequences forming functional genetic elements. In molecular biology and genetics, the basic investigations are 
carried out on nucleotide sequences of living organisms, but there is an increasing need to create artificial 
sequences, especially, when solving non-biological tasks (e.g., DNA calculations [1, 2], storage in DNA [3], 
cryptography [4], DNA tags in hydrology [5], etc.). 

It is expected that by the end of 2040, the volume of information will reach several yottabytes (1024), which requires 
its structuring and storage. Both of these processes affect significantly the consumption of energy resources, as well as 
the production of storage devices and peripheral devices (hard drives, solid-state drives). To store such an amount of 
information, more than 109 kg of extra pure silicon is required [6], which may not be enough. The solution is seen in 
using the principles of DNA to work with large-scale amounts of data.  

Nucleotide sequences are easily digitized by assigning the corresponding binary codes to individual nucleotides  
[7–11] or blocks of nucleotides [12–14]; therefore, text, graphic or multimedia files can be converted into nucleotide 
sequences [15–18]. Artificial nucleotide sequences can be made manually or generated using special software (DNA 
generators), depending on the tasks being solved. Some DNA generators were developed as independent applications,  

https://doi.org/10.23947/2687-1653-2023-23-3-296-306
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others — as part of software packages designed to solve general [19] 1, 2, 3, 4, 5 or specific tasks [20]. As a rule, DNA 
generators are developed on the basis of combinatorial approaches and produce random sequences of a given length of 
guanine-cytosine (GC) composition. However, such software solutions do not take into account the chemical properties 
of nucleotides and do not provide obtaining sequences with a certain structure (e.g., without homopolymer sites or long 
repeating motifs). Therefore, the sequences created by such generators cannot always be reproduced in the laboratory. 
Moreover, such sequences may be identical to DNA fragments existing in nature, which introduces ambiguity when 
trying to encode information of a non-biological nature. 

The presented work is aimed at creating a generator of nucleotide sequences of a special structure that can be used 
when encoding text, graphic and other information in DNA molecules. 

Materials and Methods. The criteria that should be kept in mind when creating sequences were defined. The need 
to vary the GC composition, set a certain number of dinucleotides, and exclude homopolymer sites in sequences was 
taken into account. 

A team of authors has developed the GATCGGenerator program in Python 3.6 (Anaconda distribution)6. To create a 
bot7 in Telegram, Numpy 1.19 [21] and the Python GATCGGenerator library were used. The solution was provided as 
SaaS (from “software as a service”), which opened up the possibility of access from different devices and platforms.  

Input parameters included the number of sequences, their length, GC composition, and dinucleotide content. The 
generator excluded repeats with a length of two nucleotides more than four times. The result was presented as a CSV 
file, which contained the following information: sequence, GC composition, and the number of all nucleotides. 

Repeats and homopolymer fragments were stored as a separate list. First, a sequence of four elements was randomly 
generated (random.choice(nuk), where nuc = 'ACGT'). Then the search for repetitions was performed. If there was at 
least one item from the list, a new random generation was performed. Next, the GC and NN composition was 
calculated. If the NN composition did not match the user-defined range, the paired nucleotide was replaced randomly 
and the GC composition was recalculated. If the sequence matched the input parameters, it was written to a set of 
sequences. 

Below is the operation of the program algorithm. 
Type, GCmin, GCmax — range of possible GC content, NNmin, NNmax — range of possible dinucleotide content 

NN%, N — quantity, S — sequence, l — sequence length, count — total number of sequences 
Pseudocode 
Start 
Input (Type, GC, NN, N) 
Comprehension of a list of repeating motifs, homopolymer sites rep.list 
Count = 0 
sequences = set() 
IF i ≤ N? 

IF (rep.list(k) ⊂ S?)  
 Return to step 1. 
ELSE 
 NN = len(DI_REGEX.findall(''.join(S))) 
               NN_perc = (NN × 2 / l) × 100 

IF NNmin ≤NN_perc ≤ NNmax 
 GC = S.count('G') + S.count('C') / l ×100 

IF GCmin ≤ GC ≤ GCmax 
IF type == DNA 

Step 2. 
A_perc = S.count('A') / l × 100 

 
1 Nucleotide Sequence Generator. nucleotide-generator.herokuapp.com. URL: https://nucleotide-generator.herokuapp.com/ (accessed: 01.12.2022). 
2 DNA Sequence Tools: Random Sequence Generator. molbiotools.com. URL: http://www.molbiotools.com/randomsequencegenerator.html 
(accessed: 01.12.2022). 
3 Random DNA Sequence Generator. faculty.ucr.edu. URL: http://www.faculty.ucr.edu/~mmaduro/random.htm (accessed: 02.12.2022). 
4 Random DNA Sequence GenScript. genscript.com. URL: https://www.genscript.com/sms2/random_dna.html  (accessed: 04.12.2022). 
5 Random DNA Generator. Computer software. URL: http://54.235.254.95/cgi-bin/gd/gdRandDNA.cgi (accessed: 04.12.2022). 
6 Anaconda. Anaconda Inc. anaconda.com. URL: https://www.anaconda.com/ (accessed: 20.01.2023). 
7 Python telegram bot. github.com. URL: https://github.com/python-telegram-bot/python-telegram-bot (accessed: 01.12.2022). 

https://nucleotide-generator.herokuapp.com/
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https://www.genscript.com/sms2/random_dna.html
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            G_perc = S.count('G') / l × 100 
            C_perc = S.count('C') / l × 100 
            T_perc = S.count('T') / l × 100 

U_perc = S.count('U') / l × 100 
Count = count +1 

    sequences.add(S)                 
   ELSE S = S.replace('T', 'U') 
   Step 2.) 

   ELSE 
Return to step 1. 

ELSE 
Random replacement of the second repeated character, 
GC = S.count('G') + S.count('C') / l ×100 

Output Sequences: (S, GC%, NN%, A%, G%, C%, T/U%) 
End 
 

The requirements for the generated nucleotide sequences were set using Telegram chat. An example of user 
interaction is shown in Figure 1. 

 

 
Fig. 1. Example of a user chat in Telegram 
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In the framework of the presented work, the functionality of random sequence generators and GATCGGenerator 
were compared. The differences between the input parameters and the specific nucleotide structures obtained as a result 
of the program were determined (Table 1). 

Table 1 
Comparison of GATCGGenerator functionality to other nucleotide sequence generators 

 
GATCGGenerator has a broader functionality, it allows the user to specify the number of dinucleotides, create 

sequences without extended homopolymer sites and repeats that affect the success of the experiment. In existing 
generators, it is only possible to vary the GC composition. 

The program created by the authors of this research generates a given number of quasi-random sequences of 
nucleotides that do not have homology with natural DNA, but are suitable for molecular biological manipulations. 

Research Results. GATCGGenerator allows you to generate specific DNA or RNA sequences from 20 to 5,000 
nucleotides long, containing a given number of dinucleotides and not containing homopolymer sites (no more than two 
identical nucleotides located side by side). More stringent generation conditions can cause a long selection of 
sequences. As an example, we give a small range of possible content of guanine and cytosine and dinucleotides (e.g., 
GC composition 45–50 % and NN composition 10–20 %). The operating period of the program for various input data is 
shown in Table 2. 

Table 2 
Sequence generation time for different inputs 

 
 
 
 
 
 
 
 
 
 
 

 

GATCGGenerator 

[20] 

Nucleotide 
Sequence 
Generator8 

DNA 
Sequence 

Tools: 
Random 
Sequence 
Generator9 

Random 
DNA 

Sequence 
Generator10 

Random 
DNA 

Sequence11 

Random 
DNA 

Generator12 

Maximum length 
(nucleotides) 

5,000 1,000,000 10,000 1,000 

Number of sequences 100 1 
1; 10; 50; 

100 
100 

Input GC composition 
(%) 

+ – 
 

+ 
– + (*) 

GC composition (%) 
interval 

number – number 
Input NN 

composition (%) – 
 No homopolymer 

sites 
+ 

Sequence type DNA/RNA DNA DNA/RNA / 
Protein DNA 

Output of results .CSV file Text on the screen 
(*) User enters AT composition 

Data inputs 
Time (s) 

Length Number GC, % NN, % 
20 10 50–60 20–50 3.45 
30 10 50–60 20–50 3.91 
20 10 50–60 40–50 9.74 
30 10 50–60 40–50 9.53 
30 10 40–50 20–20 8.80 

1,000 100 45–50 40–50 11.49 
2,000 100 45–50 10–20 240.25 
5,000 100 50–60 20–50 11.57 
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GATCGGenerator, through more stringent sequence generation conditions, removes the limitations of known DNA 
generators and creates quasi-random sequences of nucleotides depending on the indicated input parameters. You can 
specify the required number of sequences, their length, GC composition and dinucleotide content, as well as the nature 
of the nucleic acid (DNA or RNA). Specifically, sequences created by GATCGGenerator can be used in DNA 
steganography, applied to protect and transmit information through hiding the message content in the nucleotide  
sequence [3]. 

The proposed software solution (GATCGGenerator) provides obtaining a set of quasi-random sequences of nucleotides 
depending on user-defined input parameters (type of nucleic acid, sequence length, GC and dinucleotide composition). 
GATCGGenerator excludes the presence of any nucleotide repeats and homopolymer sites longer than three elements. The 
generated sequences can be used as service or masking sequences (e.g., in DNA steganography) and are suitable for any non-
biological enzymatic manipulations. It is possible to generate numerous artificial nucleotide sequences and use them to create a 
universal oligotheca suitable for multiple encoding of non-biological data and their long-term storage. 

The data presented in Table 3 summarizes the results of the program. For a certain type of nucleic acid (in this case, 
DNA), the following data is shown: the content of dinucleotides (NN %), the number of generated sequences, their 
length (nucleotides — nt), and GC composition. 

Table 3 
Examples of short sequences differing in length, GC composition, and dinucleotide content (%) 

Input parameters 
Nucleotide sequence, 5’→3’ 

Output parameters 

Type Number 
Length, 

nt 
GC, 
% 

NN, 
%* 

Length, 
nt 

GC, 
% 

NN, 
%* 

DNA 

5 

30 

41–
50 

20 

CTGG**TATATCGGAATCATATCGCGCAGTGT 30 46.7 20.0 
AATCAGCTAGTAGGACGCAGTAGTGAATCA 30 43.3 20.0 
GAATGTAGTCCTAGGCACATACTACGTAGC 30 46.7 20.0 
AGTTGCACTGAAGTCTATGATCTGGCATGC 30 46.7 20.0 
GACACACTACTATGGACGTGAGGCACTTAC 30 50.0 20.0 

5 
51–
60 

TCAGCTCAGCGCCAATCGAGCTTATAGTGC 30 53.3 20.0 
GAGGCTATCGTCAAGCATAGACCGTGTGCT 30 53.3 20.0 
GACTCAGTAGCTGCTCCGGACATACAGCCT 30 56.7 20.0 
TCGCGCGTTAGACTTAGGTCTCATCGCAGC 30 56.7 20.0 
ACGCTCACAGGAGTTCGCATCGAACGATGC 30 56.7 20.0 

5 
41–
50 

0 

ACGACAGTGATATAGCACGACGTGCTCATA 30 46.7 0.0 
GACTACATCTGATAGTACACGTGCTGCACT 30 46.7 0.0 
TCTATCTCTGCTAGAGCGCTCGTCACTCTA 30 50.0 0.0 
TCTGATCTACTATAGCGATACGTGAGAGTG 30 43.3 0.0 
ACACATATATCGACGCACGCGTCGTAGTAC 30 50.0 0.0 

5 50 
41–
60 

20 

TGCATGACCATGCTTGCGGTAGACATTCA
GACGCGCGAATAGTAGGACGA 

50 52.0 20.0 

GCATACGAGTGGCATACATATTAGACTAT
ACGGTAGTGCATATGGTGCAA 

50 42.0 20.0 

CTGAGACTCCTCTCTGTGGAGCTCCTAGTA
CCGTCACGCGTGCTCTGAAG 

50 58.0 20.0 

CTGTGTGAACATACGATGCATTCTCATCTC
GGTATGGCTGAAGTGCACAT 

50 46.0 20.0 

GCGCTGACGTCATGGTTCATACCAATGTA
GCATGATGTGCGATAGGCACA 

50 50.0 20.0 

* NN shows the fraction (%) of the dinucleotides contained in the nucleotide sequence. 
** Dinucleotides are highlighted in bold. 

 
The obtained 30-nucleotide sequences were tested using the Blast tool from NCBI. The absence of 100% homology 

with known DNA sequences of living organisms was identified. The maximum coincidence was observed for the 
generated sequences with a length of 25 nucleotides (similarity is about 80 %). This indicates the ability of the 
GATCGGenerator to generate non-biological nucleotide sequences with high efficiency. It can be assumed that the 
sequences generated in this way do not have an absolute coincidence with the nucleotide fragments of living organisms. 
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In this case, special DNA-oligonucleotides of artificial origin containing informative and service parts can be used 
as a convenient information carrier. Recently, the authors of this work have proposed the use of NYRN-
oligonucleotides [14] consisting of: 

– internal part (YR)n encoding the encrypted information; 
– service (auxiliary) parts S1 and S2 flanking sequence (YR)n (Fig. 2). 

5’ — (N)k — (YR)n — (N)m — 3’ 
    service         encoding     service 

                                                                      part S1          part           part S2 
 

Fig. 2. Structure of NYRN-oligonucleotides: N — degenerate nucleotides; Y — pyrimidines (C or T); R — purines (A or G);  
k, n, m — indices corresponding to the length of the part 

 
The length of the sites (n, k and m) may vary, but the structure of the service parts should provide the 

successful course of amplification reactions (length more than 18 nt, 40–60 % GC composition, absence of 
homopolymer sites and repeats). GATCGGenerator allows including NN dinucleotides containing identical paired 
nucleotides (e.g., AA, GG, CC, TT or UU for RNA), which can increase the specificity of molecular hybridization 
of nucleic acids. 

Discussion and Conclusion. Thus, based on the results of the scientific investigation performed, a software 
solution (GATCGGenerator) has been proposed, which, in comparison to traditional approaches, assumes more 
stringent conditions for generating sequences. Due to this feature, the limitations of known DNA generators are 
removed, and quasi-random sequences of nucleotides are formed depending on the specified input parameters. The 
obtained 30-nucleotide sequences were studied. The test allowed us to establish the absence of 100 % homology 
with known DNA sequences of living organisms. The generated sequences with a length of 25 nucleotides 
coincided as much as possible (by about 80 %). 

Note also that in order to hide information in NYRN-oligonucleotides, it is required to mix them with masking 
DNA. Masking sequences should be similar to sequences of NYRN-oligonucleotides, so that when trying to read 
hidden information, it would be impossible to recognize them without key sequences. The addressee should know 
the key sequences — primers to the service sites of NYRN-oligonucleotides. The addressee can decipher the 
transmitted message by isolating informative nucleotide sequences using a polymerase chain reaction followed by 
sequencing. A set of NYRN- and masking oligonucleotides can be easily obtained using GATCGGenerator, 
synthesized, and then stored as an oligotheca. To do this, it is enough to determine the optimal NYRN-
oligonucleotides with subsequent filling of the oligotheca. In the future, it is planned to conduct laboratory 
experiments in order to test the proposed method of storing non-biological information and checking the viability 
of oligotheca obtained using the generator. 
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Sensitivity of Diffusion-Weighted Image Combined with T2 Turbo Inversion Recovery 
Magnitude Sequence and as an Alternative to Contrast-Enhanced MRI in the Detection  
of Perianal Fistula 
 

Noor Fadhil Baqir1, Rasha Sabeeh Ahmed1 , Khaleel Ibraheem Mohsen2 
1 College of Medicine, Al-Nahrain University, Baghdad, Iraq 
2 National Cancer Research Center, University of Baghdad, Baghdad, Iraq 
 lavendrtechnologist2017@gmail.com  
 

Abstract  
Introduction. Perianal fistula rapidly develops an abscess, requiring surgical decompression. However, simple cases must 
be managed. However, for patients with renal insufficiency, MRI with contrast is contraindicated. It is proposed to use 
diffusion-weighted images that can diagnose anal fistulae, showing areas of high signal intensity (inflammatory tissues). 
The aim is to determine sensitivity of diffusion-weighted image combined with T2 turbo inversion recovery magnitude 
and as an alternative technique to contrast-enhanced MRI using clinical examination as a reference. 
Materials and Methods. Study included fifty patients with a clinical diagnosis of perianal fistula. MRI sequences were 
T2 turbo inversion recovery magnitude in oblique coronal and axial planes, diffusion-weighted image, and T1 weighted 
image turbo spin echo (fat suppression) pre- and post-administration of contrast agents in oblique axial planes. Three 
radiologists evaluated the MR imaging data using a questionnaire of parameters that necessitated a binary response, “yes” 
or “no” answer. 
Results. Diffusion-weighted image combined with axial T2 turbo inversion recovery magnitude sequence had 96.7 %. 
All raters agreed that it is sensitive enough to correctly identify perianal fistula with a moderate Kappa agreement 
(k = 0.586) and p-value<0.001. The mean value of rater's responses was 76.7 % represents sensitivity of diffusion-
weighted images + T2 turbo inversion recovery magnitude as an alternative technique to T1-enhanced contrast with 
moderate (k = 0.553) agreement between raters and P-value<0.001.   
Discussion and Conclusion. Diffusion-weighted images and T2 turbo inversion recovery magnitude sequences exhibit 
comparable efficacy to T1-enhanced contrast sequences in detecting perianal fistula. This may be an option for patients 
with renal impairment who cannot receive an MRI contrast. 
 

Keywords: magnetic resonance imaging; diffusion-weighted image; T1-enhanced contrast 
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Научная статья 
Чувствительность диффузионно-взвешенного изображения в сочетании  
с последовательностью восстановления турбо-инверсии T2 в качестве альтернативы 
МРТ с контрастным усилением при обнаружении параректального свища 
 

Noor Fadhil Baqir 1, Rasha Sabeeh Ahmed1 , Khaleel Ibraheem Mohsen2 
1 Медицинский колледж, университет Аль-Нахрейн, Багдад, Ирак 
2 Национальный онкологический центр, Багдадский университет, Багдад, Ирак 
 lavendrtechnologist2017@gmail.com  
 

Аннотация 
Введение. Параректальный свищ быстро переходит в абсцесс, требующий хирургической декомпрессии. Тем не 
менее, простые случаи подлежат лечению. Однако, для пациентов с почечной недостаточностью МРТ с 
контрастированием противопоказана. Предлагается применение диффузионно-взвешенного изображения, 
которое способно диагностировать анальные свищи, показывая на снимках области с высокой интенсивностью 
сигнала (очаг воспаления). Цель работы заключается в том, чтобы определить степень чувствительности 
изображения диффузионной спектральной томографии в сочетании с величиной восстановления турбо-инверсии 
T2 и возможность применения данного метода в качестве альтернативного метода МРТ с контрастным 
усилением, используя клиническое обследование в качестве стандарта сравнения. 
Материалы и методы. В ходе работы были обследованы 50 пациентов с клиническим диагнозом 
«параректальный свищ». Последовательности МРТ представляли собой турбо-инверсию T2 с величиной 
восстановления в косых коронарных и аксиальных плоскостях, изображение диффузионной МРТ и взвешенное 
изображение быстрого спин-эха (жироподавление) до и после введения контрастных веществ в косые аксиальные 
плоскости. Три радиолога оценили данные МРТ, используя анкету параметров, которая требовала бинарного 
ответа, ответа «да» или «нет». 
Результаты исследования. Диффузионно-взвешенное изображение в сочетании с последовательностью 
восстановления аксиальной турбо-инверсии T2 показало 96,7 %. Все эксперты согласились с тем, что данный 
метод, показавший умеренное согласие Каппа (k = 0,586) и значение p<0,001, достаточно чувствителен для того, 
чтобы верно идентифицировать параректальный свищ. Среднее значение экспертной оценки составило 76,7 %. 
Это подтверждает, что чувствительность предложенного метода – диффузионно-взвешенные изображения + 
величина восстановления турбо-инверсии T2 – является альтернативой методу контрастного усиления T1 с 
умеренным (k = 0,553) согласием между экспертами и значением P<0,001. 
Обсуждение и заключение. Диффузионно-взвешенные изображения и последовательности величин 
восстановления при турбо-инверсии T2 демонстрируют сравнимую эффективность с последовательностями 
контрастного усиления T1 для обнаружения параректального свища. Предложенный метод может служить 
вариантом для пациентов с почечной недостаточностью, которым противопоказана МРТ с контрастированием. 
 

Ключевые слова: магнитно-резонансная томография, диффузионно-взвешенное изображение, контрастное 
усиление T1 
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Introduction. Perianal fistula is a rare condition that is difficult to treat and is associated with patient morbidity. It is 
the connection between the mucosal lining of the anal canal and the perianal epidermis [1]. The rate of occurrence is 
approximately two times higher in males than in females. The male-female ratio is 2:1. Perianal discharge that comes and 
goes, itchiness, discomfort, fever, and localized pain are the most typical symptoms [2]. Perianal fistula is associated with 
the rapid development of an abscess, necessitating timely surgical intervention for decompression. Consequently, the 
management of uncomplicated cases is crucial [3]. The treatment of anal fistula involves the excision of the primary 
fistula opening, any associated tracts, and any supplementary openings while ensuring the preservation of continence [4]. 
This requires accurate identification of the fistula's internal opening and any secondary abscesses or extensions. Imaging 
techniques, including magnetic resonance imaging (MRI), are increasingly important in perianal fistula diagnosis [5, 6] 
because they provide the most precise and reliable data regarding the anatomical characteristics of the fistula tract and its 
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association with the anal sphincter muscles. Providing these specific details by MRI has enhanced surgical success rates 
and reduced the likelihood of recurrence in perianal fistulas [7, 8]. T2-weighted with fat suppression (Turbo spin echo or 
turbo inversion recovery magnitude) MRI is very good at showing a fistula track. Still, some reports have pointed out 
how hard it is to distinguish between real abscesses that need to be drained by surgery and inflamed masses that cannot 
be drained and need anti-inflammatory medicine. Gadolinium chelate-enhanced T1-weighted MR scans are often used as 
a tool to help solve problems [9, 10]. Post-contrast MR imaging is the optimal sequence for detecting and characterizing 
perianal fistula. It is considered the gold standard by various institutions [5, 11]. 

Nonetheless, using gadolinium contrast agents increases expenses and duration and poses a risk of nephrogenic systemic 
fibrosis in patients already experiencing renal insufficiency. In addition, several studies have found evidence of gadolinium 
accumulation in the brain's deep nuclei after repeated contrast agent injections [1, 12, 13]. In recent years, Diffusion-
Weighted Imaging (DWI) has provided high differentiation between pathological lesions, such as cancer or inflammatory 
processes, and the adjacent normal tissue [14]. DWI is a technique that captures variations in water mobility resulting from 
interactions with macromolecules, cell membranes, and changes in the tissue environment. Therefore, inflammatory tissues 
may also demonstrate limited diffusivity, resulting in the appearance of high signal areas on DWI, which takes advantage of 
this property. This sequence has the potential to be helpful in the diagnosis of anal fistulae [15, 16].  

Moreover, Diffusion-Weighted Imaging can be integrated into customary Magnetic Resonance Imaging (MRI) scans 
of the perianal fistula, as it removes the need for a contrast agent, has shorter sequence duration, and does not necessitate 
additional equipment. The diffusion-weighted imaging technique has a naturally low spatial resolution, one of the 
method's drawbacks. Therefore, the T2 turbo inversion recovery magnitude (TIRM) sequence was added to DWI to assess 
the perianal fistula to overcome these drawbacks [16, 17]. In the T2 TIRM imaging technique, the fistulous tracts are 
commonly visualized as highly intense linear structures [18]. Additionally, it should be noted that pus, fluid, and 
granulation tissue manifest as areas of high signal intensity against a background of low signal intensity fat [6, 19]. 

Boruah et al. [20] evaluated the efficacy of diffusion-weighted magnetic resonance imaging (MRI) as a diagnostic 
tool for perianal fistulae. The study consisted of 47 participants diagnosed with perianal fistula. The MRI results were 
correlated with the clinical evaluation or the surgical findings. The performance of DWI alone was inferior to that of T2W 
imaging. Nevertheless, the most notable outcome was the assessment of combined DWI-T2W images, despite the lack of 
statistical significance compared to DWI or T2W images individually. 

Gu et al. [21] explored an alternative technique comparable to Gadolinium-contrast enhancement to assess any 
morphological changes in the preoperative evaluation of anal fistulas. The study comprised 46 individuals who had 
received a diagnosis of anal fistula. The gold standard for comparison will involve outcomes derived from surgical 
pathology. The utilization of FS T2-weighted and diffusion-weighted imaging exhibited similar effectiveness when 
compared to FS T1-weighted contrast-enhanced imaging for evaluating changes in the morphology of anal fistulas. 

This study aims to determine the sensitivity of diffusion-weighted images combined with T2 turbo inversion recovery 
magnitude (TIRM) and as an alternative technique to contrast-enhanced MRI using the clinical examination as a gold 
standard reference. 

Patients and Methods. The study was carried out between December 2022 and May 2023 at the MRI department of 
the oncology teaching hospital located in Medical City, Baghdad, Iraq. The research was carried out as a cross-section 
and utilized a non-randomized design. After a thorough clinical evaluation of each patient, the surgical outpatient clinics 
sent fifty patients who were thought to have perianal fistulas to the MRI department. Each participant gave their informed 
written agreement, and the institution's ethical committee gave its stamp of approval before the study was carried out. 

The inclusion criteria for this study include adult patients, regardless of gender, who have been diagnosed with a 
perianal fistula during a clinical examination and have been referred from outpatient surgical clinics.  

The exclusion criteria for this study include individuals who fall into specific categories, namely children, pregnant 
women, and patients who are contraindicated for MRI examinations. This includes patients with cardiac pacemakers or 
metallic shells and those who experience claustrophobia. 

The MRI examinations were performed using 1.5 T scanners (Magnetom Aera, Siemens Healthcare, Germany) 
equipped with a phased-array surface coil comprising 18 channels. There was no requirement for patient preparation 
before the examination. During the MRI, patients take a supine position on the examination table, with a phased array 
surface coil positioned over their pelvic region. It is crucial to ensure correct orientation when using magnetic resonance 
imaging (MRI) for imaging the anal canal. The planning of the images is performed with the assistance of a sagittal T2-
weighted localizer that passes through the middle of the patient. The oblique transverse and coronal sections are 
orthogonally and parallel to the anal sphincter.  

The following MRI sequence parameters were utilized for this investigation: T2 TIRM in the coronal oblique plane 
(TR/TE: 5000/50, slice thickness: 3 mm, flip angle: 140°, interstice gap: 20 %, number of slices: 34, FOV: 390mm, matrix 
size: 384×288, signal averages: 1, inversion time (TI): 160 s, acquisition time: 2:27 (min: sec)). T2 TIRM performed in 
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the oblique axial plane (TR/TE: 5040/50 ms, slice thickness: 3 mm, interstice gap: 20 %, flip angle: 140°, number of 
slices: 36, FOV: 380 mm, matrix size: 384×234, signal averages: 1; inversion time (TI): 160 s, acquisition time: 2:02 
(min: sec). Single shot echo planar imaging (EPI) imaging (DWI) in an oblique axial plane (TR/TE: 2600/70, FOV: 
380mm, distance factor: 20 %, slice thickness: 3 mm number of slices: 30, matrix size: 128×128, b-value 50–400–
800 with signal averages of 1 for 50, 3 for 400, and 800, acquisition time: 2:22 (min: sec)). And T1 FS TSE in an oblique 
axial plane before and after administration of contrast agent (TR/TE: 619/20, slice thickness: 3mm, number of slices: 27, 
interstice gap: 20 %, flip angle: 160°, FOV: 239 mm, signal averages: 1, matrix size: 192×163, acquisition time: 
1:55 (min: sec)). 

Three radiologists, each with an advanced radio diagnosis degree and over five years of experience in MRI reporting, 
were carefully selected for employment at the oncology teaching hospital based on their superior rankings among other 
radiologists. Furthermore, these individuals consistently produce a substantial volume of over 40 reports per week. They 
were provided information regarding the patient's clinical suspicion of perianal fistula while unaware of the surgical and 
prior MRI reports. The radiologists reviewed the MR imaging data sets using a questionnaire of parameters requiring a 
binary response (yes or no) as follows: 

– Diffusion-weighted image (3mm slice thickness) combined with T2 TIRM; 
– Diffusion-weighted image replaces T1 enhanced contrast with fat suppression. 
The data were inputted, categorized, and examined using the SPSS (statistical package for social sciences) software 

program version 26. The data were presented using frequencies and percentages. A significance level of 0.05 or lower 
was used to determine statistical significance. The study employed the Fleiss kappa test to evaluate the reliability and 
inter-rater agreement among multiple raters. 

Results. The findings of this study were derived from the analysis of a sample of fifty individuals who presented with 
a perianal fistula as determined through clinical assessment. Most individuals diagnosed with anal fistula were male, 
comprising 82 % of the cases, while females constituted the remaining 18 % as shown in Figure 1. The mean age of the 
entire patient population was 39.80 years, and the standard deviation was 12.46 years.  

According to the prepared questionnaire, the three rater's responses about the best visualization of perianal fistula by 
diffusion-weighted image combined with T2 TIRM and as an alternative method to T1 enhanced contrast. The frequency 
distribution of the three raters is demonstrated in Table 1. The three raters' responses according to the constructed 
questionnaire; regarding the best visualization of the perianal fistula compared to the positive clinical examination 
(standard reference) is represented in Fig. 2. 

 

Fig. 1. Frequency distribution of the gender for the 50 participant patients  

Table 1  
Frequency and percentage of DWI+T2 TIRM and DWI as an alternative to T1 enhanced contrast images for three raters 

 

 
DWI+T2 TIRM 

freq. (%) 
DWI image as an alternative to T1 enhanced contrast freq. (%) 

Rater 1 47(94 %) 37(74 %) 
Rater 2 49(98 %) 36(72 %) 
Rater 3 49(98 %) 42(84 %) 
Total 50 (100 %) 

 

9
18%

41
82%

Female Male
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Fig. 2. Bar chart frequency distribution of the raters' opinions about using diffusion-weighted image combined with T2 TIRM and as 
an alternative to T1 enhanced contrast in detecting perianal fistula 

The average of the three raters for detecting cases of perianal fistula by each reported MRI sequence is demonstrated 
in Fig. 3. It was found that DWI+ axial T2 TIRM had a higher percentage (96.7 %), which corresponded to the sensitivity 
of this sequence in the detection of true cases of perianal fistula by the three raters. The average of raters' answers for 
replacing the T1 FS TSE enhanced contrast with DWI in detecting anal fistula was 76.7 % (sensitivity of DWI +T2 TIRM 
as an alternative technique to T1 enhanced contrast). The inter-rater kappa agreement was performed to test the reliability 
of the questionnaire used to evaluate MRI sequences obtained for the visualization of 50 patients clinically diagnosed 
with perianal fistula, as shown in Table 2. A significant (P-value<0.001) moderate (k=0.586) agreement was found for 
the question related to the use of optimized DWI + T2 TIRM. Also, significant (P-value<0.001) moderate (k=0.553) 
agreement between raters when asked to use DWI versus T1 enhanced contrast. 

 

Fig. 3. Bar chart of overall average sensitivity of the raters' opinions (%)  
about using different MRI sequences in detecting anal fistula 

Table 2 

Inter-rater reliability and overall agreement between radiologists in the diagnosis of anal fistula among 50 patients 

Sequence used Kappa 95% CI P-value 
DWI versus T1 enhanced contrast 0.553 0.548–0.558 <0.001 

DWI + T2 TIRM 0.586 0.581–0.591 <0.001 
 

DWI diffusion-weighted image, TIRM turbo inversion recovery magnitude, CI confident interval. 
 

The presence of a perianal fistula can be seen in a variety of MRI sequences, as shown in Fig. 4 and Fig. 5, and Fig. 6 
demonstrates the abscess collection of patients with perianal fistula that shows the well-defined restricted diffusion of the 
abscess and hyper-signal intensity on T2 TIRM as an alternative technique to T1 enhanced contrast. 
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Discussion. The primary purpose of magnetic resonance imaging (MRI) in the context of perianal fistulas is to 
establish the extent of the tract, identify any side branches, and determine the presence of deep abscesses, especially at 
the supra levator level [22]. The utilization of Gadolinium-enhanced T1-weighted images and fat suppression confers 
distinct advantages in differentiating a fluid-filled tract from an area of inflammation. The wall of the tract displays 
increased enhancement, whereas the central region exhibits a hypo-intense appearance. Post-contrast gadolinium images 
exhibit high efficacy in visually representing abscesses [23]. However, the gadolinium contrast agent does have certain 
limitations. These include an extended duration of magnetic resonance examination, additional costs, the potential 
deposition of gadolinium contrast in the brain, and contraindications for patients with renal insufficiency (1). 

 

  
a) b) 

  
c) d) 

Fig. 4. A 41-year-old female patient presenting with a left-sided supra sphincteric fistula at 2 o'clock (green arrow):  
a — shows the T1 FSTSE enhanced contrast; b — shows the T2 TIRM;  

c — shows the diffusion-weighted image (3 mm slice thickness); d — shows the ADC map 
 
Diffusion-weighted imaging has been proposed as a noteworthy alternative due to its ability to identify inflammatory 

lesions as areas exhibiting high signal intensity. The fistulous tracks demonstrate increased intensity in diffusion-weighted 
images, whereas the background signal is significantly attenuated. Consequently, the identification and extent of the fistula 
can be easily determined [24]. One limitation of diffusion-weighted imaging is its inherent drawback of having a relatively 
low spatial resolution. Diffusion-weighted imaging was not evaluated as an independent variable in our study. In this study, 
we evaluated the supplementary benefits of the technique in fat-suppressed T2-weighted imaging, specifically T2 TIRM 
(16). In our study, it was observed that all three raters concurred on the suitability of the majority of images derived from the 
sequences of Diffusion-Weighted Imaging (DWI) combined with T2 Turbo Inversion Recovery Magnitude (TIRM) to 
delineate anal fistula. Both rater two and rater three reported a percentage of 98, while rater 1 reported a slightly lower 
percentage of 94 for the images. Hence, the DWI+T2 TIRM sequence exhibited the highest percentage (96.7 %), aligning 
with the sensitivity of DWI combined with T2 TIRM compared to the clinical examination as the gold standard. The inter-
rater kappa agreement was moderate (k = 0.586), with a significant P-value of less than 0.001. It is agreed Fahmy et al. (5) 
that is conducted a study that revealed a sensitivity of 92.12 % for the detection of perianal fistula when using a combination 
of diffusion-weighted imaging (DWI) and T2-weighted imaging (T2WI). 
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a) c) 

  
b) d) 

Fig. 5. A 51-year-old male presenting with a right-sided supra sphincteric branching fistula with extensive inflammatory changes and 
multiple extra sphincteric abscess collections  (white arrow):  a — optimized DWI; b — ADC map shows restrictd diffusion;  

c — T2 TIRM shows hyper signal intensity; d — T1FSTSE post-contrast shows peripheral enhancement. All the images are in the 
oblique axial plane 

  
a) c) 

  
b) d) 

Fig. 6. A 36-year-old male presenting with a left gluteal abscess collection with surrounding significant soft tissue edema (black 
arrow), a — diffusion weighted image; b — ADC map shows restricted diffusion; c — T1FSTSE post-contrast shows peripheral 

enhancement; d — T2 TIRM shows hyper signal intensity. All the images are in the oblique axial plane 
 
However, they regarded T1-weighted imaging (T1WI) post-contrast as the reference standard for comparison. 

Additionally, Mohsen and Osman [25] evaluated the combined utilization of diffusion-weighted imaging (DWI) and T2-
weighted (T2W) sequences to obtain optimal outcomes. The perianal fistulas and abscesses were accurately diagnosed in 
97.8 per cent of cases using T2-weighted imaging (T2WI) and T1-weighted imaging post-contrast (T1WI post-contrast) 
as the established benchmark. Regarding the sensitivity of DWI combined with T2TIRM as an alternative technique to 
T1 FS TSE post-contrast, our research revealed that rater 3 said that it is sensitive for 42 (84 %), followed by rater one 
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and rater two in the same order, who reported 74 % and 72 % of the sensitivity, respectively. Therefore, an average raters' 
sensitivity of 76.7 %; there was a significant (P-value 0.001 fair (k=0.370) agreement between the three raters in selecting 
DWI as an alternative to post-contrast sequence for the detection of perianal fistula. Therefore, it reflects the capability 
of DWI in clearly delineating perianal fistula, making it comparable to contrast enhancement MRI in the detection of 
perianal fistula and possibly making it superior to contrast enhancement MRI in the detection of perianal fistula by 
reducing the amount of time an MRI examination takes and by reducing the adverse effects of contrast agents, particularly 
in patients with renal impairment. Our findings agree with those of Hori et al. (16), who established that there was not a 
statistically significant difference (p-value less than 0.05) in the sensitivity between combined contrast-enhanced 
sequences with T2WI and DWI coupled with T2WI. Also, according to the findings of Fahmy and Dawoud (5), the 
utilization of a combination of diffusion-weighted imaging (DWI) and turbo inversion recovery magnitude (TIRM) is 
deemed equivalent to the utilization of post-contrast images in the detection of primary and complicated fistula. The 
application of Diffusion-Weighted Imaging (DWI) has demonstrated its utility in differentiating between abscesses and 
inflammatory reactions and assessing the extent of disease activity. Active granulation tissue will exhibit enhancement 
on post-contrast T1-weighted imaging compared to the fluid in the fistula. Rim enhancement indicates an abscess, while 
diffuse enhancement is typical of granulation tissue (5). In comparison, diffusion-weighted imaging is a technique that 
depicts changes in the mobility of water molecules caused by their interactions with cell membranes, macromolecules, 
and environmental changes in the tissue. On diffusion-weighted imaging (DWI), inflammatory tissues may exhibit 
reduced diffusivity, resulting in hyper-intense signal regions [26]. The apparent diffusion coefficient (ADC) values 
observed in abscesses are estimated to be lower than those in healthy tissues. As reported in the scientific literature, this 
is due to pus, which inhibits the unrestricted diffusion of water molecules (9). As inflammatory tissues typically 
demonstrate enhanced signal intensity, diffusion-weighted imaging may hold promise as a diagnostic sequence for anal 
fistulas (6). 

Our study has the limitation of not making a quantitative comparison by calculating ADC values in the diffusion-
weighted images to diagnose active and inactive perianal fistula compared with the T1 enhanced contrast because of the 
overloaded work in the institution where the study was conducted. Therefore, we recommend future research to evaluate 
the ADC value of diffusion-weighted images to diagnose active and inactive perianal fistula compared with the T1 
enhanced contrast with a larger sample size.  

Conclusion. The sensitivity of diffusion-weighted images in conjunction with T2 turbo inversion recovery magnitude 
(TIRM) sequences demonstrates a similar level of effectiveness as T1 enhanced contrast sequences in identifying and 
assessing perianal fistula. This combination of imaging techniques may serve as a viable alternative, particularly for 
individuals with renal impairment who are contraindicated to administer MRI contrast agents.  
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3D Human Motion Capture Method Based on Computer Vision 
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Abstract  
Introduction. The analysis of approaches to tracking the human body identified problems when capturing movements 
in a three-dimensional coordinate system. The prospects of motion capture systems based on computer vision are noted. 
In existing studies on markerless motion capture systems, positioning is considered only in two-dimensional space. 
Therefore, the research objective is to increase the accuracy of determining the coordinates of the human body in three-
dimensional coordinates through developing a motion capture method based on computer vision and triangulation 
algorithms. 
Materials and Methods. A method of motion capture was presented, including calibration of several cameras and 
formalization of procedures for detecting a person in a frame using a convolutional neural network. Based on the 
skeletal points obtained from the neural network, a three-dimensional reconstruction of the human body model was 
carried out using various triangulation algorithms. 
Results. Experimental studies have been carried out comparing four triangulation algorithms: direct linear transfer, 
linear least squares method, L2 triangulation, and polynomial methods. The optimal triangulation algorithm 
(polynomial) was determined, providing an error of no more than 2.5 pixels or 1.67 centimeters.  
Discussion and Conclusion. The shortcomings of existing motion capture systems were revealed. The proposed 
method was aimed at improving the accuracy of motion capture in three-dimensional coordinates using computer 
vision. The results obtained were integrated into the human body positioning software in three-dimensional coordinates 
for use in virtual simulators, motion capture systems and remote monitoring.  
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Научная статья 

Метод трехмерного захвата движений человека на основе компьютерного зрения 

А.Д. Обухов 🖂🖂 , Д.Л. Дедов , Е.О. Суркова , И.Л. Коробова  

Тамбовский государственный технический университет, г. Тамбов, Российская Федерация 

🖂🖂 obuhov.art@gmail.com  

Аннотация 

Введение. Проведенный анализ существующих подходов к отслеживанию тела человека выявил наличие 

проблем при захвате движений в трехмерной системе координат. Отмечена перспективность систем захвата 

движений на основе компьютерного зрения. В существующих исследованиях по безмаркерным системам 

захвата движений рассматривается позиционирование только в двумерном пространстве. Поэтому целью 

исследования являлось повышение точности определения координат человеческого тела в трехмерных 

координатах за счет разработки метода захвата движения на основе компьютерного зрения и алгоритмов 

триангуляции. 

Материалы и методы. Представлен метод захвата движений, включающий калибровку нескольких камер и 

формализацию процедур обнаружения человека в кадре с использованием сверточной нейронной сети. На 

основе полученных от нейронной сети скелетных точек осуществляется трехмерная реконструкция модели тела 

человека с использованием различных алгоритмов триангуляции. 

 Результаты исследования. Проведены экспериментальные исследования по сравнению четырех алгоритмов 

триангуляции: прямого линейного переноса, линейного метода наименьших квадратов, L2 триангуляции и 

полиномиального методов. Определен оптимальный алгоритм триангуляции (полиномиальный), 

обеспечивающий погрешность не более 2,5 пикселей или 1,67 сантиметров.  

Обсуждение и заключение. Выявлены недостатки существующих систем захвата движения. Предложенный 

метод направлен на повышение точности захвата движений в трехмерных координатах с использованием 

компьютерного зрения. Полученные результаты интегрированы в программное обеспечение позиционирования 

тела человека в трехмерных координатах для удаленного мониторинга, использования в виртуальных 

тренажерах и системах захвата движений.  

Ключевые слова: захват движений, виртуальная реальность, триангуляция, компьютерное зрения, машинное 

обучение 
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Introduction. Significant progress has currently been made in the domain of computer vision. Technologies have 

been developed to solve the problems of detecting objects, determining their state, geometric evaluation of the space 

depicted on the frame, and a lot more. As a result, computer vision has become widespread in various spheres of human 

activity, ranging from healthcare and education to entertainment. A rather promising direction is the use of computer 
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vision technologies for three-dimensional reconstruction and positioning of various objects, including people. There is 

fairly large number of systems for determining the absolute position of a person in space, which can be divided into the 

following categories. 

− Systems using inertial sensors and providing the determination of the amount of their movement, as well as the 

change of angles between them, which involves the use of gyroscopes and accelerometers [1]. A well-known 

representative of this category is the Noitom Mocap Perception Neuron [2], which includes up to 32 inertial sensors. 

− Laser position tracking systems based on the use of base stations installed on opposite sides of the room and 

emitting infrared rays, which provide accurate determination of the position and orientation of sensors in space. An 

example of such systems is a virtual reality kit from HTC [3], which have an error of up to 0.1 mm. 

− Systems using magnetic sensors [4] based on the use of a magnetic field to capture human movement, which 

assume the presence of wearable sensors on the user's body. This category includes Polhemus Liberty — a portable 

electromagnetic motion tracking system, considered one of the fastest (sampling rate — 240 Hz). 

− Marker-based optical systems determine the position of objects by markers using a set of cameras. An example is 

Vicon, which has a fairly low error: the average absolute errors of marker tracking are 0.15 mm in static tests, and  

0.2 mm (with corresponding angular errors of 0.3°) in dynamic tests [5]. 

− Marker-free optical systems based on the use of computer vision and machine learning. Examples of such 

technologies are Open space, MediaPipe, Movenext. With their help, human movements can be tracked with an 

accuracy of up to 30 mm [6]. 

After analyzing the listed categories of motion capture systems, it can be concluded that most of the solutions used 

to recognize human actions and movements involve various wearable devices, such as sensors or gloves. Most of these 

devices are bulky due to the large number of sensors and the need for a wired connection. Some systems have high 

accuracy, but they cannot be used due to the size or the presence of electromagnetic interference [7]. Inertial systems 

have a number of problems associated with the accumulation of errors, which limits their use only to relative 

positioning in space. 

Therefore, optical systems for recognizing and tracking user actions are well regarded. To get information about the 

actions and position of the user, frames obtained from the camera are used. Among optical systems, it is worth noting 

those that use markers (the user may be wearing special clothes or certain labels fixed on him), which makes it difficult 

to use them under real conditions. They are more applicable to specially prepared premises (e.g., film studios). 

Systems that do not use any markers allow users to interact more freely with the environment and are more suitable 

for use under real conditions. The significant disadvantages of systems in this line include relatively low accuracy, 

unreliability, and low performance. To a great extent, this may be due to the shortcomings of computer vision 

algorithms used to recognize a person in the frame, as well as the following reasons: the variability of a person’s 

appearance and lighting conditions, partial occlusions owing to the layering of objects in the scene, the complexity of 

the human skeletal structure. 

As a rule, the operation of marker-free motion capture systems is based on an algorithm for evaluating a person's 

posture. Approaches to solving the problem of assessing a person's posture can be divided into top-bottom and bottom-

up. In top-bottom approaches, first there is a detection of people in the frame, then an assessment of the pose of each 

person found. Algorithms that relate to the bottom-up approach, at the first stage, search for body parts in the frame, 

then group them into poses. As a rule, convolutional neural networks are used for this task, such as YOLO (You Look 

Only Once) [8], SSD (Single Shot Detection) [9], R–CNN (Region CNN) [10], and others. They provide the recognition 

of numerous different objects, including a person or individual body parts with high accuracy. However, one of the 

disadvantages of the solutions listed above is their low performance and slow operation. To solve this problem, there 
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are special frameworks (MoveNet [11], MediaPipe [12], OpenPose [13]) that also use neural networks optimized for 

real-time operation. 

It should be noted that the above algorithms, technologies and approaches of marker-free motion capture systems 

provide positioning in two-dimensional space, which makes it difficult both to determine the distance to objects and 

their sizes, and to track complex movements when, e.g., the user's hands are hidden by his body. Existing solutions in 

the field of stereo cameras can be effective, but they are not very accurate when the object is significantly removed from 

the camera, which happens when tracking the entire human body. In addition, they do not solve the problem of 

occlusions. Thus, the major line of research is the development of a method of motion capture using multiple cameras 

and computer vision technologies. When implementing multi-camera motion capture systems, the problem of 

combining objects from several images inevitably arises, i.e., the need to perform triangulation. Among the 

triangulation methods, linear and iterative linear algorithms can be distinguished. 

Linear triangulation is the most common approach to performing reconstruction of objects in three-dimensional 

space, including such methods as linear-proprietary method, linear least squares method, direct linear transformation, 

which differ in varying degrees of resistance to noise [14]. 

Iterative linear methods are a more robust version of linear triangulation. Conventional linear methods may be less 

accurate when solving problems of triangulation of a set of points, since in this case, the minimized error has no 

geometric meaning (it does not take into account the shape of the skeleton and the rules for connecting points). The key 

idea of iterative linear methods is to adaptively change the weights of linear equations in such a way that the weighted 

equations correspond to errors. Iterative linear methods include L2 and L∞ triangulation [15]. 

Thus, within the framework of this study, the following task was set: to develop a method for capturing human 

movements that provides positioning the user's body in three-dimensional coordinates with minimal error and using 

computer vision technologies. The proposed method can be used as a replacement for existing motion capture systems, 

or as part of other algorithms, e.g., for the subsequent classification of a person's condition. This work was aimed at 

increasing the accuracy of determining the poses and coordinates of the human body in three-dimensional coordinates 

by developing motion capture methods based on computer vision. To achieve this goal, it was required to formalize the 

main stages of the process of capturing points of the human body from several cameras, integrate triangulation 

algorithms, choosing among them the optimal one from the point of view of accuracy, carry out the software 

implementation of the proposed method. 

Materials and Methods. Solving the problem of 3D positioning of a person in space includes the following main 

stages: 

− preliminary calibration of a set of cameras;  

− implementation of human detection procedures in the frame, and calculation of skeletal points; 

− calculation of 3D reconstruction of the human body model. 

Let us look at them in more detail. 

The calibration process involves the camera system taking several pictures of a calibration template, on which it is 

easy to identify key points with known relative positions in space. After that, internal and external parameters are 

calculated for each camera. Internal parameters are constant for a particular camera, external parameters depend on the 

location of the cameras relative to each other [16]. Therefore, this step must be performed before the first use of the 

camera system in a given location. 

To calculate the coordinates of a point in three-dimensional space, it is necessary to know the coordinates of its 

projection on the images and the projective matrices of the cameras [17]. Projective matrix P  of some camera can be 

represented as a combination of matrices A  (containing the internal parameters of the camera) and R  (rotation), as 
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well as the displacement vector T , which describe the change of coordinates from the world coordinate system to the 

coordinate system relative to the camera:   

 
1311 12 1

21 22 23 2

31 32 333

0
[ | ] 0

0 0 1

x x

y y

rr r tf c
P A R T f c r r r t

r r tr

  
  = =
     

, (1) 

where ( , )x y  — coordinates of the projection of a 3D point on the image in pixels; ( , )x yc c  — coordinates of the central 

point of the camera; ( , )x yf f  — focal length in pixels. 

At the second stage, it is required to obtain directly the key (skeletal) points of the human body on each of their 

cameras. To extract skeletal body points from the frame, it is possible to use various machine learning technologies, 

e.g., MoveNet, MediaPipe, OpenPose, and others [18]. As part of this study, it is proposed to use a highly efficient and 

productive Pose module from the MediaPipe library. MediaPipe Pose uses machine learning to accurately track a 

person's body posture, determine 3D landmarks, and mask background segmentation on the entire body from RGB 

video frames. This approach makes it possible to track up to 33 points and provides real-time operation on most modern 

devices. 

Thus, as part of the second stage, a set of 33 points is formed for each i -th camera: 

 { }, | {1,2,...,33}, {1,2,..., } ,ij ij ijx u v j i K= ∈ ∈   (2) 

where iju — coordinate of j  – th point on X axis in i -th image; ijv  — coordinate of j -th point on Y axis in i -th 

image; K  — total number of cameras and images.   

At the third stage, the positions of key skeletal points in three-dimensional space are calculated. To obtain data on 

the position of human skeletal points in space, triangulation is performed — finding the coordinates of a 3D point by the 

coordinates of its projections. Triangulation is one of the most important challenges in computer vision, its solution is a 

crucial stage in 3D reconstruction, it affects the accuracy of the entire result [19]. 

Epipolar geometry is fundamental for the three-dimensional reconstruction of the object points based on the position 

values of the projections of the points in the images from all cameras. Its main idea is that 3D points in the scene are 

projected onto lines in the image plane of each camera — epipolar lines. These lines correspond to the intersection of 

the image plane and the plane passing through the camera centers and the 3D point. This idea provides a condition for 

finding pairs of corresponding points on two images: if it is known that point x  on the plane of the first image 

corresponds to point 'x  on the plane of another image, then its projection should lie on the corresponding epipolar line. 

According to this condition, the following relation will be valid for all corresponding pairs of points 'x x↔ : 

 ' 0x Fx = , (3) 

where F  — fundamental matrix having size 3 3×  and rank equal to 2. 

For some point X , given in three-dimensional space, the following projection formula expressed in homogeneous 

coordinates is valid:  

 ,i ix P X=   (4) 

where ( , ,1)T
i i ix w u v= — homogeneous coordinates of some point on the plane of the i -th image (obtained from the  

i -th camera during the second stage), including the position on image iu  (on X axis) and iv  (on Y axis); w  — scale 

factor; iP  — projection matrix of i -th camera obtained at the first stage. 
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To simplify calculations, the projection matrix of the camera is often presented in the following form:  

 ( )
1

2 3 4

3
,

T
i

T
i i i

T
i

p
P p P

p
×

 
 = ∈
  

   (5) 

where jT
ip  — j -th row of matrix iP .  

Therefore, equation (4) can be represented as follows: 

 
1

2

3

,
,

.

T
i i

T
i i

T
i

wu p X
wv p X
w p X

=
=
=

  (6) 

Since w  — scale factor, we obtain the following system of equations:  

 
3 1

3 2

0,
0.

T T
i i i

T T
i i i

u p X p X
u p X p X

− =
− =

  (7) 

Since X  is a homogeneous representation of coordinates in three-dimensional space, then, for their calculation, it is 

necessary to obtain ix  and iP  for at least two cameras. To solve the system of equations (7), 4 algorithms were 

considered [14]: 

− direct linear transfer (DLT); 

− linear least squares method; 

− L2 triangulation; 

− optimal (polynomial) method. 

DLT refers to a linear triangulation algorithm, whose main advantage is the simplicity of its implementation. 

Specifically, in the OpenCV computer vision library there is a ready-made implementation of this algorithm in the 

triangulatePoints method. 

The linear least squares method also refers to linear ones and consists in the fact that the system of homogeneous 

equations (7) is reduced to a system consisting of inhomogeneous equations, for whose solution, the least squares 

method is used.  

L2 triangulation is an iterative method of three-dimensional reconstruction, whose solution is reduced to minimizing 

the reprojection error: 

 ( , ) min,i i
i

d x x →∑   (8) 

where ix  — coordinate of the projection of the estimated point in the image;  ix  — projection coordinate calculated 

from formula (4) for an already determined spatial point; ( )d •  — distance between two points. 

The algorithm of optimal (polynomial) triangulation refers to non-iterative approaches. To solve it, a sextic 

polynomial is required. The minimization criterion for performing three-dimensional reconstruction in this method can 

be defined as follows: 

 ( , ) min,i i
i

d x λ →∑   (9) 

where iλ  — epipolar line corresponding to point ix . 

When using a two-camera system, to minimize error (9), the following sequence of actions must be performed: 

− parametrize the bundle of epipolar lines in the first image using parameter t . Thus, the epipolar line in the first 

image can be expressed as 0 ( )tλ ; 

− using fundamental matrix F , calculate the corresponding epipolar line 1( )tλ  in the second image;  

− express the distance function (9) as a function of t  ; 

− perform a search for value t , at which (9) tends to a minimum. 
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Using the methods of elementary calculus, it is possible to reduce the solution of the minimization problem to 

finding the roots of a sextic polynomial. The calculation of the assumed spatial point is performed using the direct linear 

transfer method (DLT) [17]. 

Summing up the third stage, we get that after successfully solving system (7) and obtaining the world coordinates of 

the key points of the target object (human body), the following set of points H  is formed: 

 ( ){ }|j ij i jH X i x P X= ∀ =  , (10) 

where jX  — world coordinates of the skeletal point of the human body obtained after solving the triangulation 

problem, expressed in centimeters.  

Thus, in this study, the optimization problem, when using two cameras, is reduced to finding triangulation method 

:{ }ijMT x H→ , in which the reprojection error tends to a minimum: 

 


2

1 1
( , )

min .

K

ij ij
i j

d x x

K
R = =

∑ ∑
= →   (11) 

Research Results. Optimization problem (11) is solved through performing triangulation of 2D object points 

obtained from images of several cameras, in the framework of this study — from two cameras using various algorithms 

listed in the previous section. 

The listed triangulation methods were implemented using OpenCV and NumPy libraries. For comparison, the 

algorithms were integrated into software implementing the method of three-dimensional motion capture. An example of 

the method for reconstructing the entire human skeleton is shown in Figure 1.  

 
Fig. 1. Example of the method, including recognition of a person on two cameras and construction of a 3D skeleton  

 

Then, these algorithms were compared by the value of the reprojection error function (11) for all points of the 

skeleton from two images. The comparison of the selected triangulation methods by the error rate, as well as by the time 

of obtaining a solution (computational complexity) for the entire set of skeleton points was carried out. Summary 

comparative diagrams are shown in Figure 2.  

     First camera                                            3D skeleton                              Second camera 
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а) 

 
b) 

 
Fig. 2. Comparison of triangulation methods by metrics: a — by reprojection error; b — by calculation time  

 

A number of experimental tests were also carried out for the selected triangulation methods. Under testing, the 
calculated lengths of the user's limbs and the absolute deviation of the obtained values from the real ones were 
measured for each approach. The comparison is presented in Table 1. 

Table 1 
Comparison of the accuracy of determining the size of limbs in the process of triangulation 

Body segment DLT Least Squares L2 Polynomial Real value 

Forearm 25.2 ± 1.6 30.8 ± 0.2 26.6 ± 0.5 24.3 ± 0.4 26 
Shin 42.2 ± 2.0 65.3 ± 1.1 44.6 ± 0.7 38.7 ± 1.8 41 
Hip 45.7 ± 2.7 59.5 ± 0.49 48.7 ± 1.3 44.1 ± 0.6 45 

Average deviation 2.43 14.58 2.26 1.67 0 
Presented are the average values (in centimeters) after a sample of 10 measurements ± standard deviation in the sample 

The developed software includes the following modules: 

− for working with input devices (cameras); 

− to perform calibration and obtain basic camera parameters; 

− to synchronize multiple cameras; 

− for object recognition (user's body and arms); 

− to analyze the location of the found skeletal points; 

− to build real-time visualization. 

When implementing the software, the Python programming language, OpenCV and Matplotlib libraries were used. 

The operation of the system was carried out in several streams: one was responsible for receiving data from cameras, 

the second — for visualization, the third — for sending the received world coordinates of the human body to external 

systems or modules. Using a unified protocol with a data package in JSON format provides integrating the software into 

third-party systems (e.g., Unity game development environments, Unreal Engine, etc.) [20, 21]. 

Discussion and Conclusion. Let us analyze the results of comparing triangulation algorithms by selected metrics, 

shown in Figure 2 and in Table 1.  

During the comparison, it was found that the optimal algorithm for three-dimensional reconstruction was the 

polynomial method. The error value was about 2.55 pixels. In real tests, when determining a person's height, the error 
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was no more than 3 %, taking into account the fact that MediaPipe Pose did not fix the upper point of the head and it 

was calculated approximately based on the position of the eyes. When measuring limbs, the error ranged from 0.9 cm to 

2.3 cm, the average was 1.67 (Table 1). Thus, real tests validate the correctness of the choice of the polynomial method.  

Next, we compared the results obtained with existing studies, e.g., described in [22]. The authors also used trained 

networks (OpenPose) to implement a marker-free human recognition system, a camera calibration procedure, and the 

extraction of skeletal points, but placed cameras next to each other to simulate stereo vision. This key difference made it 

possible to recognize human postures within the framework of this study, when some parts of the body overlapped 

others. In addition, using MediaPipe Pose provided tracking 33 skeletal points, not 18, as in the OpenPose-based 

method. The obtained error values generally corresponded to existing studies (the best result in [22] was 2 cm), which 

allowed us to conclude that the proposed approach can be used in practice. Other marker-free systems, e.g., based on 

Kinect [23], also showed comparable results in terms of measurement error (2–5 cm). Thus, the resulting solution 

generally corresponded to the accuracy of existing developments. 

A comparison of the calculation time of a set of points, shown in Figure 2 on the right, demonstrated that the DLT 

algorithm provided the highest performance. However, all algorithms showed acceptable results (to provide a speed of 

30 and even 60 frames per second). Therefore, this metric was not determinative. 

The developed software can be used in various subject areas primarily as a replacement for motion capture systems 

based on inertial sensors. The advantages of the proposed solution are low economic costs for implementation and 

accessibility (transition from highly specialized motion capture suits to common camera-based tools), the possibility of 

parallel capture of body models of several users [24]. 

The scientific novelty of the research consists in a comprehensive approach to formalizing the process of three-

dimensional positioning of a person using computer vision technologies. It includes preliminary calibration of a set of 

several cameras, formalization of procedures for detecting a person in a frame using an arbitrary neural network to 

obtain skeletal points, as well as calculation of three-dimensional reconstruction of a human body model using various 

triangulation algorithms. The study presents all the necessary calculation formulas and detailed steps to achieve the 

goal — to increase the accuracy of determining the poses and coordinates of the human body in three-dimensional 

coordinates using computer vision technologies. The theoretical results obtained are quite universal and can be used for 

the practical implementation of motion capture systems based on various models of neural networks, and not just 

MediaPipe Pose. 
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Model of a Parallel-Pipeline Computational Process for Solving a System of Grid Equations 

Vladimir N. Litvinov1 , Nelli B. Rudenko2 , Natalya N. Gracheva2  

1Don State Technical University, Rostov-on-Don, Russian Federation 
2 Azov-Black Sea Engineering Institute, Don State Agrarian University, Zernograd, Russian Federation 
 LitvinovVN@rambler.ru  

Abstract  
Introduction. Environmental problems arising in shallow waters and caused by both natural and man-made factors 
annually do significant damage to aquatic systems and coastal territories. It is possible to identify these problems in a 
timely manner, as well as ways to eliminate them, using modern computing systems. But earlier studies have shown 
that the resources of computing systems using only a central processor are not enough to solve large scientific problems, 
in particular, to predict major environmental accidents, assess the damage caused by them, and determine the 
possibilities of their elimination. For these purposes, it is proposed to use models of the computing system and 
decomposition of the computational domain to develop an algorithm for parallel-pipeline calculations. The research 
objective was to create a model of a parallel-conveyor computational process for solving a system of grid equations by a 
modified alternating-triangular iterative method using the decomposition of a three-dimensional uniform computational 
grid that takes into account technical characteristics of the equipment used for calculations. 
Materials and Methods. Mathematical models of the computer system and computational grid were developed. The 
decomposition model of the computational domain was made taking into account the characteristics of a heterogeneous 
system. A parallel-pipeline method for solving a system of grid equations by a modified alternating-triangular iterative 
method was proposed. 
Results. A program was written in the CUDA C language that implemented a parallel-pipeline method for solving a 
system of grid equations by a modified alternating-triangular iterative method. The experiments performed showed that 
with an increase in the number of threads, the computation time decreased, and when decomposing the computational 
grid, it was rational to split into fragments along coordinate z  by a value not exceeding 10. The results of the 
experiments proved the efficiency of the developed parallel-pipeline method.  
Discussion and Conclusion. As a result of the research, a model of a parallel-pipeline computing process was 
developed using the example of one of the most time-consuming stages of solving a system of grid equations by a 
modified alternating-triangular iterative method. Its construction was based on decomposition models of a three-
dimensional uniform computational grid, which took into account the technical characteristics of the equipment used in 
the calculations. This program can provide you for the acceleration of the calculation process and even loading of 
program flows in time. The conducted numerical experiments validated the mathematical model of decomposition of 
the computational domain. 
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Научная статья 

Разработка модели параллельно-конвейерного вычислительного процесса для решения 
системы сеточных уравнений 

В.Н. Литвинов1 , Н.Б. Руденко2 , Н.Н. Грачева2  
1 Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация,  
2 Азово-Черноморский инженерный институт, ДГАУ, г. Зерноград, Российская Федерация  
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Аннотация 
Введение. Экологические проблемы, возникающие на мелководных водоёмах и вызываемые как природными, 
так и техногенными факторами, ежегодно наносят существенный ущерб аквасистемам и прибрежным 
территориям. Своевременно определить эти проблемы, а также пути их устранения возможно с использованием 
современных вычислительных систем. Но проведённые ранее исследования показали, что ресурсов 
вычислительных систем, использующих только центральный процессор, недостаточно для решения больших 
научных задач, в частности, по прогнозированию крупных экологических происшествий, оценке нанесенного 
ими ущерба и определению возможностей их устранения. Для этих целей предлагается использовать модели 
вычислительной системы и декомпозиции расчётной области для разработки алгоритма параллельно-
конвейерных вычислений. Целью данной работы является создание модели параллельно-конвейерного 
вычислительного процесса для решения системы сеточных уравнений модифицированным попеременно-
треугольным итерационным методом с использованием декомпозиции трёхмерной равномерной расчётной 
сетки, учитывающей технические характеристики используемого для расчетов оборудования. 
Материалы и методы. Разработаны математические модели вычислительной системы и расчётной сетки. 
Модель декомпозиции расчётной области выполнена с учётом характеристик гетерогенной системы. 
Предложен параллельно-конвейерный метод решения системы сеточных уравнений модифицированным 
попеременно-треугольным итерационным методом. 
Результаты исследования. На языке CUDA С написана программа, реализующая параллельно-конвейерный 
метод решения системы сеточных уравнений модифицированным попеременно-треугольным итерационным 
методом. Проведённые эксперименты показали, что с увеличением числа потоков время вычислений 
уменьшается и при декомпозиции расчётной сетки рациональным является разбиение на фрагменты по 
координате z  на величину, не превышающую 10. Результаты экспериментов подтвердили эффективность 
разработанного параллельно-конвейерного метода. 
Обсуждение и заключения. По итогам проведенных исследований разработана модель параллельно-
конвейерного вычислительного процесса на примере одного из самых трудоёмких этапов решения системы 
сеточных уравнений модифицированным попеременно-треугольным итерационным методом. Её построение 
основано на моделях декомпозиции трёхмерной равномерной расчётной сетки, учитывающей технические 
характеристики используемого в расчетах оборудования. Применение программы позволит ускорить процесс 
расчёта и равномерно по времени загрузить программные потоки. Проведенные численные эксперименты 
подтвердили математическую модель декомпозиции расчётной области. 

Ключевые слова: параллельный алгоритм, вычислительный процесс, сеточные уравнения 
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Introduction. Recently, a number of serious environmental problems have been observed in the Rostov region. 
These include, in particular, the eutrophication of waters of the Sea of Azov and the Tsimlyansk reservoir, which causes 
the growth of harmful and toxic species of phytoplankton populations [1]. Engineering works in the waters of rivers and 
seas cause pollution of adjacent territories, changes in the population structure of biota, and deterioration of 
reproduction conditions of valuable and commercial fish. Climate change in the south of Russia has led to an increase in 
the number of cases of flooding of some territories in the area of the Taganrog Bay and the floodplain of the Don River 
caused by up and down surges. In the last decade, during the summer period, almost complete drainage of the Don 
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riverbed was observed several times, which led to a complete stop of navigation. To predict the occurrence and 
development of such cases, to plan ways to address their consequences, to assess the damage caused by them, modern 
software systems built using high-precision mathematical models, numerical methods, algorithms and data structures 
are needed [2]. 

Mathematical models used in predicting natural and man-made disasters are based on systems of partial differential 
equations, such as Poisson, Navier-Stokes, diffusion-convection-reaction, and thermal conductivity equations. The 
numerical solution to such systems causes the need for operational storage of large amounts of data (in arrays of various 
structures) and the solution to systems of grid equations of high dimension exceeding 109. The amount of RAM 
required to store arrays of data when numerically solving only one Poisson equation for a three-dimensional domain 
with a dimension of 103×103×103 by an alternately triangular iterative method is more than 64 GB. In the case of 
numerical solution to combined tasks, hundreds of gigabytes of RAM are required, which can be accessed only when 
using supercomputer systems. 

An earlier study has shown that the resources of a computing system using only the CPU are not enough to solve 
such scientific problems [3]. Increasing the GPU power and video memory made it possible to use video adapter 
resources for calculations [4]. The GPU utilization depends on the application of parallel algorithms to solve 
computationally intensive problems of aquatic ecology [5–7]. To partially solve the problems of lack of memory and 
computing power on workstations, you can install additional video adapters in PCI-E X16 slots directly and in PCI-E 
X1 slots using PCI-E X1–PCI-E X16 adapters. Thus, the number of video adapters installed on one workstation can be 
increased to 12 [8–11]. 

Heterogeneous computer systems that provide sharing CPU and GPU resources are becoming increasingly popular 
in the scientific community. Application of such systems makes it possible to reduce the computation time of scientific 
problems [12–14]. However, the utilization of a heterogeneous computing environment involves the modernization of 
mathematical models, algorithms and programs that implement them numerically. A heterogeneous system provides 
organizing the calculation process in parallel mode. At the same time, fundamental differences in the construction of 
software systems using CPU and GPU together should be taken into account. 

Materials and Methods. We describe the proposed mathematical models of the computational system, the 
computational grid, as well as the method of decomposition of the computational domain. 

Let D  be a set of technical characteristics of a computing system, then 
 1 2 3 ,D D D D=

 

  (1) 

where 1D  — a subset of the characteristics of the central processing units (CPU) of a computing system; 2D  — a 

subset of the characteristics of video adapters (GPU) of a computing system; 3D  — a subset of RAM characteristics. 

 1 1,1 1,2 1,3 1,4, , , ,D d d d d=   (2) 

where 1,1d  — total number of CPU cores; 1,2d  — number of streams simultaneously processed by one CPU core;  
1,3d  — clock rate, MHz; 1,4d  — CPU bus frequency, MHz. 

 { }2 22 2 2| ,
GPU GPU

GPU GPU
k GPU GPU k

k K
D D d k K d D

∈
= = ∃ ∈ ∈


, (3) 

where { }1,...,GPU GPUK N=  — multiple video adapter indices; GPUN  — number of computer system video adapters; 

GPUk  — video adapter index. Each video adapter is represented as a tuple 

 2,1 2,22 ,
GPU GPU GPUk k kD d d= ,  (4) 

where 2,1
GPUkd  — amount of video memory of the video adapter with index GPUk , GB; 2,2

GPUkd  — number of streaming 

multiprocessors. 

 3 3,1 3,2,D d d= ,  (5) 

where 3,1d  — total amount of RAM, GB; 3,2d  — clock rate of RAM, MHz. 

Let S  — a set of software streams involved in the computing process, then 

 { }
{ }

1

2

1 2

1

2 22

,
1,..., ,

, 1,..., ,
GPU GPU kGPUGPU GPU

S

k k S
k K

S S S
S N
S S S N

∈

=
=

= =





  (6) 
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where 1S  — a subset of program streams implementing the calculation process on the CPU; 2S  — a subset of CUDA 

streaming blocks implementing the calculation process on GPU streaming multiprocessors; 1SN  — number of CPU 

program streams involved; 2
GPUkS  — a subset of CUDA streaming blocks that implement the calculation process on 

GPU streaming multiprocessors with index GPUk ; { }1,...,GPU GPUK N=  — multiple GPU indices; GPUN  — number of 

GPU in the computing system; 2
kGPU

SN  — number of CUDA stream blocks involved that implement the calculation 

process on GPU stream multiprocessors with index GPUk . 

Let E  be a set of identifiers of program streams. Then, in order to identify program flows in the computing system, 
we assign tuple e  of two elements to each element of the set of program flows S:  

 : ,d ts S e E e n n∀ ∈ ∃ ∈ = ,  (7) 

where dn  — index of a computing device in a computing system; tn  — index of the CPU program stream or GPU 

streaming unit. 

 { 1

2
0,

,d
GPU

s Sn K s S
∈= ∈ ,  (8) 

 1

2

1

2
,

,
GPUkGPU

S
t kS

K s S
n K s S

∈
=  ∈


.  (9) 

Let us take the computational domain with the following parameters: xl  — characteristic size on axis Ox ; yl  — on 

axis Oy ; zl  — on axis Oz . We compare a uniform computational grid of the following type to the specified area: 

 
{

( ) ( ) ( ) }

, , ;
0, 1, 0, 1, 0, 1;

1 , 1 , 1 ,

i x j y k z

x y z

x x x y y y z z z

W x ih y jh z kh
i n j n k n
n h l n h l n h l

= = = =
= − = − = −
− = − = − =

  (10) 

where xh , yh , zh  — steps of the computational grid in the corresponding spatial directions; xn , yn , zn  — number of 

nodes of the computational grid in the corresponding spatial directions. 
Then, we represent the set of nodes of the computational grid in the form 

 { }, ,

, ,

, 0, 1, 0, 1, 0, 1 ,
, , ,

i j k x y z

i j k i j k

G g i n j n k n
g x y z
= = − = − = −

=
  (11) 

where , ,i j kg  — computational grid node. 

The number of nodes of the computational grid GN  is calculated from formula 

 G x y zN n n n= ⋅ ⋅ .  (12) 

By the subsection of the computational grid 1kG G⊂  (hereinafter — subsection), we mean a subset of the nodes of 

the computational grid G .  

 { }1 1 1 1
1 1

1 11 1

1| , ,
k k

k k k k
k k

k K k K
G G g k K g G G

∈ ∈
= = ∃ ∈ ∈ = ∅
 

, (13) 

where { }1 1
1,...,k kK N=  — multiple indices of subsections 1kG  of computational grid G ; 

1kN  — number of subsections 

1kG ; 
1 1
,k kK N N⊂ ; N  — set of natural numbers; 1k  — index of subsection 1kG . 

Since 1kG G⊂ , then 

 { }1 11
, , , 0, 1, 0, 1, 0, 1k kk

x y zi j kG g i n j n k n= = − = − = −


 , (14) 

where 1
, ,
k
i j kg


 — node of subsection 1k ; sign ~  indicates belonging to the subsection; j  —  node index of subsection 

1k  by coordinate y ; 1k
yn  — number of nodes in subsection 1k  by coordinate y . 
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1

1
1

1

, ,
1

1

, , ,

, , ,

k
i j ki j k

k
b

i x j y y k z
b

g x y z

x ih y n j h z kh
−

=

=
 = = + ⋅ =∑ 
 





  (15) 

where 1b
yn  — number of nodes by coordinate y  of 1b -th subsection. 

Under the block of computational grid 1 2,k kG  (hereinafter — block), we mean a subset of the computational grid 

nodes of subsection 1kG .  

 { }, ,1 1 2 1 2 1 2 1 2 1 2
1 2

2 , 2 ,1 2 1 2

, , ,
2 ,| , ,k k k k

k k k k

k k k k k k k
k k

k K k K
G G g k K g G G

∈ ∈
= = ∃ ∈ ∈ = ∅

 
, (16) 

where { }1 2 1 2, ,1,...,k k k kK N=  — multiple indices of block 1 2,k kG  of subsection 1kG ; 
1 2,k kN  — number of blocks 1 2,k kG ;  

1 2 1 2, ,,k k k kK N N⊂ ; 2k  — index of block 1 2,k kG  of subsection 1kG . 

Since 1 2 1,k k kG G⊂ , then 

 { },1 2 1 21 2
ˆ, ,

,, ˆ, 0, 1, 0, 1, 0, 1k k

i j k

k kk k
x y zG g i n j n k n= = − = − = − , (17) 

where 1 2
ˆ, ,

,
i j k

k kg  — node of block 1 2,k k ; sign ^  indicates belonging to the block; ĵ  — node index of block 1 2,k k  by 

coordinate y ; ,1 2k k
yn  — number of nodes in block 1 2,k k  by coordinate y . 

 
1 2
ˆ, ,

,1 1 2
1 2

1 2

,

1
,

1 1

, , ,

ˆ, , ,
i j k

k k

k k
i j k

Nk
b b

i x j y y k z
b b

g x y z

x ih y n j h z kh
−

= =

=
 = = + ⋅ =∑ ∑ 
 

  (18) 

where 1 2,b b
yn  — number of nodes of block 1 2,b b . 

By a fragment of the computational grid , ,1 2 3k k kG  (hereinafter — fragment), we mean a subset of the nodes of the 

computational grid of block ,1 2k kG  of subsection 1kG . 

 
{ }, 1 2 3 1 2 3 1 2 3 1 2 31 2

3
3 3
1 2 3

3 3

, , , , , , , ,
3

, ,

| , ,

,

k k
k

k

k

k k k k k k k k k k k k

k K
k k k

k K

G G g k K g G

G
∈

∈

= = ∃ ∈ ∈

= ∅





 (19) 

where { }1 2 3 1 2 3, , , ,1,...,k k k k k kK N=  — multiple indices of fragments , ,1 2 3k k kG  of block 1 2,k kG  of subsection 1kG ; 
1 2 3, ,k k kN  — 

number of fragments , ,1 2 3k k kG ; 
1 2 3 1 2 3, , , ,,k k k k k kK N N⊂ ; 3k  — index of fragment , ,1 2 3k k kG  of block 1 2,k kG  of subsection 1kG . 

Each index 3k  of fragment , ,1 2 3k k kG  is assigned a tuple of indices 4 5,k k , designed to store the fragment coordinates 

in the plane xOz , where 4k  — fragment index by coordinate x ; 5k  — fragment index by coordinate z . 

 
43 4 5kk k K k= + ⋅ ,  (20) 

where 4k  — fragment index by coordinate x ; 5k  – fragment index by coordinate z . 

Number of fragments , ,1 2 3k k kG  of block 1 2,k kG  is calculated from the formula 

 
3 4 5k k kK K K= ⋅ ,  (21) 

where 
4kK  — number of fragments along axis Ox ; 

5kK  — number of fragments by coordinate z . 

Since , , ,1 2 3 1 2k k k k kG G⊂ , then 

 { }, ,1 2 3 ˆ, ,
ˆ ˆ, 0, 1, 0, 1, 0, 1k k k

x y zi j kG g i n j n k n= = − = − = −







   , (22) 
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where ˆ, ,i j kg 



  — fragment node; sign ‿ indicates belonging to the fragment; ,i k




 — fragment node indices by 

coordinates x , z ; xn , zn  — number of nodes of the computational grid in the fragment by coordinates x , z ;  

xl


, zl


 — fragment dimensions by coordinates x , z . 

 54

ˆ, ,
11

1 1

, , ,

ˆ, , ,
i j ki j k

kk

i b x j y k b z
b b

g x y z

x n i h y jh z n k h
−−

= =

=
  = + = = +∑ ∑   

   











 

  (23) 

where bn  — number of nodes of b -th fragment. 

We introduce a set of comparisons of the computational grid blocks to program flows 1M  

 
1 2

1 21 2

11
,

k k
k k

k K k K
M M

∈ ∈

 
=  

 
 

,  (24) 

where 
1 2

1
,k kM  — element of the set 1M .  

Let 
1 2

1
,k kM  — mapping block ,1 2k kG  to program stream 

1 2,k ks , then 

 1 2
1 2 ,1 2

1 ,
, ,

k k
k k

k kM G s= ,  (25) 

where 
1 2,k ks S∈  — program flow, computing block ,1 2k kG . 

In the process of solving hydrodynamic problems on three-dimensional computational grids of large dimension, 
high-performance computing systems and huge amounts of memory for data storage are needed. The resources of one 
computing device are not enough for computing and storing a three-dimensional computational grid with all its data. To 
solve this problem, various methods of decomposition of computational grids followed by the use of parallel calculation 
algorithms in heterogeneous computing environments are proposed [15]. 

For the decomposition of the computational grid, it is required to take into account the performance of computing 
devices involved in calculations. By performance, we mean the number of nodes of the computational grid calculated 
using a given algorithm per unit of time. 

Assume that all computing devices are used for calculations. Then, the total performance of the computing system 

PΣ  is calculated from the formula 

 1 2
1

GPU

GPU

N
b b

CPU S S
b

P P N P NΣ
=

= ⋅ + ⋅∑ ,  (26) 

where CPUP  — performance of a single CPU stream; 1SN  — number of program streams implementing the calculation 

process on the CPU; 
GPU

bP  — GPU performance with index b  on a single streaming multiprocessor; 2
b
SN  — number of 

CUDA streaming blocks implementing the calculation process on GPU streaming multiprocessors. 

Then, the number of nodes of the computational grid b
yn  in the subsection by coordinate y  for each GPU with 

index b  can be calculated from the formula 

 GPU

b
b
y y

P
n n

PΣ

 
= ⋅ 
 

.  (27) 

In the process of calculating by formula (27), we get the remainder — a certain number of nodes of the 

computational grid. These nodes will be located in RAM. The number of remaining nodes b
yn  by coordinate y  is 

calculated from the formula: 

 
1

GPUN
b b
yL y y

b
n n n

=
= − ∑ .  (28) 

To calculate the number of nodes by coordinate y  in the blocks of the computational grid processed by GPU 

streaming multiprocessors, we use the formulas: 



Litvinov VN, et al. Model of a Parallel-Pipeline Computational Process for Solving a System of Grid Equations 

 

 

In
fo

rm
at

io
n 

Te
ch

no
lo

gy
, C

om
pu

te
r S

ci
en

ce
 a

nd
 M

an
ag

em
en

t 
 

335 

 2

2

2
1

1

, 1, 1,
1

,

S

S
b
S

b
yb b

yGT b

N
b bb
yGTL y yGT

b

n
n b N

N

n n n
−

=

 
 = = −

−  

= − ∑

  (29) 

where b
yGTn  — number of nodes by coordinate y  in computational grid blocks processed by GPU streaming 

multiprocessors with index b , except for the last block; b
yGTLn  — number of nodes by coordinate y  in the last block of 

the computational grid processed by GPU streaming multiprocessors with index b . 

To calculate the number of nodes of the computational grid by coordinate y  in blocks processed by software 

streams implementing the calculation process on the CPU, we use the formulas 

 
( )

1

1

,
1

1 ,
S

S

CPU
y

yCT

CPU
yCTL y yCT

n
n

N

n n n N

 
 =

−  
= − ⋅ −

  (30) 

where yCTn  — number of nodes of the computational grid by coordinate y , processed by CPU program streams, 

except the last stream; yCTLn  — number of nodes of the computational grid by coordinate y , processed by CPU 

program streams, in the last stream. 
Calculate the number of the computational grid fragments by coordinate y : 

 
1 21

GPU

S S

N
bf

y
b

N N N
=

= + ∑ .  (31) 

Let the number of fragments f
xN  and f

zN  be specified by coordinates x  and z , respectively. Then, the number of 

nodes of the computational grid by coordinate x  is calculated using the formulas  

 
( )

,
1

1 ,

xf
x f

x
fL f f
x x x x

n
n

N
n n n N

 
=  − 
= − ⋅ −

  (32) 

where f
xn  — number of nodes of the computational grid by coordinate x  in all fragments, except the last fragment;  

fL
xn  — number of nodes of the computational grid by coordinate x  in the last fragment. 

Similarly, the number of nodes of the computational grid is calculated by coordinate z : 

 
( )

,
1

1 ,

zf
z f

z
fL f f
z z z z

nn
N

n n n N

 
=  − 
= − ⋅ −

  (33) 

where f
zn  — number of nodes of the computational grid by coordinate z  in all fragments, except the last node; fL

zn  — 

number of nodes of the computational grid by coordinate z  in the last fragment. 
Let us describe a model of the parallel-pipeline method. Suppose it is necessary to organize a parallel process of 

computing some function F  on 1M , and the calculations in each fragment , ,1 2 3k k kG  depend on the values in neighboring 

fragments, each of which has at least one of the indices by coordinates x , y  , z , and one less than the current one 

(Fig. 1). 
To organize the parallel-pipeline method, we introduce a set of tuples ,A  that specify correspondences a  between 

the identifiers of program streams e , processing fragments , ,1 2 3k k kG , to the step numbers of the parallel-pipeline 

method r   

 1 2 3, ,: , ,k k ke E a A a e G r∀ ∈ ∃ ∈ = ,  (34) 

where 1, rr N=  — step number of the parallel-pipeline method;  
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rN  — number of steps of the parallel-pipeline method, calculated from the formula 

 1f f f
r x z yN N N N= + − .  (35) 

The full load of all calculators in the proposed parallel-pipeline method starts with step 100
f

START yr N=  and ends at 

step 100
f f

STOP x zr N N= . At the same time, the total number of steps with a full load of calculators rPARN  will be 

 100 100 1 1f f f
rPAR STOP START x z yN r r N N N= − + = − + .  (36) 

The calculation time of some function F  by the parallel-pipeline method is written as 

 1
1
max(T )

rN

aM
r

T
=

= ∑ ,  (37) 

where Ta  — vector of values of time spent on processing fragments in parallel mode. 

 
Fig. 1. Parallel-pipelined computing process  

Research Results. The computational experiments were carried out on K-60 high-performance computing system 
of the Keldysh Applied Mathematics Institute, RAS. A GPU section was used, each node of which was equipped with 
two Intel Xeon Gold 6142 v4 processors, four Nvidia Volta GV100GL video adapters and 768 GB of RAM. 

The computational experiment consisted of two stages — preparatory and basic. At the preparatory stage, the 
correctness of the decomposition of the computational domain into subsections, blocks and fragments was checked by 
step-by-step comparison of values in the nodes of the initial grid and in fragments obtained as a result of decomposition. 
Then, the operation of the flow control algorithm during which the time spent on calculating 1, 8, 16 and 32 fragments 
of the computational grid with a dimension of 50 nodes by spatial coordinates x , y , z , and the same number of CPU 

streams 1SN  was checked by the iterative alternating-triangular method in parallel mode. Ten repetitions were 

performed with the calculation of the arithmetic mean Ta  and standard deviation σ . Based on the data obtained, 

time 1
1 / ,a a ST T N=  spent by each stream on processing one fragment of the computational grid and acceleration 

1
1 1( ) / (1)a aSE T N T= , equal to the ratio of the processing time 1

1( )a ST N  of one fragment 1SN  by streams to the 

corresponding processing time by one stream 1(1)aT  was calculated.  The experimental data are given in Table 1. The 

experiment showed that the standard deviation had the smallest value in the case of using 32 parallel CPU streams and 
was 0.026 ms, i.e., using 32 parallel CPU streams when calculating 32 fragments of the computational grid gave a more 
uniform time load of program streams, which generally increased the efficiency of the computing node. At the same 
time, the average value of the calculation of one fragment was 4.14 ms. The dependence of acceleration E  on the 

number of streams turned out to be linear 10.603 0.804 SE N= + , with a coefficient of determination equal to 0.99. We 
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have found that with an increase in the number of streams, the acceleration of the developed algorithm increases. This 
indicates the efficient use of the subsystem when working with memory. 

Table 1 
Results of the preparatory stage of the computational experiment 

1SN  max(T )a , ms σ , ms Ta , ms E  
1 3.38 0.141 3.38 1.00 
8 3.66 0.042 0.46 7.39 

16 3.94 0.028 0.25 13.73 
32 4.14 0.026 0.13 26.13 

 
At the basic stage of the computational experiment, a three-dimensional computational domain having dimensions 

of 1,600; 1,600; 200 by spatial coordinates x , y  and z , accordingly, was divided into 32 fragments of 50 nodes for 
each of the coordinates x  and y . The division into fragments by coordinate z  is given in Table 2. For each 
decomposition option with a tenfold repetition, the processing time of the entire computational grid was measured by 
the proposed parallel-conveyor method, and its average value pmT  was calculated. Acceleration pmE  was calculated as 

ratio pmT  to time smT  of the calculation by sequential version of the algorithm, equal to 6.963 ms. Regression equation 

7.35 1.97 ln( )f
pm zE N= +  with a determination coefficient equal to 0.94 was obtained. Analysis of the results of the 

basic stage of the computational experiment showed a significant slowdown in growth pmE  at 10f
zN > . Therefore, we 

conclude that splitting into fragments by coordinate z  by an amount not exceeding 10 is optimal. 
Table 2 

Results of the main stage of the computational experiment 

f
zN  f

zn  pmT , ms pmE  

1 200 1033.20 6.74 
2 100 779.00 8.94 
4 50 651.90 10.68 
8 25 588.35 11.84 

20 10 550.22 12.66 
 

Discussion and Conclusion. As a result of the conducted research, a model of a parallel-pipeline computing process 
was developed by the example of one of the most intensive stages of solving a system of grid equations by a modified 
alternating-triangular iterative method. Its construction was based on decomposition models of a three-dimensional 
uniform computational grid, taking into account the technical characteristics of the equipment used in the calculations.  

The results obtained under the computational experiments validated the effectiveness of the developed method. The 
correctness of the decomposition of the computational domain into subsections, blocks and fragments was also 
confirmed. The operation of the flow control algorithm was verified. At the same time, it was revealed that the standard 
deviation had the smallest value in the case of using 32 parallel CPU streams and is 0.026 ms, i.e., using 32 parallel 
CPU streams when calculating 32 fragments of the computational grid gave a more uniform time load of program 
streams. Here, the average value of the calculation of one fragment was 4.14 ms. 

The results of processing the measurements of the calculation time by the proposed parallel-conveyor method 
showed a significant slowdown in the growth of acceleration when divided into fragments by coordinate z  at 10f

zN > . 
It was found that splitting into fragments by coordinate z  by an amount not exceeding 10 was optimal. 
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