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Abstract

Introduction. Modern trends in construction, related to the optimization of weight and materials, require accurate methods
for calculating the stress-strain state, particularly of beams with variable stiffness. Analytical calculation of the stress-
strain state for such beams is fraught with considerable difficulties, limiting its practical application. Numerical methods,
specifically the Finite Element Method (FEM), are widely used to solve these problems, where the law of stiffness change
is typically approximated by a piecewise (discrete) function. This study is aimed at the development of an approach based
on piecewise-linear approximation of stiffness. Linear stiffness approximation suggests an optimal balance of accuracy
and computational resources. This approach provides significantly higher accuracy compared to the traditional discrete
approximation with similar computational complexity, allowing for adequate modeling of both smooth stiffness gradients
and its violent changes.

Materials and Methods. A first-approximation stiffness matrix for a one-dimensional beam finite element with linearly
varying flexural stiffness was derived on the basis of a variational formulation of the problem. An exact stiffness matrix
was obtained by direct integration of the differential equation for beam bending. In the calculation examples, an exact
solution was obtained using the Maple software package. The numerical solution using FEM was implemented in the
author's program written in Python.

Results. During the study, approximate and exact stiffness matrices of the beam finite element were obtained, as well as
the vector of nodal reactions (loads) from distributed loads. The efficiency of the proposed approach was demonstrated
by numerical examples. The results obtained by the FEM were verified using analytical calculations. Based on the
performed calculations, recommendations and criteria for using the exact or approximate stiffness matrix were developed.
Discussion. Finite elements that account for linear change of stiffness along the length make it possible to increase the
accuracy of the results and reduce the degree of discretization of the computational scheme by more than two times. The
approximate matrix shows good convergence with a smooth change in stiffness along the length. In such cases, discrete
approximation is also acceptable. The exact matrix allows for calculating cases where the stiffness within the beam
changes by orders of magnitude with low error. The classical discrete approximation in this case does not ensure high
accuracy of the calculation results.

Conclusion. The paper presents stiffness matrices for finite elements that account for linear change of stiffness along the
length. Their derivation is performed by two methods: on the basis of a variational formulation of the problem, and by
direct integration of the differential equation of bending. The resulting matrices enable more accurate stress-strain analysis
of beams with variable stiffness. They have an analytical format that simplifies their integration into existing software
systems. Further research will be directed towards applying the obtained matrices to the calculation of reinforced concrete
beams, considering physical nonlinearity, as well as to solving problems of stability and dynamics of beams with variable
stiffness.

Keywords: finite element method, stiffness matrix, beam element, variable stiffness
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0pu2uHClﬂbH0€ meopemuiecKkoe uccneodosanue

TouyHnast 1 NpUOIMIKEHHAS] MATPHU LA KECTKOCTH M BEKTOP Y3J10BbIX HATPY30K 0aJI04YHOT0
KOHEYHOI0 3JIEMEeHTA C JIUHEHHBbIM 3aKOHOM M3MEeHEHHU KeCTKOCTH 110 JJINHe

H.IO. lIs10un

HanvonanbHbli HccnenoBaTeabCkuii MOCKOBCKUI rOCy1apCTBEHHBIN CTPOUTENbHBIN YHIBEpCUTET, I. Mocksa, Poccuiickas
denepauns

X science@nikitatsybin.ru

AHHOTaNHUA

Beedenue. CoBpeMeHHBIC TCHICHIUN B CTPOUTEILCTBE, CBSI3aHHBIC C ONTHUMH3AIMCH MacChl H MaTepPHalioB, TPEOYIOT
TOYHBIX METOZOB pacuéTa HanpsHkEHHO-Ie(HOPMUPOBAHHOTO COCTOSHHUS, B YACTHOCTH I 0aJOK MEePEMEHHON JKECTKO-
CTH. AHAJIUTHYECKUN pacyéT HaNpsHKEHHO-Ie(POPMUPOBAHHOTO COCTOSHUS TaKHX OAJIOK COMPSDKEH CO 3HAYUTEIEHBIMU
TPYZHOCTSIMH, 9TO OTPAaHUYMBACT €ro MPaKTHIeCKoe MpuMeHeHne. [l pereHus mogqo0HbIX 3a1ad IIHPOKO HUCIIONB3Y-
FOTCSI YUCIICHHBIC METOJIBI, B YaCTHOCTH METOJ KOHEUHBIX 31eMeHTOB (MKD), mpu 3TOM 3aKOH M3MEHEHHS KECTKOCTH
OOBITHO aNMPOKCUMUPYETCS CTyIeH4YaTol (auckperHoi) ¢pyHnkuuei. Llens HacTosmel paboTel — pa3padboTaTh MOAXOM
Ha OCHOBE KYCOYHO-JTMHEHHOH aImmpoKCUMaInH KECTKOCTH. JIMHEHHAs armpoKCHMAITUs KECTKOCTH 00eCIIeunBaeT OITH-
MaJIbHOE COOTHOIIICHHE TOYHOCTH, CIIOKHOCTH M BEIYUCITUTEIBHBIX pecypcoB. [IpeanaraeMerii moaxoa 00eCIieunBacT Cy-
IIECTBEHHO 00JIee BEICOKYIO TOYHOCTh IO CPABHEHUIO C TPAIUIMOHHOW TUCKPETHOM ammpoOKCUMAaNuei Ipu COMOCTABH-
MO BBIYHCIUTEIBHOM CIOKHOCTH — 3TO TO3BOJISIET aA€KBATHO MOJIEIMPOBATh KaK IIABHBIE TPAJANEHTHI KECTKOCTH, TaK
U pe3KUe €€ U3MCHECHUS.

Mamepuanst u memoost. B mepBoM NpUONIIKCHUN MaTPHIIA KECTKOCTH OJHOMEPHOTO 0aI0YHOTO KOHCYHOTO 3JICMEHTA
C JINHEHHO M3MEHSIOIEHCsT M3THOHOM KECTKOCTHIO MOJyUIeHa Ha OCHOBE BapHAIIMOHHOH (popMymupoBKH 3anaun. TouHas
MaTpHIa )KeCTKOCTH — METOIOM HETOCPEICTBEHHOTO HHTETPUPOBaHIA AU hepeHIHaIbHOTO YpaBHEHHS N3rnba OaikH.
TouHbIe pemIeHHs B IPUMEPax pacyeTa MOIyYeHBI C MPUMEHEHHEM MPOrpaMMHOT0 koMiuiekca Maple. UucienHoe permie-
HHUE, C UCIOJIH30BAHMNEM METOJa KOHEUHBIX 3JIIEMEHTOB, PEAIM30BaHO B pa3pabOTaHHON aBTOPOM IPOrpaMMe Ha S3BIKE
nporpammupoBanus Python.

Pesynomamut uccnedosanusn. B xone viccneqoBaHusl OBUTH TOJYYEHBI MPHOIMKEHHAS] M TOYHAS MATPUIIBI KECTKOCTH
0aJIOYHOTO KOHEYHOTO 3JICMEHTA, a TAKXKE BEKTOP Y3JIOBBIX peakiui (Harpy30K) OT pachpeAeiICHHBIX Harpy30K. Jddek-
THBHOCTB TPEIJIOKEHHOTO MMOIX0a MPOAESMOHCTPUPOBAHA Ha MPUMEPaxX YUCICHHOIrO pacuyera. [Ipu 3TOM pe3ysIbTarhl,
MOJYYCHHBIC METOOM KOHEYHBIX JJIEMEHTOB, BEPUDHUIIMPOBAHBI TIOCPEICTBOM aHAUTHICCKUX BeIYrcIcHUH. [To uToram
MIPOBENEHHBIX PAacUETOB OBUIH BRIPAOOTAHBI PEKOMEHIANHY U KPUTESPHH JUTS UCIIONB30BAHUS TOYHOM WK MPHOTMKEHHON
MaTpHUIbI KECTKOCTH.

Oobcyrycoenue. KoHeuHbIC DJICMEHTBI, YIUTHIBAIONIUE THHEHHOE U3MCHEHHUE KECTKOCTH 110 UTHHE, TTO3BOJISIOT IIOBBICUTH
TOYHOCTb TIOJTy4AEMBIX PE3YJIETaTOB U CHU3UTH CTEIIEHb AUCKPETU3AUU PACUCTHOM cXeMbl Oojiee 4yeM B JiBa pasa. [Ipu-
OJYDKCHHAS. MaTPHIIA JEMOHCTPUPYET XOPOIIYIO CXOAMMOCTb IPH IJIABHOM H3MEHEHHUH JKECTKOCTH IO JUTHHE. B 1mom00-
HBIX CIIy4asX TakKe JOIYyCTUMO IPUMEHATh AUCKPETHYIO allpoKcUManuioo. TouHas mMarpuua IO3BOJSET C MajoW Io-
IPEIIHOCTBIO PACCUUTHIBATH CUTYAIIMH, B KOTOPBIX JKECTKOCTh B Ipejesiax OalKi U3MEHSETCS Ha HECKOIBKO MOPSIKOB.
Krnaccryeckast IUCKpeTHAs alllPOKCUMAIIHS B TAKUX CIyYasx HE 00eCIIeYrBaeT BEICOKOI TOYHOCTH PE3YIIbTaTOB pacyeTa.
3akniouenue. B nanHoii padbote ObLIM MOJyYEHBI MATPHUIIBI JKECTKOCTH KOHEYHBIX JIEMEHTOB C YYETOM JIMHEHHOTO H3-
MECHCHUS ) KECTKOCTH 110 JJINHE. Nx BBIBOJ OCYHIECTBJICH ABYMS METOAAMM: HA OCHOBE BapI/IaHPIOHHOﬁ IIOCTAaHOBKHU 3a/1a4n
U IyTEM HETOCPEACTBEHHOTO HHTEeTprupoBanus auddepeHmansaoro ypapaeHus n3ruda. [lomydeHHbIe MaTPHIIBI TO3BO-
JISIOT BBINOJIHATE 0OJIee TOYHBIH aHAIHM3 HANPSKEHHO-IE(POPMUPOBAHHOTO COCTOSHUS OAJIOK MEPEeMEHHON JKECTKOCTH.
OHI/I OGHa}Ia}OT AHAJIMTUYCCKUM BHUIOM, YTO YIPOINACT MX BHCAPCHHUC B CYIICCTBYIOIIUC IMPOTPAMMHBIC KOMIIICKCHI.
JlanpHeiinme uccienoBanus OyIyT HapaBJICHBI HA IPUMEHEHUE ITHX MATPUII K PacuETy jKeIe300eTOHHBIX 0aJIOK C yde-
TOM (U3MUYECCKOI HEIMHEIHOCTH, a TAK)KE Ha PEIICHUE 3a]]a9 yCTOMYMBOCTH M JHHAMUKH 0aJIOK IEPEMEHHOM )KECTKOCTH.

KiroueBsble ciioBa: METO/J] KOHCYHBIX SJIEMCHTOB, MaTpHUIla )KECTKOCTH, 0aJIOUHBII OJIEMEHT, NIEPEMEHHAA KCCTKOCTh

BaarogapHocTb. ABTOp BhIpakaeT 0J1arogapHOCTh PEJaKIMy U PEIICH3EHTaM 32 BHIMATEIbHOE OTHOIIICHHE K CTAaThe U
YKa3aHHbIE 3aMeUaHusl, KOTOPbIC TTO3BOJIWIH MTOBBICUTH €€ KaueCTBO.
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Introduction. In modern engineering practice, specifically in the context of sustainable development and resource
optimization, structures with variable stiffness — for example, beams with variable cross-sections — are widely used [1].
Such solutions significantly reduce the material consumption and dead weight of structures, which directly improves their
cost-effectiveness and environmental friendliness by reducing material consumption [2]. In addition, the mathematical
model of a beam of variable stiffness serves as a tool for the qualitative description of the stress-strain state of reinforced
concrete elements, in which the change in stiffness occurs due to the nonlinear behavior of the material [3, 4] and the
formation of cracks [5, 6].

In statically indeterminate beams, which are common in structural mechanics, the distribution of internal forces
depends on the stiffness ratio of the elements. Neglecting the variable nature of stiffness can cause significant errors in
determining internal forces and, consequently, the incorrect cross-section selection, which compromises both the
reliability and economic viability of the project. Figure 1 shows a clear example: taking into account variable stiffness in
a beam (Fig. 1 b) has led to a radical change in the bending moment diagram compared to the calculation model of
constant stiffness (Fig. 1 a).

323 75758 6715

a) b)

Fig. 1. Results of calculation of statically indeterminate beam:
a — fragment of statically indeterminate beam of constant stiffness and diagram
of bending moments in it; b — the same for beam of variable stiffness

The analysis of beams with variable cross-sections is traditionally performed using numerical methods, in particular,
the finite element method (FEM). Despite the existence of analytical solutions [7], they are often represented as complex
series [8] or special functions [9], which complicates their practical implementation in engineering software. Moreover,
such solutions often lack universality for arbitrary laws of stiffness change and boundary conditions [10, 11].

The stress-strain state of beams with variable cross-sections has been studied by various authors for a long time. In the
context of numerical calculations using FEM, some of the first works [12, 13] can be mentioned. The most common approach
to accounting for variable stiffness is a discrete approximation using finite elements of constant stiffness (Fig. 1 »), whose
value is taken equal to the average in the section [14, 15]. Despite its simplicity, this approach does not always ensure the
required accuracy of calculations.

More accurate results are obtained by using a linear approximation of the stiffness within the finite element. This
approach is described in this article. At the same time, classical methods for constructing stiffness matrices for elements
with variable parameters [16], based on variational approaches [17] or approximations [18], may not provide the exact
fulfillment of the differential equations of equilibrium and boundary conditions. This causes errors with significant
changes in stiffness along the length of the element or in extreme cases, for example, when modeling zones with a sharp
drop in stiffness (formation of cracks, plastic hinge).

Thus, the relevance of this study is determined by the need to develop an efficient and more accurate method for
calculating beams with variable stiffness.

The objective of this study is to obtain and verify stiffness matrices for a beam finite element with a piecewise linear
law of stiffness change.

To reach this objective, the following tasks were formulated:

1. To obtain an approximate stiffness matrix on the basis of a variational formulation of the problem and a linear
approximation of the stiffness within the finite element.

2. To develop an exact stiffness matrix for a beam finite element with linearly varying stiffness using an analytical
solution to the differential bending equation.
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3. To conduct a comparative analysis of the accuracy of the calculation results using the proposed stiffness matrices
and the classical approach with discrete stiffness approximation on a series of test examples; to determine the accuracy
by comparing to the results of the analytical solution.

Materials and Methods

Variational Method for Obtaining the Stiffness Matrix. Variational methods [19] are the generally accepted and most
versatile methods for obtaining the stiffness matrix of a finite element. The accuracy of the resulting matrix depends on
how well the input approximation of the desired function reflects the solution to the differential equation.

For the beam under consideration, the classical Euler-Bernoulli hypotheses are applied. The change in the flexural
stiffness of the cross-section D: along the length of the finite element is assumed to be a linear function:

D, (x)=D, [\Vo +%(\V1 _Wo)}’ D, (0)=yoDy, D.(L)=y,Dy, (1)

where Dy — initial stiffness; L — length of the finite element; yo and y; — coefficients that take into account the change
in initial stiffness Dy at the beginning and end of the element, respectively. In this case, yo > 0 and y; > 0.

The finite element method is considered in the form of displacements. The unknowns are the deflection and rotation
angle of the section v; and o; (Fig. 2 a) at the beginning x = 0 and end x = L of the element.

VUL E V(—¥>X4
S U
a) b)

Fig. 2. Beam finite element:
a — unknowns of the finite element method; » — nodal loads and internal forces

To approximate the displacement function v(x), Hermite polynomials are used [1, 4]:

V=N +@oN, + VN3 + 9Ny, (2)
where N; — shape functions (Hermite polynomials) written below:
2x3 3x? x> 2x? 2x3  3x? x> x?
N=———"—"+1;, Ny=—-"—+x;, Nyj=——+—-; Ny=——"—. 3
T2 L Tt L )
Approximation (2) corresponds to the following boundary conditions:
v(0)=vo, v'(0)=¢(0) =0, v(L)=w, V(L)=0(L)=9,. (€))

The prime in (4) denotes the derivative of function v(x) in respect to x.

From formulas (3), it follows that classical shape functions do not take into account the distribution of bending stiffness
along the length of the element, which, in turn, negatively impacts the accuracy of the calculation results. To improve the
accuracy of calculations, when using a variational formulation of the problem, the double approximation method can be

applied [20].
The bending moment is associated with the curvature by the relation:
d?v M
2z 5
dx? D )

z

Here, D. — bending stiffness of the beam cross-section according to (1).
Taking into account (2) and (3):

_MZ =y 12_x_£j+ (6_x_ij+v (_lz_x+£j+ (@_zj (6)
p. N\ )" e L) e T e)"M e
The potential energy of bending deformation is determined by the formula:
L 2
1 d*v
=—|D.| —| dx 7
2 .([ [dx2 j 2

Taking into account (6) and (1), formula (7) takes the form:
U-2L° /D, = 6(\Vo +\V1)f11 +4L(2\V0 +\V1)f12 _IZ(WO +\V1)f13 +4L(\Vo +2\V1)f14 +
+I? (3\Vo Jr\lfl)fzz _4L(2W0 +\I’1)f23 +20° (\lfo +y, )f24 + (®
+6(\I/0 +V, )4](33 —4L(\Ifo +2y, )f34 +I7 (‘4/0 +3y, )f447
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where
Jii=vovo, fi2 =Vve@o; fis =Vvovis fia =Vo®is )
S22 =000, f23 =00v1, foa =001 fi3 =V f3 = V01, fas = 0101

If we introduce the vector of unknowns u = [vo, ®y, Vi, O; ]T , then (8) can be rewritten in the following form:

U:%_T{K]-LT. (10)

Here, [K] — stiffness matrix of the element, determined taking into account (8) and (9):
6(wo+yy) | 2LQ2wo+wy) | —6(wo+wi) | 2L(wo+2vy;)
[K]:& 2L(2yg+y) | L (Bwo+vy) | 2L(2we+w) | L (wo+v) | an
L —6(wo+wi) | 2L(2yo+w) | 6(wo+wi) | —2L(wo+2v)
2L(wo+2y) | L (wo+yy) | 2L(wo+2y) | L*(wo+3y,)

This case yo = yo = 1 corresponds to the classical beam stiffness matrix.
The positive directions of the nodal loads and internal forces are shown in Figure 2 b, from which it follows:

Oy =-Xi; My=Xy, O =X, My =-X,. (12)

Let us calculate the work of external forces.

L
W:XIVO +X2(p0 +X3V1 +X4(p1 +I(qv)dx:

0
qL qu gL qu

=| X, +— +| X, +— +| Xy +— v, +| Xy —"— |0;.

( 1 2)"0 ( 2 D ](Po ( 3 5 Vi 4 D (O

Wil (F+F,). (14)

(13)

In matrix form

where F — vector of concentrated nodal loads; F, q — vector of nodal loads from distributed loads. The components of

these vectors have the form (15):
F=[X, Xo, X, X,]' F,=[qL/2, q1* /12, qL/2, —qI* /12] . (15)
As we can see, the vector of nodal forces from distributed loads obtained in (15) does not take into account the change
in stiffness along the length. This is a drawback of the variational approach in the context of the problem under
consideration.
The total energy of the system, taking into account (10) and (14), is determined by the expression:

1_ = =
H:U—W:Eur-[K]-u—uT-(F+Fq). (16)
Applying the principle of minimum potential energy, we obtain the condition for the stationarity of functional (16):
off 0 |1_; _ (= = _ (= =
—=—1—u |K|u-u"(F+F,));=|K|u—-(F+F,)=0. 17
L K - (Fo ) = [K)a-(F 4 F,) an
The basic equation of the finite element method follows from (17):

[K]-u=F+F,. (18)
Direct Method for Obtaining the Stiffness Matrix. The resulting stiffness matrix (11) has a significant drawback. If we

assume vo = @o = 0, as well as yo = 0 and y; = 1 (which corresponds to zero stiffness at the left clamped edge), the moment
at the left edge will be determined by the formula:

D,
My=X,=K,vy+K,,00+K53v; + K, 40, :L_S(_zvl +(P1L)~ (19)

Note that (19) considers a limiting case — a mathematical idealization, where the stiffness at the support is not simply
small but asymptotically tends to zero. Thus, in accordance with (19), the moment at the left edge does not vanish, which
contradicts formula (5). The reason lies in the inaccurate approximation of the deflection function by formula (2). To
eliminate this discrepancy, an exact stiffness matrix was found through direct integrating the differential equation for
beam bending, taking into account the change in stiffness along the length by formula (1).

A similar approach was used by other authors. In [21], the solution is obtained in the form of power series, therefore,
it cannot be considered closed. In [22], a direct integration method is used to obtain the stiffness matrix of an element
with a power law of stiffness change for stability problems. In [23], an arbitrary law of stiffness change along the length
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is considered. However, for the practical use of the presented results, integration is required. Works [24, 25] are devoted
to solving stability problems. In these papers, the law of stiffness change along the length is given in the form of a
polynomial of the second and fourth degree, while the vector of nodal forces from distributed loads is not provided. A
common drawback of works that take into account second and higher order polynomials in the function of stiffness change
along the length is the complexity of calculating the stiffness matrix. For example, according to [26], to obtain the stiffness
matrix coefficients, it is required to calculate expressions of the form sin[e /n (A)] (the original notations are preserved),
which complicates the analysis of limiting cases and the implementation of solutions in commercial software packages.

To obtain an accurate stiffness matrix, the differential equation for plane transverse bending of a beam with variable
stiffness, known from the course on strength of materials, is considered:

2 2
%(DZ %} =q. (20)

Given the form (1), the general solution to the homogeneous equation (20) will contain a logarithm. We eliminate the

dimensional quantities under the logarithm sign by replacing the variable using the formula:

x=pL, 02p=1. 21
Considering (21):
dv 1dv
g=dr_Ldv (22)
dx Ldp

As aresult, general solution [27] of equation (20) takes the form:
2 *
v(p)=Ci+Cy(p—a) +Cs(p—a)+Cy(p—a)inlp—af+v", (23)
where o=/ (yo— 1), v' — particular solution to the inhomogeneous equation. Due to its cumbersome nature, the
particular solution is not given.
Solution (23) is valid for the cases yo # V1, p # a, since these cases generate uncertainties that are resolved through
limiting in formulas (31), (32) and (33).
The unknown integration constants are determined from the boundary conditions:
v(0)=vy; V'(0)=@oL; v(1)=v,; V(1)=9,L. (24)
In (24), the prime denotes the derivative with respect to p. Multiplier L at the rotation angles in the boundary
conditions (24) is present due to the introduced change of variable (21), which is reflected in (22). After determining the
integration constants from (24), the moment and shear force in the beam, taking into account the introduced change of
variables, are calculated using the formulas:

Do|wo+p(wi—vo)|d®v(p 1 d d*v(p
M=— 0[ 0 E ! 01 dp(2); Q=—Fd—p(Do[Wo+p(\V1—\V0)] dp(2 )] (25)

The coefficients of the stiffness matrix, taking into account (25) and (12), can be found from the expressions:

X, = _Q(O) =k o +kpQo +hsv Hhue - Fyy
X, = M(O) =kyvo +knQo +kp3vi + k@ — Fy o)

X3 = Q(l) = k3 vo H k3@ +ha3v ka0 — F 50

Xy ==M (1) = kv +kip@o +kyzvy +kay@y —F 4.

(26)

Matrix form (26) is equivalent to the one obtained earlier (18). The stiffness matrix in the case under consideration

will take the form:

2870 2LE®, 2820 —2LE®,
D, | 2L&oy | L (2yowo =€) | 2L&wy | —L* (2yo0, +E7)
[]= BL | 287 —2LEm, 2670, 2LEw, 27)
“2LEo, | -L* (2yoo; +82) | 2LEw, | (29,0, +E?)
In (27), the following notations are introduced for the sake of compactness:
A=In(yo /1) E=yo—wi B=A(yo+Wi)=2& @ =yoh—& o =yAr-E (28)
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To implement the proposed stiffness matrix in software, it is critical to be able to transform distributed loads into a
nodal force vector. The exact expressions for vector F, , are given below.

gL 20 (23 +2vow, —v?) 383y - ) ]|
6BE
qu [27“1/0 (\I/o + 2W1)—§(5W0 +y, )]
_ 12BE
F, - | (29)
gL 20 (w3 =2 0w, ~ 2y} ) - 3&(wo -3y, |
6BE
ql? [27“!/1 (2W0 +\V1)_E,~(‘V0 +35y, )}
L 12B8 ]

The main advantage of the obtained matrix (27) and vector (29) is the simplicity of implementation, as well as the
absence of series and special functions in the calculations.

When solving certain problems, it is more convenient to relate section stiffness coefficients yo and vy to the curvature.
In this case, it is necessary to know how the curvature is related to the displacements and rotation angles of the nodes of
the element. Formula (5) can be used for this. Knowing how the moment is expressed at the beginning and end of the
element according to formulas (26), we obtain:

d? M (0 1

KZ i = _%(0)) = _Do\l’o (k21V0 +hknQo +kyvy + k@, _Fq,Z);

| Mp=1) (30)
_;} == P= = (k41V0 +hkyp@o +kg3vi + ki _Fq,4)'

ax=| _; D, (x=L) Dy,

Cases yo=0, y; =0 and yo=y; =\ generate uncertainties of various types in matrix (27) and vector (29). Let us
develop them.

Case yo = 0.
1]o]|-1]L qL/3
(k)= 222 L0 ) O 31)
rr |-10 =L "% | 2qL/3
L|0|-L|L? —ql* /6
Case y; = 0.
1| L]|-1]0 2qL/3
2
[k]=2Rowo| L LT LTELR) |0l @2)
rro|-1|-L 0" 7 | qL/3 ]
00|00 0

From (31) and (32), it is evident that the columns and rows of the stiffness matrix, as well as the components of the
nodal force vector from distributed loads associated with the bending moments at the left and right ends of the finite
element, respectively, are set to zero — which corresponds to equation (5). The vanishing of the bending stiffness can
occur, for example, when tensile reinforcement breaks, or the compressed zone of a reinforced concrete beam fails in any
section. In the case of a statically indeterminate beam, the structure can continue to function during such failures. In
commercial software packages, when such situations arise, hinges are typically activated in the calculation model.

Case o = 1 = y. This case corresponds to the classical stiffness matrix.

12 | 6L |-12] 6L qL /2
2 2
[K]:DO"’ OL | 4% | 6L |2L* | — ql* /12 33)
3 |-12|-6L| 12 |-6L| "¢ qgL/2 |
6L | 21> | -6L | 417 —qL* /12

In practical calculations, to reduce computational errors that may accumulate during the calculation of the stiffness matrix
components and factors (28), it is recommended to use formulas (31), (32) and (33) not when strictly reaching the limiting
case, but when approaching it. For example, set the threshold conditions for using (27) and (29) in the form y; > 10 and
[1 — o/ yi1| > 1073, The specified values are approximate and depend on the specific implementation features.
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Figure 3 shows graphs of three elements of the stiffness matrix, calculated using formulas (11) and (27) for
Y1 = D() =L= 1.

ki,js St
0.8 }
0.6 |
0.4+
02+
00 02 04 06 08  w
- kllTO‘lH./lz P kzzroqﬂ./4 - klzTqu'/6
- — knnpvxﬁ_x./IZ - — kzznpyxﬁ_x./4 . klzupuﬁu./é

Fig. 3. Dependences ki1, k22 and k12 on wo. Solid lines are based on exact stiffness matrix (27);
dashed lines — on approximate matrix (11)

The results presented in Figure 3 show that, for yo = 0 and the corresponding boundary conditions, the stiffness matrix
coefficients associated with the moment at the left edge vanish in the exact matrix (27) — this corresponds to the physical
meaning. Approximate stiffness matrix (11) does not have this property. With a significant difference in stiffness, at the
beginning and end of the element (yo / v <0.2), values of the coefficients of the exact and approximate matrices can
differ by up to 100% (excluding from consideration the limiting case yo — 0). In such situations, it is recommended to
use exact stiffness matrix (27). Similar conclusions can be drawn for the right edge of the finite element.

Research Results. To demonstrate the results obtained using the proposed stiffness matrices, calculation examples
are performed for beams of length 2L, shown in Figure 4.

/’ [T
"’Tﬂ

I | ]
T L | 1 L L

a) b)

Fig. 4. Schematic diagrams for calculation examples:
a — clamped beam of length 2L, loaded with concentrated force;

b — the same under uniformly distributed load

Due to symmetry with respect to x = L, half of the beam is considered in the solution. The boundary conditions under
the action of a concentrated force (diagram in Fig. 4 a) are as follows:

v(0)=0, v/(0)=0; v'(L)=0; (D.v")| =-P/2. (34)
Similarly for the case of distributed load (diagram in Fig. 4 b):
v(0)=0; v'(0)=0; v'(L)=0; (Dov")| =0 (35)
x=L

The following stiffness distribution function along the beam length is considered:
2 2
D, (x)=D0 {so —%(3% +5 —4)+%(S0 +S1—2):|, 36)

so and s1 — beam stiffness coefficients at the beginning and middle of the span, that is, D.(0) = Doso and D-(L) = Dos;. In
this case, D-(L / 2) = Dy. It is important to note that (36) determines the law of stiffness change along the length of the
beam as a whole, while (1) — along the length of the finite element.

Function (36) is selected on the base of the method of load application and the boundary conditions. In this case, for
a beam of constant stiffness, the moments at the support and in the middle of the beam reach maximum values. If the
beam material is reinforced concrete, cracks and a decrease in flexural stiffness should be expected at these points [27].
At a quarter span, the moments are close to zero and, consequently, the stiffness is close to the initial DAL / 2) = Dy.
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Figure 5 shows the graphs of the stiffness distribution along the length of the beam, as well as the approximation
methods under consideration for two alternatives: option 1 — so = 0.001, s; = 1.0; option 2 — 50 = 0.6, 51 = 0.2.

D. /D, D./ Dy

1.0 %l?_'* 1.0

/ s1=1.0
/ 50=0.6

0.5 1 / 0.5

so=1073 s1=0.2

0.0 0.2 0.4 0.6 0.8 x/L 0.0 0.2 0.4 0.6 0.8 x/L
—1la —2a —3a —1b —2b —3b
a) b)
Fig. 5. Stiffness D-(x) / Do distribution along the beam length:
a— option 1 — 50 =0.001 and 51 = 1.0; b — option 2 — 50 = 0.6 and s1 = 0.2.

Curves 1 a, 1 b — initial function; 2 a, 2 b — piecewise linear approximation;
3 a, 3 b — discrete approximation

From the results presented in Figure 5, it is evident that the linear approximation, even with five finite elements,
provides satisfactory agreement (the deviation does not exceed 5%) with the initial function of stiffness change along the
length for the examples under consideration. High accuracy is maintained when approximating the stiffness with a
piecewise linear function for variable cross-sections of complex shape [28]. The value of the average stiffness for discrete
approximation was calculated using the formula:

. (x) dx. 37
The results of calculating the coefficients for the stiffness matrices of finite elements are given in Table 1. For discrete
approximation, yo =y = y.

Table 1
Coefficients of Element Stiffness Matrices
Element 1 2 3 4 5
X; X1 0.0 0.6 0.6 1.2 1.2 1.8 1.8 24 24 3.0
Option 1: 50 =0.001 and s; = 1.0
Coeff. yo,1 Yo (T VYo Vi Yo Vi Yo Y1 Yo Vi
Linear 0.001 0.52 0.52 0.88 0.88 1.08 1.08 1.12 1.12 1.0
Discrete 0.274 0.714 0.993 1.113 1.073
Option 2: 50 = 0.6 and s; = 0.2
Coeff. yo,1 Yo (T VYo Vi Yo Vi Yo Y1 Yo Vi
Linear 0.6 0.904 | 0.904 | 1.016 | 1.016 | 0.936 | 0.936 | 0.664 | 0.664 0.2
Discrete 0.768 0.976 0.992 0.816 0.448

Since an elastic problem is being solved, the results of calculating the stress-strain state components depend linearly on
the load magnitude and initial stiffness Dy. Therefore, in the calculation, these quantities are assumed to be equal to unity.

The solution to equation (20) with boundary conditions (34) and the law of stiffness change (36) is found analytically
for values so and s; under consideration. Due to its cumbersome nature, this solution is not presented here. It was not
possible to obtain an analytical solution for arbitrary values so and s.

The results from the obtained analytical solution were then compared to the results of the finite element calculation.
In the basic calculation, the beam was divided into five finite elements. To study the effect of the number of finite elements
on the accuracy of the results, a series of calculations were performed in which their number varied.
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Based on the calculation results, the error value was determined in comparison with the analytical solution. To
formulate conclusions regarding the required number of elements, a 5% error threshold was adopted. Conclusions
regarding the feasibility of applying this approach in practical calculations were based on the assumption that the threshold
accuracy was achieved with fewer than 60 elements — in this case, the finite element length was 50 mm. Using a finer
granularity is impractical for calculating beams in building structures — it significantly increases computational costs
and calculation time. The maximum number of elements in the calculation examples was set to 400 (with a finite element
length of 7.5 mm). With a larger number of finite elements, the solver implemented by the author began to accumulate
computational errors.

Example 1. Solution to the problem of bending of a clamped beam loaded at the center with a concentrated force. A
sketch of the calculation scheme is shown in Figure 4 a. The stiffness distribution is adopted according to option 1:
s0=10.001 and s; = 1. The graph of the stiffness function for this option is shown in Figure 5 a. Figures 6 and 7 show the
results of calculating the deflections and bending moments, as well as the calculation error.

0.0 0.‘5 1.‘0 1:5 2.‘0 2.‘5 xmoo5 ot

0.8] ol

1.6

321

v+ Do/P, m*{ 0.0 0.5 1.0 M.

ODia €22 A3a =—4a O ¢2b A3b
a) b)

Fig. 6. Results of deflection calculations for the example: @ — calculation results of deflection v depending on x;
b — calculation error depending on the number of finite elements. 1 @, 1 b — linear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b — discrete approximation; 4 a — analytical calculation results

00 05 10 15 20 25 wm ol
(m]
10}
O

(m]

5 O
0 10 100 Nec.

Oila 922 A3a =4 Oib &2b A3b
a) b)

Fig. 7. Results of moment calculations for example 1: a — calculation results of bending moment M depending on x;
b — calculation error depending on the number of finite elements; 1 a, 1 b — linear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b — discrete approximation; 4 ¢ — analytical calculation results

Example 2. Example 1, considered previously, represents a case close to the limit, since the stiffness at the left edge
of the beam tends to zero. For a more objective assessment of the accuracy of the approaches under consideration, a
similar series of calculations was performed for the case of a smooth change in stiffness. Figures 8 and 9 present the
results for option 2 of the stiffness change, namely for so = 0.6 and s; = 0.2. The graph of the stiffness function for this
option is shown in Figure 5 b.
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Fig. 8. Results of deflection calculations for example 2: @ —calculation results of deflections v depending on x;
b — calculation error depending on the number of finite elements. 1 @, 1 5 — linear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b — discrete approximation; 4 ¢ — analytical calculation results
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Fig. 9. Results of calculating moments for example 2: a — calculation results of bending moments M depending on x;
b — calculation error depending on the number of finite elements. 1 @, 1 5 — linear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b — discrete approximation; 4 a — analytical calculation results

Example 3. The problem of bending of a clamped beam under a distributed load. The sketch is shown in Figure 4 b. The
calculation results in Figures 10 and 11 were obtained for option 1 of the stiffness distribution, i.e., for so =0.001 and s; = 1.

0.0 0‘.5 1‘.0 175 2‘.0 2‘.5 X, ‘m T
3.0¢4 10}
6.04 H
5 =
9.04
v+ Dyg, m*] 0 10 100 7o
Oila ¢2a A3a =—4a Oib ¢2b A3b
a) b)

Fig. 10. Results of deflection calculations for example 3: @ — calculation results of deflections v depending on x;
b — calculation error depending on the number of finite elements; 1 a, 1 5 — inear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b— discrete approximation; 4 a — analytical calculation results
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Fig. 11. Results of calculating moments for example 3: @ — calculation results of bending moments M depending on x;
b — calculation error depending on the number of finite elements; 1 a, 1 5 — linear approximation and exact stiffness matrix (27);
2 a, 2 b — linear approximation and approximate stiffness matrix (11);
3 a, 3 b — discrete approximation; 4 ¢ — analytical calculation results

Discussion. Based on the analysis of the results shown in Figures 6 and 7, the following conclusions were formulated.
In cases of significant changes in stiffness, as in Example 1, only the exact stiffness matrix (27) provided obtaining results
comparable with an analytical calculation. In this case, the threshold accuracy of 5% was attained with five finite elements
for displacements (Fig. 6 b) and with six finite elements (Fig. 7 b) for bending moments. Using the approximate stiffness
matrix (11), similar accuracy was attained only with 90 and 180 finite elements for deflections and moments, respectively.
Discrete approximation allowed us to obtain the threshold accuracy for deflections with 220 finite elements. For moments,
the required accuracy for discrete approximation was not attained even with 400 elements.

The calculation results for a distributed load, shown in Figures 10 and 11 for Example 3, are similar to those shown
in Figures 6 and 7 for Example 1. The key difference is that the accuracy of the results when using the approximate
matrix (11) and the discrete approximation has decreased. Thus, it can be concluded that the calculation results are affected
not only by the stiffness matrix — exact or approximate — but also by the vector of nodal forces from distributed loads.

Based on the calculation results for a smooth change in stiffness, shown in Figures 8 and 9 for Example 2, the following
conclusions were drawn. The approximate (11) and exact (27) finite element stiffness matrices for a smooth change in
beam stiffness along its length allowed for comparable results with fewer elements. For example, to attain an error of 5%
when calculating deflections using the proposed matrices, no more than four finite elements were required, compared
with eight for discrete approximation. Thus, even in the case of a smooth change in stiffness, a linear approximation
within a finite element allowed for a two-fold reduction in the degree of discretization of the calculation model, while
maintaining comparable calculation accuracy.

The results presented in Figure 8 b and Figure 9 b have a unique feature. The results obtained by the approximate
stiffness matrix (11) with the same number of elements showed a smaller deviation from the analytical solution than the
results obtained by the exact matrix (27). This was due to the convexity (Fig. 5) of the stiffness change function along the
length. In this case, the area of the figure bounded above by the approximation was smaller than the initial. Consequently,
the deflection value obtained by the linear approximation was greater (0 a). From the results of calculating the coefficients
of the approximate (11) and exact matrix (27), shown in Figure 3, it was clear that the approximate matrix (11) had greater
stiffness, which partially compensated for this effect and reduced the total error. Below is matrix [AK], whose coefficients
were calculated from the formula where AK;;= Kf]’-ma/ K7™ e Kf]’-ma — coefficients of matrix (11);
K7™ — coefficients of matrix (27). The calculations were performed for parameters yo = 0.664, y1 = 0.2, Do = 1.0 and
L = 0.6, which corresponds to the fifth finite element for option 2 of the stiffness distribution.

1.09 1.08 1.09 1.11
1.08 1.06 1.08 1.14
[2K] = 1.09 1.08 1.09 L11|

.11 1.14 1.11 1.09

(3%

The average value of the coefficients of matrix (38) is 1.098. Therefore, the stiffness of finite element 5 will be
approximately 10% higher if the approximate stiffness matrix is used (11).
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Conclusion. This paper proposes and verifies an approach to constructing stiffness matrices for beam finite elements
with linear stiffness change along their length. Both approximate (based on a variational solution to the problem) and
exact (by analytical integration of a differential equation) stiffness matrices and corresponding nodal load vectors are
obtained. The key advantages of the resulting matrices are the following.

1. Analytical form of approximate (11) and exact (27) stiffness matrices is presented, as well as approximate (15) and
exact (29) vectors of nodal forces from distributed loads, which makes them easily implemented in existing FEM
programs — both in the author's implementation in Python and in commercial packages.

2. The presented verification examples (Fig. 6-11) allow us to state that even with a relatively rough discretization (a
small number of elements), the linear approximation describes adequately the stress-strain state of beams with both
smooth and abrupt changes in stiffness (including modeling of zones of significant decrease in stiffness).

Linear stiffness approximation provides an optimal balance between accuracy, complexity, and computational
resources, making the proposed method a practical tool for analyzing real-world structures with variable stiffness. A
comparison of calculation results using an approximate and exact stiffness matrix shows that the approximate matrix
allows for attaining the required accuracy with high precision and lower computational costs for beams with smoothly
varying stiffness along their length. For rapid changes in stiffness along the length, as well as in extreme cases, to obtain
significantly higher accuracy while maintaining the same number of elements, it is recommended to use the exact (27)
stiffness matrix. Discrete approximation is only applicable in cases of smooth changes in stiffness along the length.

The resulting stiffness matrices open up possibilities for more accurate and efficient analysis of real structures,
including reinforced concrete elements, taking into account physical nonlinearity — this determines the direction of
further research. It is also planned to obtain a geometric stiffness matrix for solving stability problems and a mass matrix

for dynamic analysis.
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Abstract

Introduction. Briquetting and pressing of wood and other powdered materials are becoming key processes in the
circular economy and recycling of wood processing waste. Accurate calculation of compaction pressure is essential for
equipment selection and optimization, making the task of modeling the deformation of conglomerates both practical and
economically significant. The literature addresses the mechanics of powder media, porous materials, and the modeling
of elastic-plastic deformations of granular conglomerates. However, most models assume fixed mechanical
characteristics or approximations that do not account for the dependence of strength and elastic properties on changing
density under compression. This leaves a gap in theoretical and applied approaches to adequately calculating pressure
for materials with variable density. Therefore, the objective of this work is to develop an approach for calculating the
compaction pressure of a particle conglomerate as a function of the degree of elastic compression, taking into account
changes in the mechanical characteristics of the medium.

Materials and Methods. In the mathematical description of the research problem, the provisions of the theory of
elasticity were used. Based on the principle of superposition, the process of medium deformation was divided into a
number of stages, within which the particle conglomerate received a small increment in height, and the mechanical
characteristics assumed a constant value. The proposed approach for determining the compaction pressure was based on
the solution to a series of inverse elastic problems in which the displacement of the upper boundary of a conglomerate
of rectangular particles was specified, and the normal stress that caused this increment was sought. To account for
changes in the density of the medium during deformation, the method of sequential loads was used, within each of
them, the density was taken to be constant and was determined depending on the magnitude of the total compressive
deformation. The Hencky strain, which has the property of additivity, was used as a measure of deformation.

Results. As part of the study, an iterative model was constructed for calculating the compaction pressure of a particle
conglomerate when the mechanical characteristics change depending on the degree of elastic compression. Series of test
calculations were conducted using a conglomerate of wood particles, whose Young's modulus is described by a power-law
density function. At each stage of deformation, the elastic constants of the material were assumed to be constant, depending on
the density of the medium. Using the equilibrium equation and the superposition principle, based on the results of solving elastic
deformation problems, the compaction pressure was calculated at each loading stage, and the dependence of the compaction
pressure on the magnitude of the compressive deformation and the degree of compaction was constructed.

Discussion. The obtained results of deformation of the medium taking into account the change in mechanical
characteristics depending on the degree of compression showed a clearly expressed nonlinearity of the curve of
dependence of the compaction pressure on the compression deformation — with an increase in pressure, both the
degree of compaction of the medium and the compression deformation increase. A comparative analysis of calculations
using the example of a conglomerate of wood particles under the condition of a constant density of the medium and
taking into account the change in density during the deformation process revealed a significant error in estimating the
compaction pressure when averaging the density or when using constant density values corresponding to the initial
(undeformed) or final state.
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Conclusion. The constructed iterative model allows for calculating the compaction pressure of a particle conglomerate,
taking into account changes in mechanical properties under elastic compression. The proposed approach accounts for
the nonlinearity of the compaction pressure dependence on the degree of compaction of the medium and can be applied
to briquetting processes for wood waste.

Keywords: pressing, compressibility, density, particle conglomerate, sequential loading, stress-strain state
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AHHOTALINA

Beseoenue. TIponecchl OpUKETUPOBAHNS M IIPECCOBAHMSA JAPEBECHBIX M JPYTUX MOPOIIKOOOPa3HBIX MaTepHAIOB CTaHO-
BSITCS KJIFOUEBBIMH B KPYTOBOM 3KOHOMMKE M YTHIIM3aLUH OTXOO0B JiepeBooOpaboTku. TOUHBIH pacyeT 1aBieHHs pec-
COBaHHUS HEOOXOIWM Al BEIOOpa 00OpYIOBaHUS M ONTHMH3AINN PEXHMOB, UTO JIETAeT 3a7ady MOAEIHPOBAHUS JIe-
(OopMHPOBaHUs KOHITIOMEPATOB MPAKTHYECKU U SKOHOMHYECKH 3HaYMMOW. B nuTeparype paccMaTpuBaroTCsi MEXaHUKa
MTOPOIIKOBEIX CPell, HOPUCTHIX MaTEPHAIIOB W MOJCITUPOBAHNE YIIPYTOIUIACTHYCCKHX NeopMaIuii TpaHyIIpHBIX KOH-
TJIOMEPATOB; OJTHAKO OOJIBIIMHCTBO MOJIEINeil peanoiaraeT (GUKCHPOBaHHBIE MEXaHMYECKUE XapaKTEPUCTUKH MITH arl-
MIPOKCUMAIIAH, HE YYHTHIBAIOIINE 3aBHCUMOCTH IPOYHOCTH W YIPYTHUX CBOMCTB OT M3MEHSIOUICHCA TUIOTHOCTH TPH
CXKaTUU. DTO OCTABISET MPoOesl B TEOPETUUECKUX M IMPUKIATHBIX MOJAXO0JaX K afeKBaTHOMY pacueTy JaBICHHS AJ
MaTepHaJIOB C IEPEeMEHHOH TUIOTHOCTHI0. [109TOMY 1epio JaHHON paboOTHI ABIsETCA pa3padoTKa MOaXoAa Ui pacdyera
JIaBJICHHUS! TIPECCOBaHMs KOHIJIOMEpaTa YacTHL KaK (YHKIIMIO CTENIEHN YIPYTOro CKAaTUs C yYEeTOM U3MEHEHHSI MEXaHH-
YECKHUX XapaKTEPUCTHK CPEIIBL.

Mamepuanovt u memoosl. [Ipy MaTeMaTUYECKOM OMKUCAHUU UCCIIEIYEMOMN 3a/1a4i UCTIOIB30BATINCH TTOJIOKEHHUST TEOPUU
ynpyroctd. Ha ocHOBaHWM TpWHIWIIA CYTIEPIIO3UIMH Tporiecc AeGopMUpOBaHMS cpenbl pa30mWBajics HAa HECKOJIBKO
9TanoB, B KaXJIOM M3 KOTOPBIX Cpefa Mojydaja Majoe MpHpalieHHe IO BBICOTE, a MEXAaHWYECKHE XapaKTEePUCTHUKU
OCTaBAIHMCh IOCTOSIHHBIMU. [IpeIIoKeHHBI METO OTPEACIICHHS JaBIICHISI IPECCOBAHMS OTIMPAJICS Ha PEIICHUE CepUn
00paTHBIX yNPYTHX 3a/ad, B KOTOPHIX 33/aBajoCh NepeMelleHre BepXHel I'paHUIlBl KOHTJIOMepaTa MpSIMOYTOIbHBIX
YacTHUI] ¥ UCKAJIOCh HOpMaJbHOE HaNpsHKEHUE, BRI3BABIICe 3TO IpupamieHue. [ yuéra Hu3MeHeHHsI TNIOTHOCTH CPEJIbI
B Ipoliecce IeGpOpMUPOBaHHS MMPUMEHSIICS METOJI MOCIEA0BATENbHBIX HArpy)KeHHH — B MpejeNnax KaIoro U3 HUX
IUTOTHOCTB MIPUHUMAJIACh TIOCTOSHHOM U OTIpeeIsiIach B 3aBUCHIMOCTH OT BEIMIMHBI CyMMapHOH e(opManiy CoKaTHsL.
B kagectBe MepsI Aeopmarin uconb3oBanacs aehopmarmsa I'enkn, o61anaronas CBOMCTBOM a/TATHBHOCTH.
Pezynomamut uccnedosanus. B paMxax uccnenoBaHus MOCTPOEHA UTEPALIMOHHAA MOJENb pacuéTa AaBICHUS IPEcco-
BaHUS KOHTJIOMEpara YacTUI[ NMPH W3MEHEHWH MEXaHWYECKHX XapaKTEPHUCTHK B 3aBHCHMOCTH OT CTEIEHH yNPYTroro
cxarust. IIpoBeneHsl cepur TECTOBBIX PAcu€TOB Ha MpPHUMEpPE KOHTIIOMEpaTa JPEBECHBIX YACTHIL, Y KOTOPBIX MOAYJb
IOHra ommceIBaeTcs cTeneHHON GyHKIMeH mioTHOCTH. Ha kakaoM sTare nedopMupoBaHus yIpyriue KOHCTaHTH MaTe-
pHuana IpUHUMAIUCh NOCTOSHHBIMU B 3aBUCHMOCTH OT IJIOTHOCTH cpebl. C UCMONBb30BaHUEM YPABHEHUS PABHOBECHS
U TIPHHIWIA CYTIEPIIO3UIIH TI0 Pe3ysIbTaTaM pemIeHIs 3a1ad YyIpyroro 1eopMHUpOBaHisI OBUIO BBEIUMCIICHO JaBJIICHHE
IIPECCOBAHUS HA Ka)JOM dTale Harpy>KeHUs, a TaKKe IOCTPOEHA 3aBUCHUMOCTh JABIEHUS INPECCOBAHUS OT BEIHUUHBI
nedopManni CKaTHs U CTEIICHN YIUIOTHEHUSI.
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Oécyacoenue. IlomydeHHbIE PE3yIBTAThl 1€(POPMUPOBAHUS CPEABI C YIETOM U3MEHEHHUSI MEXaHNIECKUX XapaKTEPUCTHK
B 3aBUCUMOCTH OT CTENECHH CXKATUS MOKA3aJIH SIBHO BBIPAXKECHHYIO HETMHEHHOCTh KPUBOM 3aBUCHMOCTHU JABJICHUS IIpec-
COBaHMA OT Ae(OPMAINH CHKATHS — IIPU BO3PACTAHNH JIABJICHNS YBEINYNBAIOTCS KaK CTETIEHb YIUIOTHEHUSI CPEIbl, TaK
n nedopmanus cxarusi. CpaBHUTENBHBIN aHAN3 pacdéTOB Ha NMpPUMEPE KOHIJIOMEpaTa JAPEBECHBIX YacTHUIl PU YCIIO-
BUH MOCTOSIHHOW TNIOTHOCTH CPEZbl U ¢ YIETOM M3MEHEHUS IUIOTHOCTH B Ipolecce AeOpMUPOBAHUS BBISIBIII 3HATH-
TEJIHYIO TIOTPELIHOCTh OLICHKHU JaBJICHHsSI TPECCOBAHMUS IPH YCPEAHEHUH MIJIOTHOCTH JIMOO MPH UCIIOIH30BAaHUU TIOCTO-
SIHHBIX 3HaYCHUH IUIOTHOCTH, COOTBETCTBYIONINX HA4YaIbHOMY (HeAe(hOPMHUPOBAHHOMY) HIIM KOHEYHOMY COCTOSIHHIO.

3aknrouenue. IlocTpoeHHast UTepallMOHHAs MOJIEJb MO3BOJIIET PACCUUTATh JaBJIEHUE IIPECCOBAHUS KOHTJIOMepaTta ya-
CTHI[ ¢ YIETOM M3MEHEHMS! MEXaHWIECKUX XapaKTEPHUCTHK IPH YIPyroM cxathu. IIpeanokeHHbIH MOIX0x yInThIBaeT
HEJIMHEHHOCTh 3aBUCMMOCTH JIABJICHHS ITPECCOBAHMS OT CTEIEHH YIUIOTHEHHUS CPEIbl U MOXKET ObITh MPUMEHEH B MPO-

reccax OpUKETHPOBaHMS OTXOJOB 1€PEBOOOPAOOTKH.

KnroueBble ciioBa: npeccoBaHue, CKUMaeMOCTb, INIOTHOCTb, KOHTJIOMEpAT YacTHUIl, NIOCIEA0BATEIbHOE HarpyKeHUe,
HarpsHKeHHO-1e(OPMUPOBAHHOE COCTOSIHHE

BaaronapHoctun. ABTOpHI  BEIpaKaroT OJaroapHOCTh PENAKIMOHHOW KOJUISTMH J>KypHaJla M PELEH3EHTY 3a
npodeccHOHaNBHBIN aHaIM3 CTAThU U PEKOMEHJAINH ISl €€ KOPPEKTUPOBKH.

duHaHcupoBaHWe. lccrienoBaHie BBIMOJHEHO 3a cueT rpanTa Poccuiickoro nHayunoro ¢onma Ne 24-29-00089
https://rscf.ru/project/24-29-00089/

Jdasi  unutupoBanmsa. AmnzapuanoB M.K., HWsano C.H., UYenypuoa E.K. WrepanmonHas MoJenb ymnpyroro
neGopMHUPOBaHUs KOHIJIOMEpaTa YacTHI[l C YYEeTOM CXKHMAaeMOCTH CpeIbl B Tpolecce NpeccoBanus. Advanced
Engineering Research (Rostov-on-Don). 2025;25(4):290-299. https://doi.org/10.23947/2687-1653-2025-25-4-2218

Introduction. Materials with density-dependent mechanical properties are found in various industrial applications.
These include granular media, wood particle aggregates, composite materials, and others. The behavior of such materials
can differ significantly from the classic case, where properties remain constant and are independent of density. Some issues
related to assessing the strength and stiffness of granular media are discussed in [1], and for sand molds — in [2].

Currently, briquetting processes of wood particle conglomerates are widely used in the woodworking waste [3].
Therefore, it is important to describe the behavior of particles during the compacting process. The issues of assessing
the compaction pressure were discussed in [4]; mechanical and thermal analysis of the characteristics of pressed blocks
with wood inclusions — in [5]; assessment of the strength of wood conglomerate — in [6]. Wood sawdust is widely
used in the production of building materials, processing into fuel, and briquetting. The pressing process is affected by
various factors [7]: for example, storage humidity is described in [8], and the effect of temperature is specified in [9]. In
addition, wood particles are used in composite materials, in particular in the production of biocomposites [10],
polymeric materials [11], and multilayer composites [12].

One of the key tasks in particle deformation modeling is the selection of pressing equipment. Paper [13] is devoted
to the selection of pressing machines for producing solid biofuel through granulating, briquetting, and mechanically
processing biomass. When applying the conglomerate pressing procedure, it is important to model the stress-strain state
during the compression process, taking into account the compaction of the medium. A change in density entails a
change in the mechanical properties of the medium, which affects the accuracy of calculating the required deforming
force and the selection of equipment. The development of more accurate methods for calculating compaction pressure,
taking into account the compressibility of the medium, is important for creating new, efficient technologies and
improving existing ones. Some aspects of the mathematical description of an elastic-plastic problem under compression
for the case of constant mechanical properties are discussed in [14].

An analysis of the current state of the art shows that not all software packages are capable of accounting for changes
in density and mechanical properties under deformation. Most CAE systems perform engineering calculations with
given constant values of physical and mechanical properties. Therefore, the development of effective models and
methods for assessing the stress-strain state of media under pressing, taking into account compressibility and changes in
characteristics, is a challenge.

The objective of this study is to develop an approach for calculating the compaction pressure required to compress a
particle conglomerate to a given geometry, taking into account the effect of the compaction degree on the mechanical
properties of the medium. In accordance with this objective, the following tasks are set:

— to conduct a mathematical formulation of the elastic compression problem for a particle conglomerate, taking into
account the compressibility of the medium;

— to build an iterative model for calculating the stress-strain state of the medium based on solving a series of inverse
problems using sequential loading;
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—to perform test calculations of the stress-strain state of a particle conglomerate and plot the dependence of
compaction pressure on the compressive strain of the medium,;

— to estimate the error in calculating compaction pressure when ignoring changes in the density of the medium
during deformation.

Research Methods. We construct a calculation method for the process of deformation of a particle conglomerate
taking into account the compressibility of the medium under the following assumptions:

— since the study examines the compression of the medium, the condition of continuity is assumed, meaning the
particle conglomerate uniformly fills the volume under consideration;

— the mass of the medium remains constant throughout the entire pressing process;

— the compression process of the medium is considered within the limits of elastic deformation;

— the principle of superposition is observed — independently accumulated deformations at each loading stage;

— pressing is performed in an absolutely rigid matrix using an absolutely rigid friction-free punch; the layers move
uniformly along the height, eliminating shear;

— the viscosity of the medium is neglected, and the pressing temperature remains constant;

— the variable mechanical characteristics dependent on the density of the medium are Young's modulus and
Poisson's ratio;

— the density of the medium is a function of the compressive strain.

The geometric model of a particle conglomerate (Fig. 1) has the shape of a parallelepiped with height # and a
constant square base with area S. Due to the rectangular shape of the particle conglomerate, the model is considered in a
Cartesian coordinate system, where axis Ox; is directed along the height of the parallelepiped, and axes Ox; and Ox; lie in
the plane of the parallelepiped base.

{ i 1’

- __i \
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X3 X2

" 7/

Qg,

Fig. 1. Scheme of deformation of a particle conglomerate

Since the axial compressive strain increases in absolute value during compacting under pressure p, the density of the
medium and, consequently, its elastic constants change. Accordingly, Young's modulus £ and Poisson's ratio | are
functions of density p: E = E(p), u = u(p). We use the Hencky strain as a measure of deformation.

We divide the entire process of medium deformation into a series of loading stages, within each of which a
kinematic condition in the form of a small increment of the upper boundary of the medium Ah = Ah" in height is
specified. At each loading stage, we assume that the density of the medium remains constant and the mechanical
properties — Young's modulus and Poisson's ratio — do not change. At subsequent loading stages, the density of the
medium and the mechanical properties also remain constant within each stage, but change depending on the magnitude
of the total deformation over all previous loading stages.

We consider the solution to the inverse problem, taking the pressure increment at each loading stage Ap as the
unknown value. Then, the mathematical formulation of the research problem in accordance with the accepted
assumptions will include the following system of equations:

— static equations:

OAG,, / Bx, =0, MGy / Oxy = 0, BAG 3 / O3 = 0, O,
— physical equations: ;‘3
1 n(p)
Ae;; =——Ao;, — (A(522 +A033), 2)
E(p) E(p)
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u(p)

1
A622 :mA622 _M(AG33 +AG“), (3)
1 pip
Ae33 :mA633 _%(AG“ +A022), (4)
— geometric relationships:
Ae;; = Aey, =0, Aeyy =In(1+Ah/ h), 5)

— boundary conditions:
= 0,

u1|Q|,Qz :u2|Q.,92

”1|Q3, :”2|Q3, :”3|Q3, =0,

u3|93+ :_Ah,
A033|Q3+ =—Ap. (6)
where Aoy, Aoxn, Aocss — stress increments; Aej;, Aexn, Aess — increment of elastic deformations;

u,i = 1,3 — displacement components.

Based on differential equations (1) and condition (6), we arrive at the relations: Aci = const; Acx = const;
A(533 = pr.

Considering that there are no displacements in the plane Oxix», according to relations (3), (5), the system of
equations (2), (3) can be written as:

u(p)
I_Mmgx (7

Substituting relations (5) and (7) into equation (4), we express the pressure increment in the following form:
E 1-

T

(1+n(p))(1-2n(p)) "\

Thus, when constructing the calculation algorithm, we specify a discrete change in the height of the conglomerate

Ac =AC,, =—

depending on the loading stage:
h= {h<°) =l B =y — jAR, j=1n,... B = hend},

where ho — initial height corresponding to the undeformed state of the conglomerate; hena — final height of the
conglomerate after all stages of loading; j — loading stage.

Since the change in the height of the conglomerate is known, it is possible to determine the increment of
deformation in height within each loading stage:

, () _
U) gl -
Aeyy = ln[h(jl) J j=Ln.
The total deformation at the current stage of loading is determined according to the superposition principle:
J
e = 3 el
i=1

It should be noted that the selection of the Hencky strain as a measure of deformation is due to its additivity, unlike

relative strain, which allows for the summation of deformations at individual loading stages. Moreover, the Hencky
strain allows for calculations at large deformations.

Considering that the mass of the conglomerate and the base area remain constant: m = const, S = const, we proceed
to the continuity condition in the form: poho = ph, from which the density of the medium is determined depending on the
magnitude of the compressive strain Aegg) at a given loading stage according to the relationship:

p) =pU™) / exp Aeld).

Knowing the density of the medium at the current stage of loading, Young's modulus and Poisson's ratio at each

https://vestnik-donstu.ru

stage of loading are determined in accordance with the degree of compaction by a certain function:
EU) = E(p)| 0 ul) = “(p)|

p=pl/ () *

p=p
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Then the increase in compaction pressure is determined as:

o ) )
e o

According to the principle of superposition, the components of the stress tensor at the current stage of loading are

determined as:
J J J
o =D cll, o)=Y ncll, ol = Yact)
i=1 i=1 i=1
where the voltage increments at each stage are determined by the dependences:
_ _ E(p(j))u(p(j))
AGH) = Ac(zj) =— - - ln(
(sG]

Thus, the process of compacting a particle conglomerate is represented by a series of loading stages, within each of
which the medium density and elastic constants are assumed constant. At each stage, an inverse elastic problem of
medium compression is solved. The input data for this problem are the density, Young's modulus, and Poisson's ratio,
whose values are determined by the total compressive strain accumulated during the previous and current loading
stages. This results in a sequence of inverse problems based on data on the change in the height of the particle
conglomerate, which is used to calculate the change in compaction pressure depending on the degree of compaction of
the medium.

Research Results. Based on the developed approach, a series of calculations are performed for the deformation of a
particle conglomerate using sawdust as an example. Young's modulus (MPa) is described by the density function
(g/em?): E(p) = ap®, a = 6500, b = 3.5 [15]. The selection of a power-law dependence is due to the fact that it describes
the behavior of a conglomerate of wood particles quite well, according to [15]. Poisson's ratio p = 0.32 takes a constant
value, since it is less sensitive to changes in the density of the conglomerate, as noted in [16]. Moreover, according to
experimental studies [17, 18], the greatest change in Poisson's ratio occurs at low values of compression, and at pressure
values above 20 MPa, Poisson's ratio asymptotically approaches a constant value. The initial density of the
conglomerate of wood particles in the undeformed state is taken to be: po = 0.2 g/cm®. Ten loading stages were selected
for the test calculation. At each stage, the upper boundary of the conglomerate was displaced by value Az =10 mm,
resulting in a discrete change in the height of the conglomerate: 2 = {200, 190, ..., 110} mm. At the final loading stage,
at h = 110 mm, the maximum compaction pressure was 112 MPa, and the density of the medium — 0.4 g/cm’.

Based on the results of the calculations, the dependence of compaction pressure on changes in compression
strains (Fig. 2) and on changes in the density of the conglomerate of wood particles (Fig. 3) was plotted. For the
comparative analysis, a series of calculations were also performed at a constant density and a constant Younge’s
modulus for two extreme cases: with p = po = const and with p = pend = pln =100 mm = const, that is, when the density of
the medium corresponds to the initial undeformed state and the final deformed state at the last stage of loading; and also
for the case of averaging the density of the medium: with p=(po + pend) / 2 = const. The results of calculations at
constant values of density and elastic constants are presented in Figure 2.
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Fig. 2. Dependence of compaction pressure Fig. 3. Dependence of compaction pressure
on compressive strain: on the density of the medium

1 —atp=p(e); 2 —at p=po;
3 —atp=pend; 4 —at p=(po+ Pend) / 2
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According to the results of solving the inverse problem of elastic compression, for the first stage of loading with a
given displacement of the upper boundary of the medium h( = 10 mm, the increments of deformations, stresses and the
required pressure were: Ae§13) =-0.051, Acg? = Ap™ =2.041 MPa. To assess the adequacy of the constructed model, a
finite element calculation of the direct loading problem was performed in the ANSYS software package at a given
external pressure Ap'") =2.041. Since the software package requires the specification of constant characteristics of the
medium, the finite element calculation was performed only for the first stage of loading [19]. The calculation results of
the stress-strain state under elastic compression of the medium for the first stage of loading are presented in Figure 4.

1-1.9155 ~0.052429

—2.0092 ~0.053412

—2.1028 Min —0.054396 Min

—3.4977

—6.9953

—10.493 Min

)
Fig. 4. Results of finite element calculation of the direct problem for the first stage of elastic compression:
a — stress distribution Acgg) MPa; b — strain distribution Aegg);

¢ — displacement distribution ugl) (mm)

Discussion of Results. According to the calculation results (Fig. 2 and 3), as the magnitude of the compressive
strain increases, the required compaction pressure and the degree of compaction of the particle conglomerate rise. The
dependence of the compaction pressure on the degree of compaction is clearly nonlinear. The dependence of the
compaction pressure on the longitudinal compressive strain (Fig. 2, curve 1) is also described by a nonlinear function,
whose behavior is quite adequately approximated by a third-order polynomial function. Figure 2 shows that, at a
constant density of the wood particle conglomerate, the curves for the dependence of the compaction pressure on the
magnitude of the compressive strain exhibit a weakly nonlinear character. Accordingly, at a fixed density of the
medium, the curves for the change in compaction pressure can be approximated by linear functions.
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According to the comparative analysis, the simplification of using the density value as a constant characteristic in
cases where the density of the medium changes drastically during deformation can cause significant errors. In
particular, when using a constant particle conglomerate density p = po, corresponding to the initial state, the error in
calculating the compaction pressure increases to 80%, with the greatest error being attained at the maximum
compaction pressure. For a constant density value p = pend, corresponding to the final state of the medium, the
calculation results at some loading stages differ by more than 9.4 times, and for an average density value
p = (po * Pend) / 2 — by more than 3.4 times.

According to the data in Figure 4, the results obtained by the finite element method in solving the direct problem of
the first loading stage are consistent with the results obtained in solving the inverse problem, according to the approach
proposed in this study. The results presented in Figure 4 clearly demonstrate that the normal stresses and strains along
the height are practically the same at each point of the body, which confirms the uniformity of their distribution along
the height of the conglomerate under the action of uniform pressure at the upper boundary. It should be noted that in
Figure 4 a, b there is a gradient of stresses and strains along the longitudinal axis, which is most likely a consequence of
singularity (specifically in the areas highlighted in red) — one of the shortcomings of the finite element method, when
there is an incorrect distribution of stresses and strains in the area of corners, with rigid fastenings, etc.

Conclusion. Based on the research results, an iterative model was developed for calculating the compaction
pressure of a particle conglomerate whose mechanical characteristics depend on the degree of compaction under elastic
compression. By performing iterative calculations, increasing the number of loading stages and decreasing the
incremental step of the upper boundary of the conglomerate, a discrete dependence of the compaction pressure on the
degree of medium compression can be constructed, which can then be approximated by a smooth curve. A series of
calculations using the example of an elastic problem of pressing a wood particle conglomerate, taking into account
changes in Young's modulus and the density of the medium, has revealed a nonlinear relationship between the
compaction pressure and the degree of compaction of the medium and the compressive strain during compression.
According to the constructed graphical dependences, the consideration of the compressibility of the particle
conglomerate affects significantly the nonlinearity of the change in pressing pressure as a function of the density of the
medium during deformation. The comparative analysis has shown that the calculation of the stress-strain state of media,
whose density changes significantly during compaction and affects their mechanical properties, cannot be performed at
constant density values due to significant errors. This allows us to conclude that the compressibility of the medium,
associated with changes in the density of the particle conglomerate during compression, affects significantly the
estimation of the compaction pressure. The constructed iterative model will provide a practical estimation of the
maximum compaction pressure required to ensure elastic compression of the particle conglomerate to a given geometry,
taking into account the dependence of mechanical properties on the density of the medium. The proposed approach can
find practical application in selecting equipment for briquetting wood particles for recycling wood waste. Further
research focuses on developing mathematical models for calculating the stress-strain state and compaction pressure
during the deformation of particle conglomerates using complex-geometry molds.
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Abstract

Introduction. In industry, the process of obtaining technological vacuum using ejectors that utilize the kinetic energy of
a jet of compressed air is widely used. The selection of the required ejector model, as well as their number (when creating
a field of ejectors), is performed proceeding from the compliance of the ejector characteristics with the key parameters of
the designed process technology. One of the most important characteristics of an ejector, significantly affecting the overall
performance of the vacuum system, is the evacuation time of the graduated (calibrated) container. However, in technical
literature, this parameter is not specified for the maximum vacuum depth produced by the ejector, nor for the
corresponding supply pressure, but for certain, less-defined parameters, referred to as optimal by ejector manufacturers.
In such cases, it is impossible to accurately estimate the actual value of an important criterion. Therefore, the objective of
this work is to experimentally determine the actual value of the vacuum time of a graduated (calibrated) vessel for various
types of ejectors.

Materials and Methods. Experimental studies were performed on a stand specifically designed and manufactured by the
authors, which made it possible to study various parameters of vacuum ejectors. In particular, the stand provided
establishing the exact time of vacuuming a measuring vessel using ejectors with a nozzle diameter from 0.1 to 4.0 mm at
a supply pressure value that induced the maximum vacuum depth for each model under study. The research was carried
out using the most popular vacuum ejectors of the VEB, VEBL, VED and VEDL families manufactured by Camozzi at
a pre-determined, precisely set input supply pressure for each ejector size. The actual values of the vacuum time at the
highest vacuum depth for each ejector were experimentally determined.

Results. 1t has been established that the performance of VEB, VEBL, VEDL, and VED series ejectors differs from that
stated in the manufacturer's catalog. The time required to reach maximum vacuum for each ejector exceeds the
manufacturer's specifications by 25-40%, which impacts the performance of the vacuum system.

Discussion. The experimental data have shown that the actual values of the vacuum time of the measuring vessel differ
from the values given in the catalogs of manufacturers of ejectors. This difference is explained by the fact that when
conducting appropriate tests, manufacturers are guided not by the maximum vacuum depth created by the ejector, but by
the vacuum depth created by a certain “optimal” (the wording of the ejector manufacturer) value of the supply pressure.
In almost all the cases considered by us, this “optimal” supply pressure produced a vacuum, whose depth differed from
the maximum. In this regard, it seems advisable to adjust the value of the inlet supply pressure to attain the maximum
vacuum depth for each type of ejector.

Conclusions. The results of the obtained values of the vacuum creation time in one liter of volume at the maximum depth
of the vacuum produced by the ejector provide a more accurate selection of vacuum ejectors depending on the required
process tasks, ensure the greatest efficiency and cost-effectiveness of automated vacuum systems. The research results
can be used by all ejector manufacturers to adjust their basic catalogs and appropriate recommendations for the use of
these products. Further research will be conducted to study the accuracy of the geometric shapes of the surface of the
ejector channel, the purity of processing, and their production technology, which affect the passage of air flow.

Keywords: vacuum depth, vacuum ejector, measuring vessel, ejector supply pressure
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OPMZMHCUleOe amnupudeckoe uccnedosamue

Hccaenosanue pakTH4eCKOro 3Ha4YeHHs BPEMEHH BAKYYMHPOBAaHUSA MEPHOM
€MKOCTH 37KEKTOPOM
C.HU. CaBuyk'~, 3.11. YmepoB =X

KpbIMckuii nHxeHepHO-TIeiarorndeckuii yausepeuter nmenn ®essn fAxybosa, r. Cumpeponons
& Ervin777@yandex.ru

AHHOTALUSA

Beeoenue. B IpOMBIIITIEHHOCTH IIUPOKO PACIPOCTPAHEH MPOLECC MOIYICHHS TEXHOJIOTHUECKOTO BaKyyMa C TOMOIIBIO
KEKTOPOB, HCIOJIB3YFONINX KHHETHUECKYIO SHEPTHIO CTPYH CKAaTOr0 BO3AyXa. BeIOOp HE0OX0ANMO# MOIEH 3KEKTOPA,
a TpHU CO3AAHUU IOJIA IKEKTOPOB TAKIKE U UX KOJIUYECTBA, OCYILECTBIACTCS UCXOIA U3 COOTBETCTBUS XapaKTEPUCTHUK
KEKTOpa OCHOBHBIM IapaMeTpaM MPOEKTHPYEMOro TEXHOJOrHYeckoro mpouecca. OQHON U3 BaXKHBIX XapaKTEPUCTUK
9KEKTOpa, CYILIECTBEHHO BIMSAIOLIIX HA MOBHIIIEHUE IPOU3BOAUTENBHOCTHU BCEI BaKyyMHOM CHCTEMBI B LIETIOM, SIBISIETCS
BpeMsi BAKyyMHPOBAHHSI MEPHOW (TapUpOBaHHOM) eMKocTH. [Ipy 3TOM B TeXHHYECKOI! JMTepaType NaHHBIM napaMmeTp
MIPUBOJMTCS HE IPY MaKCHUMaJIbHOI TiTyOMHE BaKyyMa, TPOM3BOANMOrO 3KEKTOPOM, ¥ HE TIPH COOTBETCTBYIOIIEH 3TOMY
3HAYCHUIO BEJIMYMHE MHUTAIOIIETO TAaBICHHS, a TP HEKOTOPHIX, HE BIIOJIHE OMPEAETICHHBIX MapaMeTpax, Ha3bIBAEMbIX
M3TOTOBHUTENSIMH 3KEKTOPOB ONTUMAIBHBIMU. B Takux ciydasx HEBO3MOXKHO TOYHO OIEHHUTH (DaKTHUECKOE 3HAYCHHE
BaXHOTO KpUTEpHs. B CB3M ¢ 3TUM Lenb JaHHOH pabOTHl — IMyTeM SKCHEPUMEHTANBHBIX MCCIEIOBAaHUN yCTaHOBUTH
(bakTHUeCcKOe 3HAUCHHNE BPEMEHU BaKyyMHUPOBAaHUsI MEPHOM (TapUPOBAHHON ) EMKOCTH LTS Pa3JIMYHBIX THIIOB 3)KEKTOPOB.
Mamepuanvt u Menoobl. IKCICPIMEHTAIBHBIC UCCIICTOBAHUS MPOBOMIINCH Ha CHIEIHAIIBHO CIIPOCKTUPOBAHHOM H H3TO-
TOBJICHHOM aBTOPAMH CTEH/IE, TTO3BOJISIONIEM H3ydaTh Pa3IMuHbIe TapaMeTphl BAKYyMHBIX 9KEKTOpOB. B acTHOCTH, cTeHA
JIaeT BO3MOXKHOCTh YCTaHOBUTH TOYHOE BPEMs BaKyyMHPOBAaHHS MEPHOH €MKOCTH KEKTOpaMH, MMEIOIINMH JTHaMETp
coma ot 0,1 10 4,0 MM TIpH BEJTMYMHE MUTAIOIIETO AABJICHNUS, 00ECIEUHBAIOIIEr0 MAaKCUMAaJIbHYIO TTyOHHY BaKkyyMa JUls
Ka)XIoi ncenemyemoit Moaen. Mccie1oBaHuMs IPOBOAMIIHCH C HCTIOJIb30BaHUEM Han0oJIee MOITy ISIPHBIX BAaKyyMHBIX 97KEK-
topoB cemeiicts VEB, VEBL, VED u VEDL npownsBonctBa Camozzi pu 3apaHee OnpeIeIeHHO’, TOYHO 3aJaHHOM BEITH-
YHMHE BXOJHOTO MUTAIOIIETO AABICHUS I KaXK0T0 TUIIOpa3Mepa KekTopa. PakTudyeckue 3HaYeHUsI BpeMEHH BaKyyMH-
pOBaHMS IPH HauOOJIbIIEH NTyOHHE BaKyyMa JUIS KaXKI0TO 3KEKTOpa ONPEIeIISUTUCh SKCIIEPUMEHTAIIBHO.

Pezynomamut uccnedosanus. Y CTaHOBJICHO, YTO IIPOU3BOIUTENBHOCTH 35kekTopoB cepuit VEB, VEBL, VEDL u VED
OTJIIMYAETCs OT JAaHHBIX, IPUBEACHHBIX B KaTayiore pupMbI-U3roroButeis. Heooxoaumoe BpeMs Uit JOCTHIKEHHUS MaK-
CHUMaJTbHOM [TyOWHBI BAKyyMa KaXKIO0T0 U3 3)KEKTOPOB MpeBbiiiacT Ha 25—40 % npuBecHHBIC MPOU3BOIUTEIICM JaHHBIC,
1 3Ta IIOTPEITHOCTH)» CKA3bIBACTCS B UTOTE HA MPOU3BOJUTEIBHOCTH BAaKyyMHON CHCTEMBI.

Oécyrcoenue. DKCTICpUMEHTAIBHBIC TaHHBIC TIOKA3alIH, YTO OTJIMYNE JCHCTBUTEIHHBIX 3HAUCHUH BPEMEHN BaKyyMHPO-
BaHWS MEPHOI €eMKOCTH OT 3HAYECHHH, IPUBEJCHHBIX B KATAJIOTaX (pUPMBI-U3TOTOBUTEIS 3KEKTOPOB, OOBSICHACTCS TEM,
YTO IIPU MPOBEACHUH COOTBETCTBYIOIINX HUCTIBITAHUI M3TOTOBUTEh OPHEHTHPYETCS HE HA MAKCUMAIIbHYIO TTyOHHY Ba-
KyyMa, CO31aBacMyI0 KEKTOPOM, a Ha IIIyOHHY BaKyyMa, CO3/JaBaeMyl0 HEKUM «ONTHMAIbHBIMY ((hOpMyJIMpPOBKA M3r0-
TOBHTEJSI) 3HAYSHUEM ITUTAIONIETo AaBieHus. [IpakTuuecku Bo BCeX paCCMOTPEHHBIX aBTOPaMHM CTaThU CIydasixX 9TO «OI-
TUMaJbHOE)» IMUTAIOLIee AABJICHHE MPOM3BOAMIO BaKyyM, IJTyOMHAa KOTOPOro OTJIMYajach OT MakCHMaibHOH. B aroi
CBSI3U TIPEJICTABIACTCS LIeJIECO00Pa3HBIM BBOANUTH KOPPEKTHPOBKY BEIMYHMHBI BXOJHOTO IHTAIONIETO JAaBICHUS IS J10-
CTHIKEHUSI MaKCUMaJIbHO IITyOMHBI BaKyyMa JUIsl KayKA0TO THIIA KEKTOPaA.

3axntouenue. IlonyueHHble 3HAYEHUsI BpEMEHHU CO3/IaHMS BAKYyMa B OJJHOM JIUTPE 00beMa IIPH MaKCUMaIbHOH TITyOnHe
BaKyyMa, IPOM3BOANMOTrO KEKTOPOM, TTO3BOJISIIOT OCYIIECTBIIATH O0JIee TOYHBINA BEIOOP BAKyYMHBIX 3)KEKTOPOB B 3aBH-
CHMOCTH OT PEIIaeMbIX TEXHOJIOTHUECKHX 3a/1a4, 00eCeUNTh HanOoIbIIy 0 3()(heKTHBHOCTh M SKOHOMUYHOCTH aBTOMa-
THU3UPOBAHHBIX BAaKyyMHBIX CHCTEM. Pe3ynbTaTsl HccIe10BaHUN MOTYT OBITh HCIOIB30BaHbEI BCEMHU (DHPMAMHU-N3TOTOBH-
TEJISIMH 3KEKTOPOB JUIsl KOPPEKTUPOBKH MX 0a30BBIX KATaJOTOB U COOTBETCTBYIOMIMX PEKOMEHIALNH MO MPUMEHEHHIO
9THX u3enuil. JlanpHeire uccie1oBanus B 3T0i 001acTy Oy Iy T HalpaBJIeHb! HAa H3yYEHNE TOYHOCTH TEOMETPUIECKUX
(opM NMOBEPXHOCTH KaHajla 3KEKTOpa, YUCTOTH 00pabOTKM M TEXHOJIOTHH MX IIPOU3BOJICTBA, BIMAIOIINE Ha IPOXOK/e-
HUE BO3YIIHOTO MTOTOKA.

KaroueBsble ciioBa: I‘J'[y6I/IHa BaKyyMa, BaKyyMHLIﬁ 9KEKTOP, MEPHAsA EMKOCTD, ITUTAIOLICE AAaBJICHUEC 2)KEKTOPOB
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BaaropapHocTH. ABTOPBI BEIPXKAIOT IITyOOKYO 0J1aro[apHOCTh PEIIEH3EHTaM U PEIKOJUICTUH Ky pHAaJIa 32 BHUMATEIIbHOE
OTHOIILICHUE K CTAThe M YKa3aHHbIC 3aMEUaHUs], YCTpaHEHHE KOTOPBIX MO3BOJIMIIO YIYUIIUTh KAY€CTBO CTAThU.

Jnst marupoBannst. Capuyk C.U., Ymepos D./1. UccnenoBanne GpakTUUeCKOro 3HAYCHHS BPEMEHH BaKyyMHUPOBAHHST MEPHOM
E€MKOCTH 3KeKTOpoM. Advanced Engineering Research (Rostov-on-Don). 2025;25(4):300-310. https://doi.org/10.23947/2687-
1653-2025-25-4-2156

Introduction. Industrial development, continuous improvement of processing, and the introduction of innovations in
production bring about the ever-growing use of vacuum for moving parts by robots and manipulators in assembly areas,
conveyor lines, metal spraying in a vacuum environment, etc. Moving and positioning complex-shaped parts, especially
those such as foil or paper, is not possible without the use of vacuum suction cups.

The key parameter of a vacuum ejector is the supply pressure. Its optimal value provides a deep vacuum, which creates
the conditions for attaining maximum efficiency. This provides high performance of the vacuum suction cup, a key
element of the vacuum system, while minimizing energy costs.

In [1], a group of authors examined vacuum ejectors with various design features. A special-purpose vacuum stand
was used for the experiments, measuring the magnitude of the generated vacuum as a function of the feed pressure at the
inlet. It was found that the recommended feed pressure values provided in the ejector manufacturers' catalogs differed
from the actual values obtained experimentally.

Typically, the supply pressure values recommended by ejector manufacturers do not allow for the full utilization of
the ejectors they manufacture. That is, the “optimal” supply pressure values recommended in catalogs do not provide the
maximum vacuum depth that each ejector in question can create. This reduces the device performance and, consequently,
the efficiency of its actuator — the suction cup. The vacuum depth created by the ejector impacts significantly the cycle
time. The deeper the vacuum created by the ejector, the shorter the suction cup response time, and the faster the vacuum-
equipped section operates. This discovery is the occasion for further experimental research to determine the time it takes
to create vacuums of varying depths in a liter of measuring vessel volume at a given supply pressure. This parameter can
be considered as the ejector operating speed, reflecting the response speed of the ejector-suction cup system and directly
affecting the operating time of this pair. It is also listed in the manufacturers' catalogs and directly impacts the operation
of the vacuum suction cup and the guaranteed holding force.

It should be noted that the experiments to determine the vacuum time of the measuring vessel were carried out at a
pre-determined supply pressure value [1], which provided the maximum vacuum depth produced by the ejector. This
supply pressure value was set at the ejector inlet at the start of the experiment.

Currently, various types of ejectors, which are used in supersonic [2], steam [3], refrigeration [4] and other systems,
are known. There are also two-stage ejectors used in hydrodynamics [5] and cooling systems [6]. They allow for the
dynamic pressure control, which increases the efficiency of the performance.

Previously conducted studies made it possible to develop an analytical method for predicting the air flow in a supersonic air
ejector [7]. A theory about its speed was put forward, a numerical analysis of the ejector operation was made [8], the results of
its performance were obtained experimentally [9], the effect of the primary nozzle deflection on the ejector performance was
studied using computational fluid dynamics [10], the effect of the Mach wave on the formation of the boundary of the moving
flow in the device was considered [11], a theory of flow mixing was formulated [12], etc.

There is a large amount of research that demonstrates the use of various types of both vacuum ejectors [13], and vacuum
technology [14]. In [15], the authors disclosed the theoretical foundations of vacuum and their physical essence [16].
However, very little attention was paid to the practical possibilities of using vacuum.

In [17], the author examines the application features of compressed air in pneumatic elements. In [18], the results of
experimental studies with improved characteristics of the ejector nozzle are presented. And in [19], the process of air flow
modeling is described. However, the issues related to the study of the parameters of vacuum ejectors receive almost no
attention in modern scientific and technical literature. Basically, information about their parameters is contained only in
specialized publications, for example, in the catalogs of companies engaged in the production of vacuum equipment, such
as Schmalz, Festo, Camozzi, SMC, and others.

Taking into account all of the above, the authors aimed at establishing the actual value of the vacuuming time of a
measuring (calibrated) vessel for various types of ejectors through experimental research.

Materials and Methods. Previously, the authors studied vacuum ejectors at various inlet supply pressures [1],
recording the vacuum depth reached. After establishing the maximum vacuum at a given supply pressure, the time it took
to attain vacuum in a volume equal to one liter was measured. The data obtained can be used to optimize the vacuum
system parameters and improve its performance.
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A specifically designed stand [20] was used for the experimental studies. Its photograph is shown in Figure 1.

78 9 10 1213 14

Fig. 1. Experimental stand:

1 — ball valve; 2 — air preparation unit; 3 — inlet control pressure gauge;
4 — electronically controlled motor gear; 5 — pressure regulator with shutoff valve; 6 — control pressure gauge;
7, 13 — pneumatic tees; 8 — MIDA-DI-15 excess pressure sensor; 9 — distribution block manifold; 10 — standard deformation
pressure gauge; 11 — test vacuum ejector; 12 — MIDA-DA-15 absolute pressure sensor; 14 — monitor; 15 — standard deformation
vacuum gauge (accuracy class 0.4); 16 — computer keyboard; 17 — MIDA-US-410 communication device

In the course of studies [1], the maximum vacuum depth created by the ejector was recorded depending on the inlet
supply pressure. These parameters were subsequently used as reference values for a series of experiments aimed at
establishing the time interval for creating a vacuum in a volume equal to one liter.

To conduct this part of the experiment, a special sealed vessel (Fig. 2) was designed and manufactured. It was equipped
with fittings and shutoff valves to allow for the connection to the test stand and the ejectors being tested. The vessel
volume was carefully measured with certified measuring instruments and found to be 1000.03 ml.

Before each experiment, the input supply pressure for all ejectors was set to provide the maximum vacuum depth. The
value of this pressure corresponded to the experimental data given in [1] and was set using the control pressure gauge 10
and the pressure sensor 8 (Fig. 1).

Fig. 2. Measuring vessel:

1 — measuring vessel; 2 — vacuum ejector under test; 3 — ball valve;
4 — ejector vacuum line; 5 — ejector inlet pressure line;
6 — vessel vacuum line; 7 — shutoff ball valve
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Measuring vessel 1 can be linked with any ejectors that are connected to the process equipment through PVC tubing
with a diameter of 4 to 10 mm. Ejectors 2 under study are connected to the distribution manifold 8 via the inlet supply
pressure line 5 (Fig. 1). The ejectors under study are connected to the shutoff valve 7 installed directly on measuring
vessel 1 via the vacuum line 4. Measuring vessel 1 is connected via the vacuum line 6 to tee 13 (Fig. 1). Air valve 3
connects the measuring vessel to the atmosphere.

The experiment was conducted in the following order. Air valve 3 and shutoff valve 7 were closed. The ejector under
study was then connected to a specialized test stand, where the supply pressure at the inlet was adjusted to a value that
provided the greatest vacuum depth. Shutoff valve 7 was then opened, and the emptying of the measuring vessel started.
A sign of complete emptying was the achievement of a stable vacuum depth, which was recorded by vacuum gauge 12
and absolute pressure sensor 15 (Fig. 1). After recording the instrument readings, the measuring vessel was refilled with
air at atmospheric pressure, for which purpose shutoff valve 7 was closed and air valve 3 was opened.

Research Results. Figures 3—6 show diagrams of the dependence of the time to reach the vacuum depth in one liter
of volume on the supply pressure for different types of ejectors. Tables 1—4 present the supply pressure and vacuum depth
data obtained experimentally and provided in the manufacturer's catalog.
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Fig. 3. Vacuum creation time diagrams for one liter of volume for VEB series ejectors:
a — according to the authors' data; b — according to the company catalog

Figure 3 shows the diagrams of the dependence of the vacuum time of the measuring vessel for the VEB series ejectors,
obtained by the authors (left) and contained in the manufacturer's catalog (right). Table 1 shows the supply pressure values
at which the optimal vacuum depth values were obtained, as well as the manufacturer's recommended values for the
optimal supply pressure and the expected vacuum depth at these values.
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Table 1
Comparative Data on Supply Pressure and Vacuum Level for VEB Series Ejectors
Manufacturer's data Experimental data
Ejector model O nozzle, Vacuum OptirPal Maximum Feed pressure, Vacuum depth
depth, working vacuum depth, at recommended
mm bar
mbar pressure, bar mbar pressure, mbar
VEB-05H 0.5 182 4.5 96 4.73 115
VEB-07H 0.7 152 4.5 108 4.07 115
VEB-10H 1.0 152 5.0 132 4.90 133
VEB-15H 1.5 152 4.5 109 4.75 145

The analysis of the diagrams and tables shows that the curve patterns and measuring vessel vacuum time for the VEB
series ejectors are similar to those provided in the manufacturer's catalog. It has been established that the ejectors reach
significantly greater vacuum depth at lower supply pressures. This means that the desired effect is attained at lower supply
pressures than those recommended by the ejector manufacturer, which is undoubtedly safer and more efficient. Moreover,
even with a feed pressure at the ejector inlet equal to the manufacturer's recommended “optimal” pressure, the vacuum
depth is still greater than stated in the manufacturer's catalog (Table 1). The authors have also found that for the VEB-
15H ejector, even when reaching maximum vacuum depth, the time required to empty the measuring vessel is 70% longer

than stated in the manufacturer's catalog.

Figure 4 shows the diagrams of the dependence of the vacuum time of the measuring vessel for the VEBL series
ejectors, obtained by the authors (left) and given in the manufacturer's catalog (right). Table 2 presents the supply pressure
values at which the authors obtained the best (optimal) vacuum depth values. It also lists the manufacturers' recommended

optimal supply pressure values and the expected vacuum depth at these values.
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Fig. 4. Vacuum creation time diagrams for one liter of volume for the VEBL series ejectors:

a — according to the authors' data; b — according to the company's catalogue
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Table 2
Comparative Data on Supply Pressure and Vacuum Level for VEBL Series Ejectors
Manufacturer's data Experimental data
Ejector model Optimal Maximum Feed Vacuum depth
@ nozzle, Vacuum .
working vacuum pressure, at recommended
mm depth, mbar

pressure, bar | depthl, mbar bar pressure, mbar

VEBL-05H-T1 0.5 160 4.5 121 4.20 127

VEBL-07H-T1 0.7 150 4.5 133 4.10 142

The diagrams and table show that the curves and measuring vessel evacuation times for the VEBL series ejectors are
similar to those provided in the manufacturer's catalog. However, since the ejectors reach significantly greater vacuum
depths at lower supply pressures, the desired effect is attained at lower supply pressures than recommended by the ejector
manufacturer, which is undoubtedly safer and more efficient. Moreover, even if the feed pressure at the ejector inlet is set
to the manufacturer's recommended “optimal” pressure, the vacuum depth is still greater than that specified in the
manufacturer's catalog (Table 2). The authors have also found that for the VEBL-10H ejector, even when the maximum

vacuum depth is reached, the time required to empty the measuring tank is 40% longer than that specified in the
manufacturer's catalog.
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Fig. 5. Vacuum creation time diagrams for one liter of volume for the VEBL series ejectors:
a — according to the authors' data; » — according to the company's catalogue

Figure 5 shows the diagrams of the dependence of the vacuum time of the measuring vessel for the VEDL series
ejectors, obtained by the authors (left) and given in the manufacturer's catalog (right). Table 3 presents the supply pressure
values at which the best (optimal) vacuum depth values were obtained, as well as the recommended optimal supply
pressure values by the manufacturers, and the expected vacuum depth at these values.
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Table 3
Comparative Data on Supply Pressure and Vacuum Level for VEBL Series Ejectors
Manufacturer's data Experimental data
Ejector model O nozzle Vacuum Optimal Maximum Feed Vacuum depth at
’ depth, working vacuum pressure, recommended
mm
mbar pressure, bar | depthl, mbar bar pressure, mbar
VEDL-05H-T1 0.5 170 4.5 130 4.00 142
VEDL-07H-T1 0.7 150 4.5 207 3.40 256

Judging by the diagrams and data in the table, the nature of the curves and the vacuum time of the measuring vessel

for the VEDL series ejectors are similar to the data given in the manufacturer’s catalog.

The authors have found that the performance data for the VEDL series ejectors differs from that provided in the
manufacturer's catalog. Specifically, for the VEDL-05N-T1 ejector, the time required to reach maximum emptying of the
measuring vessel (—800 mbar) was 27 seconds (the time provided in the catalog is 19 seconds), which is 40% longer. Similarly,
for the VEDL-07N-T1 ejector, the time required to attain maximum emptying of the measuring vessel (—-800 mbar) was

20 seconds (the time provided in the catalog is 11 seconds), which is 81% longer.

Figure 6 shows the diagrams of the dependence of the vacuum time of the measuring vessel for the VED series ejectors,
obtained by the authors (left) and given in the manufacturer's catalog (right). Table 4 shows the supply pressure values at
which the best vacuum depth values were reached, as well as the manufacturer's recommended optimal supply pressure

values and the expected vacuum depth at these values.
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Fig. 6. Vacuum creation time diagrams for one liter of volume for VEB series ejectors:

a — according to the authors' data; b — according to the company catalog
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Table 4
Comparative Data on Supply Pressure and Vacuum Level for VEB Series Ejectors
Manufacturer's data Experimental data
Ejector model O nozzle Vacuum Optir.nal Maximum Feed Vacuum depth at
mm ’ depth, working vacuum pressure, recommended
mbar pressure, bar | depthl, mbar bar pressure, mbar
VED-07 0.7 101 5.0 405 4.70 409
VED-09 0.9 111 5.0 120 4.20 133

The analysis of the experimental data shows that the nature of the curves and the vacuum time of the measuring vessel
for the VED series ejectors are similar to the curves given in the manufacturer’s catalog.

The authors also found that the performance of the VED series ejectors differed from that listed in the manufacturer's
catalog. Specifically, for the VED-07 ejector, the time required to reach maximum emptying of the measuring vessel
(—800 mbar) was 20 seconds (versus 15 seconds listed in the catalog), a 33% increase. For the VED-09 ejector, the time
required to achieve maximum emptying of the measuring vessel (—800 mbar) was 10 seconds (versus 8 seconds listed in
the catalog), a 25% increase.

Discussion. The experimentally obtained data on the actual time of vacuuming the measuring vessel by ejectors differ
from the data given in the catalogs of the manufacturers. A positive aspect here is that the vacuum depth values stated by
the manufacturer are reached at much lower supply pressures than those presented in the catalogs. Furthermore, the actual
vacuum depth is significantly more efficient than described by the manufacturer. However, the actual time to empty the
measuring vessel turned out to be longer than the manufacturers stated in their catalogs. Sometimes, this time was
significantly exceeded.

This fact can be of vital importance for designing the process cycle of equipment operation, as it reflects the actual
capabilities of certain types of ejectors in terms of vacuum creation rates. This emphasizes the significance of such a
parameter as the vacuum time of the measuring vessel when selecting ejectors. This property is critically important for
calculating the required amount of time when constructing an ejector field to maintain the required vacuum depth.

Conclusion. The analysis of the data obtained during the experiment shows that the nature of the curves during
evacuation of the measuring vessel for ejectors of the VEB, VEBL, VEDL and VED series is similar to the data given in
the manufacturer’s catalog. However, the time required for each of the ejectors to reach maximum vacuum depth differs.
It exceeds the time specified by the manufacturers by 25-40%. This fact affects the performance of both the ejector itself
and the vacuum system as a whole. In this regard, when solving process tasks in production, it is required to carefully
select vacuum ejectors in order to provide the greatest efficiency and cost-effectiveness of automated vacuum systems.

The research results can be used as recommendations for the utilization of ejectors and for adjusting catalogs of
manufacturing companies.

Further research in this area will be aimed at studying the accuracy of the geometric shapes of the surface of the ejector
channel, the cleanliness of processing and their production technology, which affect the passage of air flow.
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Abstract

Introduction. The implementation of high-precision attitude control systems of a new generation with improved technical
characteristics remains a key task in precision instrumentation — this is required for the reliable operation of moving
objects with a long service life. One of the promising ways is the use of sensors based on the Bryan effect (hemispherical
resonator gyroscopes, HRG),), which show significant advantages in stability of characteristics under external factors.
Over the past 10 years, foreign and domestic research has reached noticeable success in increasing the target parameters
of HRG, however, certain improvement problems remain open. Thus, in the literature, attention is paid to reducing the
errors in measuring the HRG through compensating for the impact of imperfections of the resonator, but more often these
methods are applicable at stages after geometry generation. Methods for early identification of material inhomogeneities
(density variation) during workpiece inspection are insufficiently developed, creating a gap in the process chain and
reducing the efficiency of subsequent balancing and calibration. The objective of this study is to develop a method for
identifying resonator density variations at an early stage of the process — during workpiece inspection.

Materials and Methods. An optically transparent material is considered — fused quartz glass, which is the most common
material for making a HRG resonator, in particular, the KU-1 brand (foreign analogs — Corning HPFS 7980, JGS1). The
identification method is based on the relationship of the optical properties of quartz glass (absorption coefficient) with
the desired density distribution over the volume of the workpiece. A virtual experiment was conducted, which consisted
in the formation and resolution of a system of linear algebraic equations (SLAE) based on the measurements series results
of a light beam intensity passing through a workpiece. A polynomial approximation was used to describe the density
distribution in order to increase the robustness of the method. The SLAE roots were obtained through finding a
pseudosolution by the least square method based on the singular value decomposition.

Results. A method for identifying the density variation of quartz glass at the stage of quality control of the technological
workpiece of the HRG resonator was developed. The desired density distribution of quartz glass over the volume of the
workpiece was obtained, coinciding with the “true” one — the difference was no more than 5%. The sensitivity of the
method to the presence of macrodefects in the volume of the workpiece (pores, bubbles, etc.) was assessed.

Discussion. The results show that the proposed method can effectively control the density variation of the workpieces
and optimize the resonator production, thereby improving the efficiency of the processes and minimizing the impact of
imperfections on their characteristics. Virtual experiments have demonstrated that measuring the light beam intensity
passing through the workpiece allows for the accurate reconstruction of the absorption coefficient and density distribution
with an accuracy of at least 0.005%. The developed system of linear algebraic equations (SLAE) makes it possible to
determine these parameters by volume. The paper highlights some features related to solving uncertain SLAE. Particular
attention is paid to the need to control the ratio between the number of roots and unknowns to obtain a stable solution.
Conclusion. The proposed method for identifying the density variation of quartz glass at the stage of workpiece quality
control in the production of HRG resonators demonstrates high efficiency and accuracy. The presented method has high
accuracy for describing the distribution function, and is also flexible in terms of obtaining the optimal dimension of the
SLAE, which is directly related to the number of experiments performed. The obtained results confirm the applicability
of the material optical properties for controlling the density distribution over the volume, which allows for improved
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control of workpieces and optimization of production processes. The required measurement accuracy, determined by the
level of density variation that affects the HRG characteristics, is practically achievable, which indicates that the method
can be used in the manufacturing process. This approach can be applied in future research and development of high-
precision systems, which will contribute to progress in the precision instrumentation industry and improve the quality of
manufactured products.

Keywords: HRG, hemispherical resonator, identification, frequency splitting, imperfections, optics, least squares method
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AHHOTALUSA

Bgeoenue. Coznanne BHICOKOTOYHBIX CHCTEM OPUEHTALMK HOBOTO TTOKOJICHUS C YJIyUIICHHBIMU TEXHHUECKUMH XapaKTe-
PHUCTHKaMU OCTAETCS KIIFOYEBOM 3a/1a4eil TOUHOTO MPHUOOPOCTPOSHHS — 3TO HEOOXOAUMO ISl HAEKHOM PabOThI TIOBHK-
HBIX 00BEKTOB AJIMTEIBHOTO CPOKa IKCILTyaTau. OJJHAM U3 NEPCHEKTUBHBIX ITyTeH SBISETCS PUMEHEHHE JATIUKOB, OC-
HOBaHHBIX Ha 3¢ ¢pexre bpaiiana (BoiHOBOH TBepaoTenbHBIN TUpockoln, BTI'), koTopble MOKa3bIBaIOT CYIIECTBEHHBIE pe-
MMYIIECTBa MO CTaOMIBHOCTH XapaKTEPUCTHK B yCIOBHAX BHEIIHUX (akTopos. 3a nocienuue 10 set 3apyOexHble U OTe-
YECTBEHHBIC UCCIE0BaHUS JOCTUTIIM 3aMETHBIX YCIEXOB B MOBBIIEHUN LeneBbx napamerpoB BTT', ognako onpenenen-
HblE TPOOJIEMbI COBEPLICHCTBOBAHUS OCTAIOTCSI OTKPBITBIMHU. Tak, B JIMTEpaType YIENseTcss BHUMaHHE CHHKEHHIO
norpeutHocTed usmepenus BI'T 3a cuét koMIeHcaly BIMSHUS HECOBEPILLEHCTB PE30HATOPA, HO Yallle 3TH METOABI TPUMeE-
HUMBI Ha CTaAMAX mociie popmoobdpazoBanus. HegocTatouHo pa3paboTaHbl METOIbI PAaHHEHN HICHTU()UKAIIMN HEOTHOPO/I-
HocTel MaTepuana (pa3HOIUIOTHOCTH) Ha ATale KOHTPOJIS 3aTOTOBOK, YTO CO3Aa&T MPOOeT B TEXHOIOTHUECKOH IIEMOYKe U
cHKaeT 3G (GEeKTUBHOCTE MOCIICAYOIICH OaTaHCUPOBKH M KaTHOPOBKH. L{esib paboThl — pa3paboTaTh METO UACHTU(DH-
KaIliM pa3HOIUIOTHOCTH PE30HATOpa Ha PaHHEH TEXHOJIOTHYECKOHM CTauy — Ha 3Tare KOHTPOJIS 3aTOTOBKH.

Mamepuanst u memoowl. PaccMaTprBaeTcss ONTHYECKH MPO3PAYHBIA MaTepHall — KBaplieBOE CTEKIIO, SIBIISIOIICECS
HanOoJlee pacpOCTPaHEHHBIM MaTepHaIoM I U3roToBIeHUs pe3oHaTopoB BT, B wactHOCcTH Mapka KVY-1. Merton
nIeHTH(HUKAINT OCHOBAH Ha CBSI3U ONTHYECKUX CBOWCTB KBApIEBOTO CTEKIa (K03 uireHTa moriomeHns) ¢ HCKOMBIM
00BEMHBIM pacnpe/ieNIeHneM INIOTHOCTH 3aroTOBKH. I1poBei€H BUPTYaNIbHBIH 3KCIIEPUMEHT, BKJIIOYAIOIINH (hOpMHUpOBa-
HHUE U peIllleHNe CHCTEMBI JIMHEHHBIX anreOpandeckux ypasHeHui (CJIAY) mo pesynbraTam cepuu U3MEPEHUH WHTCH-
CHUBHOCTH CBETOBOTO Iy4Ka, MPOIIEINIETO Yepe3 3aroToBKy. [ onucanus pacnpeeneHns INIOTHOCTH HCIOIb30BaHa
MOJMHOMHAJIbHAS ANIPOKCUMAIHS, YTO MOBBIIIAET podacTHOCTh MeTosa. Pemmenne CJIAY nosyueHo yepes [OUCK NCEB-
JIOpEIIeHNs METO0M HaUMEHBIINX KBaJPaTOB Ha 6a3e CUHTYIAPHOTO Pa3IoKeHUS.

Pesynvmamut uccnedosanus. Pazpadboran MeTon HACHTH(UKAIMN Pa3HOIUIOTHOCTH KBAapIIEBOI'O CTEKJIa HA dTale KOH-
TpOJIs KauecTBa TEXHOJIOTrn4Yeckoi 3arotoBku pesoHaropa BTT'. [lonyueHno uckomoe pacnpeneneHre mIoTHOCTH KBaplie-
BOTO CTEKJIA 110 00BEMY 3aroTOBKH, COBIAJAIONICE C «UCTUHHBIMY» — OTKJIOHEHHE He mpeBblmaeT 5 %. OneHeHa gyB-
CTBHUTEILHOCTh METOA K HAIMYHIO MAaKpOAE(PEKTOB B 00bEME 3arOTOBKH — I1OP, ITy3bIPHKOB U TIP.

Oécyrcoenue. Pe3ynbTaTsl ITOKa3bIBAIOT, YTO MIPUMEHEHHE PEITI0KEHHOTO METO/Ia MO3BOJISIET 3P (PEKTUBHO KOHTPOIIHU-
pOBaTh Pa3HOILUIOTHOCTD 3ar0TOBOK UM ONTHMH3HPOBATh TEXHOJOTHIO IIPOU3BOACTBA PE30HATOPOB, 00ECIIEINBas TOBbI-
IIEHNE Pe3yJIbTAaTHBHOCTH IPOLIECCOB MUHUMM3ALNY BIMSHHUS HECOBEPIICHCTB HA MX XapaKTePUCTHKH. BupTyanbHble
9KCIEPUMEHTHI IPOIEMOHCTPUPOBAIIN, YTO U3MEPEHNE UHTEHCUBHOCTH CBETOBOTO JIy4a, IPOIIEAIIEro Yepe3 3aroTOBKY,
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MTO3BOJISICT BOCCTAHOBUTH pacipenesieHne ko3 duiuenTa moraomenns u IIOTHOCTH ¢ TOYHOCThIO He MeHee 0,005 %.
Co3znaHHas CHCTeMa JIMHEHHBIX anreOpandeckux ypaBHEHUH oOecieunia BO3MOXKHOCTD OIIPEISIICHIS STHX TapaMeTpoB
mo o0beMy. [Tom4epKHYTBI HEKOTOPhIE OCOOCHHOCTH, KacarIIUecs PEIICHHs HEONPEACICHHBIX CHCTEM JTHHEHHBIX a-
reOpandeckux ypaBHeHuid (CJIAY). [IpucTanbHOE BHUIMAHKE yIEICHO HEOOXOIUMOCTH KOHTPOJIS COOTHOIICHUS MEKIY
KOJIMYECTBOM KOpPHEH M HEU3BECTHBIX JUISl MOIYUYEHHs] YCTOMUUBOTO PELICHHUS.

3aknrouenue. TpeiokeHHBIH METO WACHTU(PHUKAIIMK PA3HOIUIOTHOCTH KBAPIIEBOTO CTEKJIA HA ATAre KOHTPOJIS Kade-
CTBa 3arOTOBKH MPH Npou3BoaCcTBe pe3oHaTtopoB BTI mokaseiBacT BRICOKYIO 3()(h)eKTUBHOCTh U TOYHOCTB. MeTO T103-
BOJISIET aJCKBATHO ONHMCHIBATH (PYHKIMIO pacmpeneneHuss U THOKO HacTpamBaTh ONTHMalbHYIO pasMepHOcTh CJIAY,
HaTpsAMYIO CBSI3aHHYIO ¢ 00BEMOM MPOBOAMUMBIX IKCIIEpHUMEHTOB. [loydeHHbIE pe3yIbTaThl MOATBEPKIAIOT IPUMEHH-
MOCTbH ONTHYECKHX XapaKTEPHUCTHK MaTepHaia It KOHTPOJISI 00BEMHOTO pacipeIesieHHs INTOTHOCTH, YTO JaéT BOZMOXK-
HOCTB YJIyUIIATH KOHTPOJIb 3aTOTOBOK M ONITUMH3MPOBATH MPOU3BOACTBEHHEIE TIpoIiecchl. TpedyeMast TOUHOCT H3Mepe-
HUM, 00yCIIOBIEHHAs] yPOBHEM Pa3HOIUIOTHOCTH, BIUSIOMIAM Ha XapakTepucTuku BTT, mpakTudecKu JOCTHKIMA, YTO
CBUJICTEIILCTBYET O PealibHON BO3MOXKHOCTH BHEAPEHHS METO/Ia B TPOU3BOJCTBE. JJaHHBIM MOIXO MOXKET OBITh UCTIOJb-
30BaH B MOCJICIYIONUX UCCICIOBAHUAX U pa3pabOTKax BRICOKOTOYHBIX CHCTEM, CIIOCOOCTBYS IPOTPECCy B TOYHOM IIPH-
OOPOCTPOCHUH U TIOBBIIICHAIO KAYECTBA BBIITYCKACMOW POy KIIHH.

Katouessie caoBa: BTI, nonycdepuueckuii pe3oHaTop, UASHTU(GHUKALUS, PACIICIUICHHE YacTOThI, HECOBEPILCHCTBA,
OIITHKA, METOJ] HANMEHBIINX KBaJPaTOB

Baaroaapuoctu. ABTophl 6maromapsat A.B. JlykuHa, kanaunata GuU3HKo-MaTeMaTHUECKUX Hayk, morieHtra BII MITY
CIIBITY u A.H. bensieBa, crapmero mnpenogasatensi bI'TY «BOEHMEX» wnM. JI.®. YcTuHOBa, HpPOBOAWUBIINX
9KCIEPTHHIC HHTEPBBIO COBMECTHO C aBTOPAMH CTATHH.
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Jns uurupoBanus. I[lleBuenko C.A., Ilomo U.A., MenbuukoB B.E. Onruveckuii MeTox HUACHTUPUKAIMH
HECOBEPIICHCTB MaTepualia B 3arOTOBKE PE30HATOpPA BOJIHOBOTO TBEPIOTENBLHOTO TUpockomna. Advanced Engineering
Research (Rostov-on-Don). 2025;25(4):311-323. https://doi.org/10.23947/2687-1653-2025-25-4-2202

Introduction. Currently, the development of high-precision spatial position-determining systems (attitude control
systems, ACS) based on sensors (hemispherical resonator gyroscopes, HRG), whose operating principle is linked to the
elastic wave precession effect (the Bryan effect), remains relevant [1, 2]. The urgency of using HRG to construct ACS
for various purposes is primarily due to the obvious advantages of such devices compared to devices using other physical
principles: better weight and size characteristics, resistance to mechanical stress, energy efficiency, longer service life
and readiness time, etc. [3]. In the context of the tendency to increase the required assigned resource when creating new
mobile objects, the listed advantages make it possible to increase the payload mass, optimize the layout and, more
importantly, reduce the accumulated error of the ACS and the load on the energy systems.

With the development of design and modeling methods, as well as manufacturing technologies for HRG, their
technical characteristics are also improving, which makes it possible to create ACS of various accuracy classes and,
accordingly, apply them in a wide range of fields of science and technology, including space instrumentation [4]. A large
number of works published by leading domestic research teams are devoted to the development, design and manufacturing
technology of HRG [5]. This is stimulated both by the achievements of foreign companies in terms of the implemented
technical indicators of HRG [6], and by the creation of ACS based on them [7].

Despite the fundamental research and advanced results of our compatriots and their students — Academicians
V.F. Zhuravlev and D.M. Klimov [8], Professors B.S. Lunin, M.A. Basarab and V.A. Matveyev [9], I.V. Merkuriev [10],
K.V. Shishakov [4] — as well as the achievements of foreign groups of D.D. Lynch [11], D. Roselle [12], B.J. Shaw [13],
S. Zotov, A. Trusov and A. Shkel [14] — there remain directions and methods for further improvement of the HRG. This
allows us to follow the advanced trend of modern precision instrument making — the development of high-precision
ACS, based on various sensitive elements [1], [15], including on the basis of the HRG [16].

One of the directions is the minimization of the impact of imperfections in the main sensitive element of the HRG — the
resonator [8] — on the key parameters of the product, in particular on the splitting of its operating natural frequency [9].
When discussing the impact of imperfections, the question arises of how to identify them. Most existing works and
studies [3], [5] are devoted to assessing the level of imperfection and its compensation at the stages of mechanical and

electrical balancing. However, there are practically no studies proposing an identification method at earlier stages of
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production, for example, during quality control of a workpiece. The ability to determine the distribution function of material
properties (for example, density) by volume at the stage of choosing workpieces allows for a reduction in production costs
through the selection based on the criterion of the permissible magnitude of the imperfection amplitude and the choice of the
optimal direction of shaping. This, in turn, reduces the duration of the mechanical balancing process cycle and, consequently,
reduces operating frequency splitting. The need to monitor inhomogeneity is further dictated by existing methods for
assessing material quality, which are focused on its primary application — quartz glass is predominantly considered an
optical material; therefore, the focus of monitoring is shifted toward the corresponding parameters.! However, when
considering quartz glass as the material for the sensing element of a HVG, it is advisable to control the properties and their
distribution throughout the volume, which determine the dynamic characteristics (density, elastic modulus, etc.). In this
regard, this paper proposes a method for identifying inhomogeneity that has not previously been used.

The objective of this study is to develop a method for identifying imperfections of the “inhomogeneity” type based
on measuring the optical properties of a HVG resonator material, intended for use in the quality control stage of a resonator
workpiece. This study tests the feasibility of determining the volumetric density distribution function by directly
measuring the intensity of a light beam transmitted through the workpiece, given the existing relationship between density
and the optical properties of quartz glass.

Materials and Methods. A KU-1 quartz glass cube with a 30 mm edge length was used as the test object (as part of
a virtual experiment). Inhomogeneity across the volume of the cube was determined through a series of experiments
measuring the intensity of a light beam passing through the cube. In this case, for simplicity, the transmission of a beam
in the cross-section of the workpiece was considered (that is, a plane problem). Figure 1 shows the computational and

experimental setup used to identify the imperfection in the form of inhomogeneity.

Quartz glass
workpiece
Falling beam .
pi p2 Ps Transmitted beam
E| |ps ps Ps ‘D
- E 2
[} —
@ g
e
p7 Ps Po —
Light source T -
30 mm X

Fig. 1. Calculation and experimental scheme for identifying inhomogeneity

The method involved discretizing the workpiece cross-section into q elements, each of which had its own density
value within a specified tolerance characteristic of the material. The minimum element size was determined by the
minimum diameter of the light beam generated by the light source. To simplify the calculations, in each of the
measurements it was assumed that the light beam fell along the normal to the surface of the workpiece. By generating a
light beam of constant frequency (wavelength) and specified intensity, the transmitted light intensity was measured, which
made it possible to determine the absorption capacity of the material. The wavelength was selected away from optical
resonance to maintain the validity of the previously presented relationships for the non-resonant section [17]. The
absorption coefficient value took into account the dimensions of the workpiece, which made it possible to record changes
in the intensity of the light beam. As a result of measurements of the intensity of light transmitted through the workpiece,
a system of linear algebraic equations (SLAE) was formed on the basis of Bouguer's law, whose solution provided

obtaining the desired density distribution of the material.

! GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 31.10.2025).
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It is known that within the framework of electromagnetic optics [18], the intensity of a light beam passing through a
continuous medium can be described by the Bouguer-Lambert-Beer law (in the Gaussian system of units) [19]:

I =Iyexp(-8z),

where & — absorption coefficient; z — distance traveled by the light beam. Taking into account the dispersion of light —
the dependence of the optical properties of a medium on the frequency of the transmitted electromagnetic wave — and using
the Lorentz dispersion model, based on the oscillatory model of the atom, it is possible to determine the relationship between
density and absorption coefficient:
8(0)=— - N
4
where m and e — mass and charge of an electron excited by a light wave; ¢ — lightspeed; wo— resonant frequency of the

electron oscillations; @ — frequency of the light wave (excitation); I' — damping coefficient of the oscillations;

N= ]j\{:[p — number of atoms per unit volume (Na — Avogadro's number; M — molar mass; p — density of the medium).

Due to the directly proportional dependence of the absorption coefficient on density, its distribution by volume was
subsequently considered, implying that the change in density could also be found.
To ensure the formation of SLAE, Bouguer's law is represented as:

3 A )
’“m u/2
Iy
where 7, 6, — intensity of the beam transmitted through the workpiece for the u-th experiment and the average value of
the absorption coefficient for the s-th element in the u-th experiment, respectively; z = const — dimensions of the
workpiece; Iy = const — intensity of the generated light beam. Note that a system of g elements with an equal number of
elements on the edge was considered, from which it follows that the number of equations u = 2-\/3 with the number of
unknowns / = & = g. Writing the SLAE in matrix form, we obtain:
A-x=b,
where A4,x — main matrix of the system; x; — vector of unknowns; b, — vector of free terms.

Assuming a continuous and smooth density distribution over the volume, the absorption coefficient distribution is
represented as a two-dimensional polynomial of p-th degree. In this case, the number of unknowns will be independent
of the number of elements and will be / = (p + [)>. Conversely, the degree of system discretization and the number of
elements will be determined by the steady-state solution to the SLAE and the corresponding required polynomial degree.
In other words, it becomes possible to manipulate the data for solving an indefinite SLAE, which is important for
analyzing the obtained results to provide finding an approximate solution.

Writing the Legendre polynomial using the Rodrigues formula [20] for each of the coordinates (x, y):

P =p(x)=cr, L& (x2-1)",

2 dxt
v 1 d t
P :P(y):CWt'm'W(yz—l) ’

where ¢ = (0, ..., p) — constant; P’, P* — tensors of the first kind (v =w = (1, ..., t + 1)); CV),, CW, — unknown
coefficients of the polynomial; x(x5), y(vs) — coordinates of the A-th element, the desired distribution of the absorption
coefficient is represented through the elementwise sum of the corresponding second-rank tensor:

8y = Sum(PV ®PW) = sum(A) = ZP:IZZIAW.

A pseudosolution (approximate solution) of the resulting uncertain system of equations can be found by the least
squares method [21]:
x=A"b=VI'U"b,
where A" — Moore-Penrose pseudoinverse matrix, determined by the singular value decomposition (SVD) [21] of the
underlying matrix A.
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It should be noted that when finding d;, due to the properties of the Legendre polynomial used, in particular its
orthogonality on the interval [-1, 1], the origin of the coordinate system (X, Y) was determined at the geometric center of

the workpiece, and the solution was found in dimensionless form by coordinate:

x:2-xh ;y:2'yh .
z z

The computational assessment of the density distribution across the workpiece volume (virtual experiment) was

conducted in the MATLAB software package. The results of solving SLAE of various dimensions are presented for the

initial data shown in Table 1.

Table 1
Initial Data for Calculation
z, [m] 10, [W/mz] 7\4, [nm] Hmin / HMmax
0.03 1000 200 5.768-107%/5.432-107°

Note: Values Hmin / #max are given in accordance with the nominal value for quartz glass? and taking into account the
results [22].

As the results of the experiment, and also for the possibility of monitoring the reliability of the sought solution, an
array of data for /; (intensity of the beam transmitting through the workpiece) was used, obtained for the following

distribution of the absorption coefficient:

8(x.») S 42-6% +(8’"‘”‘ ;6’”"” j-sin(4-x)'cos(4'J’).

The distribution option selected for the example is due to the greatest impact of the 4th harmonic of the disturbance
(inhomogeneity) on the splitting of the operating frequency of the HRG resonator [9].

Research Results. Figures 2—5 show comparison graphs of the obtained solutions to uncertain SLAE of different
dimensions. In each figure (here and below for similar figures), the absorption coefficient distribution based on the
experimental points (linearly connected) and associated with the discretization in the X-axis direction for the Y value is
shown in green. The result of the SLAE solution, that is, a polynomial approximation, which is also true for distribution
surfaces, is shown in blue. Index 7 at y in the figure captions denotes the i-th coordinate along axis y.

yvi=y(1) =0.8 ea. yi=y(2) =04 ea.

5, 1/m /8, 1/m
” 5,1/
03521 0.352 , 1/m
0,348 \/ | 03s0(/ 0.354
: -0.5 0.0 x,en. -0.5 0.0 x,en.

yi=y(3) = 0,0 ea. yi=y(4) =—0.4 ea. 0.350

5, 1/m 4, 1/m \
/\ 0.346
0.352 : 7T 0352 / 1.0 L
/ \ X, ea.

0.348)/ 0.348/

-0.5 0.0 x,ea. -0.5 0.0 x,ea.

a) b)

Fig. 2. Result of solving rectangular SLAE (p =2; ¢ =25), dimension of matrix 4 — [10%9];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

2 GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 10.10.2025).



https://vestnik-donstu.ru/
https://docs.cntd.ru/document/1200023786
https://docs.cntd.ru/document/1200023786

Advanced Engineering Research (Rostov-on-Don). 2025;25(4):311-323. eISSN 2687-1653

yi=3(1)=0.923 ea. yi=(4) = 0.462 ea.
5, 1/m 5, 1/m
0.352 0.352 8 Lim,
y 0.348 0.354
0.348 -0.5 0.0 x,ea. -0.5 0.0 x,ea.
yi=y(7) = 0.000 ea. y;=y(10) = —0.462 ea. 0.350
3, 1/m 8, 1/m
0.3?%
0.352 0.352 : . ea.
0.348 0.348
-0.5 0.0 x,ea. -0.5 0.0 x,ea.
a) b)

Fig. 3. Result of solving rectangular SLAE (p = 4; ¢ = 169), dimension of matrix 4 — [26x25];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

yi= (1) =0.947 ea. yi=y(6) = 0.421 ea.
4, 1/m o, 1/m

0.352 0.352

0.348

-0.5 0.0 x,ea. -0.5 0.0 x,ea.

y,=p(11) =—0.105ea.  y,= p(16) =—0.632 ea.
8, 1/m 8, 1/m

0.348

2
=

0.352 0.352

X, ea.

0.348 0.348

=
2

-0.5 0.0 x,ea. -0.5 0.0 x,ea.

a) b)

Fig. 4. Result of solving rectangular SLAE (p =5; ¢ = 361), dimension of matrix 4 — [38x36];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

yi=(1) = 0.980 ea. yi=1(14) = 0.460 ea.
5, I/m 5, 1/m
0.352 0.352 8, 1/m_
0.348 0.348 0.354
—-0.5 0.0 x,eca. —-0.5 0.0 x,ea.
yi=y(27) =-0.060 ea.  y;=(40) = —0.580 ea. 0.350
5, 1/m 5, 1/m
0.346
0.352 0.352 1.0 L
X, ea.
0.348 0.348
-0.5 0.0 x,ea. -0.5 0.0 x,ea.
a) b)

Fig. 5. Result of solving square SLAE (p =9; ¢ =2 500), dimension of matrix 4 — [100x100];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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In addition, Figures 6-9 present supplementary calculation cases for discussing the issue of solvability of indefinite
SLAE, as well as the application of the proposed method in the presence of macrodefects of the workpiece.

yi=y(1) =0.947 ea. yi=y(6) =0.421 ea.
5, I/m N | 8, I/m /
0.350 0.350
0.345 -0.5 0.0 x,ea. 0.345 -0.5 0.0 x,ea.
yi=y(11) =-0.105 ea. yi=y(16) =-0.632 ea.

5, I/m [/ 5, I/m :
0.350 0.352
0.345 0.345

-0.5 0.0 x,ea. —0.5 0.0 x,ea.

a) b)

Fig. 6. Result of solving rectangular SLAE (p = 6; ¢ = 361), dimension of matrix 4 — [38x49];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

yi=y(1) =0.947 ea. yi=y(6) =0.421 ea.
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0348\ | ‘ 0.348(" \ / 0.354
-0.5 0.0 x,eca. —-0.5 0.0 x,ea.
yi=3(11) ==0.105 ea ¥i=1(16) = -0.632 ea. 0.350

3, 1/m / N 4, I/m / \
AA [\ ﬁ\ 034

0352 0352 | : / \ 1.0 |
\ \ X, ea.
\ \
0.348[\ \J 0348 / \/
-0.5 0.0 x,ea. -0.5 0.0 x,ea.
a) b)

Fig. 7. Result of solving rectangular SLAE (p = 3; ¢ = 361), dimension of matrix 4 — [38x16];
a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y

yi=y(1) =0.980 ea. yi=y(14) = 0.460 ea.
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g ' I
0.352 / \ / || 0350 \ | “55
0.348 L'('/ ! \ 0.345 ll. 'u/
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2 0.352 V10352 / 1 L
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3 0.348] / N 0.348)
M 1 / \ )f‘
g -0.5 0.0 x,ea. -0.5 0.0 x,ea.
o
% a) b)
[72]
§ Fig. 8. Result of solving square SLAE (p =9; ¢ = 2500), dimension of matrix 4 — [100x100];

a — two-dimensional slice of the absorption coefficient distribution along x;
b — three-dimensional representation of the distribution of the absorption coefficient along x, y
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yi=y(1) =0.98 ea. yi=y(14) = 0.460 ea. yi=y(1) = 0.980 ea. i=y(14) = 0.460 ea.
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Fig. 9. Result of solving square SLAE (p = 20; ¢ = 2500), dimension of matrix 4 — [100x441];

a — two-dimensional slice of the absorption coefficient distribution along x for a defect-free solution;

b — two-dimensional slice of the absorption coefficient distribution along x for a solution with defects

Figure 10 shows the differences in the distribution of the desired value from the distribution obtained on the basis of

the results of solving the SLAE.
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Fig. 10. Result of solving square SLAE (p = 9; ¢ =2500), dimension of matrix 4 — [100%100];

a — distribution of the desired value according to experimental

data;

b — distribution of the desired value based on the results of solving the SLAE

Discussion. Analyzing the data obtained by the proposed identification method (Figs. 2-5), it can be noted that with
a sufficient number of measurements (system discretization), it is possible to obtain a solution to an uncertain system with
the required accuracy. The results for overdetermined systems turned out to be comparable to the results of
underdetermined systems [23], although in some cases, the values were inferior in accuracy. For example, the data

presented in Figure 4 demonstrated lower accuracy compared to the results for the matrix dimension 4 — [38%x49],

obtained by the 6th-degree polynomial (Fig. 6).

In case of significant imbalance between the number of equations and unknowns (for example, for the case of severe
overdetermination — Fig. 7), a satisfactory solution could not be found within the presented calculations. Even when
obtaining an approximate solution with minimal error, some differences between the reconstructed distribution and the

experimental one were still present. This may be due to the features of the proposed method, which requires separate

study. For clarity, Figure 10 shows a comparison of the distributions in a color gradient.
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At the same time, it was established that the proposed method is sensitive to the presence of macrodefects (pores,
bubbles) in the workpiece. Figure 8 shows the result obtained on the basis of the experimental data with three point
defects, which correspond to a zero absorption coefficient. When compared to Figure 5 (which presents the results with
the highest accuracy), it is evident that the distribution is distorted, and an additional low-frequency harmonic appears on
the graph, indicating possible defects. As the degree of the polynomial increases, the solution continues to change,
describing a more complex distribution (Fig. 9).

It should be noted that in the case of physical measurements, the presence of macrodefects can significantly affect the results,
as this violates the assumption of normal beam incidence on the interface of optically transparent media (pores and bubbles
often have curved surfaces). Despite this, the presented method can be improved by taking these aspects into account.

The use of a polynomial increased the stability of the solution to rectangular SLAE. However, it should be remembered
that real systems constructed on the basis of experimental data with certain measurement errors create additional
complexities that require the use of other methods for calculating SLAE, for example, with solution regularization [24].
Therefore, it is advisable to avoid significant underdetermination and overdetermination of the system. In defense of the
method used to solve SLAE, it should be noted that optimization of the relationship between the polynomial degree and
the discretization level is required to find an approximate solution with minimal effort. The analysis of the resulting
system of equations shows that even for the two-dimensional case, as the element size decreases, the system remains
rectangular and becomes increasingly underdetermined — in such systems, the number of equations () is less than the
number of unknowns (1). Such SLAE have more than one solution and are characterized by a high condition number of
the fundamental matrix (matrix A) of the system, which can cause significant difficulties in finding the roots. Taking this
into account, in order to control the ratio of the number of equations and unknowns, an assumption was made about the
smoothness and continuity of the distribution of the sought quantity over the volume. This assumption is based on the use
of the highest quality quartz glass for the manufacture of the HRG resonator, in which the presence of macrodefects?
(bubbles, cavities, cracks) is not allowed [25]. This assumption is consistent with the constitutive relations that are valid
both for a constant value of the refractive index and for a slowly varying, continuous function in an optical medium [19].

When discussing practical feasibility, it is necessary to estimate the required measurement error. As noted
previously [22], the maximum density spread for quartz glass over the volume of the workpiece (resonator), due to the
imperfect geometric parameters of the periodicity cell element, is £3 % of the nominal value. Due to the proportional
dependence of the absorption coefficient on density, the spread of the absorption coefficient over the volume will be
similar. In this case, the degree of impact of the spread of the absorption coefficient on the intensity of the light beam
passing through the workpiece can be estimated at the level of 0.03%. Consequently, the measurement accuracy must be
at least 0.005%. Reaching this level of accuracy requires a certain approach to organizing the field experiment, specifically
the use of stable light sources (lasers) with active feedback for thermal and current stabilization, light receivers
(photodetectors) with low dark current, and noise suppression from various sources (temperature fluctuations, vibration,
electromagnetic interference, etc.). This ultimately allows for an accuracy of approximately 0.001%.

Conclusion. Thus, in this study, we proposed and tested a method for identifying imperfections in the form of
inhomogeneity in quartz glass at the preform stage, intended for the fabrication of a resonator, a sensitive element of the
HRG. The identification was based on the optical properties of quartz glass, specifically its complex refractive index,
whose imaginary part is related to the absorption coefficient and, consequently, to the density of the material. It has been
demonstrated that, by conducting a series of experiments measuring the intensity of a light beam transmitted through a
workpiece, it is possible to reconstruct the unknown distribution of the absorption coefficient and density over the volume
with high accuracy (at least 0.005% of the measured value). Here, the distribution is represented through an orthogonal
Legendre polynomial of sufficient degree, maintaining an optimal ratio between the number of polynomial coefficients

and the degree of system discretization, determined by the magnitude of the harmonic of the imperfection distribution. It

3 GOST 15130-86. Silica Optical Glass. General Specifications. Electronic Fund of Legal and Regulatory Documents. URL: https://docs.cntd.ru/doc-
ument/1200023786 (accessed: 31.10.2025).
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has been established that a ninth-degree polynomial can be used to identify the fourth harmonic of density variation (as a
key parameter) with 100 tests. It is important to emphasize that conducting such work at the early stages of production
can optimize the shaping process, allowing for the selection of the most effective directions of density distribution

throughout the volume to minimize the impact on the splitting of the operating frequency of the resonator.
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Introduction. The design of road pavements for highways is a key stage of project development, directly impacting their
durability and operational costs. In recent years, in the context of increasing traffic intensity and dynamic loads, technologies
for strengthening roadbeds and bases, such as geosynthetic reinforcement and stabilized layers, have become widespread,
making the study on their efficiency a challenge. Literature notes the practical advantages of reinforced layers — increased
load-bearing capacity and reduced deformation. However, models for energy dissipation under dynamic impacts in structures
with such layers are underdeveloped. Theoretical approaches to analyzing energy dissipation, including linear-elastic and
viscoelastic models and finite element methods, have been primarily applied to traditional structures. Their adaptation to
reinforced and stabilized layers requires further development, as there remain gaps in the quantitative comparison of
efficiency by location and rigidity of reinforcements. The objective of the presented work is to analyze the dissipation of
deformation energy in the structure of road pavements with different options for the arrangement of reinforced layers, and
to determine optimal design solutions that contribute to increasing the durability of road pavements. To achieve this, it is
required to formalize an energy dissipation model for structures with reinforcements, conduct a comparative analysis of
different locations and rigidity levels of the layers.

Materials and Methods. The research utilized a comprehensive approach to the analysis of deformation processes in
layered media using road pavements as an example, involving both a calculation tool and modern experimental
equipment. As a calculation tool, a mathematical model of a layered half-space in an axisymmetric formulation in a
cylindrical coordinate system was used. It was based on the solution to the system of dynamic Lame equations and allowed
for the construction of amplitude-time characteristics of vertical displacements and impact loading impulse, on the basis
of which it was possible to construct dynamic hysteresis loops. The FWD PRIMAX 1500 shock loading unit was used as
experimental equipment, which made it possible to register similar characteristics of the road pavement response under
field conditions at a load equivalent to the calculated one.

Results. The study involved numerical modeling of road pavement structures traditionally used in the Russian Federation
and so-called full-depth road pavements, which were composed almost entirely of materials reinforced with binders.
Dynamic hysteresis loops were constructed, and a comparative analysis of the results was provided. A numerical
experiment revealed that strengthening only the subgrade layer, even without installing a reinforced base layer beneath
the asphalt concrete, reduced the amount of dissipated deformation energy. It was also concluded that the elastic modulus
of the underlying half-space simulating the subgrade had the greatest impact on the amount of dissipated energy.
Discussion. The greatest effect, both technical and economic, can be reached by strengthening the top of the roadbed
while preserving the loose layers in the base of the road structure. This solution will bring the functioning of the road
surface closer to the elastic stage and at the same time reduce the risk of cracks appearing on the surface of the pavement
due to an excessively rigid layer of reinforced base.

Conclusion. On the basis of the constructed dynamic hysteresis loops, it is shown that a reduction in the magnitude of
deformation energy can be obtained both by installing reinforced layers of the road surface throughout its entire depth,
and by locally strengthening the underlying half-space layer and an additional base layer made of sand. The numerical
experiment demonstrated that the use of reinforced base layers reduced the amount of deformation energy dissipation in
the pavement structure by more than 23 times. Qualitative agreement between the experimental results and the numerical
simulation results was shown.
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AHHOTALUSA

Beeoenue. KonctpynpoBaHue TOPOKHBIX OJICHKT aBTOMOOMIIBHBIX JOPOT — KITFOUEBO dTAl NMPOSKTUPOBAHMS, HATIPSIMYIO
BIMAIOMIMI HA UX JOJITOBEYHOCTh U SKCILTyaTallMOHHBIE pacXosl. B mocneqHue roas! B yCIOBUSAX pocTa MHTCHCUBHOCTU U
JVHAMHUYECKOM Harpy3KH TPAaHCIIOPTa MOIyYUIIU PacpOCTPAHEHUE TaKHe TEXHOJIOTHH YKPEMIECHHUs 3eMIITHOTO MOJIOTHA U
OCHOBaHHM, KaK TEOCHHTETHYECKIE apMHUPOBAHMS M CTAOMIIM3UPOBAHHBIE CIIOH, YTO JIeJIaeT U3ydeHHe X 3 PEKTHBHOCTH
0COOEHHO aKTyaJbHBIM. B nHTEepaType oTMe4aroTcs NMpakTHYECKHE MPEUMYIIECTBa YKPEIUIEHHBIX CIOEB — TIOBBILICHHE
HecyIei cnocoOHOCTH U CHIbKeHue fedopmarid. OJJHAKO HeJIOCTATOYHO pa3paboTaHbl MOAENH AUCCUIIALIMY SHEPTUH TTPH
JMHAMHYECKHUX BO3JEHCTBHAX B KOHCTPYKIHAX C TAKAUMH CIIOSIMU. TeopeTHIeCcKHe MOIX0bI K aHAJII3Y PACCESHUS SHEPTUH,
BKJIOYAs! IMHEWHO-YIPYTHE U BSI3KOYTIPYTUe MOJIETH ¥ METO/Ib KOHEYHBIX 3JIEMEHTOB, B OCHOBHOM IIPUMEHSUINCH K TPAIH-
IIHOHHBIM KOHCTPYKIIHSM, HX aJalTaus sl apMUPOBAHHBIX U CTAOMIM3UPOBAHHBIX CJIOEB TpeOyeT TOPaOOTKH, TOCKOIBKY
OCTAaIOTCs POOEJTBI B KOJINUECTBEHHOM CpaBHEHHHU AP (HEKTUBHOCTH 110 MECTOTIOIOKESHHUIO M )KECTKOCTH YKperuieHuid. [lens
MpeNICTaBICHHO paboThl — aHAIIN3 TUCCHUITALUH YHEPTUH Ie(OPMUPOBAHHUS B CTPYKTYPE JOPOXKHBIX OJICHK]] C PA3TUIHBIMU
BapHaHTAMH PacIONIOKEHHS YKPEIUICHHBIX CIIOEB M ONpeJIeJICHHe ONTUMAIIBHBIX KOHCTPYKTHBHBIX PEIICHHH, CIOCOOCTBY-
IOIIMX MOBBIIICHUIO OJATOBEYHOCTH JOPOXKHBIX TMOKPBITHH. 71 ee mocTrkeHHs: Heo0XoquMo ObIIo (hOpMaTH30BaTh MO-
JIeTIb IMCCUTIAINY SHEPTUH JUTS KOHCTPYKIMH C YKPETUICHUSMH, IPOBECTH CPAaBHUTEIIHLHBIN aHAJIN3 BAPUAHTOB PACIIONIOKE-
HUSA U )KECTKOCTH CITOEB.

Mamepuanst u memoosi. B pamkax MccienoBaHus NIPUMEHEH KOMIUIEKCHBIH MOAXO K aHAJIHM3Y MpoLeccoB aAehopMu-
POBaHUS CIIOUCTHIX CPeJ Ha MPUMEpe JOPOXKHBIX OEkK, IIPEANIONaraloni IPUMEHEHHE KaK PaCUeTHOTO anmnapara, Tak
1 COBPEMEHHOT0 SKCIIEpUMEHTAIBHOTO 000pY/J0BaHNs. B kauecTBe pacueTHOro anmapaTa UCI0JIb30Balach MaTeMaTuie-
CKasi MOJIEJIb CIIOMCTOTO MOIYIPOCTPAHCTBA B OCECUMMETPHUYIHOI MOCTAHOBKE B IMIIMHAPHUECKON CUCTEME KOOPIMHAT,
Oasupylolasics Ha pellieHUH CUCTEMbI JMHAMUYECKUX YpaBHEeHUI Jlame ¥ MO3BOJISIONIAs CTPOUTh aMILIUTYHO-BPEMEH-
HBIE XapaKTEePUCTHKHU BEPTUKAJIBHBIX IepeMELICHUI 1 NMITyJIbCa yAAPHOTO HATPYKEHHUs, Ha OCHOBE KOTOPBIX BO3MOXHO
MIOCTPOEHHE AMHAMUYECKHUX IETeNh THcTepe3nca. B kauecTBe 3KCIEPHMEHTAIBHOTO 000pyI0BaHHS NPUMEHEHA yCTa-
HOBKa ynapHoro HarpyxxeHus FWD PRIMAX 1500, no3Bosstoniast perucTpupoBaTh aHAIOTUYHbIE XapaKTEPUCTUKH OT-
KJIMKa JIOPOXHOM OJIEK/IbI B HATYPHBIX yCIOBHSX IIPU HArPYXEHUH, SKBUBAICHTHOM PacyeTHOMY.

Pesynemamut uccneooganus. B xone uccne10BaHus BHIIOTHEHO YHUCICHHOE MOACINPOBAHNE KOHCTPYKIUI JOPOXKHBIX
OJICKA, TPaJUIMOHHO HMCHONb3yeMbIX B Poccuiickoit ®Denepanuu, W Tak HA3bIBAEMBIX HMOJHOTIYOHHHBIX JTOPOXKHBIX
OJIeXKI, COCTOSIIIUX MPAKTUUECKH MOJHOCTBIO U3 MaTepHalIOB, YKPEIJICHHBIX BSOKYIIUMU. [IocTpoeHB!l qUHaMUUecKue
MEeTJIM TUCTEepPEe3UCca U JaHO CPAaBHUTEIHHOE ONMHCAHUE IOJTYYEHHBIX Pe3yJIbTaToB. B Xone 4MCIeHHOro SKCrnepuMeHTa
YCTaHOBJIEHO, YTO YKPEIUICHHUE TOJIBKO CJIOSI 3eMJISIHOT'O TI0JIOTHA Jlake 0e3 yCTpOWCTBa YKPEIJIEHHOT'O CJI0Si OCHOBAHUS
1o/ achasbTOOETOHOM MO3BOJIET CHU3UThH BEJIMUMHY pacceuBaeMOM dHepruu jaedopMupoBanus. Takke cenaH BBIBOJ
0 TOM, 4TO B HaOOJIbLIECH CTENICHN BIMSHHUE Ha BEJIMYMHY pacCEMBaeMOI SJHEPTUU OKa3bIBaeT HIMEHHO MOJYJIb YIIPYTOCTH
MOJICTHJIAIOIIETO TOTYTIPOCTPAHCTBA, MOJICIUPYIOIIET0 3€MIISTHOE TIOJIOTHO.

Oébcyscoenue. Hambompmmii 23 PexT, Kak TEXHHUECKHHA, TaK ¥ IKOHOMHYICCKHUN, MOXKET OBITh JOCTHTHYT ITyTeM YKpPETI-
JICHUSI BEpXa 3eMIITHOTO ITOJIOTHA C COXPAHEHHEM HECBSI3HBIX CIIOEB B OCHOBAHUH JOPOXKHOM KOHCTPYKIMH. DTO PEIICHHE
MIO3BOJIUT MPHUOIU3UTE (DYHKIIMOHHPOBAHNE JTOPOKHOM OACKIBI K yIPYTOH CTaJUH U BMECTE C TEM CHHU3UTH PHCKH IO-
SIBTICHUSI TPEIIMH Ha TOBEPXHOCTH MOKPBITHS U3-3a U3JUIIHE XKECTKOTO CJI0S yKPEINICHHOTO OCHOBAHUSL.
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3akntouenue. Ha 0CHOBaHMH MOCTPOCHHBIX AWHAMHYECKUX METEIh THCTEpE3rca MOKA3aHO, YTO CHIDKCHHE BEITHIHHEI
SHEpPruu AeOPMHUPOBAHUSI MOKET OBITh JOCTUTHYTO KaK YCTPOWCTBOM YKPEIICHHBIX CJIOEB TOPOXKHOM OJIEKIBI TI0 BCEH
ee NIyOrHe, TaK ¥ JIOKATBHBIM YKPEIUICHHEM CJIOSI TOICTHIIAIOIIETO MOMYPOCTPAHCTBA U IOTMIOIHUTEIBHOTO CI0S OCHO-
BaHUs U3 Necka. B XoJle YHCIEHHOT0 SKCIIEPUMEHTA JJOKa3aHO, YTO YCTPOHCTBO YKPEIUICHHBIX CJIOEB OCHOBaHUU Oolee
4yeM B 2—-3 pa3a CHIXKACT BEIMYHHY TUCCHIIAIIMHA SHEPTHH Ae()OpMUPOBAHHS B CTPYKTYpE NOPOXKHOMN onexnnl. [Ipoxe-
MOHCTPUPOBAHO Kaue€CTBEHHOE COBIAJICHUE PE3YJIbTATOB SKCIEPUMEHTAIBHBIX UCCIEIOBAHUM U pe3yJIbTaTOB YUCIEH-
HOT'O MOJIEJIUPOBAHUS.

KiiroueBble cioBa: JOpPOXKHBIE OJEXKAbl, AUCCUIALMUS HHEPIMM, YCTAHOBKA YAAPHOTO HArpy>KeHWs, METIu
JIMHAMHUYECKOr0 TUCTEpe3nca

BaarogapHocTn. ABTOp BBIpakaeT OIaroJapHOCTh PEOAKIMOHHON KOJUIETMM JKypHala M pEIEeH3CHTaM 3a
po¢heCCHOHATBHBIN aHANN3 CTATEH M PEKOMEH/IAIINH IS €€ KOPPEKTHPOBKH.

®unancupoBanme. VccienoBanue BBITIOTHEHO NMpu (pUHAHCOBOUW momiepxkke Poccuiickoro Hay4Horo ¢gosaa (TpaHT
Ne 24-29-00110), https://rscf.ru/project/24-29-00110/

Jnst nurupoBanust. Tupatypsia A.H. AHamu3 muccunaruu SHeprun 1e()OpMUPOBAHUS B TOPOKHBIX OICKAAX C YKPCIUICHHBIMU
crnosmu. Advanced Engineering Research. 2025;25(4):324-336. https://doi.org/10.23947/2687-1653-2025-25-4-2184

Introduction. One of the most important challenges facing the Russian road industry is providing a 24-year interrepair
life for road pavement. One of the key approaches to solving this is improving approaches to pavement design. In the
practice of the Russian Federation, it is common to design road pavement so that the rigidity of the layers increases from
bottom to top, which stems from both historical design approaches and certain specific features of stress-strain state
calculations using engineering methods and specialized nomograms. However, this approach does not fully reflect the
efficiency of reinforced layers, such as subgrades or pavement bases.

In recent years, significant changes have occurred in the technologies and methods for calculating road pavement, associated
with the introduction of software packages that implement both accurate and numerical schemes for the direct calculation of
layered media [1]. In numerical methods, the most widespread are both classical finite element approaches [2], and more modern
methods based on the use of spectral elements [3].

The finite element method is widely used in modeling the stress-strain state of asphalt concrete and cement concrete
samples applied for the construction of road pavement and bases [4], as well as in calculating objects of limited size,
typical for the practice of road and industrial-civil construction [5]. However, most of the aforementioned software
packages implement a predominantly linear-elastic static formulation of the problem of determining the stress-strain
state of road pavement. The wider adoption of numerical methods is constrained by the difficulty of their application
to environments of unlimited volume [6]. At the same time, the actual deformation of road pavement layers is most
accurately described by viscoelastic models or models that take into account the outflow of volumetric waves into
infinite space [7].

As a rule, when solving problems in a viscoelastic dynamic formulation, the response of the road structure is
considered either to an impact equivalent to the dynamic impact of the calculated load [8], or directly to the load from a
wheel moving on the surface of the road pavement [9].

One of the most common modern solutions to this problem is the design of so-called full-depth road pavement
structures, consisting entirely of layers reinforced with mineral and complex binders [10]. This approach has a number of
advantages and disadvantages. The undoubted advantages include the overall high rigidity of the structures and the
possibility of using recycled materials for the construction of base layers and their additional layers [11]. A number of
scientific papers devoted to this topic note the good resistance of such structures to the accumulation of plastic
deformations [12], the possibility of use under various natural and climatic conditions [13], and high
manufacturability [ 14]. Disadvantages include high cost and, often with excessively increased rigidity of the base layers,
a strong probability of cracking [15]. One of the most common types of crack formation for such structures is reflective
cracking [16]. Some authors also note the need to take into account the specific properties of such structures in cold
areas [17], and the influence of various types of defects on changes in the service life of the coating [18].

The concept of “perpetual” road pavement is well known. It involves increasing the rigidity of the structural layers of
the road pavement from top to bottom, that is, when materials with a higher modulus of elasticity than asphalt concrete
pavement layers are used as the base layer [19]. Such structures do provide extremely long interrepair life, which allows
for the replacement of only the upper wear layers [20]. However, it is obvious that the cost and reliability of such structures
are undoubtedly extremely high and often not reasonable [21]. Moreover, issues of providing proper adhesion between
structural layers of different rigidity require additional research [22].


https://vestnik-donstu.ru/
https://rscf.ru/project/24-29-00110/
https://doi.org/10.23947/2687-1653-2025-25-4-2184

Tiraturyan AN. Analysis of Deformation Energy Dissipation in Reinforced-Layer Pavement

Thus, it can be argued that there are numerous approaches to pavement design, which, on the one hand, emphasizes
the efficiency of such structures, but on the other, still leaves numerous questions unanswered. One of these is the study
on deformation energy dissipation processes in layered media with reinforced layers, and, as a result, an assessment of
the possibility of shifting deformation mechanisms to the elastic stage. The amount of energy dissipation is the most
complete and physically-based characteristic reflecting the mechanisms of deformation in the structure of a multilayer
medium, which can be measured and quantitatively assessed both by mathematical modeling tools and modern measuring
equipment. Moreover, the use of this indicator is promising in the context of such a relevant area as the analysis of the
life cycle of construction projects [23] and its implementation in information modeling technologies for monitoring the
remaining useful life [24]. Thus, the objective of this work is to analyze the dissipation of deformation energy in the
structure of road pavement with different options for the arrangement of reinforced layers and to evaluate optimal design
solutions that contribute to increasing the durability of the road pavement.

Materials and Methods. The study utilized theoretical and experimental approaches to assess the deformation of the
layered pavement environment. The research methodology is presented in Figure 1.

Theoretical research Experimental research

v v

Improving the mathematical model of a layered
medium to enable calculation of the deformation
energy dissipation

N e

Calculation of amplitude-
temporal characteristics of
movements on the pavement

Validation of the equipment used for
experimental recording of dissipation energy

Calculation of the amplitude-time
characteristics of the loading impulse on
the pavement surface

surface
\ / \
Construction of calculated dynamic Registration of dynamic hysteresis loops on the
hysteresis loops on the pavement surface pavement surface under shock loading

\ /

Comparison of calculated and
experimental results

Formulation of conclusions and recommendations
aimed at optimizing the design of road pavement

Fig. 1. Research methodology

The following road pavement designs are considered during the numerical and experimental studies. Design 1
represents a standard road pavement design in accordance with the current requirements of GOST R 71404: layer 1 is
constructed of asphalt concrete, layer 2 is constructed of a crushed stone-sand mixture reinforced with a complex binder,
layers 3 and 4 — dry bound macadam, and an antifrost capillary-breaking layer, respectively.
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Structure 2 is an example of a full-depth road structure in which all layers are reinforced with organic or complex
binders, which inevitably increases their elastic modulus. However, due to the use of expensive stabilizing and
strengthening additives, as well as the inability to reduce the thickness of the structural layers within the current regulatory
framework, the cost of this structure will significantly exceed that of Structure 1, which contains layers untreated with
binders Structure 3 is similar in its parameters to Structure 1, but layers 2 and 5 (subgrade soil) are reinforced with a
complex binder. Structure 4 involves strengthening only the subgrade soil with a binder. The structures under
consideration are shown schematically in Figure 2.

Structure 1 Structure 2
8 asphalt concrete 2 asphalt concrete
g reinforced layer g reinforced layer
° loose bottoming ° reinforced layer
g sand 8 reinforced layer
unstabilized soil reinforced soil
Structure 3 Structure 4
Q asphalt concrete l{\} asphalt concrete
g reinforced layer g unreinforced layer
g loose bottoming ﬁ unreinforced layer
S sand S unreinforced layer
reinforced soil reinforced soil

Fig. 2. Designs of simulated pavement

The theoretical approach consists in determining the stress-strain state of a layered medium under the impact of a
dynamic load from a falling weight in an axisymmetric setting (Fig. 3).

R

v

hi
h2

hj

Fig. 3. Multilayer half-space
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The equations of motion are as follows: [25, 26]:
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where A, p — Lamé coefficients; u,, u. — radial and vertical components of the displacement vector; p— density of the material.
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where » — radial coordinate of the point at which the displacement is found.
The Fourier transformed system of equations (1) takes the form [27]:
2
; cs . .
grad divu’ (r)—%rotrotu’ (r)+chu’ (r)=0, 3)
where ¢j1, ¢, — reduced frequencies of oscillations.
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=25 )
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where ® — oscillation frequency, rad/s; R —radius of the loading area; Vp;, Vs;— velocities of longitudinal and transverse
waves in the body.
This form of recording allows using the principle of elastic-viscoelastic correspondence, according to which the Lamé
coefficients become complex, which, in turn, leads to the complex-valued nature of the reduced frequencies c¢;i, cjo.
Since the displacement u can be expressed through the scalar ¢ and vector (vortex) y components, the solution will
be further considered in the form of the Lamé representation as:

A(p+Cj12(p:0, (5)
A\V + Cjzz\v = O

The boundary conditions of this problem in stresses are formulated as follows:

o.(r.z,t) o= {P(l‘),r <[0,R]

0,r>R . (6)
T, (r,z,t) l..o=0

At the boundaries of the layers, conditions of rigid adhesion are set, requiring the continuity of displacements u.(r, z, t)
and u.(r, z, t), and stresses o(r, z, 1), T-(7, z, {).

At infinity, the conditions for all stress and displacement components to tend to zero are satisfied. The initial conditions
of this problem are defined as follows:
ou,., (r, z,t)

ot

The further solution is constructed through applying the properties of the Hankel and Fourier integral transforms to
the system of equations (3) and is presented in [28]. Since the solution to a non-stationary problem is considered, the
method of discrete harmonic analysis is applied [29].

Experimental approach to assessing the deformation of layered road surfaces involves instrumental measurements
of road pavement deformation parameters. The FWD PRIMAX 1500 shock loading unit is used for these measurements
[30, 31] (Fig. 4). This unit consists of a trailer with a shock loading mechanism and a measuring beam mounted on it.
This beam records the vertical component of the displacement speed, which is subsequently converted into absolute values
of vertical displacement. Deformation characteristics are recorded by measuring sensors. Figure 5 shows the distances
from them to the dynamic loading stamp of the unit. For this study, only sensor D1, located in the center of the stamp, is
used. However, in the future, other sensors could be used to evaluate deformation energy distribution processes.

The difference between FWD and other shock loading units is the possibility of practically continuous recording, with
a sampling spacing of 0.002 s, of the amplitude-time characteristics of displacements on the coating surface and the

U, , (r,z,t) b-0=0; l=o=0. (7

amplitude-time characteristics of the shock loading pulse, based on which it is possible to construct an experimental
hysteresis loop.
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Fig. 4. FWD for recording vertical displacements on a layer of organomineral mixture

Stamp
DI D2D3D4DS D6 D7 DS D9 DIO

1200

1300
450
600
900
I 1200 |
| 1500 |
1800

2100

Fig. 5. Measurement design using the FWD (distances are given in mm)

This study examines road pavement structures with different rigidity ratios of the structural layers. The mechanical
parameters are presented in Table 1.

Table 1
Road Pavement Designs for Modeling
Structure 1 Structure 2
Layers | E, MPa v tgy h,em | p,kg/m® | E, MPa v 1gy h,ecm | p, kg/m?
1 3500 0.30 0.25 25 2400 3500 0.30 0.25 25 2400
2 1000 0.25 0.15 22 2400 1000 0.25 0.15 22 2400
3 450 0.25 - 36 1600 1000 0.25 0.15 36 2400
4 120 0.25 - 20 1900 500 0.25 - 20 2200
5 43 0.3 - - 1900 400 0.3 - - 2200
Structure 3 Structure 4
E, MPa v tgy h,cm | p,kg/m® | E, MPa v tgy h,cm | p,kg/m® | E, MPa
3500 0.30 0.25 25 2400 3500 0.30 0.25 25 2400 3500
1000 0.25 0.15 22 2400 450 0.25 - 22 1600 1000
450 0.25 - 36 1600 450 0.25 - 36 1600 450
120 0.25 - 20 1900 120 0.25 - 20 1900 120
400 0.3 - - 2200 400 0.3 - - 2200 400

Research Results. The problem of determining the dynamic stress-strain state is solved and hysteresis loops are
constructed on the surface of each of them using mathematical modeling for the above structures. The solution to the
problem for a layered medium allows specifying the amplitude-time characteristics of the displacements u(#) on the
surface of the layered medium, and the amplitude-time characteristic of the impulse F(¢), from which the dynamic
hysteresis loop, whose area determines the energy irreversibly dissipated in the medium, can be reconstructed [32, 33].
This curve is specified parametrically in accordance with dependence (8):

w-| ;u(t)F(t)dt. ®)
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In the case of setting the dynamic hysteresis loop in the form of a data series containing information on discrete values
of the actual load (F;) and vertical displacements (u;), corresponding to a given load, the area of the hysteresis curve is
determined in accordance with (9):

n—1 n—1

1
=2 ZuF +u, by _;umFi —wF, |. ©
Function F(?) is described by the equation:
F(t)stin(tn—tj (10)

where F' — design load (taken equal to 57.5 kN); + — time of observation of the object deformation (¢#=0.1 s);
tum — pulse time (fun = 0.03 s).

The possibility of constructing the amplitude-time characteristic of a sawtooth pulse and a triangular pulse, which are
often used to approximate the impact loading reproduced by FWD, is also implemented.

The design load for the simulation was a 57.5 kN drop load distributed over a 30 cm diameter area, which complied
with road industry regulatory requirements. The deformation energy dissipation (W) was calculated at the impact point.

Taking into account the assumption of the need for the road pavement to operate in the elastic stage, allowed in
domestic regulatory documents, as well as the fact that the energy value W is essentially a function of both the mechanical
and geometric parameters of the studied medium, the problem of optimal design can be reduced to the equation:

W(E, h;tany ;v ;) —> min, (11)

J
where E; — elastic moduli of the materials of the pavement layers; #; — thickness of the pavement layers; y; — loss angles
or other viscosity characteristics of the material of the layers; v; — Poisson's ratios of the materials of the layers.
The damping properties of individual layers are taken into account through introducing the loss tangent #gy,
determined on the basis of the given oscillation frequencies:

Figure 6 shows the calculated amplitude-time characteristics of the displacements on the surface of the simulated road
pavements. Figure 7 presents various shock loading pulse shapes, in particular, sinusoidal, sawtooth, and triangular,
corresponding to different shock load application scenarios. In this study, the sinusoidal shape is considered, as it best
corresponds to the experimental loading reproduced by the FWD.
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Fig. 6. Calculated amplitude-time characteristics of displacement
on the surface of the studied structures
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Fig. 7. Calculated load pulse shapes on the surface
of the road pavement 4

The results of constructing dynamic hysteresis loops and the results of determining the dynamic deformation energy
are presented in Figure 8 and in Table 2, respectively.

70
60 -
50
40
Z
< 30
<
3
20 \
10 \
0 ———
-10
-0.25 -0.20 -0.15 —0.10 —-0.05 0.00 0.05
Vertical displacements, mm
structure 1 structure 2 structure 3 structure 4
Fig. 8. Dynamic hysteresis loops calculated on the surface of road pavement structures
Table 2
Calculated Value of Deformation Energy Dissipated in Structures
Layers Deformation energy, J/m3
Structure 1 943
Structure 2 3.00
Structure 3 3.27
Structure 4 3.56

To experimentally confirm the results obtained, measurements are carried out using the FWD PRIMAX 1500 shock
loading unit on the real operating road pavement, whose design is similar to structures 1, 3 and 4 shown in Table 1. The
obtained experimental shapes of the dynamic hysteresis loops are shown in Figure 9, and the experimental values of the
deformation energy dissipated in the structure are presented in Table 3.
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Fig. 9. Dynamic hysteresis loops recorded instrumentally on the surface of road pavement structures
Table 3
Experimental Value of Deformation Energy Dissipated in Structures
Layers Deformation energy, J/m3
Structure 1 9.44
Structure 3 3.74
Structure 4 4.56

Design options for road pavement similar to design 2 are currently undergoing feasibility studies for their applicability
and have not been implemented under the field conditions of the Russian road network.

Discussion. Analyzing the data in Tables 2 and 3, we can conclude that the highest value of deformation energy
dissipation is characteristic of the traditional design option 1, in which the rigidity of the structural layers increases from
bottom to top. The lowest value of energy dissipation is undoubtedly characteristic of the most rigid design, 2, which
assumes the construction of all layers using binder reinforcement. However, it should be noted that a nearly identical
effect can be reached by the reinforcement of the working subgrade layer in the first turn. The numerical modeling has
shown that strengthening only the subgrade layer, even without installing a reinforced base layer beneath the asphalt
concrete, reduces the dissipated deformation energy from 9.43 to 3.56 J/m3. It can also be concluded that the elastic
modulus of the underlying half-space, which simulates the roadbed, has the greatest impact on the amount of dissipated
energy. Therefore, the greatest effect, both technical and economic, can be reached through strengthening the top of the
roadbed while preserving the loose layers at the base of the road structure (similar to structures 3 and 4). This solution
will bring the road pavement performance closer to the elastic stage while reducing the risk of cracks appearing on the
road pavement surface due to an excessively rigid reinforced base layer. These modeling results were generally validated
by the results of a full-scale experiment, which found that the experimental deformation energy on the surface of
unreinforced structure 1, which was 9.44 J/m?, decreased to 4.56 J/m? in the presence of a reinforced subgrade layer, and
to 3.74 J/m? in the presence of a reinforced base layer under the asphalt concrete and a reinforced subgrade layer. This
fact validates the qualitative agreement between the results of in-situ and computational experiments. The research results
can be applied to substantiating competing road surface design options and also be developed for use in the road
maintenance industry in assessing their residual service life [34, 35]. An important conclusion is the establishment of the
greatest impact on the magnitude of deformation energy dissipation from the strengthening of the subgrade layer. In recent
years, the issue of using various soil strengthening additives has been actively addressed at various levels [36—38]. Once
more data on the strengthening of the roadbed using appropriate additives and stabilization is received, the results obtained
can be applied to prove the effect of their introduction. Undoubtedly, this will require conducting research using dynamic
loading and stamp testing equipment [39, 40], which makes it possible to directly register dynamic hysteresis loops and
load-unloading curves, and obtain the necessary information about the design characteristics of such layers. The approach
presented in the study can also be efficiently developed at accelerated testing sites for road pavement [41], and used to
calibrate models when their operational condition deteriorates [42].
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Conclusion. Thus, as a result of the analysis performed within the framework of this research on the dissipation of
deformation energy in the structure of road pavement with various options for the arrangement of reinforced layers and
the assessment of the most efficient options for the arrangement of reinforced layers in the structure of the road pavement,
it was established that the greatest impact on the magnitude of the dissipation of deformation energy is exerted by the
strengthening of the roadbed, modeled as an elastic half-space, unlimited in thickness. This conclusion was validated by
experimental studies, which revealed a similar qualitative pattern of changes in the dissipated deformation energy in a
structure consisting of only unreinforced layers; a structure with a reinforced subgrade layer; and a structure with a
reinforced base layer and a reinforced subgrade layer. It has been shown that the use of reinforced base layers reduces the
amount of deformation energy dissipated in the road pavement structure by more than 2—3 times.
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Observer-Based Finite-Time Adaptive Reinforced Super-Twisting E E
Sliding Mode Control for Robotic Manipulators . -
Hoang Duc Long

Le Quy Don Technical University, Hanoi, Vietnam E
X longhd@lgdtu.edu.vn EDN: OZLBEC
Abstract

Introduction. Robotic manipulators operate in dynamic environments under uncertainties, external disturbances, and
actuator faults, posing a critical challenge to their control design. While traditional control strategies, such as PID or
computed torque control, offer simplicity, they often lack robustness to unmodeled dynamics. The development of robust
and practically implementable control algorithms is becoming increasingly important with the growing use of
manipulators in dangerous, precise and ultra-fast operations (industrial automation, medicine, space and service robots).
Conventional PID controllers and torque calculation methods are simple but not robust enough to handle unmodeled
effects. Sliding Mode Control (SMC), particularly the Super-Twisting variant (STA), provides strong robustness, but
suffers from chattering and typically requires prior knowledge of system bounds. Recent advancements like Adaptive
Global Integral Terminal Sliding Mode Control (AGITSMC) improve finite-time convergence but may result in
overestimated control gains and residual switching effects. This research addresses a critical gap in current methods: the
lack of a unified control approach that ensures finite-time convergence, suppresses chattering, and compensates for both
unknown disturbances and actuator faults using observer feedback. The objective of this work is to design and analyze
an Observer-Based Finite-Time Adaptive Reinforced Super-Twisting Sliding Mode Control (OFASTSMC) framework
that adaptively adjusts its gains, estimates disturbances online, and guarantees smooth, robust performance even in the
presence of severe nonlinearities and faults. The objective of this study is to develop and analyze an Observer-Based
Finite-Time Adaptive Reinforced Super-Twisting Sliding Mode Control (OFASTSMC) framework that unifies finite-
time observer feedback, adaptive gain tuning, and reinforced sliding surfaces to achieve robust trajectory tracking of
robotic manipulators under disturbances and actuator faults, while effectively minimizing chattering and ensuring
practical implementability.

Materials and Methods. This study considers the standard dynamic model of an n-DOF robotic manipulator derived
using Lagrangian mechanics. The model accounts for nonlinear coupling effects, viscous friction, external disturbances,
and additive actuator faults. To achieve robust finite-time control, a reinforced sliding surface is constructed using
nonlinear error terms with adaptive power exponents, which accelerates error convergence. A finite-time extended state
observer (ESO) is incorporated to estimate lumped disturbances and actuator fault torques in real time. Based on these
estimates, the control law integrates a super-twisting sliding mode algorithm with adaptive gain tuning and boundary-
layer smoothing to reduce chattering while ensuring strong robustness. The closed-loop system stability is formally
analyzed within a Lyapunov framework, where rigorous proofs confirm finite-time convergence of the tracking error
under the proposed controller. The proposed OFASTSMC algorithm is implemented in MATLAB/Simulink and validated
on a 2-DOF planar robotic manipulator. The manipulator is subjected to time-varying disturbances and actuator
degradation scenarios. For benchmarking, the method is directly compared with AGITSMC, using identical initial
conditions, model parameters, and reference trajectories to ensure a fair and consistent performance evaluation.

Results. Simulation results demonstrate that the proposed OFASTSMC method significantly outperforms the benchmark
AGITSMC in terms of tracking precision, robustness, and control smoothness. Specifically, the maximum joint position
errors were reduced by over 40% compared to AGITSMC, and the settling time to reach the desired trajectory was
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shortened by approximately 25%. Additionally, the proposed method effectively mitigated chattering in the control signal
due to the use of saturation functions and gain limits, resulting in smoother actuator commands. The adaptive observer
accurately estimated the lumped disturbance and fault inputs in real time, providing effective fault compensation without
prior knowledge. These improvements were validated across multiple scenarios including abrupt actuator failures,
nonlinear load torques, and varying trajectory speeds. The sliding surface convergence was achieved in finite time,
confirming the theoretical guarantees of the method.

Discussion. The results validate that OFASTSMC achieves robust, high-precision tracking for robotic manipulators
operating under real-world uncertainties. Its novelty lies in the integration of adaptive exponent tuning, finite-time
observer feedback, and gain-limited super-twisting control into a unified and practical framework. Unlike previous
methods that rely on fixed gain structures or ignore observer feedback, OFASTSMC adapts in real-time and maintains
finite-time convergence guarantees with minimal chattering.

Conclusion. The results obtained confirm that OFASTSMC is an efficient and robust solution to the trajectory tracking
problem in the presence of uncertainties. The method is computationally efficient and easy to implement in digital control
systems, making it suitable for practical deployment in industrial robots, service manipulators, or surgical arms. Future
research will focus on extending this method to task-space control and real hardware implementation under sensor noise
and model mismatches.

Keywords: robotic manipulators, finite-time stability, super-twisting algorithm, sliding mode control, actuator fault,
adaptive control, observer-based control
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HabaronareibHO-aIaNITUBHOE YIIPABJIEHHE CKOJIb3SAIUM PEKUMOM ¢ KOHEYHBIM BpeMeHeM
CXOAMMOCTH HA OCHOBE YCUJIEHHOI'0 CYNIepP-CKPYYHMBAIOLIEro ajiropurmMa
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AHHOTALUSA

Beeoenue. Po60TH3NPOBAHHBIE MAHUITYJIATOPHI SKCIUTYaTHPYIOTCS B YCIOBUSX M3MEHUHUBOHN CPEbI ¢ HEOTPEACIEHHO-
CTSIMH, BHEIIHUMH BO3MYILEHUSIMH M BO3MOKHBIMH OTKa3aMHU IPUBOAOB, YTO CYIIECTBEHHO OCIOKHSIET IPOSKTUPOBAHNE
HaJI&XHBIX CUCTEM YIIpaBieHUs. BaxHOCTh pa3pabOTKH poOACTHBIX M MPAKTHYHO PEalIn3yeMbIX allTOPUTMOB yIpaBie-
HHSI BO3PACTaeT C POCTOM IPHUMEHEHUSI MAHUITYJIITOPOB B OMACHBIX, TOYHBIX M CBEPXOBICTPHIX ONEpalysax (IPOMBIIUICH-
Hasi aBTOMATH3alus, MeIUINHA, KOCMIYECKHE U CepBHUCHBIE poOoThl). Tpaanumonnsie [T ]]-peryssiTopsl 1 METOIBI BBI-
YHUCJICHUS MOMEHTA ITPOCTHI, HO HEJIOCTATOYHO yCTOWYMBBI K HEMOJIEIMPOBAHHBIM BO3/ICHCTBUSM. YTIpaBlIeHNE CKOJIb-
3IIMM PEXUMOM, B YACTHOCTH allTOPUTM cynep-ckpyuusanus (STA), obecrnieurBaeT NOBBIIIEHHYIO pOOaCTHOCTD U KO-
HEYHYIO CXOANMOCTb, OHAKO cTpanaeT 3(h(HEeKToM IpOKaHUS M YacTo TpeOyeT anpHOpHOH MHPOPMAIMU O TpaHHUIaxX
Bo3MyieHni. CoBpemenHble Monudukanuu (Hanpumep, AGITSMC) nocturaror KOHEYHOTO BPEMEHU CXOJUMOCTH U
CHIDKAIOT JIPOYKaHUE, HO MOTYT BBI3bIBATh 3aBBIIICHUE YIPABISIOUIMX YCUIIMI U COXPAHSIOUINECS OTPEXH IIPU OLCHKE
BO3MYILEHHH U 0TKa30B. B nuTeparype 3amereH mpobes: OTCYTCTBYET MHTETPUPOBAHHBIN MOAXO, KOTOPbIH OJZHOBpE-
MEHHO 00€CIeYHBaeT KOHEUHOBPEMEHHYIO CXOIMMOCTD, a/IalITUBHYI0 KOMIIEHCAI[MI0O HEU3BECTHBIX BO3MYIICHHI U OT-
Ka30B, ITO/IaBJICHNE APOXKAHUSA U MPAKTHUIECKYIO peaan3yeMocTs. [lo3ToMy nempio JaHHOI paboThl cTano pa3paboTaTh 1
NPOaHATU3UPOBaTh HOBYIO CTpykTypy ynpasienuss OFASTSMC (Observer-Based Finite-Time Adaptive Reinforced
Super-Twisting Sliding Mode Control), 00bequHSAIONTYI0 KOHCYHOBPEMEHHBIN HAONIOaTENh, aTallTHBHYIO HACTPOHKY
YCWIEHHH M CITIaKEHHOE CYIep-CKpyduBarolliee yIpaBieHue. Pemraemble 3amauu: MOCTpOEHHE KOHEYHOBPEMEHHOTO
HaOMoaTeNs Uil OLICHKH BO3MYILCHUI 1 OTKa30B B PE)KMME OHJIANH; pa3paboTKa aalTHBHOTO MEXaHM3Ma HACTPOUKH
YCHIIEHHH JUIsl TPEAOTBPAICHNUS 3aBBIIICHHS YIPABISIOIINX CUTHAJIOB; BHEPpEHHE criakeHHOH STA 111 MUHUMHU3aun
JIPO’KaHMs; IPOBEJCHNE aHAIN3a YCTOWYMBOCTH; BBIIIOJIHEHUE YHCICHHBIX M 9KCIIEPIMEHTAIBHBIX IIPOBEPOK Ha pOOOTH-

SUPOBAHHBIX MAaHUITYJIATOPAX.


https://vestnik-donstu.ru/
https://doi.org/10.23947/2687-1653-2025-25-4-2209
https://doi.org/10.23947/2687-1653-2025-25-4-2209
mailto:longhd@lqdtu.edu.vn
https://orcid.org/0000-0003-4975-9547

Advanced Engineering Research (Rostov-on-Don). 2025;25(4):337-349. eISSN 2687-1653

Mamepuanst u memoost. PaccMaTpuBaeTcsl CTaHAAPTHAS JUHAMHYECKAs MOJENIb POOOTH3MPOBAHHOTO MAHUITYJITOPA C
N CTETIEHSIMU CBOOOIBI, TOCTPOCHHAS HA OCHOBE JIATPAHKEBOW MEXaHUKU. MOZEIb yUUTEIBACT HETMHEHHBIC CBSI3H, BA3-
KO€ TPEHHE, BHEIITHUE BO3MYIICHUS U aJUINTHBHBIC OTKa3bl MPUBOJOB. [ oOecnieyeHns: podacTHOTO yIpaBJIeHUs ¢ KO-
HEYHBIM BPEMEHEM CXOJMMOCTH OblIa pa3paboTaHa yCHIICHHAs CKOJIb3S1Iast IOBEPXHOCTb, HCIONB3YOIas HeJIMHEHHbIC
OIIMOKY C aIaNTHBHBIMHU CTEIIEHSIMH — 3TO YCKOPSIET IPOIecC CXOIUMOCTH. B cxeMy ymnpaBieHus BKIIOYEH KOHEYHO-
BpPEMEHHOW paclMpeHHbIH HaOmoxatensb coctosaus (ESO), mo3Bosiomuii B peaJbHOM BPEMEHH OLICHMBATH CyMMap-
HBIE BO3MYILEHHUS 1 MOMEHTHI 0TKa30B IPUBOJOB. Ha OCHOBE 3THX OLIEHOK 3aKOH YIIPABIECHUS pPealn30BaH B BUJE CyHep-
CKPYYHBAIOIIETO AJITOPUTMA CKOJB3SIIETO PeKUMa C aJalTUBHON HACTPOWKOH KOA(Q(PHUIINEHTOB U MCIIOJIF30BAaHUEM I'pa-
HUYHOTO CIIOS JUIS CHIYKEHUS JPOKAaHUS IPH COXPAaHEHHWH BBICOKOH poOAaCTHOCTH. Y CTOHYMBOCTS 3aMKHYTOH CHCTEMBI
CTPOTO MPOAHATU3UPOBAHA C MCIIOIB30BAHMEM ammapara Teopud JISImyHOBa — 3TO MO3BOJIMIIO JOKA3aTh JOCTHKCHHE
KOHEYHOT'0 BPEMEHH CXOANMOCTH OIIHMOOK CIIeKEHHUS MO ASHCTBUEM IPEIOKEHHOTO perysTopa. IIpeanoxeHHslii an-
roputm OFASTSMC peanusoBan B cpeie MATLAB/Simulink u npoBepeH Ha nmpuMepe MI0CKOTO pOOOTH3UPOBAHHOTO
MaHHUIYJISATOPA C IBYMSI CTETICHSIMHU CBOOOIbI. MaHNIYIATOD MOJBEPTANICS JEHCTBHUIO IEPEMEHHBIX BO3MYIIIEHUH U CIie-
HapHeB Jerpajanuy npusoaa. s o0bekTuBHOTO cpaBHeHUs 3 dexTrBHOCTH MeTox comnocTaBisuicst ¢ AGITSMC npu
WICHTUYHBIX HAadaJIbHBIX YCIIOBHSX, MIAPAMETPAX MOJIEIH U OTIOPHBIX TPACKTOPHSX.

Pe3ynomamui. YucneHHbIE SKCIEPUMEHTHI JEMOHCTPUPYIOT, 4TO npeioxkeHHbId MeTol OFASTSMC 3nauuTensHo mpe-
BocxoauT AGITSMC 1o TOYHOCTH ClEKEHUs, yCTOMUMBOCTHU U IJIABHOCTH yIpaBlieHUs. B yacTHOCTH, MakCUMaJlbHbIE
OIIMOKM IO TOJIOKEHHUIO 3BEHbEB CHIKEHBI Oonee ueM Ha 40%, a BpeMs yCTaHOBJICHHS TPACKTOPUU YMEHBIICHO IPH-
MepHO Ha 25%. Meron 3¢ pekTHBHO ycTpaHsIeT APOKaHHE B YIIPABISIOIMIEM CUTHAJC 332 CUET (DYHKIMIA HACHIIICHHUS U
OTpaHHYEHUil ycuseHus, obecneunBas OoJiee IIaBHOE yNpaBlIeHHE IPUBOIaMH. ATaNTUBHBIN HAaOII0AATENIb TOYHO OIle-
HHUBAeT CyMMapHbIe BO3MYIICHHS M BXOJbl OTKa30B B pealbHOM BPEMEHH, 0OecrieyrnBasi KOMIICHCAIMIO 0e3 MmpeaBapu-
TeNIbHON MHpopManuu. DPPEKTUBHOCTh METO/Ia MOJATBEPKACHA B Pa3JIMUHBIX CIEHAPUIX: PE3KHUE OTKa3bl IMPHBOJIOB,
HEJTMHEHHbIE Harpy3KH, IEPEMEHHBIC CKOPOCTH TPaeKTOpHH. CXOIMMOCTD Ha CKOJB3SIIECH IIOBEPXHOCTH TOCTHTAETCS 32
KOHEYHOE BPEMsI, 4TO TIOATBEPKIAET TECOPETHUCCKHE TapaHTHH.

Oébcyscoenue. OFASTSMC obecnieunBaeT BEICOKOTOYHYIO M POOACTHYIO TPACKTOPHIO CIIC)KEHUS B YCIOBUSIX HEOTIpeIe-
néaHocTell. OCHOBHOE MPENMYIIECTBO METO/Ia — MHTETpalysl aJalTHBHOW HACTPOWKHU CTEIeHeH, HabmonaTeIbHON 00-
paTHOH CBSI3M M OTPAaHHMYEHHOTO CYIEpP-CKPYUMBAIOLIETO YIPABICHUS B €IUHYIO CTPYKTYpy. B oTimmune ot moaxonos ¢
(UKCUPOBAHHBIMU YCUJICHUASIMHU WK 0€3 HAOJII0IaTeIbHON 00paTHOM CBsI3U, MPEIOKCHHAS CXeMa aIaliTHPYETCs B pe-
aIbHOM BPEMEHH, UTO MO3BOJISAET NMOAIAECP)KUBATH CXOUMOCTD U CYIIECTBEHHO CHIDKATh JPOXKAHUE yIpaBIeHUus. MeTos
coYeTaeT aJanTHBHOCTh, HAOJIIONATEIbHYI0 KOPPEKIMIO U OTPaHUYEHHOE CyNep-CKpyurBaHue, obecreynBas yCTOHYH-
BYIO CXOJUMOCTb U MUHUMH3AIHIO JPOXKAHUS.

3axniouenue. Ilonyuennsie pe3ynbratsl moaTsepxaaot, uto OFASTSMC sBasercs 3 pexkTHBHBIM M poOacTHBIM pe-
IIEHUEM IS 337]a9 TPACKTOPHOTO CIICKEHMS B IPHCYTCTBUN HEOIPEACIEHHOCTEH. MeToA NeMOHCTPUPYET BBIYMCIIH-
TENBHYI0 3(Q()EKTHBHOCT M MPOCTOTY peasM3aliy, YTO JIEJIACT €r0 IMPUTOAHBIM ISl IPAKTHIECKOT0 MpuMeHeHus. J{is
JATbHEHIIIETO PA3BUTHS UCCIICIOBAHMS TNIAHUPYETCS IEPEXO0/l K peali3aniy yIpaBIeHUs B IPOCTPAHCTBE 3a/1a4 U MIPO-
BE/ICHHE 3KCIICPUMEHTOB Ha (PU3NIECKOM 000PYIOBaHUH C YUETOM IIIyMOB U MOJIEJIBHBIX HECOOTBETCTBHM.

KaroueBble cj10Ba: poOOTH3HPOBaHHBIE MAHUITYJISITOPHI, YCTOMYUBOCTD 38 KOHEYHOE BPEMSI, ATOPUTM CYNep-CKPYINBAHUS,
YIpaBJIicHHUE HA OCHOBE CKOJIB3SIIEro PeKUMa, OTKa3 PHBO/IA, IaNTUBHOE YIIPABJICHHE, YIIPABICHHE C HAOMI0AaTeIeM

BaarogapHocTh. ABTOp BBIpaXkaeT OaroZapHOCTh KoJuleTaM ¢ KadeApsl aBTOMATHKU M BBIYUCIUTEIHHON TEXHUKH
Texuuyeckoro ynusepcurera Jle Kyu Jlona 3a momoliis B MOJAroTOBKE TEKCTA CTAThU.

Jnsa murupoBanus. Xoanr Jlpik Jlonr. HaOnmromatenmbHO-aaNTUBHOE YIIPABICHUE CKOJIB3SIIAM PEXHMOM C KOHEUHBIM
BpPEMEHEM CXOIFIMOCTH Ha OCHOBE YCHJICHHOTO CYIIEp-CKPYUYHBAOIIETO adrOpHTMa I pOOOTH3UPOBAHHBIX MAHHUITYJIATOPOB.
Advanced Engineering Research (Rostov-on-Don). 2025;25(4):337-349. https://doi.org/10.23947/2687-1653-2025-25-4-2209

Introduction. Robotic manipulators play a pivotal role in modern industries such as manufacturing, logistics,
minimally invasive surgery, space exploration, and service robotics [1-3]. Their widespread deployment in safety-critical
tasks requires not only high-precision trajectory tracking but also resilience against uncertainties, actuator degradation,
and time-varying disturbances [4—-6]. With the growing complexity of Industry 4.0 systems and the rise of human-robot
collaboration, the demand for robust and adaptive control solutions has become more pressing than ever [7-9].

Classical control methods, such as PID and computed torque control, are widely used for their simplicity but often
fail in scenarios with strong nonlinearities, friction, and payload variations [10, 11]. Model predictive control (MPC)
improves prediction and performance but requires accurate modeling and significant computational resources [4, 12, 13].
Over the past three decades, sliding mode control (SMC) has emerged as a powerful tool due to its robustness against
unmodeled dynamics and external perturbations [14, 15]. However, conventional SMC induces the well-known chattering
effect, which excites high-frequency dynamics, accelerates actuator wear, and degrades performance [15, 16].
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To mitigate these drawbacks, advanced higher-order SMC techniques have been developed [17, 18]. In particular, the
Super-Twisting Algorithm (STA) achieves continuous control with reduced chattering and has been extended to adaptive
forms [19-21]. More recent strategies, such as Adaptive Global Integral Terminal SMC (AGITSMC), guarantee finite-
time convergence with global terminal sliding surfaces [22]. Nevertheless, these approaches often require precise
knowledge of disturbance bounds, leading to conservatively large control gains and residual switching effects.

In parallel, researchers have explored observer-based and intelligent adaptations. Disturbance observers, neural networks,
and fuzzy approximators have been integrated into SMC frameworks to improve adaptability and fault tolerance [23-25].
Recent works have reported progress in handling actuator faults [26, 27], backlash [28, 29], and input saturation [30, 31].
Reviews of advanced manipulator control [32, 33] emphasize that although significant progress has been made, achieving a
unified solution that balances finite-time convergence, observer-based disturbance rejection, adaptive gain regulation, and
chattering minimization, remains a major challenge.

Motivated by these limitations, this study introduces an Observer-Based Finite-Time Adaptive Reinforced Super-
Twisting Sliding Mode Control (OFASTSMC) framework. The proposed method integrates:

— a finite-time extended state observer for online estimation of lumped disturbances and actuator faults;

— areinforced sliding surface with adaptive exponents to accelerate convergence;

— an adaptive super-twisting control law with boundary-layer smoothing to reduce chattering.

The main contributions of this work are:

1. Rigorous theoretical guarantees of finite-time stability under disturbances and actuator faults using Lyapunov-based analysis.

2. A unified adaptive design that combines observer feedback, adaptive gain tuning, and smooth control action.

3. Extensive validation on a 2-DOF robotic manipulator benchmark, demonstrating superior robustness, precision,
and fault-tolerance compared to AGITSMC.

Materials and Methods

1. Mathematical Model of an n-DOF Robotic Manipulator

Robotic manipulators are governed by highly nonlinear and coupled dynamics due to their mechanical structure and
interaction with the environment. For an n-degree-of-freedom (DOF) serial robotic manipulator operating in joint space,
the dynamic equations of motion can be represented by the standard Lagrangian formulation as follows [22]:

H(q)ij+C(q,cj)q+G(q)+FDq:T+rd+T/., )]
where ¢ € R" — joint position vector; ¢, § € R" — joint velocity and acceleration vectors; H(q) € R"" — positive definite
and symmetric inertia matrix; C(g, ¢ )€ R™™ — Coriolis and centrifugal matrix; G(¢q) € R" — gravity torque vector,
F, € R"" — diagonal matrix of viscous friction coefficients; T € R” — control input torque; t; € R” — unknown external
disturbance torque; 1, € R” — actuator fault torque.

Actuator Fault and Disturbance Model. To model practical degradation and failures in actuators, we assume that
actuator faults trare additive, bounded, and possibly time-varying. The total unmodeled input is defined as:

T, =1, 41, 6)

We assume that t,(7) is bounded as:
2

"ru (t)” <a,+a, "q (t)" +a, ||q(t)

where ao, as, a» > 0 are unknown positive constants.

https://vestnik-donstu.ru

Fig. 1. n-DOF Robotic Manipulator
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Properties of the Dynamics. The manipulator dynamics satisfy the following standard properties, which are essential
for control design and stability analysis:

— P1: H(g) is symmetric and uniformly positive definite.

— P2: H(g) - 2C(q, §) is skew-symmetric.

— P3: All terms H(q), C(g, 9), G(q) are locally Lipschitz and satisfy polynomial growth bounds in ¢, ¢.

Objective. Given a desired trajectory ¢q(f) € C?, the control objective is to design a robust, adaptive control law (#) such that:

lim|lg(r)~g, (1)]=0 and lim|q(z)~4,(s)|=0, 3)

T
in finite time T < oo, despite the presence of unknown bounded disturbances ts, actuator faults 1, and parametric
uncertainties.
2. Design of the OFASTSMC Algorithm
Define Tracking Errors:
elzq—qd(t), ezzq—qd(t). 4)
Reinforced Sliding Surface
s=e, +a1|el|p' sign(el)+otz|el|p2 sign(el), 5)
with adaptive exponents pi(¢), p2(f) € (0, 1) based on state magnitude:

1 1

p\t)=——m, p,t)=—. (6)
() 1+ Klef‘q‘ - (1) 1+ Kze_“’“‘
Finite-Time Observer (Modified ESO):
}\‘0 (S - Sprev )
1, =——", 7
a 7 (N
where Lo > 0, sprev is the previous value of s.
Adaptive Gain Laws:
f(l =7, |s ) Kz =7, |5|p. (8)
Control Law (OFASTSMC):
T=-As—Ks—K, |s|p sign(s)—%d + C(q,q')+ G(q)+FUq' —H(q)c'jd. ®

Advantages over existing approaches. Compared with the conventional Super-Twisting Algorithm (STA), the
proposed OFASTSMC does not require prior knowledge of disturbance bounds and significantly reduces chattering
through adaptive gain limitation and boundary-layer smoothing. Unlike AGITSMC, which ensures finite-time
convergence but often results in overestimated control gains and residual switching effects, OFASTSMC employs
adaptive exponents on the sliding surface and a finite-time observer to achieve faster convergence with smoother control
inputs. Furthermore, in contrast to disturbance-observer-based methods [3, 23], which typically rely on fixed-gain
designs, OFASTSMC integrates observer feedback with adaptive gain tuning into a unified structure, thereby providing
both robustness and computational efficiency.

3. Stability Analysis

Assumption 1. Desired trajectory qa(£) € C?, bounded with bounded derivatives.

Assumption 2. Disturbance and fault torque bounded:
"rd +1:/»||Sa0 +a, ||q(t)||+a2 "q(t)"2 (10)

Lemma 1. Finite-Time Convergence of Sliding Variable

Consider the differential equation:
$(t) = ks (t)=k,|s () sign(s(¢)), k.k, >0, 0<p<l. (11)

Then the sliding variable s(t) converges to zero in finite time Ty, i.e., exists Ty > 0 such that s(t) = 0 for all t > T.
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Proof.
We define a Lyapunov candidate function:
1

V(s)==s". (12)
2
The derivative of V(s):
V(s)=ss= s(—kls —k |s|" sign(s)) = s(—kls —k, |s|” sign(s)) =
(13)
=—ks* —k,|s| " =2k ~k, (2V) 2 .
Let o = HTP €(0.5,1), so:
V(s)<=2kV -k, (2v)". (14)
This is a differential inequality of the form:
V(t)s-aV(t)-bV*(t), a,b>0, 0<o<l. (15)
According to standard finite-time stability theory [23-25], this implies that: V(f) — 0 in finite time.
Let us estimate the settling time. Ignoring the linear term —24;V, for a conservative bound:
V<-k,(2V) =-CV*, C=k,2". (16)
Separate variables:
dv
— < -Cdt . 17
/e 7)
Therefore:
(52 (O)]la
0 T. 1-a I-a
dv f 1 V(0 V(o 2
[ So<—clae—[r] = ( )ZCTS:>TS£ ©_ - : (18)
oV ! 1-a o 1-a C(l-a) k2*(1-a)

where V(0) is the initial Lyapunov value and 7y is the maximum setting time. Thus, s(#) — 0 in finite time.
Theorem 1. Finite-Time Stability of Tracking Error
For the nonlinear robotic manipulator system (1) under the observer-based finite-time adaptive super-twisting sliding
mode control (OFASTSMC) (9) with the sliding surface (5) and adaptive gains (8), then the tracking error ey = q — qa
converges to zero in finite time.
Proof.
From (4):
& =G-i,=H"'(t+1,+1,-C4—G-F,)-i,. (19)
Substitute control law (9) into (19), then:
G=H"' (—ks—Kls—K2 ls| sign(s)-1, +7, +r‘f). (20)

From (5), the derivative of s(¢):

e -l -l

§=4-4, +(0‘1P1|e1| +a,p, |el )ez- (2D
g
2 So:
g . -1 p . ~ pi-l Pl
= s=-H (ks+K1s+K2|s| s1gn(s)+rd)Jr(oclp1 |el| +0L2pZ|e1 )ez, (22)
24
E o
é”’, where Td=‘td—<Td+‘Cf).
'\a We choose a Lyapunov candidate function:
b= 1

V(S) :ESTS. (23)
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The derivative of V{(s):
V(s) =s's=s" (—H’1 (ks +Ks+K, |S|p sign (s) +1, ) + (oclp1 |e1 |p'71 +a,p, |e1 |p2—1 )e2 ) =
(24)
=—s"H™' (ks + K s+K,|s" sign (s)) -s"H™'T, +s"¥(q,4.¢),
where ‘I’(q,q,el)z(ochp1 |e1|p‘71 +0,p, |el|p271)ez,
Now analyze each term.
Term 1. Negative Definite Dissipation
ST (s Ky K o] sign(s)) <k of - s 25)
Here, p = Amin(H ") > 0.
Term 2. Estimation Error Term
7175, < [l < s I 26)
This is where estimation error comes in. If the observer is well designed, then:
||%d||—>0 as t— o, 27)
So this is a bounded and vanishing term, eventually dominated by the strong negative dissipation in Term 1.
Term 3. Nonlinear “Bounded” Term s™¥:
‘ST‘P‘ =|s (oclp1 |el|p'7l +0,p, |e1|p271 )e2 <ls{|le. ||(0L1p1 |el|p'7I +a,p, e et ) (28)
Let T](q,q,t) = (oclp1 |el|pl_1 +0,p, |e1 nt )"62” . Then:
57| <[sfn(a.d.0)=5,s]. @9)
Combine (25), (26), (29) and (24):
V(5) <=0t K5l = sl ot s+, ] (30)
Eventually, as:
- [l —>o0;
- K, K> grow adaptively;
— the first two negative terms dominate the last two, and ¥(s) < 0 with finite-time convergence.
From (30):
1+p
l+p l+p
7052000 ) I 27wk (31| =e (- (), o

with ¢; = 2u(A + K)); 2 =202k, > 0; 0 < p < 1.
Then, by integrating the inequality using comparison theorems, we obtain a finite settling time 7 such that V(#) = 0 for
all t > T, where:

T<—In|1+ V2 (0)]. 32
c I+p ( ) (32)
! ¢ | 1-——
2
2
Or more conservatively, if we ignore the linear term —c; V(¢), then:
V()< -,V (1), a:”Tpe(os 1). (33)

As Lemma 1, integrating this gives the explicit finite-time convergence time:
I-a
o)

- Cz(l_a).

(34

Information Technology, Computer Science and Management

343



https://vestnik-donstu.ru

344

Long HD. Observer-Based Finite-Time Adaptive Reinforced Super-Twisting Sliding Mode Control ...

Results. To validate the effectiveness and robustness of the proposed Observer-Based Finite-Time Adaptive
Reinforced Super-Twisting Sliding Mode Control (OFASTSMC), numerical simulations were conducted on a planar
2-DOF robotic manipulator [34-36]. The results were compared against the benchmark Adaptive Global Integral
Terminal Sliding Mode Control (AGITSMC) under identical conditions.

Given link masses m1, m», lengths /i, [, and gravity g, the matrices are:

— Inertia matrix M(g):
m I’ +m, (llz +1 +211, cos qz) m, (122 +11, cos qz)

M(q)= . (35)
(4) m, (I3 +11, cosq, ) myl?

— Coriolis and centrifugal matrix C(g, q):

Clari)= —m,l 1, gin qﬁz m, (13 +141, cos g, ) | 36)
m,ll, sinq,q, 0 |
— Gravity vector G(q):
G(q)- (m, +m,) gl sing, +m,gl,sin(q, +q,)] 37)
m,gl, sin (g, +4¢,)

The external disturbance applied to each joint is defined as:

. (1) :{ sin(?) } (38)

0.5cos(2¢)

The actuator fault model assumes a loss of effectiveness that activates at time ¢ = 3 seconds. The fault torque is defined as:

0 t<3
T, (1) =] —0.4u, (1) a3 (39)
—0.3u, (1)

The desired joint trajectory was chosen to be smooth, bounded, and nonlinear to test the tracking performance under

4 (t){ 13 } (40)

1+0.5sin(0.5¢)

dynamic reference motion:

The physical parameters of the 2-DOF planar manipulator used in the simulations are: m; = 0.5(kg), m» = 1.5(kg),
I =1.0(kg), L = 0.85(m), g = 9.81(m/s?). OFASTSMC parameters: A= 10, a1 =5, 00=3,p=0.5,y1 = 10,72 =3, k1 =2,
K2 =2, 0=0.05, Ki(0) =5, K»(0) = 5. AGITSMC parameters: =3, k1 =10, kr =4, ks =2, y3 = 5/3; ya = 3/5.

The angles of joints:

joint 1, rad r
1.2+
0.8}

0.4

0.0

0 1 2 3 4  time,s
g OFASTSMC —— AGITSMC

Fig. 2. Angle of Joint 1
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joint 2, rad [

1.2

0.8+

0.4

0.0

0 1 2 3 4 time, s
g OFASTSMC —— AGITSMC

Fig. 3. Angle of Joint 2

The tracking errors of joints:

joint 1, rad

0.0t
-0.2
-0.4
0.6 .
0 1 2 3 4 time, s
——OFASTSMC —— AGITSMC
Fig. 4. Tracking error of Joint 1
joint 2, rad
N
-0.2
0.6
-1.0
0 1 2 3 4 time,s
——OFASTSMC —— AGITSMC
Fig. 5. Tracking error of Joint 2
The sliding surfaces of joints:
joint 1, rad
0 P
V
-3
-6
0 1 2 3 4 tim‘e, S

——OFASTSMC —— AGITSMC

Fig. 6. Sliding surface of Joint 1

Information Technology, Computer Science and Management

345



https://vestnik-donstu.ru

346

Long HD. Observer-Based Finite-Time Adaptive Reinforced Super-Twisting Sliding Mode Control ...

joint 2, rad
V./\
-2
-6
-10 . .
0 1 2 3 4 time, s

——OFASTSMC —— AGITSMC

Fig. 7. Sliding surface of Joint 2

The control laws of joints:

joint 1, rad
25

15

0 1 2 3 4 time, s
——OFASTSMC —— AGITSMC

Fig. 8. Control law of Joint 1

joint 2, rad
35

25

0 1 2 3 4 time, s
——OFASTSMC —— AGITSMC

Fig. 9. Control law of Joint 2

Discussion. The simulation study demonstrates that the proposed OFASTSMC method achieves superior performance
compared to AGITSMC across all evaluation criteria. Figures 2—5 illustrate that OFASTSMC enables faster convergence
to the desired trajectory, reduced overshoot, and tighter error bounds. Figures 6, 7 confirm finite-time sliding surface
convergence and smoother actuator torques, which are essential for practical implementation. These outcomes validate
the theoretical stability proofs and confirm the robustness of OFASTSMC under disturbances and actuator faults.

In relation to existing works, the results highlight several advances. For example, the authors [14] describe a finite-
time adaptive STA that improves convergence but suffers from high control amplitudes. Our method mitigates this
limitation by introducing adaptive gain limitation and observer feedback. Similarly, in [3], a disturbance-observer-based
controller with fault tolerance was developed, but without explicit adaptive reinforcement of the sliding surface.
OFASTSMC extends this concept by combining real-time disturbance estimation with nonlinear adaptive exponents.
Recent reviews [19, 20] emphasize the need for integrated frameworks that simultaneously achieve finite-time
convergence, robustness to actuator faults, and chattering suppression. Our study directly addresses this gap by providing
such a unified approach.
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Conclusion. Based on the conducted research, the main conclusions are as follows:

1. Theoretical contribution. A novel observer-based finite-time adaptive reinforced super-twisting sliding mode
control (OFASTSMC) algorithm has been developed. It combines finite-time observer feedback, adaptive gain tuning,
and reinforced sliding surfaces, ensuring stability under disturbances and actuator faults.

2. Performance improvement. Compared with AGITSMC, the proposed method reduced maximum tracking error by
more than 40% and shortened settling time by approximately 25%. Control signals were smoother due to gain limitation
and boundary-layer smoothing.

3. Robustness and fault tolerance. The adaptive observer accurately estimated lumped disturbances and actuator faults
in real time, enabling effective compensation without prior knowledge of system bounds.

4. Scientific novelty. Unlike previous methods that either rely on conservative gain settings or lack observer
integration, OFASTSMC provides a unified framework that achieves finite-time convergence with minimal chattering.

Practical implications. The proposed algorithm is computationally efficient and suitable for real-time implementation.
Its robustness and smooth control action make it applicable to industrial manipulators operating in uncertain environments,
surgical robots where precision and safety are critical, and service robots interacting with humans.

Future research directions:

— Extension of OFASTSMC to task-space control for complex multi-DOF manipulators.

— Hardware validation on physical robotic platforms to confirm robustness under sensor noise and model
uncertainties.

— Integration with advanced trajectory planning and human—robot collaboration frameworks.

— Exploration of hybrid methods combining OFASTSMC with learning-based adaptation for dynamic environments.

In summary, OFASTSMC offers a strong advancement in the field of fault-tolerant control for robotic manipulators,
bridging theoretical innovation with practical applicability.
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Abstract

Introduction. With highway congestion increasing, the efficiency of intelligent transportation systems depends on high-
quality short-term traffic prediction. Statistical methods do not adequately account for nonlinear and dynamic traffic
changes. Long short-term memory (LSTM) and support vector machines (SVR) offer more promising solutions. However,
they are not ranked in terms of accuracy, as there are no studies comprehensively comparing their adequacy for short-
term traffic flow prediction. The proposed study fills this gap. The research objective is to compare the accuracy of LSTM
and SVR, and select the optimal approach for traffic flow prediction on Shenzhen Meiguang Expressway.

Materials and Methods. Traffic detector data was collected on the Meiguan Expressway in June 2021. Data preprocessing
methods were used, including weighted mean imputation and normalization. Autocorrelation analysis was used for feature
extraction, along with the creation of an interaction variable between speed and detector occupancy. Models were trained
and tested on data collected from detectors at 5-minute intervals.

Results. LSTM performed 17.86% better in terms of root mean square error, 19.82% better in terms of mean absolute
error, and 25.78% better in terms of mean absolute percentage error. In periods with the lowest flow rate prediction error,
RMSE, MAE, and MAPE for the LSTM model were 36.5%, 34.3%, and 42.3% lower, respectively. In periods with the
highest error, RMSE, MAE, and MAPE for the LSTM model were 73.2%, 65.4%, and 64.4% lower, respectively. The
Wilcoxon signed-rank test <0.05 confirmed the statistical significance of the differences.

Discussion. The superior predictive performance of LSTM stems from its architecture, namely, the combination of
interaction variables and lag metrics. LSTM accounts better for flow time dependences, adapts to complex, long-term
dynamic changes, and remains accurate even with significant fluctuations. The lower predictive performance of SVR
stems from its weak, nonlinear approximation ability. Sudden flow changes increase significantly error rates.
Conclusion. When choosing between a neural network and a machine learning model for short-term traffic flow
prediction on an expressway, the neural network model, such as LSTM, should be preferred. These research results can
be useful in predictive strategies for reducing congestion. Short-term prediction based on LSTM can serve as a basis for
optimizing traffic management, reducing congestion and pollutant emissions, and for optimizing intelligent transportation
systems. A promising direction is the development of hybrid architectures that integrate contextual data (weather,
infrastructure, accidents) to improve real-time predictions.

Keywords: short-term traffic flow prediction, traffic flow prediction error, long short-term memory (LSTM) model,
support vector machine for regression (SVR)
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OpMZMHaJleOG amnupudeckoe uccieoosamie

CpaBHUTeIbHBIH AHAJU3 HelpoceTeBOH U MAIIMHHON MoJeIeil 11 KPaTKOCPOYHOI0
NPOrHO3MPOBaHNS TPAHCIIOPTHOIO MOTOKA HA CKOPOCTHOI aBTOMAarucTpaJIu
Mbiiryan HIbHbp4KIHA

N.B. Tonuaun =<, M. Xanp ", A.A. ®eopunoBa =, H.A. BeckonbuIbHbII

JIoHCKOM Tocy1apCTBEHHBIN TEXHUYECKHH YHUBEPCUTET, T. PocToB-Ha-/lony, Poccuiickas ®enepanus
X ivan_top@mail.ru

AHHOTaLMA

Beeoenue. Tlpu pacrymieii 3arpyKeHHOCTH aBTOMarucTpayied 3¢(heKTHBHOCTh MHTEIUICKTYaIbHBIX TPAHCTIOPTHBIX CH-
CTEM 3aBHCUT OT KaU€CTBEHHOI'0 KPaTKOCPOYHOTO MPOrHO3UPOBAHMSA NOTOKOB. CTaTUCTUUECKUE METO/IbI HELOCTATOYHO
TOYHO YUYWTHIBAIOT HEJIMHEWHBIC U IMHAMUUYECKHE 3MeHeHHs Tpaduka. bonee mepcrneKTHBHBI MOJENb OO KpaTKo-
cpounoii mamsata (LSTM) u meton onopHBIX BekTopoB (SVR). OaHako OHM HE paHKUPOBAHBI B TUIaHE KOPPEKTHOCTH,
TaK KaK HEeT paboT MO KOMIUIEKCHOMY COIIOCTABJICHHIO UX a/IeKBATHOCTH VIl KPATKOCPOYHOT'O IIPOTHO3MPOBAHUS ITOTO-
koB. [IpencraBieHHOE HCClIEIOBaHUE BOCIOJHAET 3TOT npobden. Llens paboTel — cpaBHUTENBHBIN aHANIN3 TOYHOCTH
LSTM u SVR 1 BBIOOp ONTUMAIEHOTO TIOIX0/1a JJISI POTHO3UPOBAHUS TPAHCIIOPTHOTO MOTOKA HAa aBTOMarucTpand Moii-
ryad HIsHpwKaHS.

Mamepuanst u memoowl. JlaHHbIE ETEKTOPOB TpaHCTIOpTa coOpaHsl B MioHe 2021 rona Ha aBTOMarucTpaiu Moiiryas.
Vcnonp30Bannck METOIBI IPEIBAPUTEIbHON 00pabOTKH JaHHBIX, BKIIIOYAs 3aIIOJTHEHHWE B3BEIICHHBIM CPEIHUM H HOP-
Manu3anuio. [{ng n3BiIedeHus MPU3HAKOB MPUMEHHIIN aBTOKOPPEIIIMOHHBIA aHali3, a TakXKe CO3/IaHhe IepeMEeHHON
B3aUMO/ICHCTBUS CKOPOCTH M 3aHATOCTH JieTekTopa. Mozenn o0ydaiuch ¥ TECTHPOBAINCH Ha JTAHHBIX, MTOJYYEHHBIX C
JIETEKTOPOB C 5S-MUHYTHBIMHU HUHTEPBAJIAMU.

Pezynvmamut uccnedosanus. Iloxazarenu LSTM nyume Ha 17,86 % mo cpennekBanpaTtmueckol, Ha 19,82 % — mo
cpemHeil abcomoTHOW 1 Ha 25,78 % — mo cpenHeit abCOMOTHON MPOLEeHTHOH ommOke. B mepronax ¢ HanmMeHbIIeH
omuOKoi poruo3upoBanus nHTeHCUBHOCTH NIoToka RMSE, MAE u MAPE s monenu LSTM oka3anuch MEHbIIE Ha
36,5 %, 34,3 % u 42,3 % coorBeTcTBeHHO. B mepuogax ¢ Hambonbmei omuokoit RMSE, MAE u MAPE nins LSTM
okazanuch Menbie Ha 73,2 %, 65,4 % u 64,4 % cootBeTcTBeHHO. Kpurepuit Yunkokcona <0,05 moaTBepaui CTaTUCTH-
YECKYI0 3HAUUMOCTh Pa3IHUIHi.

Oébcyscoenue. Jlyumue porHO3HBIE BO3MOKHOCTH LSTM 0O0yClIOBICHBI €€ apXHUTEKTypoil, a UMEHHO KOMOWHHpOBa-
HUEM MEePEMEHHBIX B3aMMOACHCTBUS U JAaroBbIX mokazatenei. LSTM myulie yduTeiBaeT BpeMEHHbBIE 3aBUCIMOCTH T10-
TOKA, aIaNITHPYETCS K €r0 CIIOKHBIM, JOITOCPOYHBIM TUHAMUYCCKHM H3MECHEHUSAM U OCTaeTCsS TOYHOH Jake MPU 3HAYH-
TEJILHBIX KoJeOaHusax. MeHbIas nporHosHas ¢ dektuBHOCTh SVR 00yciioBieHa cinaboil, HeMMHEHHON anmpoKCUMHUPY-
1o11el crocoOHOCThIO. [IpH pe3Kknx M3MEHEHHSIX ITOTOKA CYIIECTBEHHO YBEINUNBAIOTCS MTOKA3aTEeNN OIIHOOK.
3akniouenue. I1pyu KPaTKOCPOIHOM NPOTHOZUPOBAHUH TPAHCIIOPTHOTO MOTOKA HA CKOPOCTHON aBTOMAarucTpaiy, BHIOU-
past Mexay HeMpoceTeBOM U MallMHHOM MOJEIbIO, CIeIyeT MPeANnovecTs HeipoceTeByto — Hanpumep, LSTM. Pesyib-
TaThl MCCIIEIOBAHUS IIeIecO00pa3HO MCTIONB30BaATh B NMPEIUKTUBHBIX CTPAaTETUSAX CHIDKEHHS 3aTopoB. KpaTtkocpodHoe
nporao3upoBanue Ha ocHoBe LSTM moxkeT ObITh 6a30i U1 ONTHMH3ALMH YIIPABJICHHUS JOPOKHBIM JIBUKEHHUEM, CHH-
JKCHHS 3aTOPOB U 3arpsi3HAIONINX BHIOPOCOB, a TAKXKE ISl ONTHMU3ALUN HHTEIUICKTYAIBHBIX TPAHCIIOPTHBIX CHCTEM.
[epcriekTHBHOE HaNpaBJICHHE — pa3padOTKa FTHOPUIHBIX APXHUTEKTYP, HHTETPUPYIOIIUX KOHTEKCTHBIE TaHHBIE (TIOTOAa,
uHppacTpyKTypa, aBapuu) [Uis YIIydlIeHHs IPOTHO30B B PEKHME PEalbHOrO0 BPEMEHH.

KuroueBble ¢10Ba: KpaTKOCPOYHOE NMPOTHO3UPOBAHNE TPAHCIIOPTHBIX ITOTOKOB, OIIMOKA IPOTHO3NPOBAHMS HHTCHCHBHOCTH
MOTOKA, MOJIEIb OTOi KpaTkocpouHoi mamstu (LSTM), MeTos onopHBIX BEeKTOpOB i perpeccud (SVR)

BaarogapHocTu. ABTOPBI BRIpAXKAIOT OJIAar0IAPHOCT PENAKIIMK U PEIICH3EHTaM 3a BHUMATelIbHOE OTHOIIIEHUE K CTaThe
Y 3aMEYaHMts1, KOTOPHIE TO3BOJIMIIHU MOBLICUTH €€ KaueCTBO.

Jna uutupoBanmusa. Tommwmua U.B., Xanp M., ®eodunoBa A.A., BeckonbuibHeni H.A. CpaBHUTETBHBIN aHATN3
HEWpOCETEeBOM M MAIIMHHOW MOJENEN JUIsl KpaTKOCPOYHOTO MPOTHO3UPOBAHUS TPAHCHOPTHOIO MOTOKA HA CKOPOCTHOM
apromaructpanu Mbpiiryan Ilaupuxonsa. Advanced Engineering Research (Rostov-on-Don). 2025;25(4):350-362.
https://doi.org/10.23947/2687-1653-2025-25-4-2215
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Introduction. The solution to the pressing global problem of efficient traffic management relies on accurate traffic
analysis and prediction. Urbanization and globalization are transforming and overburdening road transport systems,
requiring fundamentally new and universal approaches to manage them. Obviously, neural network solutions and
adequate machine models can provide such solutions. Their testing and training should be based on data obtained on high-
speed highways in megacities. In this case, the results can be extrapolated to similar systems, i.e., major highways with
heavy traffic.

This research utilized data collected in Shenzhen, a large city in southeastern China. With a population exceeding 17.5
million, motorization is growing at an annual rate of 8%. Consequently, the metropolis faces increasing congestion on its
386-kilometer-long highways'. The rapid development of the road network, on the one hand, contributes to significant
economic growth in Chinese newest megacity, but on the other, it overloads the transport network and leads to
disruptions [1]. Thus, Shenzhen problem is not a local anomaly, but a typical example of the “success disease” facing megacities
worldwide. The current situation directly contradicts the following key UN Sustainable Development Goals (SDG)?.

SDG 3 “Good Health and Well-Being”. Congestion is not just a waste of time. It is a source of chronic stress, increased
noise, and, most importantly, air pollution (PM2.5, NOx). According to the WHO, air pollution is one of the leading health risks.

It is important to note that the electrification of transport, which Shenzhen is actively promoting, is only part of the
solution. Decarbonization by reducing the number of private cars is also needed.

SDG 9 “Industry, Innovation, and Infrastructure”. Chronic congestion reduces economic competitiveness of the city.
Losses from congestion increase logistics costs, reduce labor productivity, and make areas less attractive for investment.

SDG 11 “Sustainable Cities and Communities”. Congestion makes cities unsustainable. It reduces the efficiency of
urban systems, increases the time and cost of travel, impairs access to basic services (healthcare, education), and reduces
quality of life.

SDG 13 “Climate Action”. The transport sector is a major source of greenhouse gases. Congestion significantly
increases CO: emissions per passenger-kilometer or ton-kilometer for passenger and freight transport, respectively.

The global scale of the problem stimulates scientific research in this area. One of the fundamental challenges of
effective traffic management is high-quality operational (short-term) prediction. Currently, this task has not been solved,
which is proved by the analysis of literary sources presented below. In most cases, the data presented therein is either
fragmentary or does not take into account the specifics of high-speed highways.

Short-term traffic flow prediction (STTFP), a key task of intelligent transportation systems (ITS), enables proactive
congestion management through dynamic pricing, route optimization, and rapid response to traffic incidents [2]. However,
the nonlinear, seasonal, and stochastic nature of road traffic limits the efficiency of traditional statistical forecasting
methods [3]. Examples include the autoregressive integrated moving average (ARIMA) model [4] and k-nearest
neighbors (ANN), which do not always adequately reflect complex spatiotemporal dependences [5].

Recent advances in deep machine learning have revolutionized short-term traffic prediction. Long short-term memory
(LSTM) models with a memory cell architecture are excellent at reproducing sequential data and are ideal for traffic
prediction [6]. Support vector regression (SVR) also has its advantages [7]. It is kernel-based, robust, and computationally
efficient in high-dimensional spaces [8]. Machine learning advancements have also promoted the widespread use of SVR,
which utilizes kernel techniques to handle nonlinear dependences [9]. Deep learning models, especially LSTMs, dominate
recent STTFP research [10].

A comparative analysis of LSTM and SVR showed good applicability of these methods to various traffic density
variations. Furthermore, high accuracy in predicting traffic flow speed was demonstrated [11].

Despite the widespread use of these methods, there are still few comparative studies for highways with heavy, high-
speed traffic. There is some information on point-type objects such as urban intersections or local highway sections. At
the same time, there is not enough research with a comprehensive analysis of the highway network.

This paper is aimed to fill this gap. The Meiguang Expressway in the Chinese metropolis of Shenzhen is used as a
case study. The objective of the paper is to compare the accuracy of LSTM and SVR models and select the optimal
approach for predicting traffic flow on the Meiguang Expressway in Shenzhen. To reach this objective, the authors
developed an integrated approach to data preprocessing and feature extraction. The potential for practical application of
the models in ITS systems was explored.

! China Statistical Yearbook 2023. URL: https://www.stats.gov.cn/sj/ndsj/2023/indexeh.htm (accessed: 06.10.2024).
2 Sustainable Development Goals. United Nations. (In Russ. URL: https://www.un.org/sustainabledevelopment/ru/sustainable-development-goals/
(accessed: 21.10.2025).



https://vestnik-donstu.ru/
https://www.stats.gov.cn/sj/ndsj/2023/indexeh.htm
https://www.un.org/sustainabledevelopment/ru/sustainable-development-goals/

Topilin IV, et al. Comparative Analysis of Neural Network and Machine Learning Models ...

Materials and Methods. The Meiguan Expressway (Fig. 1), located in Shenzhen, Guangdong Province, China, is a
19.3-kilometer section of the G94 Expressway (Pearl River Delta Ring Road). The design speed is 100 km/h.

i BFIWORLO)
4.cocopark

Fig. 1. Experimental section of the Meiguan Expressway (screenshot of a map from open sources)

The study focused on the south-north direction of the Meiguan Expressway. Data was collected using six inductive
loop detectors (ILD) installed in the inner and outer pathways.

The following parameters were recorded at 5-minute intervals:

— traffic volume (units/5 min);

— detector occupancy (%);

— average speed (km/h);

— date and time interval (5 min);

— observation period: 7 days (from June 15 to June 21, 2021).

Total data volume: 1,144 records.

To improve the quality of analysis and modeling, preliminary data processing was performed [12]. The following were
its stages.

1. Data screening. A selection from a set for identifying data that was valid and relevant to the model. Initially, the
source dataset was divided by dates to select records with the most complete data, without obvious gaps. Invalid records
with obvious gaps were removed. From the selected dates with complete data, consecutive dates were selected to study
temporal variations in the flow.

2. Completing missing data. To provide accurate data collection, the equipment must operate without interruption.
This can be hampered by random factors such as malfunctions, vehicle detector failures, weather conditions, power
outages, etc. Therefore, the collected data was sometimes incomplete and contained gaps. However, they might contain
important information about the process patterns. As a result, the prediction model did not receive sufficient data and
became unstable, reducing the prediction reliability. Thus, before building a prediction model, it was required to fill in
the missing data.

To compensate for periodically occurring time gaps in the traffic flow data, the presented work used the weighted
mean method [13].

Step 1. Obtaining the mean value of traffic intensity for # points in time preceding the current moment:

fl(t)zfk(t—1)+f"(t—2)+~--+f" (t—n).

n
Step 2. Mean traffic intensity at the current moment, for the previous m days:

flkem) (t)+f(k—(m—l)) (£)+--+ £ (2)

m

f2(1)=
Step 3. Filling in missing data:
r90)=af (1) +(1-a) 12 (1),

where /#(f) — reconstruction of traffic flow data at time ¢ of day k, @ — weight coefficient, a = 0.6.

Information Technology, Computer Science and Management

353



https://vestnik-donstu.ru

354

Advanced Engineering Research (Rostov-on-Don). 2025;25(4):350—-362. eISSN 2687-1653

The method is the basic one when working with missing data. It takes into account such properties of traffic volume
data as:

— cyclical nature — fi(?);

— temporal nature — f(?), i.e., the effect of traffic data from previous time points.

3. Normalization. Traffic flow data can vary significantly depending on the time of day, road segment, and other factors,
resulting in a wide spread of values. The activation function of some neural nodes takes values in the range [0, 1]. Therefore,
normalization is performed before training [14]. This eliminates the impact of outliers in the data (samples that deviate
significantly from others), and also speeds up network training and improves convergence.

The basic normalization methods are linear, nonlinear, and 0-mean normalization. The activation function takes values
from 0 to 1, therefore, this article uses the maximum-minimum linear normalization method to transform traffic flow
values into the range [0, 1]:

_ f _f min
ft)=——=—
f max f min
where f— raw traffic flow data; f,,;, — minimum value in traffic flow data; f,,.. — maximum value in traffic flow data;

f(t) — normalized value of traffic flow.
The processed data were reduced using the inverse normalization formula after the prediction model was derived:

f =(fmax _fmin)f(t)-l-fmin'

The data sampling frequency was 5 minutes, and the final preprocessed data volume was 3,168 records. Some of these
records, obtained on June 17, 2021, are presented in Table 1.

Table 1
Examples of Preprocessed Experimental Data
Traffic intensity, units/5 min Detector occupancy, % Traffic flow speed, km/h Tim: irlrlltiirval’
258 13.93 83.62 1
255 14.48 79.88 2
223 12.08 82.25 3
340 18.39 82.04 4
254 13.86 83.3 5
263 13.98 84.87 6
231 12.49 85.89 7
151 7.87 84.94 8
223 11.96 83.81 9
226 11.95 86.92 10
166 8.59 86.17 11
140 7.45 83.29 12
143 7.85 83.99 13
231 12.67 84.71 14
147 7.55 89.53 15
96 4.90 90.74 16
128 7.02 83.94 17
106 5.75 81.99 18
128 7.24 79.4 19
136 6.99 84.57 20



https://vestnik-donstu.ru/

Topilin IV, et al. Comparative Analysis of Neural Network and Machine Learning Models ...

Feature extraction is a key step in building an effective traffic flow prediction model. Traffic data analysis and
processing provide key feature information, which improves model performance and accuracy.

1. Time-lag feature extraction.

Data from one time series depends on other time series, and the autocorrelation function (ACF) describes the
correlation of a time series with different lags, i.e., the degree of linear correlation between the series itself and its own
lagged values [15]. This determines the relationship between current and past values. When analyzing time series, the
relationship between the current value Y; and its value Y; at some previous point in time is of interest. Period of Lag & is
the time interval between the current time point ¢ and k-th time point in the past #-k.

When predicting traffic flows, ACF was used to determine periodicity and trends in time series data. This made it

possible to select an appropriate lag step as a feature and reflect the dynamics of changes in traffic flow parameters (Fig. 2).

5,000

4,000

3,000

2,000

Traffic intensity, units/h

1,000

1 101 201 301 401 501 601 701 801 901 1001 1101

Entry in transport detector data

Fig. 2. Traffic dynamics on Meiguan Expressway

For the time series of traffic flow data, the ACF was calculated and the correlation between different time lags (e.g.,
t-1, t-2, ..., t-n) and the current moment ¢. The calculation results are presented in Figure 3.

1.2

1.0

0.8

0.6

0.4

0.2

Autocorrelation coefficient

0.0

Lag
Fig. 3. Autocorrelation coefficients for different lag steps

Using the ACF threshold filtering method, three time lags with an autocorrelation coefficient >0.6 were selected: (Lag
1: 0.70, Lag 2: 0.63, Lag 3: 0.60). These lags were chosen as input features for the model. This approach enhances the
model's ability to capture temporal patterns and provides a reliable data base for subsequent prediction models.
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2. Interaction of speed and detector occupancy.

The product of speed and detector occupancy is used as a complex metric to represent the spatial-temporal variation
of traffic flow [16]. Detector occupancy and speed are important traffic flow metrics. Their product can be used as a
“feature interaction” term. This creates a new feature that better reflects the complexity and dynamics of traffic flow.
Adding interaction terms can improve the expressiveness and approximation capabilities of machine learning models,
specifically those such as LSTM and SVR. Interaction terms provide more information, helping the model better
understand patterns and relationships in the data.

Model Architecture and Estimates

1. Support vector regression (SVR) is an extension of the support vector machine (SVM) algorithm [17]. The SVR
model is suitable for solving complex nonlinear regression problems. It adapts well to nonlinear characteristics of traffic
flow data, is highly robust to outliers, and can adapt to various data characteristics through adjusting the kernel function
and regularization parameters. Therefore, in this paper, the SVR model is used as a comparative model for traffic flow
prediction.

2. The long short-term memory (LSTM) neural network model is a variant of a recurrent neural network that is
specifically designed to solve problems with long-term temporal dependences [18]. An LSTM directed recurrent neural
network is capable of deeply revealing temporal dependences in predicting problems and effectively approximating
nonlinear data. It can also retain information from time series for a long time [19]. This provides high efficiency of the
model when working with data that has long time intervals and high latency. The advantages of LSTM in time series
prediction and its high accuracy in long-term predictions are well known [20]. At the same time, the model has good
robustness and flexibility, which allows it to be used for predicting traffic flows under vehicle-road coordination
conditions. It is important to note that the LSTM structure combined interaction variables and lag indicators to improve
prediction accuracy.

This paper evaluates the model prediction performance using the following representative performance metrics:

— mean absolute error;

— mean absolute percentage error;

— root mean square error [21].

This approach allows us:

— to quantitatively evaluate the accuracy of LSTM and SVR models;

— to visualize the discrepancy between actual traffic flow and the prediction results obtained using LSTM.

To test the statistically significant difference between the prediction errors of the LSTM and SVR models, this paper
uses the Wilcoxon signed-rank test [22]. This is a nonparametric test for paired data in statistics. It is especially useful for
small samples and when the data does not follow a normal distribution. The initial hypothesis (H0) of the test is that there
is no significant difference between the prediction errors of the LSTM and SVR models. P-value is a probability value
used to detect a significant difference between two related samples. If P is less than a specified significance level (usually
0.05), the null hypothesis is rejected. In this case, it is assumed that the distribution of the difference between the two
samples varies, meaning the sum of the ranks is significantly dissimilar. This paper demonstrates a significant difference
in the prediction performance of LSTM and SVR. The calculation steps are described below.

Step 1. Calculating the difference in prediction errors between two models. The difference in prediction errors for
each observation is calculated using the formula:

d, = e(ISTH) _ ofSVR),

Step 2: Calculating the absolute values of the differences and ranking them.

Step 3: Calculating the sums of positive and negative ranks.

Step 4: Calculating the Wilcoxon P and comparing it to the critical value.

Results. In this study, Python was used to preprocess traffic data. The experimental dataset consisted of traffic data
from June 17 to 20, 2021 (Table 2). The data was recorded at 5-minute intervals and contained 1,144 records. For traffic
flow prediction and model evaluation, the data was divided into training and test sets.

Table 2
Statistical Information about Datasets
Indicator Traffic intensity (units/h)

Minimum value 84

Maximum value 4968
Mean value 2052
Median 1944
Standard Deviation 864
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The minimum traffic volume value is 84, and the maximum is 4968, indicating significant data dispersion. This
suggests extremely low traffic volumes during certain periods of the day (e.g., early morning) and extremely high traffic
volumes during rush hours. The mean value is 2052, and the median is 1944. The fact that the median is slightly smaller
than the mean indicates the right-skewed data distribution. This means that traffic volume is high in most time intervals,
while some periods of low volume (primarily early morning and late night) reduce the overall mean value. A standard
deviation of 864 confirms significant flow fluctuations and sudden changes in traffic volume. Thus, the dataset is suitable
for studying long-term dependences and nonlinear characteristics of time series and can serve as an experimental sample
for traffic flow prediction.

As noted above, to improve prediction efficiency, this study uses the lag characteristic and the interaction variable
between speed and detector occupancy as input features. This allows for a full accounting of the relationships between
time series information and flow characteristics.

The SVR method uses the radial basis function (RBF kernel) as a kernel to capture nonlinear relationships.

Key parameters:

1) penalty coefficient C = 2 (tolerable error control);

2) maximum number of iterations — 120.

The LSTM parameters used in this study are described below.

1) Input layer: time step is the feature extraction delay step, which is equal to 1, 2, 3.

2) Hidden layer: single-layer LSTM structure containing 150 cells using the tanh activation function.

3) Regularization: a 10% dropout mechanism used to prevent overfitting.

4) Output Layer: a fully connected layer using a linear activation function to ensure continuous predicted values.

5) Training Strategy: Adam optimizer, learning rate = 0.08, batch size = 128, number of training rounds (epochs) = 120.

Figures 4 and 5 show the comparison of predicted and true values for the LSTM and SVR models.
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Fig. 4. Comparison of predicted and true values of LSTM
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Fig. 5. Comparison of predicted and true values of SVR
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The graphs show that the predicted values of the LSTM and SVR models reproduce real traffic flow dynamics well,
with a small range of prediction errors. Therefore, these models were selected as control models for further evaluation of
the efficiency of various methods in traffic flow prediction.

To increase the reliability of the experimental results and further validate the efficiency of the predictive models, this
study conducted 10 training runs with different random initial values. In each experiment, the results for root mean square
errors (RMSE), mean absolute errors (MAE), and mean absolute percentage errors (MAPE) were recorded.

To more clearly evaluate predictive performance, RMSE was chosen as the primary metric. From 10 experiments for
each model, the five best results were selected, from which average values were calculated for comparative analysis.

Table 3 shows the prediction accuracy of the LSTM and SVR models. The RMSE, MAE, and MAPE errors for the
LSTM model were 17.86%, 19.82%, and 25.78% lower, respectively, indicating higher prediction accuracy. MAPE
reflects the percentage of prediction error relative to actual values. A lower MAPE score indicates more little relative
errors for LSTM at different flow levels. LSTM demonstrates prediction stability during both peak and minimum periods,
while SVR is more sensitive to extreme values.

Table 3
Prediction Errors of LSTM and SVR Models
Model RMSE MAE MAPE
LSTM 4.6 3.48 2.39%
SVR 5.6 4.34 3.22%

Figure 6 shows the absolute percentage error of the predicted values relative to the actual values for each time
interval along the flow time series. It is clearly seen that the absolute percentage error of the LSTM model is lower at
most time points.
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Fig. 6. Absolute percentage error for different time slices of LSTM and SVR

Comparing Figure 6 and Figure 4 (real values) shows that the peaks in the graph with large prediction errors
correspond to time intervals with sharp changes in flow intensity. LSTM produces more stable prediction results and
outperforms SVR in capturing flow peaks with nonlinear dynamic changes.

From Figure 6, we extracted the time intervals with the greatest error (timeslice: 36—72) and the least error
(timeslice: 108—144). The numbers represent the 5S-minute intervals. Data from these two periods was used in training
models and predicting traffic flow to compare the ability of LSTM and SVR to capture dynamic characteristics of
traffic flow. Figure 7 shows the prediction results of the LSTM and SVR models for the two specified time periods
compared to the actual values.
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Table 4 presents the prediction results of the two models for the periods with the greatest and least errors.

Table 4
Data on the Least and Greatest Prediction Errors of LSTM and SVR
Period Model RMSE MAE MAPE
. LSTM 6.14 4.84 2.99%
With the least error

SVR 9.67 7.37 5.19%

With th test LSTM 332 2.57 2.88%
i e greatest error

& SVR 12,39 7.43 8.09%

The comparison shows that LSTM demonstrates better accuracy in periods with the least flow rate prediction error:
the RMSE, MAE, and MAPE errors for the LSTM model are 36.5%, 34.3%, and 42.3% lower, respectively. In periods
with the greatest flow rate prediction error, the advantage of LSTM is particularly noticeable: the RMSE, MAE, and
MAPE errors for the LSTM model are 73.2%, 65.4%, and 64.4% lower, respectively. This shows the higher adaptability
of this model.

To statistically test the significance of differences between the models, the Wilcoxon signed-rank test is used. The
result (P = 2.44e-15) is tangibly less than 0.05. Therefore, the null hypothesis of no difference in prediction errors should
be rejected. This proves a statistically significant difference in the performance of the models.

Along with RMSE, MAE, and MAPE evaluation, it is confirmed that the LSTM error is significantly lower and the
error distribution is more concentrated, indicating higher prediction stability. The results convincingly demonstrate the
advantages of LSTM when working with traffic flow time series data.

Discussion. Thus, prediction quality depends on the model architecture. Combining interaction variables and lag
metrics in the LSTM structure resulted in improved prediction accuracy. Experiments revealed that LSTM outperformed
SVR in terms of root-mean-square, mean absolute, and mean absolute percentage errors. This confirmed its superior
predictive power under various traffic flow conditions. Flow stability affected prediction accuracy, but LSTM, thanks to
its superior time series modeling capabilities, was able to more effectively account for flow temporal dependences and
maintain high accuracy even under significant fluctuations. It is worth noting that LSTM not only effectively accounted
for traffic flow temporal dependences but also adapted to complex, long-term dynamic changes. Hence — the more
accurate results of short-term prediction.
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The advantages of LSTM were significantly more pronounced in periods with the greatest flow rate prediction errors.
The gain of this model in absolute percentage error in periods with the least error reached 42.3%, while in periods with
the greatest error, it was 64.4%. For RMSE and MAE, the difference was twofold or almost twofold. The RMSE figures
were 36.5% (periods with the least error) and 73.2% (periods with the greatest error). The corresponding figures for MAE
were 34.3% and 65.4%.

The SVR method adapts well to nonlinear characteristics of traffic flow data, it is robust to outliers, and can adapt to
various data characteristics through adjusting the kernel function and regularization parameters. Its computational
efficiency is higher. However, this model is more sensitive to data noise due to the complexity of modeling long-term
time dependence, which reduces prediction stability, especially in the presence of dynamic traffic flow fluctuations with
great errors. The predictive performance of SVR is limited by its weaker, nonlinear approximation ability to sudden flow
changes due to limitations of its own architecture, resulting in a significant increase in errors.

Conclusion. This study compared the performance of long short-term memory (LSTM) networks and support vector
machine regression (SVR) for short-term traffic flow prediction on the Meiguan Expressway in Shenzhen. The LSTM
model performed 17.86% better than the SVR in terms of mean squared error, 19.82% better in terms of mean absolute
error, and 25.78% better in terms of mean absolute percentage error.

LSTM is also supported by its higher accuracy in periods with both the least error and the greatest one. In the first
case, compared to SVR, the LSTM errors were 34.3-42.3% lower, in the second — by 64.4-73.2 %.

Thus, when choosing between a neural network and a machine learning model for short-term traffic flow prediction
on a highway, the neural network model, in this case LSTM, should be preferred.

Let us outline three major results of this study for solving the problem of high-quality short-term prediction of traffic
flows in large cities.

1. Using the Shenzhen Expressway as an example, it has been experimentally proven that LSTM as part of an
intelligent transportation system can predict traffic flows quite reliably.

2. The differences in prediction accuracy between LSTM and SVR models were quantified, providing an objective
basis for selecting algorithms for building traffic management systems. Statistical analysis confirmed the significance of
the differences.

3. The following conclusions are important for the practice of traffic management on highways in large cities.

— LSTM effectively adapts to the temporal characteristics of traffic flows on highways.

— LSTM provides accurate predictions even under conditions of sharp fluctuations in traffic volume.

— The research findings enable the development of predictive strategies to reduce congestion.

Short-term traffic flow prediction based on LSTM allows for relatively accurate traffic volume prediction. This can
serve as a basis for optimizing traffic management strategies, reducing congestion and pollutant emissions, and optimizing
intelligent transportation systems.

A promising area for further research is the development of hybrid architectures that integrate contextual data (e.g.,
weather conditions, traffic incidents, or infrastructure features). This will improve the reliability and robustness of real-
time prediction.
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Abstract

Introduction. Improving the accuracy of mathematical models for disseminating information in social networks is directly
related to the ability to correctly identify their parameters. In numerous papers, the fundamental complexity of this
problem is actually bypassed by substituting the direct identification of the desired functions for the selection of
parameters for their heuristic approximations, which inevitably leads to a decrease in both the accuracy and universality
of the model. In the linear diffusion model describing the spatiotemporal dynamics of information, one of the key
parameters is the function characterizing user activity. The objective of this study includes the development and numerical
implementation of an algorithm for direct parametric identification of user activity functions based on a direct extreme
approach, which makes it possible to completely abandon heuristic approximations, and the evaluation of its
computational efficiency in comparison to the classical gradient method.

Materials and Methods. A direct extreme approach was used to solve the parametric identification problem. Unlike the
classical steepest descent technique, the proposed method with adjustable descent direction adapted the search trajectory
to local features of the quality functional through introducing a control parameter. The numerical solution to the direct
and adjoint problems was implemented using an implicit finite-difference scheme. The method was verified using
synthetic data.

Results. For the identification algorithm, an analytical expression of the gradient of the target functional was obtained
through the solution to the adjoint problem. The identifiability limits of the desired parameter conditioned by the inertia
of the diffusion process and the network response time were determined. A comparative study of gradient algorithms was
conducted. The classical steepest descent approach demonstrated slow and uneven convergence, requiring 13,217
iterations to reach the stopping criterion, whereas the method with adjustable descent direction provided convergence to
the same level of accuracy in 376 iterations.

Discussion. The obtained results confirm the theoretical assumptions about the need to take into account the spatial
heterogeneity of the functional gradient when solving infinite-dimensional optimization problems. The classical gradient
technique exhibits low efficiency in reconstructing nonstationary parameters due to gradient nonuniformity, while the
method with adjustable descent direction reaches uniform and rapid convergence. This demonstrates that adapting the
algorithm to the specifics of an infinite-dimensional problem is a key success factor. The main contribution of the research
is the development of a computing apparatus for the direct determination of functional parameters, which expands the
methodological arsenal for analyzing systems described by partial differential equations.

Conclusion. The key findings of this research are the development and verification of an efficient algorithm for direct
identifying user activity functions in a linear diffusion model of a social network. The practical significance consists in
the creation of more accurate and interpretable tools for modeling information flows without resorting to a priori
approximations. The developed algorithm has demonstrated significant advantages in speed and convergence. However,
the interpretation of the physical meaning of the identified function within this model requires further development. A
promising direction is the application of the method to more sophisticated models that take into account the spatial
heterogeneity of user activity, as well as its extension to the identification of the function vector.
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AHHOTALINA

Beeoenue. TloBbilieHNe TOYHOCTH MaTeMaTHYECKHX MOJeJel paclpocTpaHeHUs] MHQOPMAIMU B COLMAIBHBIX CETSAX
HalpsIMyI0 CBSI3aHO C BO3MOKHOCTBIO KOPPEKTHOW MISHTHU(HKAIMK MX rapameTrpoB. Bo MHorux paborax ¢yHmamen-
TAJIBHYIO CJIOXKHOCTb 9TOH 3a/1au (pakTHUeCKH 00XOIAT, HOAMEHSS NPSAMYIO HJICHTU(PHKALNIO HCKOMBIX (QyHKIMHA MOJ-
60poM MmapaMeTPOB WX SBPUCTHUECKUX aNMPOKCUMAINH, YTO HeM30eKHO MPUBOAUT K CHIDKCHHIO KaK TOYHOCTH, TaK M
YHHUBEpCATFHOCTH MoaeH. B nureitHo# nnddy3noHHONW MOJIENH, OMUCHIBAIOIIEH TIPOCTPAHCTBEHHO-BPEMEHHYIO THHA-
MHKY PaclpoCTpaHeHUs WHPOPMAaIUH, OJHUM H3 KIFOUEBHIX IMapaMeTPOB BHICTyMaeT (QYHKIHNS, XapaKTepU3yromas ak-
TUBHOCTH TIOJIb30BaTeneil. Llenpio JaHHOTO MccaenoBaHus SBISIETCS pa3padoTKa M YHCICHHAS pealn3alis alropuTMa
MIPSIMOi mapaMeTpIIecKoi HIeHTH(GUKANHN (YHKIIMA aKTHBHOCTH II0JIB30BaTEIIei HA OCHOBE MPAMOTO AKCTPEMAITEHOTO
MOJIX0/1a, MO3BOJIAIOIETO MOJHOCTBIO OTKA3aThCs OT 3BPUCTUYECKUX AlMPOKCHUMALUH, a TaKkKe OLEHKA €ro BBIYMCIH-
TeJILHOHM 3()()EKTUBHOCTHU B COIIOCTABIICHUH C KJIACCHYECKUM T'PaJUEHTHBIM METOIOM.

Mamepuanst u memoost. 11151 pellicHUs 3aJa4¥ apaMeTpU4ecKol uaeHTH(HUKaMK ObLI KCIOIB30BaH NPSIMOH dKCTpe-
MaNbHBIA MOAX0A. B oTinnume oT K1accuueckoro MeTojia HauCKOpeHero ciycka, npeioKeHHbIN METO/ ¢ peryIupye-
MBIM HallpaBJIEHHEM CITyCKa aJlalTHPYeT TPAeKTOPHIO MOKCKA K JIOKAILHBIM 0COOCHHOCTSIM (DyHKIIMOHAJIa KayecTBa 3a
CYeT BBEICHUS MapaMeTpa peryIupoBaHms. YUCIIeHHOE pelIeHne PSMON 1 CONPSKEHHOM 3a/1a4 OCYIIECTBICHO 10 He-
SIBHOIM KOHEUHO-Pa3HOCTHOH cxeMe. Bepudukanus MeToqa mpoBOIMIACH HA CHHTETHISCKIX JTaHHBIX.

Pe3ynomamut uccnedosanus. [ s anroputMa HASHTH(PHUKAIINHN ITOJTy4YeHO aHATUTUIECKOE BEIpaKEHUE TPaJleHTa Iielie-
BOTO (YHKIIMOHAJIA Yepe3 PeIlIeHre COTPsDKEHHOHN 3amadi. Y CTAHOBJIECHBI TPaHUIBI UACHTH(PHUIUPYEMOCTH HCKOMOTO
napamerpa, o0yCIIOBJIEHHbIE HHEPIIMOHHOCTHIO MU()()Y3HOHHOIO Tpoliecca U BPEMEHEM YCTaHOBIIEHHUSI PEaKIUHU CETH.
IIpoBeneHO cpaBHUTENBHOE HCCIIEAOBaHUE I'PAAUEHTHBIX alropuTMoB. Kitaccuueckuii MeTos Hauckopeiiero criycka
MPOJIEMOHCTPUPOBA MEAJICHHYIO U HEPAaBHOMEPHYIO CXOJMMOCTb, MOTPEOOBAB /ISl TOCTHIKEHUS! KPUTEPHUSI OCTAaHOBKU
13 217 urepanmii, TOrJa KaKk METOJ1 C peryJupyeMbIM HAIlPaBJICHUEM CITyCKa 00ECIIeYHI CXOJUMOCTh K TOMY K€ YPOBHIO
TOYHOCTH 3a 376 urepanuu.

Obcyscoenue. TlomydeHHBIE Pe3yIbTATH OATBEPKIAIOT TEOPSTUICCKUE TPEAMOCHUTKA O HEOOXOIMMOCTH y4eTa Mpo-
CTPaHCTBEHHOW HEOJHOPOTHOCTH TpaareHTa (yHKIIMOHANA MPH pPEIIeHNH OCCKOHECYHOMEPHBIX 3aJad ONTHMH3AIIHH.
Krnaccraecknii TpaqieHTHBIA METOX IEMOHCTPUPYET HU3KYIO 3((HEKTUBHOCTD MIPH BOCCTAHOBJICHUHN HECTAIMOHAPHBIX
mapaMeTpOB BCIIEACTBHAE HEOTHOPOIHOCTH TPAIMEeHTa, B TO BPeMs KaK METOM C PEryIHPYEeMBIM HaIlpaBJICHUEM CITyCKa
IIO3BOJIACT JOCTHYb paBHOMepHOﬁ u 6LICTpOﬁ CXOOUMOCTH. 39T10 CBUACTCIBLCTBYCT O TOM, YTO aJaliTalidd aJlrfOpUTMa K
cneuudrke 6eCKOHEUHOMEPHOH 3a/1a4H SIBIISIETCS KIFOUEBBIM (akTopoM ycnexa. OCHOBHOM BKJIa]| UCCIICAOBAHMUS 3aKITI0-
YaeTcs B Pa3BUTHH BBIUYUCIHUTENILHOTO alnapaTa JUis PsIMOro onpeaeneHus (pyHKIMOHANBHBIX IapaMeTPOB, YTO PaCIIH-

psAeT MeTOI[OHOFI/I‘IeCKI/Iﬁ apccHaJl aHajIn3a CUCTEM, ONNUCHIBAEMbIX YPABHCHUAMU B YaCTHBIX IMTPOU3BOJHBIX.
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3akntouenue. OCHOBHBIMHU pe3yJIbTaTaMH pabOTHI ABJISIOTCS pa3paboTka v Bepudukaiws 3GGekTHBHOTO aaropuTMa mpsi-
Mo uneHTH(GHUKaIUY QyHKITNH aKTHBHOCTH TTOJIb30BaTeNel B TMHEeHHOM M (Hy3nOHHON MOACIH COITMaTbHOM ceTH. [Ipak-
THUYECKast 3HAUMMOCTb COCTOHUT B CO3JJAaHUH 00JIee TOUHBIX U UHTCPIPETUPYEMBIX HHCTPYMCHTOB JJIsl MOJICIIMPOBAHUS HH-
(hOpPMaIIOHHBIX TTOTOKOB 0€3 MPHUBIICUCHHS AIPHOPHBIX alMPOKCHMAIHiA. Pa3paboTaHHEIN allrOPUTM ITPOAEMOHCTPHUPOBAI
3HAUUTEIHHOE MPEUMYIIECTBO MO CKOPOCTH W XapaKTepy CXOIMMOCTH. TeM He MeHee, MHTepHpeTaris (pu3ndecKoro
CMBICTa HACHTH(GUIMPYeMOl (QYHKIMU B paMKaxX NaHHOW MOJAENU TpeOyeT MaibHEHIIero pa3BuTHs. lepCrieKTHBHBIM
HAIIPaBJICHUEM SIBIISICTCS IPUMEHCHHE METO/Ia K 00Jiee COBEPIICHHBIM MOJIEIISIM, YYUTHIBAOIIUM IIPOCTPAHCTBEHHYIO HE-
OTHOPOIHOCTH aKTHBHOCTH TIOJIB30BATEICH, a TAKXKE €ro pacIiiipeHre Ha HACHTU(DHUKAIINIO BEKTOPa (QYHKIIHIA.

KaioueBsie ciioBa: conuanbHble ceTH, TudQy3noHHas MOIENb, HASHTH(UKALNS TapaMEeTPOB, MPSIMON IKCTPEMalIbHBINA
oaX0/1, 6eCKOHEUHOMEpHAsT ONTHMH3aLUs

BaarogapHocTH. ABTOpPBI BBIP@XAIOT MNPU3HATENFHOCTh HAYYHOMY KOJUIGKTHBY Kadenpsl «KoMmbproTepHBIE
TEXHOJIOTUI» J|OHEIIKOTO roCy1apCTBEHHOTO YHUBEPCHUTETA 32 IJIOOTBOPHOE 00CYKICHHE MaTepPHaIoB PaOOTHI.

®dunancupoBanue. PaboTa BbInoHeHA IPH PUHAHCOBOI Moepkke A30B0-UepHOMOPCKOro MaTeMaTn4ecKoro eHTpa
Ha npoBe/icHue (QyHIaMeHTAIBHBIX Hay4dHbIX uccienoanuii (Cornamenue ot 27.02.2025 Ne 075-02-2025-1608).

s nutupoBanus. Toncteix MLA., Toncteix B.K. UnenTuduxanns GyHKINM aKTHBHOCTH TOJIH30BATENEH COIMAIBHON
cern B suHeWHOH nuddysnonHoit momenu. Advanced Engineering Research (Rostov-on-Don). 2025;25(4):363-370.
https://doi.org/10.23947/2687-1653-2025-25-4-2208

Introduction. Social media have become an integral part of modern society, serving not only as entertainment but
also as a tool for shaping public opinion and creating a community environment for various interests (everyday, political,
extremist, etc.). Therefore, the tasks of studying, forecasting, and regulating the dissemination of information, as well as
identifying and classifying communities on social media, are becoming hot issues. Solving these challenges requires the
development of precise mathematical models of such processes.

There is a wide variety of social platforms, each with its own structure and information transfer mechanisms. The
constant evolution and emergence of new algorithms for social networking operations leads to significant diversity in
their mathematical models. Epidemic models SI, SIR, SEIR [1] and their modern, more sophisticated versions in the form
of mean-field models [2] classify nodes (users) in a social network by state, and describe the quantitative change of nodes
of a certain class. At the same time, graph models in the form of linear threshold and cascade [3] emphasize the cumulative
effect of information dissemination and are often used to find opinion leaders in a social network. Each of the
aforementioned models describes only specific aspects of information dissemination, without encompassing this process
in its spatiotemporal fullness.

In recent years, machine learning-based models capable of accurately predicting information dissemination dynamics
have gained widespread popularity [4]. However, such models typically operate on a “black box” principle and do not
provide interpretable parameters (for example, virality, network throughput, or user activity). The lack of such parameters
limits researchers' ability to evaluate social network clusters and manage information dissemination processes, which
jeopardizes the application of models in problems requiring an understanding of the internal mechanisms of diffusion.

In [5, 6], the feasibility of constructing a fundamentally general model that is not linked with the constantly changing
algorithms of social network functioning is noted. In [7], in order to reach this objective, the use of the mathematical
apparatus of partial differential equations, namely, the linear diffusion model, is proposed:

——pa—v—rhv:O, x,t€Q=(x,.x,)x(t0.1,), (1)
x

where ¢ — time; x — distance in a network graph, measured by the minimum number of edges along which information
can be transmitted V(x, f) € L,(Q) (for example, in the form of the number of reposts of a certain news item);
L, — Euclidean space of square-integrable functions.

The authors define the parameters of the model as follows: p — popularity of information (virality, speed of diffusion
of information in the network); 4 — capacity of the social network (the maximum number of users who can take part in
the dissemination of information); » — user activity (rate of growth of information in the network).

Model (1) takes into account the spatiotemporal patterns of information dissemination, and its parameters can be
adjusted to reflect the characteristics of specific social networks [7]. In this case, the key problem is the task of parametric
identification of the model. In general, all specified parameters should be functions: p(x), A(x), 7(f). The authors of
model (1) propose approximating these functions with various heuristic dependences, which leads to the problem of
parametric identification of the set of coefficients-numbers included in these dependences [8, 9]. This simplification does
not allow us to reach maximum accuracy, which is possible only when identifying the functions directly specified, rather
than their approximations, since the set of parameters included in the model may differ significantly for different social
networks and even clusters of a single social network. The authors [10] reasonably point out that it is often impossible to
analytically find optimal parameter functions, and classical numerical methods prove ineffective.
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In [11], the problem of direct identification of function /(x) is considered. To find its optimal value, a direct extreme
approach [12] is used, based on the direct minimization of the quality criterion of identification J(%) by extreme algorithms
with gradient VJ(#; x). Although an attempt was made in [11] to directly identify /(x), the problem of identifying the time
function 7(¢) for similar models has not been systematically studied in the literature. The objective of this paper is to fill
this gap through developing and numerically implementing an algorithm for direct parametric identification of the user
activity function in the linear diffusion model (1) based on the direct extreme approach. The main task is to evaluate the
efficiency of gradient algorithms for reaching this goal. The solution to this problem will create a methodological basis
for the subsequent identification of other parameters (for example, p(x) or the simultaneous identification of a vector of
parameter functions) and the transition to more complex nonlinear models. Parameters /4(x) and p(x) are considered known
in this paper and are taken from [5] for isolation and detailed analysis of the target problem.

Materials and Methods. To model the processes of information dissemination according to equation (1) in the studied
cluster of the network graph, boundary conditions of the first and second kind are specified:

v=lonT, =x,x(t.t), ?=00nl“b =x; x(to.1,).
x

Here, we assume that the information source is located at node x, and at time 7= ) generates information v(x,, %) in
the form of a single news item. Value x; determines the distance at which the information flow disappears.
The initial condition corresponds to the absence of the news item in question in the network:

v=0o0nTy=(x,,x,]xt.

The quality criterion of model identification is specified as the deviation of the model state v from the experimentally
observed v. in the real network over the entire spatiotemporal region Q in the form of the following functional:

J(r) = IIQ (v -V, )2 dxdt. 2)

The problem of parametric identification of the optimal value of the function 7,(¢) is formulated as an extremum
problem:

7 = arg renLl;I(ls)J(r)'

To solve this problem, an infinite-dimensional gradient algorithm is used:
rEt () =r* (t)—bkoc(t)VJ(rk;t), teS,cS, k=01,..., 3)

where k — iteration number; b¥ — step multiplier (selected using the golden section method); a(f) — parameter for
regulating the direction of descent. If a(7) = 1, then algorithm (3) is reduced to the classical steepest descent method
(SDM). Otherwise, this algorithm is a method with adjustable direction of descent (ADDM) [12]. Parameter a(¢) regulates
the direction of descent to the optimum to provide uniform convergence of the functions 7*"!(¢) to r.(f) on Sx = S, where
uniform convergence is, in principle, possible. For ADDM, according to [12], the parameter for regulating the direction
of descent can be set:

(X(t) ro (t)

) ‘VJ(rO,-z)"

To implement algorithm (3), it is required to find an analytical expression for the gradient of the objective
functional (2), which depends implicitly on the control. This is the main difficulty in infinite-dimensional identification.
The gradient is found through solving the adjoint problem, the technique for obtaining which is widely described in the
literature [13, 14].

To evaluate the efficiency of the solution to the problem of parametric identification of the user activity function in
model (1) through the direct extreme approach (3), the following test problem was set.

The original and adjoint linear parabolic equations were solved numerically using the implicit Crank-Nicolson finite-
difference scheme by the sweep method. The spatiotemporal grid was defined by the values n =50, m = 500. This
corresponded to the distance of five edges of the network graph over which the news spread from the source, and time
t1 — to =72 hours. It was assumed that #, = 5 hours.

To construct the synthetic data v., parameters p and # were assumed to be known and were taken from [5]:

p(x) =e ", h(x) =-0.03x% +0.2x.
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A test optimal value was set, which was also proposed in [5]:

e (t)zw_e—l,sszez 0-0059_1 .
1.5526 1.5526

The direct problem for model (1) was solved. The resulting state v(x, ) was taken as the “experimental” v¢(x, 7). Next,
the initial approximation 7°(¢) = 0.3was specified, and the iterative process of solving the inverse identification problem
using the extremal algorithm (3) began to recover function r.(%).

The condition for stopping iterations was the following criterion for the practical termination of convergence:

-

uk—l

<107,

Research Results. For algorithm (3), the gradient is found:

Xp
VI (rit) =~ j hvfidx € Ly (S,). @)
It is determined through solving the following adjoint problemf":
of o2
———p———frh+2(v-v,)=0, x,t€Q, 5
Ot P ox? f ( ) (%)
with the corresponding boundary and initial (terminal) conditions:
pf=0onT,, pg—f:O onl,, f=0onT, =[x,,x,]|xt.
X

The adjoint problem is solved in the reverse time direction from the initial zero state f on I';. For a nonoptimal
value r(¢), after some time #x due to free term 2(v —v.) in equation (5), a nonzero state f is formed. If we conduct a
controllability analysis, we obtain a controllability set on which function r(¢t) can be identified:

Sp =(to+ta.t1—14), (6)
where 74, on the one hand, is the waiting time for network users to begin reacting to the published news. Identifying user
activity before their reaction is impossible. On the other hand, this is the onset time of the impact of term 2(v — v,) in the
adjoint problem on the entire spatial domain of the network cluster under consideration.

Figure 1 shows the initial value of the gradient. The identification results are presented in Figure 2 a. The convergence
of the method ends at iteration k£ = 13,217 with nonuniform convergence on Sa. The dash-dotted curve is an example of
the value of function 72°(¢) at the 20th iteration.

VJ(0) |
6,000
5,000
4,000
3,000
2,000

1,000 4

0

0 s 30 45 60 th
Fig. 1. Initial value of gradient V.J (+; 1)

The results of the ADDM identification are shown by the dotted curve in Figure 2 b. Convergence was completed after

k=376 iterations. The resulting function 737%(f) visually matches the exact test value 7.(¢). The dash-dotted line is an example
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of 7() at iteration k& = 20. The final value of the objective functional in both methods was approximately the same.
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Fig. 2. Identification of r(¢):
a — by SDM; b — by ADDM

Discussion. The obtained results allow us to draw a number of important conclusions about the nature of the
identification problem and the efficiency of the proposed method. The significant nonuniformity of the initial gradient
VJ(%; ¢) (Fig. 1) with a uniform initial approximation 7°(¢) is a direct consequence of the spatiotemporal dynamics of
model (1) and limited controllability (6) of the system at the edges of the interval S. This explains why the classical
SDM, which does not take this heterogeneity into account, exhibits slow and uneven convergence (Fig. 2 a). The
algorithm spends significant computational resources on compensating for the gradient features, which leads to the
need for 13,217 iterations.

In turn, the ADDM effectively compensates for this heterogeneity due to parameter a(¢), adapting the search direction
to the local features of the functional. This is confirmed by the uniform 74(f) — 7.(f) on the entire set Sx (Fig. 2 b) and a
reduction in the number of iterations by two orders of magnitude (376 versus 13,217). This result is in good agreement
with the theoretical assumptions presented in [12] and confirms that for infinite-dimensional problems, the key factor is
not simply minimization, but taking into account the heterogeneity of the gradient functional.

As for consistency with previous research, success in direct identification r(f) develops the ideas embedded in [11]
for identifying A(x), and demonstrates the universality of the direct extreme approach for functional parameters in
distributed systems. At the same time, our approach offers a solution to the problem identified in [10], where the
inefficiency of classical numerical methods was noted.

For comparison, similar problems for systems of ordinary differential equations in the identification of a vector of
numbers were considered in [15]. It was shown that the problem was not in the problem itself, but in the need to use
specialized adaptive algorithms. Establishing the domain of identifiability Sa is also an important methodological
contribution.

This result highlights a fundamental limitation associated with the inertia of the diffusion process and the time it takes
for the network to react, which must be consicdered when correctly formulating such inverse problems.

Conclusion. This paper addresses the pressing problem of direct parametric identification of the user activity
function r(¢) in a linear diffusion model (1) describing the dissemination of information in a social network. The developed
and verified algorithm, based on a direct extreme approach with an adjustable descent direction, has demonstrated a more
than twofold improvement in convergence rate compared to the classical gradient method, proving its high efficiency for
this class of problems.

The practical significance of this research lies in the creation of a computational tool that eliminates a priori heuristic
approximations of parameters and moves to direct function reconstruction, critically increasing the accuracy and validity
of information dissemination models. This opens up opportunities for developing more reliable systems for predicting
and managing information flows in social networks.

The basic limitation of the current work is the use of synthetic data for method validation. Also, the interpretation of
the physical meaning and dimensionality of #(¢) function itself requires further in-depth study. Future research will focus
on the development of model representations and adaptation of the proven method to more complex nonlinear models. A
key challenge for the future is to expand the method for simultaneous identification of several functional parameters,
which is a more complex but also more practically valuable task.
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Abstract

Introduction. In the context of digitalization of the agricultural sector, precision farming becomes a key driver of
sustainability: wireless sensor networks (WSN) provide continuous monitoring of edaphoclimatic parameters and plant
health, supporting yield forecasting and resource optimization while reducing operational risks. Despite significant
progress in research on energy efficiency, routing, and topologies of WSN, the issue of their systemic reliability in real
agricultural scenarios has been addressed only fragmentarily. Existing theoretical approaches rely on graph theory,
Markov and quasi-deterministic models to assess connectivity and fault tolerance but do not sufficiently account for
battery degradation, radio channel variability, and external factors (microclimate, interference), as well as their combined
effects. The objective of this article is to develop a methodological approach to enhance the reliability of WSN for
monitoring agricultural objects through a multilevel model that integrates network parameters, hardware properties, and
external actions.

Materials and Methods. To develop the model, methods of system analysis were used, including analysis and synthesis
of previously known models and algorithms for controlling the WSN for various levels of network interaction. At the first
stage, analytical models of each level were examined: operating conditions of radio devices; physical channels with
interference and hardware distortions; energy losses of nodes in channels with variable environmental characteristics;
linear WSN with heterogeneous radio communication segments and clustering of WSN. At the second stage, an analysis
of WSN control algorithms was conducted: selection of transmission modes with minimal signal distortion; optimization
of signal structure with minimal Bit Error Rate (BER); control of data packet length and transmitter power; balancing of
energy losses in relay nodes, as well as routing with minimal time and energy losses. At the third stage, the synthesis of
the obtained results was performed, presenting a hierarchical monitoring infrastructure for the agricultural object that
considered all levels of WSN interaction, parameters of sensor nodes, and the external actions.

Results. A methodological multilevel approach to increasing the reliability of WSN for monitoring agricultural facilities
has been proposed and substantiated. This approach integrates network parameters, equipment properties, and external
actions. It is validated by modeling the improvement of energy efficiency, reduction of delays, and increase in fault
tolerance. Within this framework, a five-tier hierarchical concept of multilevel network infrastructure for monitoring agro-
industrial objects based on WSN has been developed. It incorporates models and algorithms at the levels of: devices,
physical channels, data transmission channels, linear routes, and networks. Single-level and inter-level dependences
linking performance indicators, destabilizing factors, and controllable parameters have been established.

Discussion. The presented approach addresses the gap between energy models and the consideration of
dynamic/information constraints of nodes, while also taking into account the actual operating condition of modems, and
the thermal dependence of power sources. The multilevel integration of criteria (from signal shape correlation indicators
to network probabilistic metrics of WSN integrity) allows for the alignment of local optimization and system goals,
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reducing the risk of conflicts between levels. The principle of level matching and external augmentation provides iterative
adjustments of requirements and parameters, which increases the robustness of decision-making to environmental
uncertainty and channel heterogeneity. Constraints of the current work include the need to calibrate models for specific
hardware profiles, the dependence of efficiency on available PHY/MAC modes and ARQ protocols, and sensitivity to the
accuracy of interference environment and temperature assessments.

Conclusion. The developed models and algorithms across five levels provide the specified metrics of interference
resilience, delivery time and energy consumption with the minimum required involvement of resources, which increases
the survivability and service life of the WSN. The proposed approach creates the basis for the transition to systemically
designed, reproducible solutions in precision agriculture. It reduces resource costs and environmental impact, and also
increases the sustainability and profitability of agricultural production. Scaling requires field testing and publication of
reference configurations and codes for reproducibility.

Keywords: wireless sensor network, agricultural facility, reliability, network infrastructure, physical data transmission
channel, signal distortion, routing algorithms
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KoHuenuusi MHOTOyPOBHEBOI ceTeBO HHPPACTPYKTYPbl MOHMTOPUHTA
arponpoMbIILICHHBIX 00bEKTOB HA OCHOBE 0eCIPOBOIHBIX CEHCOPHBIX ceTeil
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CTaBpONOJILCKUN TOCYAapCTBECHHBIN arpapHbli yHuBepcuteT, I. CtaBponouns, Poccuiickas deneparust
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AHHOTaNUsA

Bgeoenue. B ycnoBusix nupoBu3anny arpocekTopa TOYHOE 3eMJIE/IeNINe CTAHOBUTCS KIIFOYEBBIM JIpaiiBEpOM YCTOWYMBO-
ctu: 6ecnipoBoanbie ceHcopHble cetr (BCC) obecnieunBaroT HEMPEPHIBHBIN MOHUTOPHHT TTOYBEHHO-KIMMATHIECKHIX Tapa-
METPOB M COCTOSIHMSI PACTEHUH, TIOJ/IeP>KUBasi IPOTHO3UPOBAHUE YPOXKAWHOCTH M PECYPCHYIO ONTUMHU3ALIUIO ITPU CHIDKE-
HHH OTIEPallMOHHBIX PUCKOB. HecMOTps Ha 3HAYNTEIBHBIHN IPOTPECC B UCCIIECIOBAHUX YHEPTOI(P(HEKTHBHOCTH, MapIIPy TH-
3armu 1 Tononoruii BCC, npo0nema nx CUCTEMHOH Ha/IS)KHOCTH B pealbHBIX arpocLeHapHsX OcCBelleHa GparMeHTapHo.
CyImecTByIOIHE TEOPETHIECKUE TTOAXOABI ONMMPAIOTCSA Ha TEOPHIO Ipad)oB, MApKOBCKHE M KBa3HACTCPMUHUPOBAHHBIE MO-
JIEIIH JIJIs1 OLICHKH CBSI3HOCTH M OTKa30yCTOWYMBOCTH, HO HEJIOCTAaTOYHO YYUTHIBAIOT J€TPaJalifio Oarapeid, BApUaTHBHOCTh
paaroKaHasa ¥ BHEIIHKE (PaKTOPHI (MEKPOKIIMMAT, IIOMEXH), @ TAKXKE MX COBMECTHOE BiMsIHUE. Llenp naHHOM cTathu — pas-
paboTaTh METOAMYECKHUH TTIOJXO0/] K OBBIILIEHHUO HajexHocTH bCC 1 MOHUTOpHHTa arpooObeKTOB OCPECTBOM MHOTO-
YPOBHEBOM MOZIENH, HHTETPUPYIOLIEH CETEBBIE TAPAMETPhI, CBOMCTBA alnaparypbl U BHELITHUE BO3IEHCTBHS.

Mamepuanvt u memoowt. J[ns pazpaboTku Monenu ObUIM MPUMEHEHBI METOJbI CUCTEMHOTO aHaIn3a, B T.4. aHalIHu3a U
CHHTE3a paHee N3BECTHBIX MojeNeH n anroputMos ynpasiaeHust BCC 1iist pa3audaHbIX YpOBHEH CETEBOTO B3aUMOJCHCTBHS.
Ha nepBoM Tare paccMOTpeHbl aHAJTUTHUECKUE MOJEIH KaXKI0TO YPOBHS: TEXHUUECKOTO COCTOSHHS PaloyCTPOICTB;
(u3MUIEeCcKOTo KaHalla ¢ TIOMEXaMH | amnapaTypHbIMH HCKa)KEHHSMH; YHEPTOIIOTEPh Y3JI0B B KaHAJIE C IEPEMEHHBIMH Xa-
pakTepucTukamu cpensl; TuHeHoH BCC ¢ reTeporeHHbIMU yuacTKaMu paguocBsa3u U kinactepuzanuu bCC. Ha Bropom
3Tare MPOU3BECH aHAIN3 anropuTMoB ynpasieHust BCC: BeiOopa pexxnma rnepefads ¢ MUHIMAIbHBIMUA NCKAKSHUSIMA
CUTHAJIOB; OIITUMU3ALUM CTPYKTYPbI CUTHAJIa ¢ MUHUManbHeIM BER; ynpasienus JuIMHOM akeTa JaHHBIX U MOLUTHOCTBIO
nepeaTynka; MapiupyTHOH OalaHCHPOBKH SHEPTONIOTEPD B Y3JIaX PETPAHCIAINH, a TAKXKE MapIIPyTU3AMY C MUHIMAJTb-
HBIMH TOTEPSIMH BpEMEHH 1 dHepruu. Ha TpeTbeM 3Tarie Mpou3BelieH CUHTE3 MOTyYEHHBIX Pe3yNbTaToB, MPEACTaBICHA
nepapxuieckas ”HPppacTpyKTypa MOHUTOPHHTIA arpONPOMBIITICHHOTO 00BEKTa, YIUTHIBAIONIAst BCE YPOBHH B3aUMOJICH-

ctBusi BCC, mapameTpbl CEHCOPHBIX Y3JIOB M BIUSHUE BHEIIHUX (PaKkTOpOB.
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Pezynomamut uccnedosanus. IIpennoxer 1 000CHOBaH METOIMIECKUH MHOTOYPOBHEBBIH MOIXO/ K MOBBIIEHUIO HAIEK-
Hoctu BCC aiis MOHUTOpPHHTA arpoo0bEKTOB, MHTETPUPYIONINI CETEBBIE ITapaMeTPhl, CBOWCTBA allapaTypsl U BHEIIHNE
BO3/ICHCTBUSI, MTOATBEPKIACHHBIA MOJCITUPOBAHUCM MOBBINICHUS YHEPTro3()(HEKTUBHOCTH, CHIDKCHUS 3aJICPKECK M POCTa
0TKa30yCcTOMYMBOCTH. B pamkax sToro pazpaborana nmaturiepapxudeckasi KOHICTIHS MHOTOYPOBHEBOH ceTeBoi HH(ppa-
CTPYKTYPHI TSI MOHUTOPHHTA arpolpOMBIIIICHHBIX 00bekTOB Ha 6aze BCC, mHTETpHpYyIOMas MOIENIH U alTOPUTMBI Ha
YPOBHSX: YCTpOICTBa, (U3MIECKOTO KaHAalla, KaHAJIA ITepejadyl JaHHBIX, THHEHHOTO MapIIpyTa U ceTH. [lomydeHs! oxHO-
YPOBHEBBIC U MEKYPOBHEBBIC 3aBUCHUMOCTH, CBSI3BIBAIOIIKC MMOKa3aTend d(PGEKTHBHOCTH, JECTaOMWIH3HPYIONIe (ak-
TOPHI ¥ YIPABIIEMbIC TTApaMETPHI.

Oobcyscoenue. TlpencrapneHHbINA MOAX0 YCTPaHsET BBISIBICHHBIN B JIMTEPAType pa3phiB MEXKIY SHEPTETHUECKUMH MO-
JIEJIIMU U YYETOM JHMHAMUYCCKHUX/MH(QOPMAIIMOHHBIX OTPAHIYCHUHN y3JI0B, @ TAKXKE YUUTHIBACT PeaJbHOC TEXHUUCCKOE
COCTOSIHHE MOJEMOB U T€PMO3aBHCHMOCTh HCTOYHHUKOB IMUTAaHUS. MHOTOYPOBHEBAs MHTETPAIN KPUTEpHEB (0T KOppe-
JSIMOHHBIX NTOKa3aTeneil popMbI CHTHANA IO CETEBBIX BEPOATHOCTHBIX MeTpHK HenocTHocTH BCC) mo3Bomser cornaco-
BBIBATh JIOKAJIbHBIC ONTUMU3AIMH U CUCTEMHBIC TIC]TH, YMEHBIIIAs PUCK KOHPIUKTOB MEKAY YpOoBHAMHU. [IpuHIHI corna-
COBaHUS YPOBHCH M BHEIIHETO JOTOJHECHUS 00CCIICUMBACT UTCPATHBHYIO KOPPEKTHPOBKY TpeOOBaHHU U IMapaMeTpoB,
YTO MOBBIIIAET YCTONYNBOCTD MPUHATHS PEIICHUH K HEONPEACICHHOCTH CPEIbl ¥ TeTePOTEHHOCTH KaHAJIOB.
OrpaHHYCHHUSIMH TEKYIICH pabOTHI ABISIOTCS: HEOOXOMUMOCTH KATMOPOBKH MOZIEIICH TIO/T KOHKPETHBIC allapaTHbIC TPO-
¢bwy, 3aBUCUMOCTB 3G PEKTUBHOCTH OT NocTynHbIX pexnMoB PHY/MAC u nporokonoB ARQ, a Takke 4yBCTBHTEIb-
HOCTB K TOYHOCTH OLIEHOK ITOMEXOBOI 00CTaHOBKH M TEMIEPATyPHBIX PEXKUMOB.

3akniouenue. PazpaboTaHHBIC MOJICNH U ANTOPUTMBI Ha IISITH YPOBHAX 00€CIIEUNBAIOT JOCTIKEHUE 3aJaHHBIX ITOKa3are-
JICH TOMEXO0YCTOWYHBOCTH, BPEMEHH JJOCTABKH U SHEPTONOTPEOICHHS IPU MHHAMAIEHO HEOOXOUMOM 3a/1cHICTBOBAHUI
pecypcoB, 4TO TOBHIIIACT KUBYUeCTh M Cpok ciryk0b1 BCC. TIpemnokeHHBIN MOIX0] CO37aeT OCHOBY JUIS Tepexonia K
CUCTEMHO CHPOCKTHPOBAHHBIM, BOCIPONU3BOAUMBIM PEHICHUAM B TOYHOM 3EMJICACIINHN, CHU3UT PECYPCHBIC 3aTparbl U
9KOJIOTUYECKYIO Harpy3Ky, a TAKXKe MOBBICHT YCTOWYHBOCTD U pEHTa0CIIFHOCTh arponpou3BoAcTBa. s Macirabuposa-
HUSI HEOOXOAMMBI TTOJICBBIC HCITBITAHUS W ITYOIHKALKS 3TaJOHHBIX KOHDUTYPALUil U KOIOB ISl BOCIPOH3BOAUMOCTH.

KaroueBbie cioBa: OecrpoBojiHAas CEHCOpHAas CeThb, arpoNpOMbIIUICHHbIH OOBEKT, Ha/IeKHOCTh, CETeBas
nHdpacTpykTypa, GPU3NIeCKuil KaHall Iepead JaHHBIX, HICKKEHUE CUTHAJIA, ITOPUTMBI MapIIpy TH3auN

B.]Ial"O)lﬂpHOCTH. ABTOp BbIpaXKaeT 6J'Ial"0ﬂapHOCTI) peAaKnun U pelCH3CHTAM 3a BHUMATCJIIbHOC OTHOLICHUE K CTAaThbEe U
YKa3aHHbIC 3aMC€YaHNs1, KOTOPBIC IMMO3BOJIMJIN ITOBBICUTH €€ Ka4€CTBO.

Jdna  uutupoBanusi. Camoiirenko B.B. KoHuemmis MHOTOYpOBHEBOH ceTeBOM  HMH(PACTPYKTYphl MOHHTOPHHTA
arporpOMBIIILICHHBIX 0OBEKTOB Ha OCHOBE OECTIPOBOIHBIX CEHCOPHBIX ceTell. Advanced Engineering Research (Rostov-on-Don).
2025;25(4):371-382. https://doi.org/10.23947/2687-1653-2025-25-4-2238

Introduction. The development of the agricultural industry is inextricably linked to the implementation of modern
digital control systems through the concept of the Internet of Things (IoT) [1]. One of the key technological concepts of
precision agriculture is wireless sensor networks (WSN) [2]. The use of this technology allows for the transition from
reactive to predictive and precise control. WSN is actively used for monitoring agricultural facilities, including:

— soil condition monitoring [3] (measuring moisture, temperature, pH, NPK (nitrogen, phosphorus, potassium) content,
and salinity level) [4, 5];

— microclimate control in greenhouses and vegetable storage facilities (measuring air temperature, relative humidity,
illumination level, CO2 concentration [6];

— monitoring plant health, identifying diseases and pests, and predicting productivity (measuring leaf area index (LAI),
chlorophyll levels, and temperature stress) [7];

— management of livestock enterprises (determining the location of animals (GPS, RFID), measuring physical activity,
body temperature, and heart rate) [8].

The key benefits of digitalization in agricultural production include optimized energy consumption, which reduces
costs for water, electricity, fertilizers, and pesticides by 20-30%, and increases yield and product quality by 10—15%.
From an environmental perspective, precision management reduces greenhouse gas emissions through optimizing
logistics and agrochemical application. A systematic approach to digitalizing agribusiness enables remote monitoring and
management, as well as data-driven decision-making.

Despite the achievements, the problem of providing the reliability of WSN has not yet found a complete solution to
most applied problems, although the first studies in this area date back to the early 2000s [9]. A common shortcoming of
existing research on the reliability of WSN is the emphasis on the dynamic and information constraints of nodal modules,
rather than on their energy potential. This leads to an incomplete consideration of factors affecting reliability. For example,
in [10], despite the consideration of the energy consumption model and the power supply capacity, the volume of data
and energy costs for communication remain without due attention because of their impact on the interlayer performance
indicators of the WSN.

Information Technology, Computer Science and Management

373


https://doi.org/10.23947/2687-1653-2025-25-4-2238

https://vestnik-donstu.ru

374

Samoylenko VV. Concept of a Multilevel Network Infrastructure for Monitoring Agricultural Facilities Based ...

On the other hand, overestimating the impact of destabilizing environmental factors causes irrational and excessive
consumption of energy resources. Some of these shortcomings are taken into account in [11], where the reliability
assessment is based on the hierarchical trust rule base method. Nevertheless, a significant number of factors affecting the
reliability of WSN remain, including:

1. limited computing power and capacity of sensor nodes.

2. non-renewable power sources in most practical applications.

3. simple architecture and software of nodes, which do not allow for complex computing tasks.

4. vulnerability of WSN to attacks due to the use of open communication methods.

5. deployment of sensor nodes under difficult operating conditions leading to their premature failure.

However, numerous studies fail to take into account the actual technical condition of sensor nodes. Mass production
technology for inexpensive electronic devices does not provide high accuracy and reproducibility of their characteristics.
The major challenge in deploying WSN remains the limited energy supply of sensor nodes, with no ability to recharge or
quickly replace batteries. Therefore, minimizing energy consumption becomes paramount even at the network design
stage. Improving the energy efficiency of sensor network nodes is a priority [12].

Scientific research on the analysis of operating time of the WSN node shows that the most energy-dependent operating
modes are the active traffic transmission modes [13]. This is due to the operation of the network interface during the
reception, transmission and waiting for data.

Power supply reliability plays a key role, as in numerous cases there is no redundancy. A power supply failure,
particularly a reduction in its capacity, can disable a local sensor node and, consequently, affect the operation of the entire
network. The problem is compounded by the limited maximum capacity of the batteries used and the significant cost
difference between higher-capacity power supplies.

A number of methods are proposed to reduce the energy consumption of sensor nodes, in particular: approaches aimed
at saving energy through optimizing the operating cycles of the transmitter; methods for adapting the transmitter and
receiver to changing external conditions; methods for optimizing routing and correcting the network topology taking into
account the energy consumption of each node [14]. Various energy balancing methods are used to equalize the power
consumption of all network nodes. Furthermore, one solution to this problem is to optimize WSN coverage, including
cluster and non-cluster approaches [15].

However, known studies lack sufficient scientific groundwork in the area of multi-level research into WSN designed
for monitoring agroindustrial facilities. A method for analyzing local and global states of hierarchical multicomponent
systems under uncertainty is presented in [16]. However, without adaptive tracking of the boundaries of the uncertain
impact of environmental factors, it is difficult to formulate decisions on the economical use of network resources. The
multilevel synthesis methodology developed in [17] offers a set of iterative procedures for end-to-end system design,
from the formation of the initial design to working detailing, but its applicability is limited to the initial phases of the life
cycle, including development and design.

A number of principles and models for making coordinated decisions for various levels and stages of the functioning
of the WSN are presented in [18]. Most of these studies rely on the principle of vertical “top-down” decomposition,
according to which the characteristics of the synthesized system are determined using a multi-level procedure: from a
general system model with corresponding indicators, parameters of conditions, constraints and control — to lower-level
models with their indicators and parameters. The disadvantage of this approach is the rigidity and low efficiency of
management, since the decision-making process does not include a preliminary detailed analysis of the resource potential
of lower-level elements.

Current research [19] proposes the implementation of multilevel synthesis of WSN based on the principles of level
coordination and external supplementation. According to the first principle, requirements formed at any level of the
system act as constraints when selecting models and determining the functional capabilities of the underlying levels. If
these requirements cannot be met, iterative adjustments to the conditions and results of modeling at higher levels are
made. The principle of external supplementation involves obtaining results at the lower level, verifying them through data
and methods from higher levels, and, if necessary, refining these results when moving on to the synthesis of the higher-
level system.

Despite the significant benefits of using modern digital technologies to intensify agricultural production, including a
20-30% reduction in production costs and a 10-15% increase in yields, the active implementation of such solutions is
hampered by the lack of a systematic approach to the technical implementation of digital infrastructure. Each of the
solutions discussed in the literature contributes to improving the energy efficiency of the food processing system. However,
in the context of the objectives posed in this study, their direct application is difficult or impossible.

The literature review revealed a significant gap in scientific knowledge: lack of comprehensive, multilevel models of
precision farming systems based on the WSN platform. Such models should be designed to comprehensively address
issues related to energy resource depletion and limitations of sensor node radio transmission elements.
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The objective of this research is to develop a new methodological approach to providing the reliability of wireless
communication systems. The approach is based on the creation of a comprehensive, multilevel model of the network
infrastructure for monitoring agricultural facilities, taking into account not only WSN parameters and external factors,
but also the synergistic effect of their interaction, including structural-energy, frequency-dynamic, and topological-
dynamic aspects.

Materials and Methods. To develop a comprehensive multilevel model of network infrastructure for monitoring
agro-industrial facilities (Fig. 1), a systems approach was used. Decomposing the hierarchical model into five levels
formed the basis of the study. Specific models and algorithms were previously developed for each level to provide a

synergistic effect. The research methodological framework included original results obtained and published by the authors.

The key models and algorithms summarized in the developed model are presented below.

A model of the technical condition of the facilities was used at the device level. The coefficient of mutual correlation
of the reference and distorted signals was used as a criterion for assessing the state of the radio equipment [20]. This
indicator demonstrated a high sensitivity to types of degradation, such as intersymbol distortions and additive noises. To
optimize power consumption at this level, algorithms for selecting a transmission mode with minimal distortion were
used. These algorithms analyze the communication channel quality in real time and dynamically switch the modulation
and transmitter power, providing a balance between communication reliability and efficient resource use. This approach
improves both the reliability and battery life of the device.

At the physical channel level, a channel model with interference and hardware signal distortions was used [21].
Analytical models of WSN communication channels represented the dependence of the bit error probability during
incoherent reception of messages on the energy and stochastic parameters of the distorted signal and additive interference
at the receiver input. These models provide highly accurate predictions of communication quality under unstable fading
and impulse noise conditions. This level utilizes an algorithm for optimizing the signal structure with a minimum bit error
rate (BER). Its operation is based on the adaptive symbol duration selection and the use of hidden error-correcting coding,
which guarantees reliable data transmission while maintaining total channel throughput.

At the data link channel level, a model of node energy losses in a channel with variable environmental
characteristics was used [22]. This model established an analytical relationship between the bit error probability (BEP),
node heating temperature, signal fading depth in the channel (Rician K factor), and signal-to-noise ratio (SNR). Taking
into account the thermal state of the node allowed us to predict its energy consumption and reliability during operation.
A specialized algorithm was used to manage data packet length and transmitter power. It dynamically balanced the
need to retransmit short packets and the energy costs of transmitting long ones, minimizing the total energy loss in a
changing interference environment. This significantly increased network battery life without compromising the
reliability of transmitted information.

At the route level, a linear WSN model with heterogeneous radio sections and algorithms for route balancing of energy
losses in relay nodes were used [23]. Analytical models of time and energy losses took into account internode distances,
transmitter power, and the characteristics of multipath signal propagation. Based on the dependence of time losses on the
number of relays, heterogeneous WSN deployment algorithms with a criterion for minimizing network delay were used,
which did not limit resources. This provided scheduling flexibility for both resource-rich and resource-constrained tasks.
Balancing algorithms redistributed the load between nodes, preventing premature failure due to energy depletion and
extending the overall network lifespan. Thus, this combination of models and algorithms optimized the key network
metrics — energy efficiency, latency, and survivability.

At the network level, a WSN clustering model was used that took into account mutual interference in channels and
the residual charge of node batteries, as well as routing algorithms with minimal time and energy losses [24]. The
conducted research made it possible to form a sufficient number of connections between nodes that met communication
reliability criteria, standardized in accordance with the requirements for noise immunity and timeliness of data packet
transmission. Routing algorithms dynamically adapted to changing interference levels and node residual energy, selecting
a path that balanced delivery speed and energy consumption. The simulation results enabled the implementation of
network topology and clustering management algorithms. These algorithms provided self-healing of the network in the
event of key node failures and allowed for load redistribution to prevent overload of individual clusters. This approach

increased fault tolerance and overall network lifespan in dynamic interference environments.
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Network infrastructure for agricultural monitoring based on WSN
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Fig. 1. Scheme of a multilevel network infrastructure for monitoring agricultural facilities based on wireless sensor networks

Results. The research resulted in a multilevel network infrastructure for monitoring agricultural facilities. The
components of this system are presented in Table 1.

Table 1
Components of a Multilevel Reliability Management System for WSN
with Account of Various Destabilizing Factors
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Based on the results obtained, the method of multilevel synthesis of WSN is defined as an iterative process consisting
of the sequential determination of signal parameters, functional and mobile modes of network nodes, taking into account
the limited resources of each level.

As shown in Figure 1, this study presents the following levels of analysis and synthesis of WSN: ®; — device;
®, — physical channel; ®; — data link; ®s — linear route; ®s — network.

Each group of characteristics ®, = {o", £V, @™}, where v =1, 2, 3, 4, 5, includes the following indicators:

1) performance indicators ¢ € ®,, determining the level of achievement of target noise immunity factors as a
result of the application of synthesized algorithms. In the context of the subject area under consideration, such indicators
include: @ — coefficients of mutual correlation of the distorted and reference signals (characterizing the degree of their
overlap in the frequency-time domain); ¢‘® — bit error probability; ¢ — packet retransmission frequency upon detection
of a corrupted bit; ¢ — end-to-end delay of the transmitted packet, energy balance of nodes along the route;
¢® — probability that the time of the integral state of the WSN is not less than the period required by the supersystem
(for example, the growing season of an agricultural crop);

2) key destabilizing factors £V € E,, that directly affect the values of parameters ¢: 1) — hardware defects in the
node modem that distort the generated signal; £® — interference with a spectrum within the receiver passband;
£® — changing ambient temperature and radio wave propagation conditions; &% — heterogeneity of different sections of
the linear route; &€& — mutual interference from neighboring nodes;

3) control parameters @ € Q,, that is, parameters of resource distribution algorithms of a certain level, that enable to
compensate for the destabilizing effect of the environment, reflected by the selection conditions: @) — vector of energy
redistribution between orthogonal components of the signal at the level of changing the modem operating mode;
@® — selection of the phase-code structure of the signal with rejection of the spectrum section affected by interference;
@® — fragmentation of the packet length or selection of the optimal gradation of the transmitter power in order to reduce energy
losses of the node; @ — schedule of the sequence of changes in the activity states of the “wake-sleep” node; @ — matrix of
selection of coordinates of the next location of the WSN nodes and schedule of change of the heads of clusters;

4) resource constraints Q, of control parameters: {3; — types of changeable modem modes; (2, — nomenclature of
signal-code structures; Q3 — data packet formats, transmitter power gradations; Q4 — optional capabilities for controlling
radio path activity; Qs — resource of mobile vehicles and possible locations for WSN nodes.

The upper-level parameters given by the expression {@"*1}, are constraints for the lower level:

Q, c{m(V“)}eQW,. (1)

Parameters @y, =, Q, are the ranges of acceptable values for the corresponding indicators. The radio communication
system model is a system of deterministic and statistical relationships that combine performance indicators, operating
conditions, and control parameters at all hierarchical levels.

The following types of dependences are distinguished.

Single-level dependences that establish a relationship between performance indicators ¢, conditions &V and
selection parameters @™ at each v-th level:

(p(V) = f |:m(V)’ &(V)]_ )

Despite the widespread use of these dependences for solving local problems of providing noise immunity within a
separate level, their use creates significant difficulties in developing solutions for the optimal distribution of limited
system resources between levels.

Interlevel dependences that determine the relationship between performance indicators of the v-th and (v — 1)-th
levels, conditions of the v-th and (v + 1)-th levels, and the selection parameters of the v-th level:

(p(V) = f;/,v—l, v+l |:(P(V_l) 2 (pfr:/[)_])ﬁ m(V) € Qv < {m(VH) } ’ E.'(V):| (3)

Efficiency index ¢V of the underlying level can be taken into account during the synthesis using the “bottom-to-top”
pattern, which is typical for the operational stage (including the reliability control of WSN), in contrast to the design stage,
which uses “top-to-bottom” synthesis [25].

At each hierarchical level, the object synthesis is realized through optimization of the controlled variables @ within
the established constraints ,. These constraints are formed by the values of the parameters of the adjacent upper
level {@“*V}. The need to move to a higher level arises when it is impossible to provide the required energy reliability
with local resources, which involves the system resources. This decision is made with a comprehensive consideration of
environmental factors at the synthesized level, including temperature conditions and interference environment.
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Following the procedure for the mathematical description of complex objects adopted in the systems approach [26],
the key stage of modeling is the formation of a system of performance indicators and optimization criteria. These
parameters serve as the basis for the synthesis of optimal resource allocation algorithms that provide the required
reliability of the WSN and allow for the evaluation of the efficiency of management decisions under conditions of
multilevel external actions. At the same time, the selected indicators and criteria should provide a quantitative assessment
of the degree of implementation of basic functions by network nodes at all hierarchical levels, guaranteeing the
achievement of the established target values in accordance with the system intended purpose.

The criterion for the operation of an object in a v-th level system defines the range of acceptable values of the
performance indicator CD:, where ¢ € d):. In the context of providing the reliability of WSN, it is advisable to distinguish
two criteria: suitability and optimality.

With limited resources and scalar indicator ¢, the suitability criterion ¢ > @) defines the target area

(I): =[o" , 1], where ¢®) — permissible value of the indicator. This allows us to formulate the problem of synthesizing
pi(elig pi(elg

energy efficiency algorithms as an inverse optimization problem — to find the minimum values of resources @™ € Q,
that provide the achievement of permissible values of the efficiency indicators.
For optimality criterion ¢~ {(v)} — max region (I): degenerates into a point corresponding to the maximum value
oWV eqQ,

@Y for admissible values of the selection parameters @™ € Q, and given selection conditions. In this context, the
development of control algorithms is reduced to solving the direct problem of optimal resource allocation.

Local use of the analyzed criteria does not allow for a comprehensive consideration of the specifics of WSN reliability
assurance processes under varying network node operating modes. Therefore, it is advisable to implement a multilevel
reliability management process based on the principle of sufficiency, which provides improved system performance with
minimal additional resource expenditure.

The practical implementation of the sufficiency principle is based on an iterative parameter selection process, where
migration between hierarchical levels occurs with increasing resource expenditures required to obtain specified reliability
indicators. At each step, the sufficiency of the solutions generated to meet established performance standards is verified.
The tools for implementing this approach include a set of suitability criteria and a hierarchical set of models that provide
information support for making design decisions at all stages of the synthesis of the complex system.

Additional conditions for selecting solutions {*), taken into account in this work, include: £V — radio frequency
fingerprints of modems with various defects; {® — unevenness of signal spectra and interference; () — temperature-
dependent discharge characteristics of batteries; (¥ — features of radio wave propagation; {® — topographic conditions
of node placement.

Taking into account the hierarchical organization of resources described by a chain of nested sets:

e Veq | o {m(v)},m(v) eQ, c {m(m)},w(v”) eQ,  c {w(wz)},...,

where the volume and cost of resources grow with increasing system level, the selection of solutions to provide a given
level of noise immunity requires prioritizing the use of lower-level resources. In this case, the general problem statement
is as follows:

— based on the known and developed single-level and multilevel models of types (2) and (3) of the radio
communication system, taking into account both basic conditions&™ — destabilization factors, and additional conditions
™ for selecting a solution, fo determine the minimum level v* of the system under study, at which, due to the optimal
distribution of the resource @) € Q,, the performance quality indicator of WSN ¢* is ensured to be not lower than the
permissible (required) value (pl(l‘('))n. In this case, value (pl(l‘(’))n is calculated taking into account the required reliability of the
WSN, determined by the supersystem.

In the mathematical formulation, this problem has the form:

needs to be determined

oY

v =min {v =f [max{(p(v)} > (pg,l, ", E,\{V}, C(V)}}, 4)

at which

o = max {(P<v—1>[(p<v—2>,m(v—l)’é(v—l)’gu—l)]}<(p<ﬂz-nu>;

o' eQ,
o) = max {(Pm [(p(v—l)’ ", M) C(”)]} > o (5)
' eQ,
(p(v+1)* _ (mag {q)(vH) |:(p(v)’ m(v+l)’ EJ(VH)’ Q(v+l):|} > (PE[\:,;I)-
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The general scientific problem is solved step-by-step (in accordance with the considered levels of reliability assurance
of the WSN) through sequentially checking the fulfillment of inequalities (5). The left-hand side of each of the inequalities (5)
represents the solution to a specific research problem, in the formulation of which the optimality criterion is used. Taking
into account certain characteristics of the multilevel representation of the WSN, the specific research problems are:

1) minimization of hardware distortions of the signal shape relative to the reference signal:

(p(l) [m(l)’ <i‘;(l)’ C(l)j| N max, ﬁj(1) eQ; (6)

2) optimal distribution of signal energy between orthogonal components taking into account the probability
distribution of the interference frequency in the signal spectrum:

o [0", 0, &%, 0] 5 max, " 2 ¢l 0 <y 7

3) optimization of transmitter power and packet length in order to reduce the node energy consumption per
communication round:

o0, 0, £, 0] > max, ¢ 2 02w € )

4) optimization of the schedule of alternating node activity in “wake-sleep” modes for the purpose of route balancing
of energy losses:

o0, 0,29, 9 ] > max, o 2 0w e ©)

5) optimal network clustering that provides the required number of alternative routes with an acceptable reduction in
nodal energy resources:

o[, 0, 6%, L0 ] - max, ¢ 2 0 0 e (10)

As follows from expressions (6)—(10), the ranges of change of the variable parameters @ are limited by the resource
capabilities of the system €, at the corresponding control level v, in particular:

1) at the device level — by the presence of modes for correcting (pre-distorting) the spectrum of generated signals for
optimal redistribution of energy in the modem bandwidth;

2) at the physical level — by the ability to select phase-code designs with direct spectrum expansion to minimize the
impact of interference and hardware distortions on the reliability of message reception;

3) at the data link channel level — by the presence of an ARQ protocol in the event of detection of distorted bits upon
reception, followed by optimization of the transmission mode;

4) at the route level — by limited hardware and dynamic resources that allow for adaptive control of node activity (in
sleep/wake modes));

5) at the network level — by the ability to reconfigure the network structure when forming clusters and backup data
transmission routes (Table 1).

The integration of additional conditions (¥, not previously taken into account in single-level models, into the
procedure for optimizing algorithms for providing the reliability of the WSN contributes to the development of the
methodological apparatus, confirms the scientific novelty of the formulation and solution to applied research problems.

Discussion. The analytical analysis has shown that the traditional methodologies for studying the energy reliability of
wireless sensor systems often suffer from fragmentation, which reduces their efficiency. The major problem with these
approaches is their ignorance of the impact of the technical states of low-level nodes on the output indicators of high-
level systems. This reduces the accuracy of the assessment and leads to suboptimal resource allocation.

In the presented study, this problem is solved by an iterative multilevel approach based on the principle of sufficiency.
Its key advantage is the search for the minimum hierarchical level v at which the resource distribution @(v) provides the
required value of the quality indicator @(v) > ¢_mon(v). Compared to known methods [16], the application of this approach
allows achieving target reliability indicators with minimal resource costs.

The scientific novelty of the work is expressed in the integration of new conditions {(v) into the model, which were
not previously taken into account in papers [20—24]. This provides more accurate and practice-oriented control algorithms,
which is of key importance in improving the reliability of WSN. The developed multilevel model of network infrastructure
demonstrates how a systems approach to design can improve reliability management.

It allows for the integration of parameters of the technical condition of sensor nodes, which ultimately improves the accuracy
of predicting the operating characteristics of the system and allows its operation to be adapted to real-time conditions.

A multilevel model of network infrastructure, built on the principles of hierarchical synthesis, demonstrates the
possibility of consistently accounting for the parameters of individual sensor nodes [13] in the context of global network
performance indicators. Compared to the models in which node states are described in an aggregated manner, the proposed
approach provides a more detailed and, at the same time, systemic representation, which improves the accuracy of
performance prediction and the stability of control decisions.
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The developed reliability management methodology based on the sufficiency principle balances the operational
quality and resource constraints. Unlike the studies that prioritize either maximizing reliability or minimizing energy
consumption, this approach proposes a mechanism for aligning these criteria at each hierarchical level. This is reflected,
specifically, in routing algorithms that take into account the residual energy of nodes and the interference environment in
the communication channel. Their use not only improves energy efficiency and extends the network service life, but also
ensures the required reliability under changing external actions.

Thus, the presented approach provides a more comprehensive and practice-oriented basis for managing WSN energy
reliability compared to the existing solutions. It combines detailed consideration of low-level states with a high-level
system description, expanding the network ability to adapt to real-world operating conditions and optimize the use of
limited resources.

Conclusion. Despite the results obtained, a critical understanding of the limitations and capabilities of the models
used remains urgent. The directions outlined in this paper require further research, including a deeper understanding of
the mechanics of the interactions between destabilizing factors and systemic responses. To validate the results obtained
and assess their stationarity, field tests and similar research under various agroclimatic conditions are required.

This study not only confirms the need for a multilevel approach to WSN reliability management but also provides a
basis for further research in this area. A detailed analysis and integration of factors affecting reliability and energy
efficiency potentially opens new horizons for the application of WSN in the agricultural industry and other areas that
require an efficient and reliable monitoring.

Practical implementation could include the deployment of heterogeneous WSN; in which router nodes collect data from
sensors, balancing energy consumption based on the developed integrated multilayer model of the network infrastructure for
monitoring agricultural facilities. For example, the proposed algorithms could be used to generate digital field maps,

automate irrigation and application of crop protection products, and minimize costs and environmental impacts.
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