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Построение и исследование корректности математической модели транспорта и осаждения взвесей 
с учетом изменения рельефа дна∗∗∗

А. И. Сухинов1, В. В. Сидорякина2∗∗
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2 Таганрогский институт имени А. П. Чехова (филиал) РГЭУ (РИНХ), г. Таганрог, Российская Федерация

Introduction. The paper is devoted to the study on the three-
dimensional model of transport and suspension sedimentation 
in the coastal area due to changes in the bottom relief. The 
model considers the following processes: advective transfer 
caused by the aquatic medium motion, micro-turbulent diffu-
sion, and gravity sedimentation of suspended particles, as well 
as the bottom geometry variation caused by the particle set-
tling or bottom sediment rising. The work objective was to 
conduct an analytical study of the correctness of the initial-
boundary value problem corresponding to the constructed 
model.
Materials and Methods. The change in the bottom relief aids 
in solution to the initial-boundary value problem for a parabol-
ic equation with the lowest derivatives in a domain whose 
geometry depends on the desired function of the solution, 
which in general leads to a nonlinear formulation of the prob-
lem. The model is linearized on the time grid due to the “freez-
ing” of the bottom relief within a single step in time and the 
subsequent recalculation of the bottom surface function on the 
basis of the changed function of the suspension concentration, 
as well as a possible change in the velocity vector of the aquat-
ic medium.
Research Results. For the linearized problem, a quadratic 
functional is constructed, and the uniqueness of the solution to 
the corresponding initial boundary value problem is proved 
within the limits of an unspecified time step. On the basis of 
the quadratic functional transformation, we obtain a prior es-
timate of the solution norm in the functional space L2 as a 
function of the integral time estimates of the right side, and the 
initial condition. Thus, the stability of the solution to the initial 

Введение. Настоящая работа посвящена исследованию
пространственно-трехмерной модели транспорта и оса-
ждения взвеси в прибрежной зоне с учетом изменения
рельефа дна. Модель учитывает следующие процессы: 
адвективный перенос, обусловленный движением водной 
среды, микротурбулентную диффузию и гравитационное 
осаждение частиц взвеси, а также изменение геометрии 
дна, вызванное осаждением частиц взвеси или подъемом 
частиц донных отложений.
Целью работы являлось проведение аналитического ис-
следования корректности начально-краевой задачи, соот-
ветствующей построенной модели.
Материалы и методы. Изменение рельефа дна приводит к 
необходимости решать начально-краевую задачу для 
уравнения параболического типа с младшими производ-
ными в области, геометрия которой зависит от искомой 
функции решения, что приводит, в общем случае, к нели-
нейной постановке задачи. Выполнена линеаризация мо-
дели на временной сетке за счет «замораживания» релье-
фа дна в пределах одного шага по времени и последующе-
го пересчета функции поверхности дна на основе изме-
нившейся функции концентрации взвешенного вещества, 
а также возможного изменения вектора скорости движе-
ния водной среды.
Результаты исследования. Для линеаризованной задачи 
построен квадратичный функционал и энергетическим 
методом доказана единственность решения соответству-
ющей начально-краевой задачи в пределах произвольного 
шага по времени. На основе преобразования квадратично-
го функционала получена априорная оценка нормы реше-
ния в функциональном пространстве L2 в зависимости от 
интегральных оценок по времени правой части, гранич-
ных условий и начального условия, и, таким образом, 
доказана устойчивость решения исходной задачи при из-

                                                           
∗ The research is done on theme no. 2.6905.2017/БЧ within the frame of the government task of RF Ministry of Education and Science in R&D.
∗∗ E-mail: sukhinov@gmail.com, cvv9@mail.ru
∗∗∗ Работа выполнена по теме № 2.6905.2017/БЧ в рамках госзадания Минобрнауки России в части НИР.
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problem from the change of the initial and boundary condi-
tions, the right-hand side function, is established. 
Discussion and Conclusions. The model can be of value for 
predicting the spread of contaminants and changes in the bot-
tom topography, both under an anthropogenic impact and due 
to the natural processes in the coastal area.

менении начального и граничных условий, функции пра-
вой части. 
Обсуждение и заключения. Модель может представлять 
ценность при прогнозе распространения загрязнений и 
изменения рельефа дна, как при антропогенном воздей-
ствии, так и в силу естественно протекающих природных 
процессов в прибрежной зоне. 
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Introduction. The aquatic habitat protection [1−2] is one of the most important factors that determine the inte-
grated research development of the coastal areas. Damage control over the natural processes, such as pollution, sedi-
mentation, and depletion of water areas, leads to necessity for studying all aspects that affect changes in coastal waters. 
Maintenance of water bodies in proper condition and timely intervention in its operation mode is directly related to the 
increase in port capacity and the efficient development of the coastal infrastructure (ensuring an accessway to the berths 
of ships with a low landing; desilting and aquatic vegetation clearing of the coastal strip; etc.) [3-5]. As a rule, research 
practice in this field requires the construction of mathematical models that are as close as possible to real processes 
[6−11].

A continuous mathematical model describing spatial-three-dimensional processes associated with transport and 
gravitational suspension sedimentation in the aquatic medium with varying bottom relief is considered. This model 
takes into account micro-turbulent diffusion and advective transfer of suspensions, the effect of gravity on suspension,
the presence of the bottom and a free surface, and a bottom contour variation.

The suspension transport model enables to study the hydrophysical processes of aquatic systems, to predict the 
dynamics of the bottom surface change based on the description of the lifting, transport, sedimentation, changes in the 
concentration of suspension [12–13]. The uniqueness of the solution to the corresponding initial-boundary value prob-
lem is proved, and a prior estimate of the solution norm is obtained depending on the integral estimation of the right-
hand side, boundary conditions, and the initial condition.
Materials and Methods. Continuous 3D model of suspension diffusion-convection and the corresponding initial 
boundary value problem. Consider a continuous mathematical model of sediment spreading in the aqueous media
considering diffusion and convection of suspension, gravity action on suspension, presence of the bottom and a free 
surface. We will use Oxyz Cartesian coordinate system where Ох axis passes along the nonperturbed water surface 
and is directed toward the sea, and Оz axis is directed vertically downwards. Assume that h=H+ƞ is the total water 
depth, m; H is depth with undisturbed water surface, m; ƞ is elevation of the free surface relative to the geoid (sea lev-
el), m (Fig. 1).

Fig. 1. Introduction of Oxyz coordinate system Oxyz

Geoid Free surface 
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Suppose that in ( ){ }0 , 0 , 0 ,x yG x L y L z H x y= ≤ ≤ ≤ ≤ ≤ ≤ closure region, there are suspensions which have

( ), , ,c c x y z t= concentration at ( ), ,x y z point and at t time, mg/l; t is temporary variable, sec. We will also use 

( )
0 , 0

max ,
x y

z x L y L
L H x y

≤ ≤ ≤ ≤
≡ notation.

The behavior of the suspended particles will be described by the following system of equations:

( ) ( ) ( )( ) 2 2

2 2 ,

,

g
h v

g

w w cuc vcc c c c F
t x y z z zx y
H w c
t

 ∂ +∂ ∂  ∂ ∂ ∂ ∂ ∂  + + + = µ + + µ +    ∂ ∂ ∂ ∂ ∂ ∂∂ ∂   
∂ ε = − ∂ ρ

(1)

where u, v, w are components of U


fluid velocity, m/s; wg is hydraulic size or sedimentation rate, m/s; μh, μv are coef-
ficients of the horizontal and vertical turbulent diffusion of particles, respectively, m2/s; F is power of particle sources; ε
is porosity of bottom materials.

Summands on the left side (except for the time derivative) of the first equation of the system (1) describe the 
advective particle transport due to the inertial motion of the aqueous media, as well as sedimentation under the action of 
gravity. The summands on the right side describe the suspension diffusion. The vertical diffusion coefficient is chosen 
different from the horizontal diffusion coefficient due to the fact that the effect of difference between these coefficients 
is often observed in various media and can be caused by various factors.  

As G region, we consider 1 1 1ABCDAOC D “parallelepiped” “skewed” to the shore, whose 1 1 1AOC D upper base 

lies on ( )0z = free surface, and ( )( , )z H x y=  part of the bottom surface is its lower base. Suppose S is G surface, n

is the outward normal to the surface of the “skewed parallelepiped”. We assume the given *U


as the fluid velocity on 
G side surfaces. Complete with the boundary conditions of first kind for the particle concentration function, this allows 
determining the suspension flow both towards the coast and along the coast (Fig. 2).

Fig. 2. Solution area for suspension transport 

Add the initial and boundary conditions (assuming that the sedimentation is irreversible) to the system (1)
As the initial conditions at 0t = time, we accept

 ( ) ( )0, , ,0 , ,c x y z c x y z≡ ; (2)

 ( ) ( )0, ,0 ,H x y H x y= . (3)

We set boundary conditions on 1 1 1ABCDAOC D faces (we set suspended flows both towards the coast and 
along the coast):
- on the faces ( )1 1 0, 0 , 0y zS AAOB x y L z L≡ = ≤ ≤ ≤ ≤ , ( )2 1 1 , 0 , 0y x zS AA D D y L x L z L≡ = ≤ ≤ ≤ ≤ and

( )3 1 0, 0 , 0x zS BOC C y x L z L≡ = ≤ ≤ ≤ ≤

 *c c= , где ( ) [ ]* * , , , , 0,c c x y z t t T= ∈ ; (4)

- on the faces ( )4 1 1 , 0 , 0x y zS DD C C x L y L z L≡ = ≤ ≤ ≤ ≤ and 5 1 1 1S AOC D≡  ( )0, 0 , 0x yz x L y L= ≤ ≤ ≤ ≤

 0c = ; (5)

- on the surface ( )( )6 , , , 0 , 0x yS ABCD z H x y t x L y L≡ = ≤ ≤ ≤ ≤

Particle flow 
precipitates 

Bottom 

Coast 

Particle flow 
precipitates 

Free surface 
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lies on ( )0z = free surface, and ( )( , )z H x y=  part of the bottom surface is its lower base. Suppose S is G surface, n

is the outward normal to the surface of the “skewed parallelepiped”. We assume the given *U
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as the fluid velocity on 
G side surfaces. Complete with the boundary conditions of first kind for the particle concentration function, this allows 
determining the suspension flow both towards the coast and along the coast (Fig. 2).
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Add the initial and boundary conditions (assuming that the sedimentation is irreversible) to the system (1)
As the initial conditions at 0t = time, we accept
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( )3 1 0, 0 , 0x zS BOC C y x L z L≡ = ≤ ≤ ≤ ≤
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 g

v

wc c
n
∂

= −
∂ µ

или g

v

wc c
z
∂

= −
∂ µ

. (6)

The boundary condition (5) occurs with a relatively small slope of the bottom:

6

22

max 1.
S

H H
x y

 ∂ ∂  +   ∂ ∂   


The following condition of the solution domain nondegeneracy is set up for all ( ), ,x y t at which the initial 

boundary value problem is formulated:
 ( ) 0, , 0, 0 .H x y t h const t T≥ ≡ > ≤ ≤ (7)

When studying combined models of sediment and suspension transport, it is possible to increase the concentra-
tion of suspended particles in the bottom layer due to the rising bottom sediment particles if the shear stress exceeds of a
certain critical value is exceeded[13–16]. Then, instead of the boundary condition (6), we will consider the boundary 
condition of the following form

 , 0.c c const
z
∂

= α α = >
∂

(8)

Linearization of the initial-boundary value problem of transport and suspension sedimentation. To create a line-
arized model on 0 t T≤ ≤ time interval, we construct a uniform grid ωτ with a step τ, that is, a set of points

{ }, 0,1,..., ,nt n n N N Ttω = = t = t = .

Fig. 3.Construction of time grid

( ) ( )1, , ,n
nc x y z t − and ( ) ( )1, ,n

nH x y t − functions are determined at each step of ωτ time grid. If 1n = , then func-

tions of the initial condition will suffice to ( ) ( ) ( ) ( )1 1
0 0, , , , , ,c x y z t H x y t , viz ( ) ( ) ( )1

0, , ,0 , ,c x y z c x y z≡ ,
( ) ( ) ( )1

0 0, , ,H x y t H x y≡ respectively. But if 2,...,n N= , then ( ) ( ) ( ) ( )1
1 1, , , , , ,n n

n nc x y z t c x y z t−
− −= functions are assumed 

to be known, since the problem (1)−(6) for the previous 2 1t tn nt− −< ≤ time interval is supposed to be solved.

We write the system (1) on 1t tn nt− < ≤ interval in the form:

( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )

( )
( )

2 2

2 2 ,
n n nn n n n

g

h v

n
n

g

uc vc w w cc c c c F
t x y z z zx y

H w c
t

 ∂ ∂ ∂ +    ∂ ∂ ∂ ∂ ∂ + + + = µ + + µ +       ∂ ∂ ∂ ∂ ∂ ∂∂ ∂   
∂ ε = − ∂ ρ

(9)

and complete it with the initial conditions:
 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1

0 0 1 1, , , , , , , , , , , , , 2,..., .n n
n nc x y z t c x y z c x y z t c x y z t n N−
− −= = = (10)

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1
0 0 1 1, , , , , , , , , 2,..., .n n

n nH x y t H x y H x y t H x y t n N−
− −= = = (11)

The boundary conditions (4)−(6) are assumed to be fulfilled for all 1n nt t t− ≤ ≤ time intervals.
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By defining ( ) ( ) ( ) ( )1
1 1, , , , , ,n n

n nc x y z t c x y z t−
− −= function on 1t tn nt− < ≤ time interval, we can find 

( ) ( )1, ,n
nH x y t − function. For this end, we integrate both members of the second equation of the system (9) over 

1n nt t t− ≤ ≤ variable. We will get

 
( )

( )

1 1

.
n n

n n

t tn
n

g
t t

H dt w c dt
t

− −

∂ ε
= −

∂ ρ∫ ∫ (12)

From the equality (12), it is not difficult to get 

  ( ) ( ) ( )

1

1

1
.

n

n

tN
n n n

g
n t

H H w c dt
−

−

=

ε
= −

ρ ∑ ∫ (13)

We introduce ( ){ }1
1 10 , 0 , 0 , ,n

n x y nG x L y L z H x y t−
− −= < < < < < < domain at each 1n nt t t− ≤ ≤ time step.

We have a chain of linear initial-boundary value problems for each time layer, where the system of the type 

( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ){ }
( ) ( ) ( )

1

2 2

2 2

1
1 1 1

1

1

,

, ,  , 0 , 0 , 0 , , ,

, 1, 2,. ., ..
n

n

n n nn n n n
g

h v

n
n n x y n

tN
n n n

g
n t

uc vc w w cc c c c F
t x y z z zx y

x y z G G x L y L z H x y t

H H w c dt n N
−

−
− − −

−

=

 ∂ ∂ ∂ +    ∂ ∂ ∂ ∂ ∂ + + + = µ + + µ +       ∂ ∂ ∂ ∂ ∂ ∂∂ ∂    ∈ = < < < < < <
 ε = − =

ρ


∑ ∫

(14)

(15)

is considered for 1n nt t t− ≤ ≤ interval with the initial conditions:
( ) ( ) ( ) ( )1

1 1, , , , , , ,n n
n nc x y z t c x y z t−
− −= (16)

 ( ) ( ) ( ) ( )1
1 1, , , ,n n

n nH x y t H x y t−
− −= . (17)

Note that at each time step, the boundary surfaces will change (except 5S face). Considering 1n nt t t− ≤ ≤ time 

interval, we set the boundary conditions on the edges of 1nG − domain:

- on ( ) ( )( )1
1, 1 10, 0 , 0 0, ,n

n y nS x y L z H y t−
− −= ≤ ≤ ≤ ≤ , ( ) ( )( )1

2, 1 1, 0 , 0 , ,n
n y x y nS y L x L z H x L t−
− −= ≤ ≤ ≤ ≤ and

( ) ( )( )1
3, 1 10, 0 , 0 ,0,n

n x nS y x L z H x t−
− −= ≤ ≤ ≤ ≤ faces

( ) *nc c= , где ( ) [ ]* *
1, , , , ,n nc c x y z t t t t−= ∈ ; (18)

- on ( ) ( )( )1
4, 1 1, 0 , 0 , ,n

n x y x nS x L y L z H L y t−
− −= ≤ ≤ ≤ ≤ и ( )5, 1 1 1 10, 0 , 0n x yS z x L y L AOC D− = ≤ ≤ ≤ ≤ ≡ faces

( ) 0nc = ; (19)

- on ( ) ( )( )1
6, 1 1, , , 0 , 0n

n n x yS z H x y t x L y L−
− −= ≤ ≤ ≤ ≤ surface

( )
( )

n
g n

v

wc c
n

∂
= −

∂ µ
или

( )
( )

n
g n

v

wc c
z

∂
= −

∂ µ
. (20)

The boundary condition (8) will be replaced by the following                                                   

 
( )

( ) , 0.
n

nc c const
z

∂
= α α = >

∂
(21)

Thus, it is supposed that the bottom relief within this time step, when calculating the distribution of suspension 
concentrations, does not change and is taken from the previous time layer. First of all, at this 1n nt t t− ≤ ≤ time step, the 

initial-boundary value problem for the convection-diffusion equation (14) with ( )1nH − fixed bottom relief function is 
solved, and only then the update (recomputation) of ( )nH relief function is performed in accordance with the equality 
(15).

The determination of the conditions of existence, uniqueness and continuous dependence of the solution on the 
input problem data is carried out on a fixed time layer under these assumptions and subject to the condition (7).

The authors do not plan to study the existence of solutions to the initial-boundary value problems (14) - (20) 
and (14) - (19), (21) in this paper. Questions of the existence of solutions to the initial-boundary value problems for 
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n y nS x y L z H y t−
− −= ≤ ≤ ≤ ≤ , ( ) ( )( )1

2, 1 1, 0 , 0 , ,n
n y x y nS y L x L z H x L t−
− −= ≤ ≤ ≤ ≤ and

( ) ( )( )1
3, 1 10, 0 , 0 ,0,n

n x nS y x L z H x t−
− −= ≤ ≤ ≤ ≤ faces

( ) *nc c= , где ( ) [ ]* *
1, , , , ,n nc c x y z t t t t−= ∈ ; (18)

- on ( ) ( )( )1
4, 1 1, 0 , 0 , ,n

n x y x nS x L y L z H L y t−
− −= ≤ ≤ ≤ ≤ и ( )5, 1 1 1 10, 0 , 0n x yS z x L y L AOC D− = ≤ ≤ ≤ ≤ ≡ faces

( ) 0nc = ; (19)

- on ( ) ( )( )1
6, 1 1, , , 0 , 0n

n n x yS z H x y t x L y L−
− −= ≤ ≤ ≤ ≤ surface

( )
( )

n
g n

v

wc c
n

∂
= −

∂ µ
или

( )
( )

n
g n

v

wc c
z

∂
= −

∂ µ
. (20)
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Thus, it is supposed that the bottom relief within this time step, when calculating the distribution of suspension 
concentrations, does not change and is taken from the previous time layer. First of all, at this 1n nt t t− ≤ ≤ time step, the 

initial-boundary value problem for the convection-diffusion equation (14) with ( )1nH − fixed bottom relief function is 
solved, and only then the update (recomputation) of ( )nH relief function is performed in accordance with the equality 
(15).

The determination of the conditions of existence, uniqueness and continuous dependence of the solution on the 
input problem data is carried out on a fixed time layer under these assumptions and subject to the condition (7).

The authors do not plan to study the existence of solutions to the initial-boundary value problems (14) - (20) 
and (14) - (19), (21) in this paper. Questions of the existence of solutions to the initial-boundary value problems for 

Sukhinov A. I.and the others. Development and correctness analysis of the mathematical model of transport and suspension sedimentation
Сухинов А. И. и др. Построение и исследование корректности математической модели транспорта и осаждения взвесей

parabolic equations with lower derivatives (diffusion-convection equations) are considered, for example, in the mono-
graphs [17–18].

Research Results. Investigating uniqueness of the solution to the initial-boundary problem of suspension 
transport.
Consider the initial boundary value problem (14) - (20) formulated for the arbitrary 1t tn nt− < ≤ time layer.

Multiply the left and right member of equation (14) by ( )nc function and get:

 
( ) ( )( ) ( )( ) ( ) ( )( ) ( )

( ) ( )
( )

( )
( )

2 2

2 2

n n nn n n n
g n n n

h v

uc vc w w cc c c cc c c F
t x y z z zx y

∂ ∂ ∂ +    ∂ ∂ ∂ ∂ ∂
+ + + = µ + + µ +      ∂ ∂ ∂ ∂ ∂ ∂∂ ∂   

. (22)

The left member of the equality (22) can be transformed as follows: 

 

( )
( )

( )
( )( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( )

( )( ) ( )( )( )

2

2

2

1
2

1 1 ,
2 2

n n n nn
gn n n n

n

n

uc vc w w c ccc c c div c U
t x y z t

c
div c U

t

 ∂ ∂ ∂ + ∂∂  + + + = + =
 ∂ ∂ ∂ ∂ ∂
 

∂
= +

∂





(23)

where , , .
T

gU u v w w= +


With regard to (23), the equation (22) will be written as

 
( )( ) ( )( )( ) ( )

( ) ( )
( )

( )
( )

2
2 22

2 2

1 1
2 2

n n n n
n n n n

h

c c c cdiv c U c c c F
t z zx y n

∂    ∂ ∂ ∂ ∂
+ = µ + + µ +      ∂ ∂ ∂∂ ∂   



. (24)

Then we integrate both members of the equation (24) over 1n nt t t− ≤ ≤ interval, and, after that, over the spatial 

variables in 1nG − domain. In the first term, the order of integration is changed due to the Fubini theorem [19]. We obtain

 

( )( ) ( )( )( )
( )

( ) ( )
( )

( )

( )

1 1 1 1

1 1 1 1

2

2

1 1

2 2

1 12 2

1

1 1
2 2

n n

n n n n

n n

n n n n

n

nt t
n

n n
G t t G

t tn n n
n n

h n n
t G t G

n
n

G

c
dt dG div c U dG dt

t

c c cc dG dt c dG dt
z zx y

c FdG

− − − −

− − − −

−

− −

− n −

−

 ∂    + =    ∂    
      ∂ ∂ ∂ ∂

= µ + + µ +            ∂ ∂∂ ∂      

∫∫∫ ∫ ∫ ∫∫∫

∫ ∫∫∫ ∫ ∫∫∫



1 1

.
n

n

t

t

dt
−

 
  
 
∫ ∫∫∫

  (25)

The first term on the left side of the equation (25) is obviously equal to

 
( )( ) ( )( ) ( ) ( )( ) ( )( )

1 1 1

2

2 2

1 1 1
1 1 , , , , , ,
2 2

n

n n n

nt
n n

n n n n
G t G

c
dt dG c x y z t c x y z t dG

t
− − −

− − −

 ∂  = − ∂ 
 

∫∫∫ ∫ ∫∫∫ . (26)

Next, we turn to the transformation of the second term of the left-hand side of the equality (25). Considering 
the Gauss-Ostrogradsky formula and the boundary conditions (18) - (20), it can be written as [20]:

( )( )( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

1 1 1 1, 1 1 6 , 1

1 3, 1 1 2 , 1

2 2* * 2
1

2 2* * * * *

1 1 1,
2 2 2

1 1, ,
2 2

n n n

n n n n n n

n n

n n n n

t t t
n

n g
t G t S t S

t t

t S t S

div c U dG dt c U n dydz dt c w dxdy dt

c U n dxdz dt c U n dxdz dt c

− − − − − −

− − − −

−

    
= + +    

     
   

+ + = −   
   

∫ ∫∫∫ ∫ ∫∫ ∫ ∫∫

∫ ∫∫ ∫ ∫∫


 

 
 

( ) ( ) ( )( )
1 1, 1

1 3, 1 1 2 , 1 1 6 , 1

2

22 2* *1 1 1 .
2 2 2

n

n n

n n n

n n n n n n

t

t S

t t t
n

g
t S t S t S

udydz dt

c vdxdz dt c vdxdz dt c w dxdy dt

− −

− − − − − −

 
− 

 
     

− + +     
     

∫ ∫∫

∫ ∫∫ ∫ ∫∫ ∫ ∫∫

(27)

where *U


is the known velocity of the aquatic medium on the faces where the boundary conditions of the first kind 
are specified; in fact, these are all side faces, except for 4, 1nS − and 5, 1nS − top cover on which the suspension concentra-

tion is zero, and therefore the flows through them are zero.
Let us turn to the transformation of the right side of the equation (25). The following equality occurs
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( )
( ) ( ) ( )

( )
( )

( )
( )

( )
( )

( ) ( )

1

1

1

1

2

n

n

n n n
n

h h v n
G

n n n
n n n

h h v n
G

n n

h h

c c cc dG
x x y y z z

c c cc c c dG
x x y y z z

c c
x y

−

−

−

−

       ∂ ∂ ∂ ∂ ∂ ∂
µ +µ + µ =             ∂ ∂ ∂ ∂ ∂ ∂        

      ∂ ∂ ∂ ∂ ∂ ∂
= µ +µ + µ −           ∂ ∂ ∂ ∂ ∂ ∂       

  ∂ ∂
− µ +µ    ∂ ∂  

∫∫∫

∫∫∫
( )

1

2 2

1.
n

n

v n
G

c dG
z

−

−

   ∂ + µ    ∂    
∫∫∫

(28)

Suppose { } ( )
( )

( )
( )

( )
( )

, , , ,
n n n

n n n
x y z h h v

c c cQ Q Q Q c c c
x y z

 ∂ ∂ ∂
= = µ µ µ 

∂ ∂ ∂ 



. Then, in virtue of the Gauss-Ostrogradsky 

theorem, we have:

( )
( )

( )
( )

( )
( )

1 1

2, 1 4, 1 3, 1 1, 1 6, 1 5, 1

2,

1

n n

n n n n n n

n

n n n
n n n

h h v n
G G

y x y x z z
S S S S S S

y
S

c c cc c c dG divQdG
x x y y z z

Q dxdz Q dydz Q dxdz Q dydz Q dxdy Q dxdy

Q dxdz

− −

− − − − − −

−

      ∂ ∂ ∂ ∂ ∂ ∂
µ +µ + µ = =           ∂ ∂ ∂ ∂ ∂ ∂       

= + + + + + =

=

∫∫∫ ∫∫∫
∫∫ ∫∫ ∫∫ ∫∫ ∫∫ ∫∫



1 3, 1 1, 1 6, 1

.
n n n

y x z
S S S

Q dxdz Q dydz Q dxdy
− − − −

+ + +∫∫ ∫∫ ∫∫ ∫∫

(29)

Transforming each term from the right-hand side of (29) subject to the conditions on the boundary (18) - (20), 
we obtain 

( )
( )

( )
( )

( )
( )

( )( )
1

2, 1 3, 1 1 1, 1 6, 1

1

2
.

n

n n n n

n n n
n n n

h h v n
G

n
h h h g

S S S S

c c cc c c dG
x x y y z z

c c cc dxdz c dxdz c dydz w c dxdy
y y x

−
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−

∗ ∗ ∗
∗ ∗ ∗

      ∂ ∂ ∂ ∂ ∂ ∂
µ +µ + µ =           ∂ ∂ ∂ ∂ ∂ ∂       
∂ ∂ ∂

= µ + µ + µ −
∂ ∂ ∂

∫∫∫

∫∫ ∫∫ ∫∫ ∫∫
(30)

In virtue of (26), (28), (29) and (30), the equality (25) takes on form

 

( )( ) ( ) ( )

( ) ( )
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−

∗
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  ∂ − + µ −  ∂  
      ∂ ∂   − + µ + − µ +      ∂ ∂      

+

∫∫∫ ∫ ∫∫

∫ ∫∫ ∫ ∫∫
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         ∂ ∂ ∂    + +µ +µ =               ∂ ∂ ∂         
 

= +   
 

∫ ∫∫ ∫ ∫∫∫

∫∫∫ ∫ ∫∫∫

(31)

The identity (31) will be fundamental under studying the uniqueness and obtaining a prior estimate of the solu-
tion norm of the initial boundary value problem (14) - (20). In case of replacing the boundary condition (20) with the 
boundary condition (21), the quadratic functional (31) changes as follows:
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 

= +   
 

∫ ∫∫ ∫ ∫∫∫

∫∫∫ ∫ ∫∫∫

 (32)

Suppose that the equation (14) with the same conditions (16) - (20) satisfy two different solutions to

( ) ( )1 1 2 2, , , , , , ,c c x y z t c c x y z t= = problem. For their 1 2c c c= − difference, the following initial-boundary problem is 

valid:
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(29)

Transforming each term from the right-hand side of (29) subject to the conditions on the boundary (18) - (20), 
we obtain 
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∫∫∫
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(30)

In virtue of (26), (28), (29) and (30), the equality (25) takes on form
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(31)

The identity (31) will be fundamental under studying the uniqueness and obtaining a prior estimate of the solu-
tion norm of the initial boundary value problem (14) - (20). In case of replacing the boundary condition (20) with the 
boundary condition (21), the quadratic functional (31) changes as follows:
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 (32)

Suppose that the equation (14) with the same conditions (16) - (20) satisfy two different solutions to

( ) ( )1 1 2 2, , , , , , ,c c x y z t c c x y z t= = problem. For their 1 2c c c= − difference, the following initial-boundary problem is 

valid:
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∂
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∂ µ µ


 . (36)

For c function, the equality (33) will take the form considering the equalities (34)−(36)
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Since 0gw > and other known values under the sign of integrals are positive μh> 0, μv> 0, then the equality 

(36) is satisfied only under the condition
 ( ) ( ) 1 1, , z, 0, , , , ,n n nc x y t x y z G t t t− −≡ ∈ < ≤ (38)

which completes the proof of the uniqueness of the initial-boundary value problem (14) - (20) solution.
In case of replacing the boundary condition (20) by the relation (21), instead of the expression (37), we obtain 

the following equality
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We require the fulfillment of the inequality

( ) 6, 1 1

1 0, , , ,
2 g v n n nw x y z S t t t− −− αµ ≥ ∈ < ≤

or

 ( ) 6, 1 1, , , , ,
2

g
n n n

v

w
x y z S t t t− −α ≤ ∈ < ≤

µ
(40)

then all the terms in the equation (39) are nonnegative, and zero equality is possible if and only if 
( ) ( ) 1 1, , z, 0, , , , ,n n nc x y t x y z G t t t− −≡ ∈ < ≤ that means the solution uniqueness and in this case.

Reasoning is similarly repeated for all layers of ωτ time grid. The modification of the boundary conditions as-
sociated with the continuous change in the bottom relief depending on the time variable requires additional study and is 
going beyond the scope of this article.

Theorem. Suppose we are given a system of equations
( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )
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=

 ∂ +∂ ∂    ∂ ∂ ∂ ∂ ∂ + + + = µ + + µ +   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂     ∈ = < < < < < <
 ε

= − = ρ
∑ ∫

in ( )1 1 1 ,n n n nG t t t− − −Ω = × < < ( ) ( )( )1
1 10 ,0 ,0 , , ,n

n x y nG x L y L z H x y t−
− −= < < < < < < simply connected domain with a 

sufficiently smooth boundary defined by the smoothness of ( ) ( )1 , , 0 , 0n
x yz H x y x L y L−= ≤ ≤ ≤ ≤ function with the 
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initial and boundary conditions (16) - (20). Let the functions of ( ) ( )1, , ,n
nc x y z t − solution, the velocity vector of 

, ,
T

gu v w w+ aquatic medium, ( ) ( )1
1, , ,n

nc x y z t−
− initial condition, ( ), , , ,F x y z t right member of ( ), , ,c x y z t∗ bounda-

ry condition, ( ) ( ) 1, , ,v v nz x y z G −µ = µ ∈ coefficient of ( ) ( ) 1, , ,v v nz x y z G −µ = µ ∈ vertical turbulent exchange satisfy the 

following smoothness conditions:
( ) ( ) ( ) ( )2

1 1 1, , , ,n
n n nc x y z t C C− − −∈ Ω ∩ Ω ( ) ( )1 ,n

ngrad c C −∈ Ω ( ) ( )1
1 1, , ,

T

g n nu v w w C C− −+ ∈ Ω ∩ Ω

( ) ( ) ( )1
1 1, , , ,n

n nc x y z t C G−
− −∈ ( ) ( )1, , , nF x y z t C −∈ Ω , ( ) ( ) ( )1

1 1, ,v n nx y z C G C G− −µ ∈ ∩ ,

( ) ( ) [ ]1 1, , , ,n n nc x y z t C S t t t∗
− −∈ × ≤ ≤ 1 1 1\n n nS G G− − −= ,

( ) ( )( ) [ ]( )1
10 , 0 , ,n

x y n n

c C x L y L z H x y t t t
n

∗
−

−

∂
∈ ≤ ≤ ≤ ≤ = × ≤ ≤

∂
, as well as ( ) ( )0, , ,0 , , ,c x y z c x y z∗ =

( ) ( ) ( )( )1
1, , \ 0 ,0 , , ,n

n x yx y z S x L y L z H x y−
−∈ < < < < = 0 ,v

g

c c
z w

∗∂ µ
= −

∂
( ) ( )( )10 ,0 , , ,n

x yx L y L z H x y−< < < < = conditions of consistency of the boundary and initial conditions, then the 

solution to this problem exists and is unique.
Comment. In case of replacing the boundary condition (20) with the boundary condition (21), the inequality 

(40) should be added as a sufficient condition for the previous theorem.
Studying the continuous dependence of the solutions to the initial-boundary value problem of suspension 

transport on the initial, boundary conditions and the right-hand side function. The next stage is connected with 
the study of the continuous solution dependence on the functions of the right-hand side, boundary and initial conditions 
for the system (14)–(15).

Suppose that

 ( ) ( )
* *

0

1 1

0,
0 , 0 , 0 , , , .n

x y n n n

c c const
x L y L z H x y t t t t− −

≥ ≡ >
≤ ≤ ≤ ≤ < < ≤ ≤

(41)

For convenience, we introduce the notations: union of all parts of the lateral cylindrical surface (boundaries of 
Gn-1 region) is denoted as , 1 ,c nS − and the lower base of region – as 1 , 1n b nG S− −− . In virtue of the smoothness conditions 

listed under the above theorem, extrema of functions on the bounded closed sets are reached:

( ){ }
( ) ( )

{ }
[ ]

{ } { }
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1, 1 2, 1
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− − −× ≤ ≤

 ∂ ∂ ≡ ≡  
∂ ∂  

≡ µ ≡ ≡ µ µ
(42)

We will focus on the equation (31) if the boundary condition (20) is used, and on the equality (32) in case of 
the boundary condition (21). Evoking Friedrichs inequality, we have a chain of inequalities:
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1
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2 2 2
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      ∂ ∂ ∂ µ +µ +µ ≥           ∂ ∂ ∂      
      ∂ ∂ ∂ ≥ µ µ + + ≥           ∂ ∂ ∂      

  
  ≥ π + +  

    

∫∫∫

∫∫∫

1

1.
nG −

−∫∫∫

(43)

We turn to the equation (26) from which, in virtue of (42) and (43), we obtain the inequality:



M
ec

ha
ni

cs

359

Vestnik of Don State Technical University. 2018. Vol. 18, no. 4, pp. 350–361.   ISSN 1992-5980 eISSN 1992-6006
Вестник Донского государственного технического университета. 2018. Т. 18, № 4. C. 350–361.   ISSN 1992-5980 eISSN 1992-6006

initial and boundary conditions (16) - (20). Let the functions of ( ) ( )1, , ,n
nc x y z t − solution, the velocity vector of 

, ,
T

gu v w w+ aquatic medium, ( ) ( )1
1, , ,n

nc x y z t−
− initial condition, ( ), , , ,F x y z t right member of ( ), , ,c x y z t∗ bounda-

ry condition, ( ) ( ) 1, , ,v v nz x y z G −µ = µ ∈ coefficient of ( ) ( ) 1, , ,v v nz x y z G −µ = µ ∈ vertical turbulent exchange satisfy the 

following smoothness conditions:
( ) ( ) ( ) ( )2

1 1 1, , , ,n
n n nc x y z t C C− − −∈ Ω ∩ Ω ( ) ( )1 ,n

ngrad c C −∈ Ω ( ) ( )1
1 1, , ,

T

g n nu v w w C C− −+ ∈ Ω ∩ Ω
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− −∈ ( ) ( )1, , , nF x y z t C −∈ Ω , ( ) ( ) ( )1

1 1, ,v n nx y z C G C G− −µ ∈ ∩ ,

( ) ( ) [ ]1 1, , , ,n n nc x y z t C S t t t∗
− −∈ × ≤ ≤ 1 1 1\n n nS G G− − −= ,

( ) ( )( ) [ ]( )1
10 , 0 , ,n

x y n n

c C x L y L z H x y t t t
n

∗
−

−

∂
∈ ≤ ≤ ≤ ≤ = × ≤ ≤

∂
, as well as ( ) ( )0, , ,0 , , ,c x y z c x y z∗ =

( ) ( ) ( )( )1
1, , \ 0 ,0 , , ,n

n x yx y z S x L y L z H x y−
−∈ < < < < = 0 ,v

g

c c
z w

∗∂ µ
= −

∂
( ) ( )( )10 ,0 , , ,n

x yx L y L z H x y−< < < < = conditions of consistency of the boundary and initial conditions, then the 

solution to this problem exists and is unique.
Comment. In case of replacing the boundary condition (20) with the boundary condition (21), the inequality 

(40) should be added as a sufficient condition for the previous theorem.
Studying the continuous dependence of the solutions to the initial-boundary value problem of suspension 

transport on the initial, boundary conditions and the right-hand side function. The next stage is connected with 
the study of the continuous solution dependence on the functions of the right-hand side, boundary and initial conditions 
for the system (14)–(15).

Suppose that

 ( ) ( )
* *

0

1 1

0,
0 , 0 , 0 , , , .n

x y n n n

c c const
x L y L z H x y t t t t− −

≥ ≡ >
≤ ≤ ≤ ≤ < < ≤ ≤

(41)

For convenience, we introduce the notations: union of all parts of the lateral cylindrical surface (boundaries of 
Gn-1 region) is denoted as , 1 ,c nS − and the lower base of region – as 1 , 1n b nG S− −− . In virtue of the smoothness conditions 

listed under the above theorem, extrema of functions on the bounded closed sets are reached:
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∂ ∂  

≡ µ ≡ ≡ µ µ
(42)

We will focus on the equation (31) if the boundary condition (20) is used, and on the equality (32) in case of 
the boundary condition (21). Evoking Friedrichs inequality, we have a chain of inequalities:
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      ∂ ∂ ∂ µ +µ +µ ≥           ∂ ∂ ∂      
      ∂ ∂ ∂ ≥ µ µ + + ≥           ∂ ∂ ∂      

  
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We turn to the equation (26) from which, in virtue of (42) and (43), we obtain the inequality:
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From inequality (44), there are two inequalities                                 
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The inequalities obtained imply the continuous dependence (stability) of the solution to the problem (14) - (20) 
on the functions of the initial condition, the boundary conditions and the right-hand side, in 2L norm for any instant of 

0 T< < +∞ time, and also in 2L time-integral norm.
Obviously, if the inequality (45) and the theorem condition are satisfied, the initial-boundary problem (14) -

(19), (20) will also have a solution that depends continuously on the functions of the initial condition, the boundary 
conditions and the right-hand side in the corresponding norms.

Discussion and Conclusions. Novelty of the proposed non-stationary spatial-three-dimensional mathematical 
model of suspension transport lies in the fact that, alongside with considering the processes of advective transfer, micro-
turbulent diffusion and gravity sedimentation of suspended particles, the model describes the change in bottom geome-
try caused by the particle settling or bottom sediment rising.

The linearization of the corresponding initial-boundary problem on the time grid is carried out, and the conditions 
for the uniqueness of the solution to the initial-boundary problem and continuous dependence on the input data – on the 
functions of the initial condition, boundary conditions, and the right-hand side in 2L Hilbert space norm in 2L time 

integral norm for two variants of boundary conditions are obtained for the arbitrary 1n nt t t− ≤ ≤ time step.
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Introduction. The technique of numerical modeling of the 
transverse flow over span structures of bridges on the basis of 
the two-dimensional URANS (Unsteady Reynolds-averaged 
Navier-Stokes) approach used in the modern methods and 
software packages for computational fluid dynamics is verified.
The work objective was debugging and experimental substanti-
ation of this technique with the use of the database on the aero-
dynamic characteristics of the cross-sections of span structures 
of girder bridges of standard shapes pre-developed by the au-
thors.
Materials and Methods. A numerical simulation of the trans-
verse flow of low-turbulent (smooth) and turbulent air flows 
around the bridge structures in a range of practically interesting 
attack angles is carried out. SST 𝑘𝑘 − 𝜔𝜔1T turbulence model was 
used as the closing one. The technique was preliminarily tested 
on the check problem for the flow of the rectangular cross-
section beams. Calculations were carried out using the licensed 
ANSYS software.
Research Results. The calculated dependences on the attack 
angle of the aerodynamic coefficients of forces (drag and lift) 
and the moment of the cross sections of the girder bridges of 
standard shapes are obtained. These data refer to the span 
structures at the construction phase (without deck and parapets, 
without parapets) and operation phase, under the conditions of 
model smooth and turbulent incoming flow. The latter allows 
us to outline the boundaries for more weighted estimates of the 
aerodynamic characteristics of the girder bridges in a real wind 
current. The best agreement with the experimental data was 
obtained from the drag of the cross-section. The magnitude of 
the lifting force is more sensitive to the presence and extent of 
the separation regions, so its numerical determination is less 
accurate. The reproduction of the angle-of-attack effect on the 
aerodynamic moment of the cross-section is the most challeng-

Введение. Верифицирована методика численного моде-
лирования поперечного обтекания пролетных строений 
мостов на основе нестационарного решения Рейнольдса 
для уравнений Навье — Стокса (URANS, Unsteady 
Reynolds-averaged Navier — Stokes). Данный двумерный 
подход используется в современных методах и пакетах 
прикладных программ вычислительной гидроаэродина-
мики. Цели работы — отладка и экспериментальное 
обоснование указанной методики. Для реализации по-
ставленной цели использована ранее разработанная ав-
торами база данных по аэродинамическим характери-
стикам поперечных сечений пролетных строений ба-
лочных мостов типовых форм.
Материалы и методы. Проведено численное моделиро-
вание поперечного обтекания мостовых строений низ-
котурбулентными (гладкими) и турбулентными воздуш-
ными потоками в диапазоне практически интересных 
углов атаки. В итоге использовалась модель турбулент-
ности SST 𝑘𝑘 − ω. Методика предварительно отработана 
на тестовой задаче обтекания балок прямоугольного 
поперечного сечения. Расчеты проводились с помощью 
лицензионного программного комплекса ANSYS.
Результаты исследования. Показано, каким образом 
угол атаки определяет силы (подъемную и лобового 
сопротивления) и момент поперечных сечений балоч-
ных мостов типовых форм. Полученные расчетные за-
висимости относятся к пролетным строениям на стадиях 
монтажа (без плиты перекрытия и ограждений, без 
ограждений) и эксплуатации в условиях модельных 
набегающих потоков — гладкого и турбулентного. Это 
позволяет очертить границы для более взвешенных оце-
нок аэродинамических характеристик балочных мостов 
в реальном ветровом потоке.
Лобовое сопротивление сечению демонстрирует 
наилучшее согласование с опытными данными. Величи-
на подъемной силы более чувствительна к наличию и 
протяженности отрывных зон, поэтому ее расчетное 
определение менее точно. Наиболее проблемным для 
большинства конфигураций является воспроизведение 

*The research is done within the frame of the independent R&D. 
∗∗E-mail:gosteev@corp.nstu.ru, obuxovskij@corp.nstu.ru, salenkosd@yandex.ru
∗∗∗ Работа выполнена в рамках инициативной НИР.

МЕХАНИКА
MECHANICS

Maxim
Штамп



M
ec

ha
ni

cs

363

Vestnik of Don State Technical University. 2018. Vol. 18, no. 4, pp. 362–378. ISSN 1992-5980 eISSN 1992-6006
Вестник Донского государственного технического университета. 2018. Т. 18, № 4. C. 362–378.   ISSN 1992-5980 eISSN 1992-6006

 

УДК 533.6, 624.046.3  https://doi.org/10.23947/1992-5980-2018-18-4-362-378

Numerical simulation of the transverse flow over spans of girder bridges *

Yu. A. Gosteev1, A. D. Obukhovskiy2, S. D. Salenko3**

1,2,3 Novosibirsk State Technical University, Novosibirsk, Russian Federation

Численное моделирование поперечного обтекания пролетных строений балочных мостов∗∗∗

Ю. А. Гостеев1, А. Д. Обуховский2, С. Д. Саленко3∗∗

1,2,3 Новосибирский государственный технический университет, г. Новосибирск, Российская Федерация

Introduction. The technique of numerical modeling of the 
transverse flow over span structures of bridges on the basis of 
the two-dimensional URANS (Unsteady Reynolds-averaged 
Navier-Stokes) approach used in the modern methods and 
software packages for computational fluid dynamics is verified.
The work objective was debugging and experimental substanti-
ation of this technique with the use of the database on the aero-
dynamic characteristics of the cross-sections of span structures 
of girder bridges of standard shapes pre-developed by the au-
thors.
Materials and Methods. A numerical simulation of the trans-
verse flow of low-turbulent (smooth) and turbulent air flows 
around the bridge structures in a range of practically interesting 
attack angles is carried out. SST 𝑘𝑘 − 𝜔𝜔1T turbulence model was 
used as the closing one. The technique was preliminarily tested 
on the check problem for the flow of the rectangular cross-
section beams. Calculations were carried out using the licensed 
ANSYS software.
Research Results. The calculated dependences on the attack 
angle of the aerodynamic coefficients of forces (drag and lift) 
and the moment of the cross sections of the girder bridges of 
standard shapes are obtained. These data refer to the span 
structures at the construction phase (without deck and parapets, 
without parapets) and operation phase, under the conditions of 
model smooth and turbulent incoming flow. The latter allows 
us to outline the boundaries for more weighted estimates of the 
aerodynamic characteristics of the girder bridges in a real wind 
current. The best agreement with the experimental data was 
obtained from the drag of the cross-section. The magnitude of 
the lifting force is more sensitive to the presence and extent of 
the separation regions, so its numerical determination is less 
accurate. The reproduction of the angle-of-attack effect on the 
aerodynamic moment of the cross-section is the most challeng-

Введение. Верифицирована методика численного моде-
лирования поперечного обтекания пролетных строений 
мостов на основе нестационарного решения Рейнольдса 
для уравнений Навье — Стокса (URANS, Unsteady 
Reynolds-averaged Navier — Stokes). Данный двумерный 
подход используется в современных методах и пакетах 
прикладных программ вычислительной гидроаэродина-
мики. Цели работы — отладка и экспериментальное 
обоснование указанной методики. Для реализации по-
ставленной цели использована ранее разработанная ав-
торами база данных по аэродинамическим характери-
стикам поперечных сечений пролетных строений ба-
лочных мостов типовых форм.
Материалы и методы. Проведено численное моделиро-
вание поперечного обтекания мостовых строений низ-
котурбулентными (гладкими) и турбулентными воздуш-
ными потоками в диапазоне практически интересных 
углов атаки. В итоге использовалась модель турбулент-
ности SST 𝑘𝑘 − ω. Методика предварительно отработана 
на тестовой задаче обтекания балок прямоугольного 
поперечного сечения. Расчеты проводились с помощью 
лицензионного программного комплекса ANSYS.
Результаты исследования. Показано, каким образом 
угол атаки определяет силы (подъемную и лобового 
сопротивления) и момент поперечных сечений балоч-
ных мостов типовых форм. Полученные расчетные за-
висимости относятся к пролетным строениям на стадиях 
монтажа (без плиты перекрытия и ограждений, без 
ограждений) и эксплуатации в условиях модельных 
набегающих потоков — гладкого и турбулентного. Это 
позволяет очертить границы для более взвешенных оце-
нок аэродинамических характеристик балочных мостов 
в реальном ветровом потоке.
Лобовое сопротивление сечению демонстрирует 
наилучшее согласование с опытными данными. Величи-
на подъемной силы более чувствительна к наличию и 
протяженности отрывных зон, поэтому ее расчетное 
определение менее точно. Наиболее проблемным для 
большинства конфигураций является воспроизведение 

*The research is done within the frame of the independent R&D. 
∗∗E-mail:gosteev@corp.nstu.ru, obuxovskij@corp.nstu.ru, salenkosd@yandex.ru
∗∗∗ Работа выполнена в рамках инициативной НИР.
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ing for the majority of configurations.
Discussion and Conclusions. Comparison of the calculated and 
experimental data indicates the applicability of the URANS 
approach to the operational prediction of the aerodynamic 
characteristics of the single-beam span structures. In the case of 
multi-beam span structures, where the aerodynamic interfer-
ence between separate girders plays an important role, the 
URANS approach must apparently give way to more accurate 
eddy-resolving methods. The results obtained can be used in 
the aerodynamic analysis of structures and in practice of the 
relevant design organizations in the field of transport construc-
tion.

влияния угла атаки на аэродинамический момент сече-
ния.
Обсуждение и заключения. Сравнение расчетных и 
опытных данных свидетельствует о применимости
URANS-подхода к оперативному предсказанию аэроди-
намических характеристик однобалочных пролетных 
строений. Если же речь идет о многобалочных пролет-
ных строениях, существенную роль играет аэродинами-
ческая интерференция между отдельными балками. В 
этом случае вместо URANS-подхода следует применять 
более точные вихреразрешающие методы. Полученные 
результаты могут быть использованы в исследованиях 
аэродинамики сооружений и в практике проектных ор-
ганизаций в сфере транспортного строительства.

Keywords: mechanics of fluid, gas and plasma; mathematical 
simulation; computational aerohydrodynamics, URANS ap-
proach, bridge spans, aerodynamic characteristics.
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Introduction. It is known that wind flow around engineering structures is, as a rule, instable turbulent in na-
ture; different-scale eddy structures are observed in the flow [1, 2]. Nearby bluff bodies (to which, in particular, 
bridge spans belong), unsteady detached flow regions occur [3]. Accordingly, adequate modeling of the turbulence 
effects is now an important requirement for the simulation experiment techniques.

Large Eddy Simulation, LES, and Detached Eddy Simulation, DES, are used to evaluate the aerodynamics 
of structures. However, the use of these methods is complicated by their high resource intensity, the reasons for 
which are as follows:
— tridimensionality of the task;
— strict requirements to the computational grid density in the near-wall region and in the “focus” region [4];
— restrictions on the time integration step;
— relatively large time window length for gathering nonstationary statistics in steady state.

At the same time, it is known [5] that for cylindrical prisms that are close in shape to beam bridge spans, the 
two-dimensional approach reproduces the basic flow properties (primary unstable mode in the body wake is essen-
tially two-dimensional). Thus, a POD analysis (Proper Orthogonal Decomposition) of the flow near the prism with B 
/ H = 5 (H is depth of section) relative section depth was performed in [6]. As a result, it was established that the 1st 
and 2nd disturbance modes are two-dimensional (constant over the span) and correspond to the vorticity transfer 
along the surface. Three-dimensional modes change along the span at a reference length that is no less than B section
depth.

For the operational prediction of aerodynamic characteristics (ADC) of bridge structures and wind-tunnel
test tracking, the authors used nonstationary 2D modeling based on URANS approach, Unsteady Reynolds-averaged 
Navier-Stokes. Its applicability to the definition of ADC of the bluff bodies (stationary and oscillating) was studied 
in a number of works by foreign authors (see, for example, [7]).

Materials and Methods. When setting up computer-based experiments, the recommendations given in [8–
10] were considered. The calculations were carried out in the ANSYS Fluent program.

The technique was preliminary tested on the check problem of flow around beams with rectangular cross-
section. As a result, k — ω shear stress transport (SST) model was chosen to describe the flow turbulence, and the 
grid parameters and the numerical algorithm were selected.
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The extension of the rectangular computational domain is (30 ... 40) H lengthwise, and (14 ... 20) H – trans-
versely. The front face of the streamlined body was spaced apart from the input boundary at (8 ... 12) H.

We used low-Reynolds-number grids (y+ ≤ 4 ... 5 dimensionless distance of the first node to the wall) that 
enabled to calculate the boundary layer separation and reattachment. Considering the complexity of the streamlined 
body contours, multiblock grids were constructed. The internal female block consisted of quadrilateral elements 
whose density increased closer to the body surface. A layer with a structured orthogonal quadrilateral grid was gen-
erated immediately at the wall. The wake region was covered with a grid of square cells sizing of no more than H/15
... H/10. The cell size increased to H/4 ... H/3 to the outer boundaries. The cross-sectional perimeter contained about 
102 ... 103 cells depending on its shape. The total number of cells ranged from 40–50 thousand (for sections of simple 
shapes) to 250–300 thousand (for complex ones). An example of the computational grid near a beam of trapezoidal 
section with overlapping and fencing is shown in Fig. 1.

Fig. 1. Example of computational grid (fragment)

When solving the Navier – Stokes equations, the velocity – pressure relationship was implemented using the 
SIMPLE algorithm. The convection and viscous terms of the equations of flow and the transport of turbulent parame-
ters were approximated by schemes of second-order accuracy.

The numerical integration was carried out by an implicit time scheme of the second-order accuracy. ∆t inte-
gration step was (0.02… 0.04) H/V (V is incident flow velocity), i.e., under the vortex shedding with dimensionless 
frequency f H/V = 0.1, it was approximately 250–300 times less than 1/f period, and this provided an acceptable reso-
lution of the non-stationary flow parameters. The established vortex trail was usually formed by H/V moment (60 ... 
120). Thus, the total number of integration steps averaged 6000 ÷ 10,000. To collect nonstationary statistics, a time
interval of at least 5 periods was used.

An example of a qualitative comparison of the computational and experimental flow patterns near the span 
is shown in Fig. 2.
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The extension of the rectangular computational domain is (30 ... 40) H lengthwise, and (14 ... 20) H – trans-
versely. The front face of the streamlined body was spaced apart from the input boundary at (8 ... 12) H.

We used low-Reynolds-number grids (y+ ≤ 4 ... 5 dimensionless distance of the first node to the wall) that 
enabled to calculate the boundary layer separation and reattachment. Considering the complexity of the streamlined 
body contours, multiblock grids were constructed. The internal female block consisted of quadrilateral elements 
whose density increased closer to the body surface. A layer with a structured orthogonal quadrilateral grid was gen-
erated immediately at the wall. The wake region was covered with a grid of square cells sizing of no more than H/15
... H/10. The cell size increased to H/4 ... H/3 to the outer boundaries. The cross-sectional perimeter contained about 
102 ... 103 cells depending on its shape. The total number of cells ranged from 40–50 thousand (for sections of simple 
shapes) to 250–300 thousand (for complex ones). An example of the computational grid near a beam of trapezoidal 
section with overlapping and fencing is shown in Fig. 1.

Fig. 1. Example of computational grid (fragment)

When solving the Navier – Stokes equations, the velocity – pressure relationship was implemented using the 
SIMPLE algorithm. The convection and viscous terms of the equations of flow and the transport of turbulent parame-
ters were approximated by schemes of second-order accuracy.

The numerical integration was carried out by an implicit time scheme of the second-order accuracy. ∆t inte-
gration step was (0.02… 0.04) H/V (V is incident flow velocity), i.e., under the vortex shedding with dimensionless 
frequency f H/V = 0.1, it was approximately 250–300 times less than 1/f period, and this provided an acceptable reso-
lution of the non-stationary flow parameters. The established vortex trail was usually formed by H/V moment (60 ... 
120). Thus, the total number of integration steps averaged 6000 ÷ 10,000. To collect nonstationary statistics, a time
interval of at least 5 periods was used.

An example of a qualitative comparison of the computational and experimental flow patterns near the span 
is shown in Fig. 2.
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a)

b)

Fig. 2. Example of flow pattern over bridge span: experiment (a), calculation (b)

Research Results. Detailed information on ADC typical cross sections can be found in [11]. Figures 3–14 
present a comparison of the computational and experimental data on the coefficients of averaged aerodynamic forces 
(drag, lift) and the moment for some specific sections.

Fig. 3. Coefficients of averaged aerodynamic forces. Here: 𝐶𝐶�̅�𝑥𝑥𝑥 is drag; 𝐶𝐶�̅�𝑦𝑥𝑥 is lifting force; 𝐶𝐶�̅�𝑚 is moment; B and H are longitudi-
nal and transverse section dimensions (excluding fencing); α is angle of attack

The incident smooth flow is characterized by the intensity of 0.5%, the turbulent one – of 8%. The computa-
tion data is represented by solid lines.
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𝐵𝐵/𝐻𝐻 =0,75
а)

b)

c)
Fig. 4. Narrow single square girder (B/H 0.75 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 =0,75
а)

b)

c)
Fig. 4. Narrow single square girder (B/H 0.75 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 =1,24
а)

b)

c)
Fig. 5. Narrow single square girder (B/H 1.24 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 2,3
а)

b)

c)
Fig. 6. Narrow single girder with overlapping (B/H 2.3 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 2,3
а)

b)

c)
Fig. 6. Narrow single girder with overlapping (B/H 2.3 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 2,3
а)

b)

c)
Fig. 7. Narrow single girder with overlapping and fencing (B/H 2.3 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 1,85
а)

b)

c)
Fig. 8. Wide single square girder (B/H 1.85 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 1,85
а)

b)

c)
Fig. 8. Wide single square girder (B/H 1.85 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 3,9
а)

b)

c)
Fig. 9. Wide single girder with overlapping (B/H 3.9 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 3,09
а)

b)

c)
Fig. 10. Trapezoidal girder (B/H 3.09 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 3,09
а)

b)

c)
Fig. 10. Trapezoidal girder (B/H 3.09 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 5,1
а)

b)

c)
Fig. 11. Trapezoidal girder with overlapping (B/H 5.1 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 2,75
а)

b)

c)
Fig. 12. Double-girder structure (B/H 2.75 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 2,75
а)

b)

c)
Fig. 12. Double-girder structure (B/H 2.75 ratio): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 =3,85
а)

b)

c)
Fig. 13. Double-girder overlapping structure (B/H 3.85): cross-section shape (a); smooth flow (b); turbulent flow (c)
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𝐵𝐵/𝐻𝐻 = 9
а)

b)

c)
Fig. 14. Multi-girder structure with overlapping (B/H 9): cross-sectional shape (a); smooth flow (б); turbulent flow (в)
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𝐵𝐵/𝐻𝐻 = 9
а)

b)

c)
Fig. 14. Multi-girder structure with overlapping (B/H 9): cross-sectional shape (a); smooth flow (б); turbulent flow (в)

Gosteev Yu. A. and the others. Numerical simulation of the transverse flow over spans of girder bridges
Гостеев Ю. А. и др. Численное моделирование поперечного обтекания пролетных строений балочных  мостов

Discussion and Conclusions. The analytical results show that, with some exceptions, with an increase in the 
relative width of the B / H cross section of a single-beam structure, the accuracy of the calculated prediction of its ADC 
rises. As a rule, the best agreement is indicated for the frontal resistance of the section. For most configurations, the 
computation data is slightly higher than the drag coefficient obtained experimentally. It should be clarified that for the 
considered bluff bodies, the major contribution to the cross-section drag is made by the form (pressure) drag, which is
mainly determined by the difference in pressure forces on the upstream and leeward sides of the cross section. The ac-
cepted theoretical approach coarsens the dynamics of the vortex structures in the zone behind the body, which leads to 
an underestimated pressure recovery in this area.

The lift magnitude is more sensitive to the presence, extent and type (open/closed) of the detached flow regions.
This applies especially to the span structure equipped with a slab; in this case, it is possible to re-attach the flow to the 
upper side of the slab with the formation of a closed separation zone (approximately at B/H≥5). Therefore, in compari-
son with frontal resistance, the calculated determination of lift force is less accurate, especially for superstructures with
a floor slab.

The reproduction of the angle-of-attack effect on the aerodynamic moment of the cross section is a challenge for 
most configurations.

If the aerodynamic interference [12] occurs under the cross-flow around multi-girder spans between beams, the 
accuracy of the ADC prediction falls with an increase in the number of beams (relative overall section width). In this 
case, it is advisable to use more accurate DES and LES eddy-resolving methods instead of the URANS approach.
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Effect of recuperative volume parameters on dynamic characteristics of pneumatic drive 
under braking*
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Влияние параметров рекуперативного объема на динамические характеристики пневмопривода при 
торможении***

А. Н. Сиротенко1, С. А. Партко2, Ваел Саллум3**
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Introduction. Methods of energy saving in pneumatic drive are 
considered. The method of braking by creating back pressure 
in the exhaust cavity of the pneumatic actuator is of interest. 
Under braking, the compressed air energy is stored in the 
recuperative volume. It is possible to control the braking 
dynamics through setting the initial parameters of the 
recuperative volume. The work objective is to create a 
mathematical model describing the dynamic processes taking 
place in the pneumatic drive under braking by backpressure, 
with a constant mass enclosed in the cavities of the air motor, 
and considering variation of the initial parameters of the 
braking volume.
Materials and Methods. A mathematical model is proposed 
that describes the speed change of the output link, pressures 
and temperatures in the cavities of the pneumatic drive 
depending on the initial parameters of the recuperative 
volume. The solution to the mathematical model is carried out 
by the numerical integration method.
Research Results. The dependences of the output link velocity, 
pressures and temperatures in the pneumatic drive cavities on 
the initial parameters of the recuperative volume are obtained. 
Adequacy of the built mathematical model is confirmed by 
Fisher's criterion.
Discussions and Conclusions. The results obtained can be 
used to solve the problems of energy saving in pneumatic 
drives under the organization of backpressure braking. The use 
of recuperative volume increases the technological flexibility 
of the drive during its readjustment and extends the 
possibilities of energy saving.

Введение. Рассмотрены способы энергосбережения в 
пневматическом приводе. Интерес представляет способ 
торможения созданием противодавления в выхлопной 
полости пневмопривода. При этом энергия сжатого 
воздуха накапливается в рекуперативном объеме. Задавая 
начальные параметры рекуперативного объема, возможно 
управлять динамикой торможения. Цель работы —
создание математической модели, описывающей 
динамические процессы, происходящие в пневматическом 
приводе при торможении противодавлением, с 
постоянной массой, заключенного в полостях 
пневмодвигателя воздуха, и с учетом изменения 
начальных параметров тормозного объема.
Материалы и методы. Предложена математическая 
модель, описывающая изменение скорости движения 
выходного звена, давлений и температур в полостях 
пневмопривода в зависимости от начальных параметров 
рекуперативного объема. Решение математической 
модели осуществлялось методом численного 
интегрирования.
Результаты исследования. Получены зависимости 
скорости выходного звена, давлений и температур в 
полостях пневмопривода от начальных параметров 
рекуперативного объема. Адекватность полученной 
математической модели подтверждена по критерию 
Фишера.
Обсуждения и заключения. Полученные результаты могут 
быть полезны для решения задач энергосбережения в 
пневмоприводах при организации торможения 
противодавлением. Применение рекуперативного объема 
повышает технологическую гибкость привода при его 
переналадке и расширяет возможности энергосбережения.

Keywords: pneumatic drive, recuperation, energy saving, 
backpressure, braking, recuperative volume

Ключевые слова: пневматический привод, рекуперация, 
энергосбережение, противодавление, торможение, 
рекуперативный объем.
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Introduction. Pneumatic drives are widely used for automation and mechanization of secondary processes. 
Energy consumption of the pneumatic equipment may be more than 20% of the total consumption of the enterprise.
Therefore, the issues of energy saving in pneumatic drives are urgent problems [1-3]. Such features as compressibility of 
the working environment and inertia of the output links impede shockless braking, complicate the control and drive 
design [1, 3, and 4]. It is possible to control the law of pneumatic actuator braking both by affecting a regulator device 
[1, 2, 5, and 6] and by selecting the most useful technique of braking [7–9].

These above features enable to use compressed air as a brake damper and to accumulate braking energy, which 
is effectively implemented under braking the pneumatic actuator through back pressure [7]. While changing the switch 
coordinate for braking, pressure in the brake and injection cavities, connecting additional volume to the exhaust cavity, 
it is possible not only to provide shockless braking, but also to recuperate the energy of compressed air under braking [2,
7, and 10].

By setting the initial parameters of the regenerative volume, it is possible to affect the braking and energy-speed
parameters of the pneumatic drive. However, this issue is not adequately investigated.

Research objective is to create a mathematical model describing the dynamic processes occurring in the 
pneumatic drive under braking by backpressure, with a constant mass enclosed in the cavities of the air motor, and 
considering variation of the initial parameters of the braking volume.

Problem Statement. It is required to describe mathematically the dependence of the dynamic characteristics of 
a pneumatic drive under backpressure braking on the initial parameters of the regenerative volume.

Mathematical Dependences. Consider the backpressure braking by complete overlapping of the pump and 
exhaust lines. The disadvantage of this method is that when you change the working movement and the external load on 
the output link, you have to re-set the braking actuation coordinate. An alternative is the connection of a regenerative 
volume to the brake cavity of the pneumatic motor upon braking. It is possible to affect the final pressure in the brake 
volume and the braking path of the output link of a pneumatic drive by setting its initial parameters before braking [8].

The following assumptions were made for a mathematical description of the gas-dynamic processes occurring 
in the cavities of the pneumatic drive [10, 12]: pressure in the lines is assumed constant; thermodynamic processes 
occurring in the cavities of the pneumatic actuator are considered adiabatic; the working medium in the cavities of the 
pneumatic drive compressed under braking is taken as an ideal gas.

The backpressure braking is based on the principle of creating a resistance force to the movement of the output 
link of an air motor. This is achieved by partial or complete overlapping of the pump and exhaust channels. Complete 
overlap is more efficient because there is no release of pneumatic air from the brake cavity. The dynamics of the 
pneumatic drive before braking is determined by a known system of equations that considers the subcritical and over-
critical discharge regimes [10].

The pneumatic drive parameters are shown in Fig. 1. The working medium parameters are identified as follows:
Vм, pм, Tм are volume, pressure, and temperature of the air compressed in the channel, respectively; Vп, pп, Tп, are
volume, pressure, and temperature of the air compressed in the head end of the air motor; Vш, pш, Tш are volume, 
pressure, and temperature of the air compressed in the rod or head end of the air engine; Vрек, pрек, Tрек are volume, 
pressure, and temperature of the air compressed in the regenerative volume; Vaт, paт, Taт are volume, pressure, and 
temperature of the free air. The air motor geometrics have the following identifiers: Fп, Fш are head and rod useful areas 
of the air motor; fн, fв are passage areas of the pump and exhaust lines respectively; х, х0п, х0ш are the coordinates of the 
current displacement, constant head and rod “passive” volumes, respectively; s is maximum driving stroke; P is 
workload.
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Introduction. Pneumatic drives are widely used for automation and mechanization of secondary processes. 
Energy consumption of the pneumatic equipment may be more than 20% of the total consumption of the enterprise.
Therefore, the issues of energy saving in pneumatic drives are urgent problems [1-3]. Such features as compressibility of 
the working environment and inertia of the output links impede shockless braking, complicate the control and drive 
design [1, 3, and 4]. It is possible to control the law of pneumatic actuator braking both by affecting a regulator device 
[1, 2, 5, and 6] and by selecting the most useful technique of braking [7–9].

These above features enable to use compressed air as a brake damper and to accumulate braking energy, which 
is effectively implemented under braking the pneumatic actuator through back pressure [7]. While changing the switch 
coordinate for braking, pressure in the brake and injection cavities, connecting additional volume to the exhaust cavity, 
it is possible not only to provide shockless braking, but also to recuperate the energy of compressed air under braking [2,
7, and 10].

By setting the initial parameters of the regenerative volume, it is possible to affect the braking and energy-speed
parameters of the pneumatic drive. However, this issue is not adequately investigated.

Research objective is to create a mathematical model describing the dynamic processes occurring in the 
pneumatic drive under braking by backpressure, with a constant mass enclosed in the cavities of the air motor, and 
considering variation of the initial parameters of the braking volume.

Problem Statement. It is required to describe mathematically the dependence of the dynamic characteristics of 
a pneumatic drive under backpressure braking on the initial parameters of the regenerative volume.

Mathematical Dependences. Consider the backpressure braking by complete overlapping of the pump and 
exhaust lines. The disadvantage of this method is that when you change the working movement and the external load on 
the output link, you have to re-set the braking actuation coordinate. An alternative is the connection of a regenerative 
volume to the brake cavity of the pneumatic motor upon braking. It is possible to affect the final pressure in the brake 
volume and the braking path of the output link of a pneumatic drive by setting its initial parameters before braking [8].

The following assumptions were made for a mathematical description of the gas-dynamic processes occurring 
in the cavities of the pneumatic drive [10, 12]: pressure in the lines is assumed constant; thermodynamic processes 
occurring in the cavities of the pneumatic actuator are considered adiabatic; the working medium in the cavities of the 
pneumatic drive compressed under braking is taken as an ideal gas.

The backpressure braking is based on the principle of creating a resistance force to the movement of the output 
link of an air motor. This is achieved by partial or complete overlapping of the pump and exhaust channels. Complete 
overlap is more efficient because there is no release of pneumatic air from the brake cavity. The dynamics of the 
pneumatic drive before braking is determined by a known system of equations that considers the subcritical and over-
critical discharge regimes [10].

The pneumatic drive parameters are shown in Fig. 1. The working medium parameters are identified as follows:
Vм, pм, Tм are volume, pressure, and temperature of the air compressed in the channel, respectively; Vп, pп, Tп, are
volume, pressure, and temperature of the air compressed in the head end of the air motor; Vш, pш, Tш are volume, 
pressure, and temperature of the air compressed in the rod or head end of the air engine; Vрек, pрек, Tрек are volume, 
pressure, and temperature of the air compressed in the regenerative volume; Vaт, paт, Taт are volume, pressure, and 
temperature of the free air. The air motor geometrics have the following identifiers: Fп, Fш are head and rod useful areas 
of the air motor; fн, fв are passage areas of the pump and exhaust lines respectively; х, х0п, х0ш are the coordinates of the 
current displacement, constant head and rod “passive” volumes, respectively; s is maximum driving stroke; P is 
workload.

Sirotenko A. N. and the others. Effect of recuperative volume parameters on dynamic characteristics of pneumatic drive under braking
Сиротенко А. Н. и др. Влияние параметров рекуперативного объема на динамические характеристики пневмопривода при торможении

Fig. 1. Pneumatic drive parameters under braking by backpressure in recuperative volume

Under braking, there is a constant amount of the compressed air in the cavities of the pneumatic engine. We 
consider that heat exchange with the environment is insignificant, therefore, we regard the thermodynamic process to be 
adiabatic, with the adiabatic index k = 1.4 [10]. For braking, the control valve spool will switch to the neutral position 
and overlap the pump and exhaust lines (fн=0, fв=0). The switching time of the valve spool is not taken into account, the 
discharge and exhaust channels are overlapped simultaneously. The connection of the recuperative volume with the rod 
end of the air motor is considered instantaneous.

Considering the data of the assumptions of the cavity, the working medium pressure in the head end of the air 
motor will be presented in the following form:

рп=(vпт/vп)k· рпт, (1.1)
where рп, рпт are current and initial pressure at the time of switching to braking in the head end of the air motor; vп, vпт

are current and initial specific volumes of the head end of the air motor; k is adiabatic index.
Reduce equation (1.1) dividing it by the area of the air motor piston:

рп=((х0п+хт)/(х0п+х))k∙рпт, (1.2)
where х0п, хт, х are coordinates: original, brake actuation, and current position of air motor piston, respectively.

At the moment of shifting the distributor on braking, the regenerative and braking volumes are combined; in 
this case the compressed air parameters will be determined by the following system (1.3):

where vшт, vрек are specific volumes of the air compressed at the start of braking in the rod end and in the regenerative
air volume; v1, v2 are “conditional” specific air volumes in the rod end and in the recuperative air volume; ршт, ррек, р
are pressures of the air compressed at the start of braking in the rod end, recuperative volume, and in the “combined” 
volume, respectively.

We express v1, v2 specific volumes in the system of equations (1.3):
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where Vшт, Vрек, are rod and recuperative volumes, respectively, at the time of the start of braking; V1, V2 are 
rod and recuperative volumes connected to the “combined” volume; mшт, mрек are air mass compressed in the rod and 
recuperative volume at the time of the start of braking; p is pressure in the “combined” volume.

To determine pressure in the “combined” volume, we sum up the equations (1.4.1) and (1.4.2):

( )

11

,
1 2

k

kk
V p V pшт шт рек рек

p
V V

 
 
 
  ⋅ + ⋅    =

+ 
 
 
 
 
 

(1.5)

Using the Clapeyron equation, we can find temperature of the working medium in the “combined” volume:

,
V Vp v p шт рекp v R T T
VR R Vрекшт
v vшт рек

 
 
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(1.6)

where Т is temperature of the air compressed under braking in the “combined” air volume; R is absolute gas constant.
The final dependence of the air temperature in the brake chamber of the pneumatic actuator on the initial 

parameters of the regenerative volume will be obtained through determining the values of specific volumes in the 
equation (1.6) and reducing it to the area of the rod end of the pneumatic motor:

(( ) ) )0 ( )0

T Tшт рекT p s x h xш s x x T p h T pрек ш рек штшт рек рек

⋅
= ⋅ + + −

+ − ⋅ ⋅ + ⋅ ⋅
(1.7)

where hрек is reduced to the rod area of the air motor, recuperative volume; Т, Тшт, Трек are absolute temperatures in the 
“combined”, rod and recuperative volumes, respectively.

(1.8.1)

(1.8.2)

(1.8.3)

(1.8.4)

(1.8.5)

(1.8)

The air motor piston movement is described by the equation (1.8.1). The general system of equations for the 
braking process of a pneumatic device will have the form (1.8).

Here: m is mass of the working body reduced to the air motor rod; Тн is absolute air temperature in the pump
line; Тпт is initial value of the air temperature in the head end of the air motor at the time of shifting to braking.
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where Vшт, Vрек, are rod and recuperative volumes, respectively, at the time of the start of braking; V1, V2 are 
rod and recuperative volumes connected to the “combined” volume; mшт, mрек are air mass compressed in the rod and 
recuperative volume at the time of the start of braking; p is pressure in the “combined” volume.

To determine pressure in the “combined” volume, we sum up the equations (1.4.1) and (1.4.2):
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Using the Clapeyron equation, we can find temperature of the working medium in the “combined” volume:
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where Т is temperature of the air compressed under braking in the “combined” air volume; R is absolute gas constant.
The final dependence of the air temperature in the brake chamber of the pneumatic actuator on the initial 

parameters of the regenerative volume will be obtained through determining the values of specific volumes in the 
equation (1.6) and reducing it to the area of the rod end of the pneumatic motor:
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where hрек is reduced to the rod area of the air motor, recuperative volume; Т, Тшт, Трек are absolute temperatures in the 
“combined”, rod and recuperative volumes, respectively.
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The air motor piston movement is described by the equation (1.8.1). The general system of equations for the 
braking process of a pneumatic device will have the form (1.8).

Here: m is mass of the working body reduced to the air motor rod; Тн is absolute air temperature in the pump
line; Тпт is initial value of the air temperature in the head end of the air motor at the time of shifting to braking.
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Sirotenko A. N. and the others. Effect of recuperative volume parameters on dynamic characteristics of pneumatic drive under braking
Сиротенко А. Н. и др. Влияние параметров рекуперативного объема на динамические характеристики пневмопривода при торможении

The equations (1.8.2) and (1.8.3) describe the pressure variation, and the equations (1.8.4) and (1.8.5) describe 
the temperature change in the piston and brake chambers of the air motor, respectively.

The simultaneous solution of the system of equations describing the braking dynamics of the pneumatic 
actuator (1.8) and its acceleration by Runge-Kutta numerical quadrature method [14] enables to study the dependence of 
the dynamic characteristics of the pneumatic actuator on the initial parameters of the regenerative volume. The bench 
assessment of the characteristic coincidence of theoretical and practical dependences showed satisfactory convergence 
[13], which allowed us to test the adequacy of the obtained mathematical model upon the Fisher’s variance ratio. For 
this purpose, a two-factor experiment was conducted. The initial pressure and the value of the regenerative volume were 
chosen as independent factors. The factors changed according to three levels of variation, which allowed the use of nine 
combinations of the factors with three-time replication of each experiment.

The mathematical model is adequate to the practical results obtained through the experimental verification, 
since the calculated value of the Fisher’s criterion is 2.67, which is less than the tabulated one (2.7) [15].

The results obtained have enabled to proceed to a computational experiment, which will allow us to determine 
rational combinations of the initial parameters of the regenerative volume for the given law of pneumatic actuator 
braking and for maintaining high-speed parameters.

Conclusions:
1. A mathematical model that adequately describes the dynamic processes taking place in the pneumatic drive 

chambers under backpressure braking with accumulation of the compressed air energy into the recuperative volume is
developed.

2. Mathematical dependences of the pneumatic drive parameters on the initial parameters of the regenerative 
volume under backpressure braking are obtained.
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Linear-logical decision-making algorithm for signal processing*

V. S. Plaksienko1**

1 Institute for Radiotechnical Systems and Control, Southern Federal University, Taganrog, Russian Federation

Линейно-логический алгоритм принятия решения при обработке сигналов***

В. С. Плаксиенко1**

1Институт радиотехнических систем и управления Южного федерального университета, г. Таганрог, Российская Федерация

Introduction. Heuristic synthesis is used to improve the effi-
ciency of reception and processing of discrete signals under 
aprior information pressure. The analysis of the decision-
making algorithm for the linear-logical processing of discrete 
signals in case of the incomplete aprior data on their parame-
ters is presented. The work objective is to develop and analyze 
the efficiency of the linear-logical algorithms.
Materials and Methods. New mathematical algorithms for the 
signal reception and processing, effective under conditions of a 
priori uncertainty, are proposed. They are based on the consid-
eration of the structure of emissions and process exceedance in 
the signal processing channels.
Research Results. Linear-logical algorithms for processing 
discrete signals are developed. They are based on the consider-
ation of one, two and more detailed characteristics of emissions 
or exceedance of random processes. 
Discussion and Conclusion. The results obtained can be useful 
in the synthesis of algorithms and devices for the signal recep-
tion and processing. Algorithms and devices are implemented 
both in an analog form and in the form of algorithms for com-
puters. The simulation programs for the signal processing un-
der conditions of the considerable uncertainty of aprior infor-
mation on the signals and the channels of their distribution are 
developed.

Введение. Для повышения эффективности приема и обра-
ботки дискретных сигналов в условиях дефицита априор-
ных сведений применяют эвристический синтез. Пред-
ставлен анализ алгоритма принятия решения при линейно-
логической обработке дискретных сигналов в случае, если 
априорные данные об их параметрах неполны. Цель рабо-
ты — построение и анализ эффективности линейно-
логических алгоритмов.
Материалы и методы. Предложены эффективные в усло-
виях априорной неопределенности математические алго-
ритмы приема и обработки сигналов. Они основаны на 
учете структуры выбросов и превышений процессов в ка-
налах обработки. 
Результаты исследования. Созданы линейно-логические 
алгоритмы обработки дискретных сигналов. Они основаны 
на учете одной, двух и более детальных характеристик 
выбросов или превышений случайных процессов.
Обсуждение и заключения. Полученные результаты могут 
быть полезны в процессе синтеза алгоритмов и устройств 
приема и обработки сигналов. Алгоритмы и устройства 
реализуемы как в аналоговом виде, так и в виде алгорит-
мов для ЭВМ. Созданы программы моделирования при 
обработке сигналов в условиях значительной априорной 
неопределенности информации о сигналах и о каналах их 
распространения.

Keywords: decision rules, heuristic synthesis, reception and 
processing of discrete signals, probability distribution densities, 
emissions and exceedance of random processes.

Ключевые слова: решающие правила, эвристический син-
тез, прием и обработка дискретных сигналов, плотности 
распределения вероятностей, выбросы и превышения слу-
чайных процессов.
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Introduction. Heuristic engineering synthesis of nonparametric decision rules is used to optimize sig-
nal processing under conditions of considerable a priori uncertainty. This procedure is based on the analysis of 
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2

the emission parameters of random processes at the output of the demodulator of the receiver of discrete signals 
[1–7]. The emission theory is of considerable use in the engineering practice. However, the analysis of regulari-
ties and detailed characteristics of emissions is a complex analytical task even at a constant or slowly varying 
threshold. In the course of the analytical approach, relations are obtained that lead to nonconvergent series, 
which explains the absence of physically meaningful results.

At present and in the near future, the use of discrete multiposition signals is promising. They include discrete 
address systems, multiple telegraphy systems (frequency telegraphy, multiposition frequency telegraphy), and systems 
with D and E codes in which elementary parcels of Тс duration at one or different frequencies are transmitted seri-
al/parallel in time [5, 8–10 ].

When receiving binary signals at the resolver input, two random processes occur, and the decision procedure is 
reduced to the problem of statistical hypothesis testing. It is necessary to determine which random process (of the com-
pared ones) has more energy on the observation interval. In this case, the decision-making procedure can be reduced to 
comparing the difference signal value at the receiver output with a constant zero threshold. Hence, it is necessary to 
compare at least two random processes (at the best case, a random process from the output of the receiver of discrete 
signals at a slowly varying threshold is analyzed).

Statistical testing of hypotheses is reduced to the analysis of the mutual exceedance of two or more processes.
The analytical presentation of this problem is cumbersome, and it does not provide engineering solutions [1, 11–15]. 
Heuristic synthesis and computer-based statistical modeling enable to obtain significant engineering applications.

When receiving multiposition signals, the following can be simplified:
- their spectra S ( f );
- amplitude-frequency characteristics (AFC) of the filters of K (f) receivers (Fig. 1).

S (f)Κ (f)

f

f1 f2 fm

Κ1 Κ2 Κm

S1 SmS2

Fig. 1. Frequency response of filters 

A linear receiver of multiposition signals should have:
- common intermediate frequency amplifier (IFA),
- general decision making circuit (DMC).
Sets of separation filters (see Fig. 1) and amplitude detectors (AD) are also required. The analysis of such re-

ceivers shows [1] the following: the greater the number of m signal locations, the lower their immunity. Requirements 
for the frequency response of filters (see Fig. 1) are quite rigid. AFC should not be overlapped to ensure frequency or-
thogonality. In this case, the noise at the filter outputs will be independent. There should be no overlapping regions be-
tween the AFC filters tuned to fi, frequencies (see Fig. 1). The AFC form should have a flat area in the neighborhood of
the resonant frequency, so that the signal spectra are not distorted.

Some existing contradictions should be observed. Thus, narrowband filters limit the operating speed. In case of 
signal depression and the Doppler effect, the degradation of quality and even failure of communication may occur.
Broadband filters lead to the interpenetration of the signals of the neighboring frequency channels, i.e. the orthogonality 
is violated, and, accordingly, the reception quality decreases.

The procedures at the filter outputs of the adjacent channels in the signal detection and processing systems are 
characterized by the statistical relationships that increase with extending the mutual overlapping of the signal spectra or 
AFC filters. A detailed examination of the frequency-sharing procedure shows that we can speak of pairwise dependent 
workflows in the frequency co-channels when processing multiposition signals in the case of the overlapping AFC fil-
ters. This is of particular importance when used to optimize the reception of multiposition signals of nonlinear or linear 
logic procedures [1, 11–14].

Research Objective. Under conditions of considerable prior uncertainty, the signal frequency is known with 
limited accuracy, and the range of variation of the elementary symbol durations can change up to a thousand times. Ad-
ditional requirement is real-time operation. For simplicity, we will restrict ourselves to the case of processing binary 
signals.
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the emission parameters of random processes at the output of the demodulator of the receiver of discrete signals 
[1–7]. The emission theory is of considerable use in the engineering practice. However, the analysis of regulari-
ties and detailed characteristics of emissions is a complex analytical task even at a constant or slowly varying 
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Heuristic synthesis and computer-based statistical modeling enable to obtain significant engineering applications.

When receiving multiposition signals, the following can be simplified:
- their spectra S ( f );
- amplitude-frequency characteristics (AFC) of the filters of K (f) receivers (Fig. 1).
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thogonality. In this case, the noise at the filter outputs will be independent. There should be no overlapping regions be-
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Some existing contradictions should be observed. Thus, narrowband filters limit the operating speed. In case of 
signal depression and the Doppler effect, the degradation of quality and even failure of communication may occur.
Broadband filters lead to the interpenetration of the signals of the neighboring frequency channels, i.e. the orthogonality 
is violated, and, accordingly, the reception quality decreases.

The procedures at the filter outputs of the adjacent channels in the signal detection and processing systems are 
characterized by the statistical relationships that increase with extending the mutual overlapping of the signal spectra or 
AFC filters. A detailed examination of the frequency-sharing procedure shows that we can speak of pairwise dependent 
workflows in the frequency co-channels when processing multiposition signals in the case of the overlapping AFC fil-
ters. This is of particular importance when used to optimize the reception of multiposition signals of nonlinear or linear 
logic procedures [1, 11–14].

Research Objective. Under conditions of considerable prior uncertainty, the signal frequency is known with 
limited accuracy, and the range of variation of the elementary symbol durations can change up to a thousand times. Ad-
ditional requirement is real-time operation. For simplicity, we will restrict ourselves to the case of processing binary 
signals.

Плаксиенко В. С. Линейно-логический алгоритм принятия решения при обработке сигналов
Plaksienko V. S. Linear-logical decision-making algorithm for signal processing

Decision algorithm synthesis. In papers [1, 11–13], some features of processing discrete signals under condi-
tions of a considerable prior uncertainty of the information about a symbol duration are considered. The problem can be 
solved through the linear procedures by parallelism of the decision algorithm. The problem becomes more involved
through increasing the required accuracy and expanding the variation range of the elementary symbol duration.

Under such conditions, the use of the adaptive procedures requires significant amount of time to adapt; either it
is almost unrealizable due to high prior uncertainty. Let us analyze the possibilities of the heuristic synthesis of the al-
gorithm based on the statistical properties of the mutual exceedance of two or more random processes [1, 11–12].

Consider a broadband reception with integration or filtering after the detector, when DfпT >> 1 (Dfп is fп is the 
receiver bandwidth, T is the duration of the elementary symbol). In this case, the counts of the process at the resolver 
output can be considered near-normally distributed. The expectation and dispersion of this process are determined by 
the relations [4]:

∆M[x] = M[x1] — M[x2], D[x] = D[x1] + D[x2].
The probability of erroneous reception is calculated from the formula [1–3, 12]:

1 [1 Ф( )]
2

P = − α .

Here 
2

0

2Ф( ) exp ( )
2
x dx

α

α = −
p ∫ is Kramp function;

22 2 /

M h
D f T h

D
α = =

+ D
is ratio of the constant component to 

the effective value of the variable; 
2

2
22

ah =
ν

is ratio of the signal element energy to the noise spectral density, where a

is the signal normalized amplitude, and ν2 is the noise spectral density.
When processing discrete signals under these conditions, only non-parametric decision algorithms can be used. 

The statistical characteristics of emissions of random processes are interesting themselves: tП duration of the emissions 
(exceedance), ТИ duration of the intervals between emissions, ξm values of emission maxima, etc. [3]. The optimization 
decision algorithms can be based on one of the detailed characteristics, for example: the crossing threshold number dur-
ing the observation period, the duration of the threshold crossing intervals, etc. It is necessary to determine the informa-
tive features of such detailed characteristics of the mutual exceedance of random processes. Technically realizable en-
gineering metering data will optimize the algorithm for receiving and processing signals under the specified conditions.

In the context of energy, the greatest accuracy under the conditions of considerable prior uncertainty will be 
ensured by the consideration of SП areas of mutual exceedance (within the energy limit). However, to implement it in 
real time algorithmically and a fortiori technically is difficult.

The concept of emissions is a special case of the concept of mutual exceedance for two or more processes, in-
cluding random ones. When processing binary signals, the problem of analyzing the emissions of the difference process 
with respect to the zero threshold is set. It is adequate to the task of analyzing the mutual exceedance of two envelope 
processes in the signal processing channels [3, 11].

To optimize the decision-making problem in real time, it is advisable to simultaneously consider two or more 
detailed characteristics of emissions, for example, the duration and exceedance value. The product of the duration by 
the level (amplitude) of the exceedance is an evaluation of the exceedance area (considering the shape factor of the ex-
ceedance) [11].

We use two detailed characteristics.
1. q relative level of excess:
q = Xi (t) / Xj (t), where Xi (t) and Xj (t) are the analyzed processes.
2. Θ relative duration of excess:
Θ = tП / τК, where τК is the correlation interval of the processes at the output of the linear part of the receiver

determined by its passband.
To consider these characteristics in combination is not so hard technically.
Joint consideration of these characteristics is relatively not difficult. Совместный учет указанных характери-

стик технически сравнительно не труден
At the same time, its reliability is close to the indicators obtained allowing for SП areas of exceedance. Consid-

ering the meaning of the term “excess”, q should be greater than 1, therefore in a binary situation, when forming two-
parameter distributions, q is determined by the relation [11]:
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This approach allows us to analyze the multiparameter distributions of mutual excesses of two or more random 
processes.

To improve the quality of decision-making, it is necessary to reduce the total number of mutual exceedance of 
processes. This follows from the analysis results of the two-dimensional laws of the mutual exceedance distribution of 
the signal-noise mixture envelope and noise envelope [11]. It is necessary to transform the processes in such a way that, 
without disturbing the likelihood ratio, to obtain the two-dimensional distribution forms, easily distinguished by the 
resolver [12].

Both problems are solved using a modified combined addition algorithm [1, 11, 14]:

X1П (t) = [X1(t) − K X2П (t)] 1[X1(t) − K X2 (t)],
(2)

X2П (t) = [X2(t) − K X1П(t)] 1[X2(t) − K X1 (t)],

where K is a coefficient taking values from 0 to 1; 1 [Z(t)] is a single step function, with 1 [Z(t)] = 1 for Z(t) > 0 and 1 
[Z (t)] = 0 for Z (t) <0.

The spectra of the X1П (t) and X2П (t) processes formed after processing by the algorithm (2) are extended. They 
should be limited to the width of the spectra of the initial information processes X1(t) and X2(t).

The value of K determines the implemented modifications of the algorithm and devices of the combined addi-
tion. We are talking about the algorithm of mutual transformation, the method of combined addition, the cross-blocking 
system [1, 11].

When K = 1, only the fact of the process exceedance is taken into account of all the detailed characteristics of 
the exceedance. The auto-selection algorithm is implemented when the diversity technique is used [4], and the mutual 
conversion – under decision making [11].

When K = 0.414, both the fact that one process is exceeded by another, and the level of q excess are considered
[4]. The combined addition is implemented in the diversity reception. When 1 ˃ K ˃ 0, not only the fact of excess, but 
also q level of excess is taken into account. The modified method of combined addition is implemented under making 
decision.

Linear-logical procedures implemented as a result of heuristic synthesis enable statistically to transform the 
original random processes. When K = 1 in (2), auto-selection of processes is realized in time. Temporally continuous 
processes (Fig. 2, a) turn into sequences of pulses with (1)

1 ( )X t and (1)
2 ( )X t random amplitudes (Fig. 2, b and 2, c).

a)

b)
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The spectra of the X1П (t) and X2П (t) processes formed after processing by the algorithm (2) are extended. They 
should be limited to the width of the spectra of the initial information processes X1(t) and X2(t).

The value of K determines the implemented modifications of the algorithm and devices of the combined addi-
tion. We are talking about the algorithm of mutual transformation, the method of combined addition, the cross-blocking 
system [1, 11].

When K = 1, only the fact of the process exceedance is taken into account of all the detailed characteristics of 
the exceedance. The auto-selection algorithm is implemented when the diversity technique is used [4], and the mutual 
conversion – under decision making [11].

When K = 0.414, both the fact that one process is exceeded by another, and the level of q excess are considered
[4]. The combined addition is implemented in the diversity reception. When 1 ˃ K ˃ 0, not only the fact of excess, but 
also q level of excess is taken into account. The modified method of combined addition is implemented under making 
decision.

Linear-logical procedures implemented as a result of heuristic synthesis enable statistically to transform the 
original random processes. When K = 1 in (2), auto-selection of processes is realized in time. Temporally continuous 
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a)

b)
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c)

d)

Fig. 2. Combined addition at K=1

In Fig. 2, d, the difference processes are presented: Z = X1 – X2 without processing and (1)Z = x1
(1) – x2

(1) after 
processing according to rule (2).

Density of probability distribution of (1)
1 ( )X t and (1)

2 ( )X t processes:
(1)

1 1 1 2( ) ( ) ( ) ( )W x A x W x F x= δ + (3)
(1)

2 2 2 1( ) ( ) ( ) ( ).W x A x W x F x= δ + (4)

1A and 2A coefficients are determined from the normalization condition:

1 1 20
1 ( ) ( ) ,A W x F x dx

∞
= − ∫ (5)

2 2 10
1 ( ) ( )A W x F x dx

∞
= − ∫ , (6)

where 1( )F x and 2 ( )F x are cumulative distribution functions.

From the consideration of Fig. 2, a - 2, c, it follows that (1)
1 ( )X t and (1)

2 ( )X t processes are equal to zero for 

some time. Therefore, their (1)
1 ( )W x and (1)

2 ( )W x probability distribution densities will contain δ(x) delta functions 

(Fig. 3).

a) b)

Fig. 3. Density of probability distribution of processes

Fig. 4 shows the probability distribution density of difference processes ( )W z without processing according to 

rule (2) (Fig. 4, a) and (1)
1 ( )W Z after processing (Fig. 4, b). Here, ∆ is the erasing zone of the resolver.
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Fig. 4. Density of probability distribution of Z(t), (1) ( )Z t processes 

In accordance with Fig. 2, b and 2, c, the processes after treatment according to rule (2) are impulsive. Their 
spectra will be broader than the spectra of the source processes. Thus, processing according to rule (2) does not lead to 
an increase in the quality of reception, but only improves the threshold properties [11–12, 16].

Their spectra will be broader than those of the source processes. Thus, processing according to rule (2) will not 
lead to an increase in the reception quality, but it will only improve the threshold properties [11–12, 16].

A full treatment procedure includes two operations:
- linear-logical operation according to rule (2) (it is pertinently non-linear, since there appear components in 

the spectrum that were not at the input);
- filtering.
Filtering considers the second parameter of Θ exceedance – relative duration. The expanded spectra of pro-

cesses remain within the boundaries specified under the formation of X1(t) and X2(t) source processes (see Fig. 2, a).
Processing according to rule (2) can repeat depending on the variation range of the duration of the expected 

signals and reception conditions [12]. In this case, the values of K parameter are different, they are always less than 1, 
and increase in the subsequent processing cycles.

Problems of the automatic frequency control are solved more efficiently when using devices that implement 
linear-logical processing [14, 17–18]. Locking and retention bands are extended by low-end techniques. Certain param-
eter stability of the automatic frequency control under the additive interference is provided.

Research Results. The results of studying the algorithm (2) in case when signals are dependent are beyond the 
scope of this paper. However, the data already obtained have shown the algorithm efficiency up to the values of the 
cross-correlation coefficients of ρ = 0.5–0.6 processes. This is in good agreement with the results of solving the tasks of 
the diverted reception [2–4]. Algorithms of the modified combined addition of signals are effective both under the di-
versity technique, and in decision-making problems. Yet, the consideration of their implementation features is beyond 
the scope of the paper.

Thus, the optimization of the decision-making procedure for processing discrete signals under conditions of 
considerable prior uncertainty can be performed on the basis of non-parametric algorithms with the heuristic considera-
tion of the detailed characteristics of mutual exceedance of random processes. More detailed characteristics complicate
the algorithm. Still, it is this algorithm that provides greater invariance in terms of noise immunity under varying the 
duration of the expected signals. The synthesized algorithms can be implemented in the form of additional processing 
procedures on a computer, and technically – in the form of analog devices [14, 19].
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Введение. В статье рассматриваются вопросы нормирования 
показателей надежности на ранних стадиях проектирования 
машин. Такой подход обеспечивает соблюдение заданного 
уровня надежности при разработке деталей, критичных с 
точки зрения стабильной эксплуатации. Цель работы — ис-
следовать проблемы проектирования в указанной сфере. 
Анализ методов нормирования надежности позволяет утвер-
ждать, что их недостаточно для проектирования. Кроме того, 
отмечены противоречия, связанные с использованием в про-
ектировании экспоненциального закона надежности.
Материалы и методы. На стадии технического задания 
определены численные значения наработки и безотказности 
машины. Затем значения вероятностей безотказной работы 
или отказов системы и ее элементов представлены степен-
ными выражениями. В них степени являются параметрами 
ранжирования показателей безотказности элементов систе-
мы.
Результаты исследования. Синтезирован альтернативный 
подход к нормированию, который позволяет выполнить пол-
ный структурный анализ проекта. Таким образом, могут быть 
оценены показатели надежности всей системы или деталей, 
безотказность которых определяет надежность машин. Дета-
ли и другие элементы, отказы которых не внезапны, рассмат-
риваются без применения экспоненциального закона. При 
этом сохраняется свойственная ему простота математических 
операций.
Обсуждение и заключения. Для проектирования с заданным 
уровнем надежности недостаточно числового значения веро-
ятности безотказной работы (ВБР) машины в целом, прини-
маемого на стадии технического задания. Необходимы тре-
буемые ВБР и наработки элементов системы, которые явля-
ются источниками отказов, развивающихся по разным зако-
нам. Полученные результаты могут быть использованы как 
при проектировании новых механических систем с заданным 
уровнем надежности, так и при модернизации машин.

Introduction. The issues on standardization of reliability indices 
in the early stages of machine design are considered. This ap-
proach maintains the target level of reliability when developing 
parts that are critical in view of stable operation. The work ob-
jective is to study design problems in this area. The analysis of 
the reliability regulation methods suggests that they are insuffi-
cient to design. Besides, there are some contradictions associat-
ed with the use of the exponential failure law in design.
Materials and Methods. At the stage of the task order, the nu-
merical values of the operation time and reliability of the ma-
chine are determined. Then the values of the reliability probabil-
ities or failures of the system and its elements are shown by 
exponential expressions. In them, degrees are the ranking pa-
rameters of the system reliability indices.
Research Results. The alternative approach to normalization is 
synthesized; it enables to complete a full structural analysis. 
Thus, the reliability indices of the entire system or parts, whose 
operational safety determines the machine reliability, can be 
assessed. Parts and other components, whose failures are not 
sudden, are considered without using the exponential law. This 
preserves the inherent simplicity of mathematical operations.
Discussion and Conclusions. The numerical value of the relia-
bility probability (RP) of the machine as a whole, taken at the 
stage of the task order, is insufficient for the reliability target 
design. The specified RP and running time of the system ele-
ments, which are sources of failures developing according to 
different laws, are required. The results obtained can be used 
both in designing new mechanical systems with the reliability 
target, and in the modernization of machines.

Ключевые слова: надежность, вероятность, безотказность, 
наработка, машина, техническая система, элемент.

Keywords: reliability, probability, failure-free performance, 
running time, machine, technical system, element.
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Introduction. The conditions for launching mechanical products into manufacture and the unified system for 
design documentation (ESKD) [1–2] require considering the following engineering systems (ES) reliability parameters
under the machine designing:
- durability - calendar time (Tk));
- reliability - probability of failure-free operation P(t) ...);
- lifelength t = T hours (probability of failure-free operation should be guaranteed for this period).

The given factors characterize the machine as a whole and are coordinated at the stage of the technical specifi-
cations (TS). The developer should affect the failsafety, which is the key feature of the reliability of nonrecoverable ES 
and forms the durability of the restorable ES during the workover intervals.

t lifelength is the argument of P(t) reliability function. By any law of reliability, P(t) monotonously decreases 
with increasing t. In virtue of this, to achieve the required reliability probability (RP), the lifelength must be efficiently 
minimized and selected according to the ES behavior [3].

Parts and nonrepairable products, being worn out, determine the time between failures (TBF). Ideally, the TBF
of the elements should be the same or at least be a multiple of the selected ES lifelength. In this case, Tk calendar time
and the required T lifelength are related as follows: 

365 24k год сутT T K K ПВ= ⋅ ⋅ ⋅ ⋅ ⋅ , ч, (1)

wher Tk is calendar life in years; Кгод is the coefficient of ES possible use p.a.; Ксут is the coefficient of ES use per day; 
ПВ is duty factor, which is the average ratio of on-time (acceleration time and steady-state motion time) to the ES work-
cycle time.

High RP is possible while reducing the required lifelength. If it needs to be significantly increased, failsafety
will have to be maintained as follows:
- to perform maintenance more often;
- to budget disadvantage costs for ensuring the quality of products when designing key elements [4, 5].

The project RP can be selected from existing industry standards, from competitive conditions, and on other 
grounds, including the conventional reliability categories adopted for the engineering products (Table 1).

Table 1
Reliability categories of engineering products

Reliability category 0 1 2 3 4 5

RP acceptable value P(t) ≤ 0.9 ≥ 0.9 ≥ 0.99 ≥ 0.999 ≥ 0.9999 1

When considering the reliability categories, the following groups of the ES characteristics are taken into ac-
count [3, 6, 7].

1. According to the structural type of products. Technological complexes, machines, units, mechanisms and hi-
erarchy (levels) of their assembly units and parts are considered. Under the sequential component interaction in most 
machines, the RP grows with the transition to the lower levels of the reliability structure diagram. Then the RP of the 
details under the structural analysis may approach the indices of 3-5 reliability categories.

2. According to the ES types. The projected level of RP directly depends on the level of the manufacturer’s re-
sponsibility before the ES consumer. Undoubtedly, the highest level of RP is planned, for example, for aircraft, chemi-
cal machinery, medical equipment, military equipment, etc.

3. According to types of failure effects. The projected level of RP directly depends on the potential damage 
level in case of a machine failure (economic, environmental, reputational, etc.).

It is generally accepted [5, 6, 8–13] that the ES failures are presented as sudden. In this case, the RP is de-
scribed by the exponential law
 ( ) tP t e−λ= . (2)
Here, λ failure rate in the period of normal operation after run-in is associated with Ť mean time between system fail-
ures
 1/ Tλ =



(3)
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with failsafety parameters
 ( ln ( )) /P T Tλ = − . (4)
From here, the ES mean time between failures (MTBF) can be calculated
 / ( ln ( ))T T P T= −



. (5)
This algorithm for forming the ES reliability parameters has both protagonists and opponents [7, 10, 14]. Do 

all failures occur suddenly? How correct are the ES reliability parameters (3) - (5) arising from the exponential law?
How correct are the ES reliability parameters (3) - (5) arising from the exponential law? These questions arise 

when determining the failure rate (4) and the corresponding ES RP (3) regardless of the estimation technique:
- according to specified T lifelength and Р(T ) RP;
- on Ť MTBF;
- according to Ť test results.
In the literature, structural analysis of the ES reliability of the ES, which transform the input effect (IE) into 

output parameters (OP), is usually referred to as a bottom-up network analysis from the RP components to the RP sys-
tems. Herewith, the following schematic structures are considered: sequential (Fig. 1, a), parallel (Fig. 1, b), and com-
bined (Fig. 1, c).

а)

b)

c)
Fig. 1. Schematic structures of ES reliability under various types of component

interaction (ВВ=IE; ВП=OP)

Under the sequential interaction of the ES components (see Fig. 1, a) whose failures are independent, the ex-
ponential law (2) represents a convenient mathematical model. If P(t) system RP and components - ( )iP t subsystems are 
in the ratio

 
1

( ) ( )
n

i
i

P t P t
=

=∏ , (6)

then the failure rates of  λ system and λ i subsystems are in the ratio

1

n

i
i=

λ = λ∑ (7)

and they are ranked depending on the accepted principle of intensity distribution over the components.
A hierarchical schematic structure developed from the nested levels of subsystems and components [3, 6, 8–

12] enables, selectively or throughout the structure, to perform a top-down analysis [3, 9] (from ES RP to RP of compo-
nents). The required values of the RP of components along with the required lifelength are the initial data for designing 
parts with the specified reliability level [15, 16].

The top-down analysis algorithm based on (2) enables to distribute the intensities and RP components over all 
nested levels of the schematic structures with equal success. This is the case for radioelectronic systems [10, 11]. But at 
the level of the mechanical system components [3], a contradiction arises: it is impossible to apply the exponential law 
if the development of degradation failure proceeds according to another law. The system failure will occur as a result of 
the sequential interaction not related to the exponential law. All the while, the development of a schematic structure for 
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the ES reliability has sense if it serves as the basis for designing parts and selecting standardized components with the 
required RP for the selected lifelength.

When analyzing ES RP with parallel component interaction (see Fig. 1, b), the following conditions are con-
sidered:

- components are constantly on,
- their failures are independent,
- each of m components has ( )jP t RP,

- each of the m components is able to accept an input effect and convert it into an output parameter of the ES
(see Fig. 1, b).

In this case, the ES failure will occur after the failure of the last functional component. The probability of sys-
tem failure through the component failure probability:

1

( ) ( )
m

j
j

F t F t
=

=∏ . (8)

From the property
( ) ( ) 1P t F t+ = (9)

The system survival probability through the component RP:

1

( ) 1 [1 ( )]
m

j
j

P t P t
=

= − −∏ . (10)

For homogeneous components

( ) 1 1 ( )
m

jP t P t = − −  . (11)
If the goal is to provide the specified ES RP, and homogeneous redundant components are taken into account, 

then using the expression of the exponential law (2) gives a simple failure rate calculation of components or m number 
of components only in the ratio (11). For more complex relations (10) and combined structures (see Fig. 1, c), examples 
using the exponential law are not given.

Simple division into components is impossible in respect to complex structures with multidirectional compo-
nent interaction with dependent failures. Performance and reliability parameters should be determined for the system as 
a whole, and in this case, it may be necessary to carry out a large amount of analytics and experimental works. A graph-
ic representation of such diagrams [7, 9] is accompanied by a reference to the complexity of the functioning model and 
the cumbersome reliability calculations (for example, a complex closed interdependent operation of IC engine units or 
of jet engine).

Main Part. For the design ES implementation under any kind of interaction, it is necessary to produce parts 
that make up the assembly units, and then – functional modules (mechanisms, units, power boxes, control modules, 
etc.). The modern modular principle of building machines provides for modular operations: development, assembly and 
debugging, modification and modernization, repair, replacement, etc. Parts and other components are at the lower level 
of the hierarchical design system consisting of nested blocks. Using it as a reliability structure diagram, it is necessary
to find the criterion for RP distribution over components. We should consider not P (t) function, but its numerical value 
P(T ). In this case, it is possible to substitute the specified T lifelength, and to use it under the distribution of the RP nu-
merical values over components as the replacement cost criterion for base units in the event of their failures. The re-
placement cost may include:

- costs of materials used for the repair, products, diagnostics and repair work;
- failure effects estimated in money equivalent (renewal of other damaged components in case of dependent 

failures, ES idle time losses, insurance compensation for repayment, etc.).
This study objective is to develop a top-down analysis method for reliability structure diagrams, which elimi-

nates the above-mentioned contradictions. The ES reliability structure diagram should be a tool for the distribution of 
component RP for the specified ES RP in the initial stages of the project. Then the selected lifelength and the balanced 
component RP will be the initial data for the design with the given reliability level. For this, the structure diagram 
should meet a number of requirements.

1. The structure diagram should be based on the construct structure. This will simplify complex functional com-
ponent relationships.

2. The structure diagram should contain a mathematical reliability model available for calculations in the early 
stages of the project.

3. The reliability model of according to the structure diagram should be based not on the exponential law, but on-
ly on the fundamental reliability properties of the technical objects and systems (6), (8) - (11).
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4. The criterion for ranking the component RP should be the cost of the component renewal in case it fails. It can 
be considered as a monetary equivalent of compensation of damage from failure.

5. The top-down structural analysis should be applied equally efficiently for both sequentially interacting and re-
dundant reliability diagrams, as well as for the combined ones.

Alternative representation of numerical value of object RP. While t time has P(t) value of the reliability 
function argument, it is a function decreasing by any of the known laws or obtained statically. After selecting the re-
quired t = T lifelength, RP receives P(t) = P(T ) value within 0 < P(T) < 1 limits. Such a value can be represented in a 
variety of ways from which the exponential expression is selected

( ) XP T B= . (12)
Х determined by the ratio

X = lg (P(T )) / lg B. (13)
Taking the base value of В = 10 degree, we obtain the expression of the numerical RP value:

( ) 10XP T = , (14)
from which

X = lg P(T ). (15)
X exponent is called the ranking parameter of the ES RP. In the annex to the system components, iX exponents 

are also referred to as the ranking parameters of the component RP. Further in this presentation, “the simplest and most 
important case” [13] of the system reliability is considered.

ES component RP under their sequential interaction. Consider the ES reliability structure diagram with the 
sequential component interaction (see Fig. 1, a) whose failures are independent. In this case, the system failure under 
the failure of any of n components at t = T time is expressed through the component RP according to (6):

1

( ) ( )
n

i
i

P T P T
=

=∏ .

In (6), product can be obtained by a variety of ( )iP T combinations and types of their presentation. Applying 

(14) for the numerical values of P(T ) system RP and its components, 1 2( ) ( ) ( ) ... ( )nP T P T P T P T= × × × product can be 
represented as follows:

1 210 10 10 ... 10X X X Xn= × × × ,
whence the connection between the system ranking parameter and the components:

1 2 ... nX X X X= + + + . (16)

From the set of iX possible combinations in (16), those ones following from iС renewal costs of failed com-
ponents are selected. At this, components with a higher renewal cost should have larger ( )iP t RPs. That is, at the cost of 
C1, C2, …, Cn components restoring, the set of 11/С , 21 /С , ..., 1 / nС inverse values should be associated with the set 
of 1X , 2X , ..., nX components’ ranking parameters.

The indicated ratio can be written as sums
1 1 1

1 21 ...
1 1 1

C C Cn

C C Ci i i

= + + +
∑ ∑ ∑

,

in which the accepted conditions for iX ranking parameter are obtained from the termwise equality of the summands:

i

1

1
i

i

CX
X

C

=
∑

.

The right-hand side of this equality is called the “weight coefficient of the renewal cost of sequentially interact-
ing components”:

1

1
i

i

i

C
a

C

=
∑

. (17)

iX ranking parameter values that meet the ranking condition:

i iX Xa= . (18)
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4. The criterion for ranking the component RP should be the cost of the component renewal in case it fails. It can 
be considered as a monetary equivalent of compensation of damage from failure.

5. The top-down structural analysis should be applied equally efficiently for both sequentially interacting and re-
dundant reliability diagrams, as well as for the combined ones.

Alternative representation of numerical value of object RP. While t time has P(t) value of the reliability 
function argument, it is a function decreasing by any of the known laws or obtained statically. After selecting the re-
quired t = T lifelength, RP receives P(t) = P(T ) value within 0 < P(T) < 1 limits. Such a value can be represented in a 
variety of ways from which the exponential expression is selected

( ) XP T B= . (12)
Х determined by the ratio

X = lg (P(T )) / lg B. (13)
Taking the base value of В = 10 degree, we obtain the expression of the numerical RP value:

( ) 10XP T = , (14)
from which

X = lg P(T ). (15)
X exponent is called the ranking parameter of the ES RP. In the annex to the system components, iX exponents 

are also referred to as the ranking parameters of the component RP. Further in this presentation, “the simplest and most 
important case” [13] of the system reliability is considered.

ES component RP under their sequential interaction. Consider the ES reliability structure diagram with the 
sequential component interaction (see Fig. 1, a) whose failures are independent. In this case, the system failure under 
the failure of any of n components at t = T time is expressed through the component RP according to (6):

1

( ) ( )
n

i
i

P T P T
=

=∏ .

In (6), product can be obtained by a variety of ( )iP T combinations and types of their presentation. Applying 

(14) for the numerical values of P(T ) system RP and its components, 1 2( ) ( ) ( ) ... ( )nP T P T P T P T= × × × product can be 
represented as follows:

1 210 10 10 ... 10X X X Xn= × × × ,
whence the connection between the system ranking parameter and the components:

1 2 ... nX X X X= + + + . (16)

From the set of iX possible combinations in (16), those ones following from iС renewal costs of failed com-
ponents are selected. At this, components with a higher renewal cost should have larger ( )iP t RPs. That is, at the cost of 
C1, C2, …, Cn components restoring, the set of 11/С , 21 /С , ..., 1 / nС inverse values should be associated with the set 
of 1X , 2X , ..., nX components’ ranking parameters.

The indicated ratio can be written as sums
1 1 1

1 21 ...
1 1 1

C C Cn

C C Ci i i

= + + +
∑ ∑ ∑

,

in which the accepted conditions for iX ranking parameter are obtained from the termwise equality of the summands:

i

1

1
i

i

CX
X

C

=
∑

.

The right-hand side of this equality is called the “weight coefficient of the renewal cost of sequentially interact-
ing components”:

1

1
i

i

i

C
a

C

=
∑

. (17)

iX ranking parameter values that meet the ranking condition:

i iX Xa= . (18)
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The unit of measuring the renewal cost does not matter, since the cost relations are used in (17). The top-down 
analysis of the ES component RP with sequential interaction is considered in Example 1. The system presented below 
contains three components for simplicity. However, any number of components is possible for the algorithm based on 
(14–18).

Example 1. Calculation of the ES component RP with sequential interaction (see Fig. 1, a). Initial data:
- system RP: P(T ) = 0.9;
- number of components: n = 3;
- renewal costs of components (in c.u.): 1C = 5000, 2C = 3000, 3C = 2000.
Ranking parameter for ES RP (15): X = lg P(T ) = lg 0.9 = –0.04576.
The results of the step-by-step calculation of the component RP are presented in Table 2.

Table 2
Calculation of ES component RP with sequential interaction

Object iC , c.u. 1/ iC ia (17) iX (18) ( )iP T (14)
ES –0.04576 0.9

Component 1 5000 0.0002 0.193548 –0.00886 0.979814
Component 2 3000 0.000333 0.322581 –0.01476 0.966584
Component 3 2000 0.0005 0.483871 –0.02214 0.950297

Checksums and
products

(1/ )iC∑ ia∑ iX∑ ( ) ( )iP T P T=∏
0.001033 1 –0.04576 0.9

ES component RP under their parallel interaction. Consider the following case: system crash under the 
failure of all elements with F(T ) probability at t = T moment of time corresponding to the selected lifelength. Then, the 
basic property of parallel component interaction (see Fig. 1, b), according to (8), is expressed through ( )jF T compo-

nent failure rate: 

1

( ) ( )
m

j
j

F T F T
=

=∏ .

Taking by the analogy with (14)
( ) 10YF T = , (19)

where Y is determined from logarithmic equation lg (F(T )) = Y lg10:
Y = lg F(T ). (20)

Y exponent is called the ranking parameter of the ES failure rate. When engaged the system components, jY

exponents are called the ranking parameters of the component failure rate. The conditions (8, 19) can be represented by 
1 210 10 10 ... 10X Y Y Yn= × × × product, whence

1 2 ... nY Y Y Y= + + + . (21)

From jY set of possible combinations in (21), those ones following from jС renewal costs of failed compo-

nents are selected. At this, components with a higher renewal cost should have lower failure rate (which also means 
large RP). That is, at the cost of 1С , 2С , ..., mС components restoring, the set of 1 2, ,..., mC C C costs should be associat-

ed with the set of 1 2, ,..., mY Y Y exponents.
The indicated ratio can be written as sums

1 21 ... mYY Y
Y Y Y

= + + + и 1 21 ... m

j j j

СС С
C C C

= + + +
∑ ∑ ∑

.

Here, the selected conditions for the exponents at jY are obtained from the termwise equality of the summands: 

j j

j

Y C
Y C
=
∑

.

The right-hand side of the equality is called the “weight coefficient of the renewal cost under parallel compo-
nent interaction”:

j
j

j

C
b

C
=
∑

. (22)
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Yj ranking parameter values fitting the above relation:
j jY Yb= . (23)

The top-down analysis of the failure rate and ES component RP with the parallel component interaction is con-
sidered in Example 2. The system contains three components.

Example 2. Calculation of the failure rate and ES component RP with parallel interaction (see Fig. 1, b). Initial 
data:

- system RP: P(T ) = 0.9;
- component number: m = 3;
- component renewal costs (in c.u.): 1C = 5000, 2C = 3000 и 3C = 2000.

We calculate the system reliability indices. System failure probability from (9):
F(T ) = 1 – P(T ) = 1 – 0.9 = 0.1.

Ranking parameter values for the system failure probability from (20):
Y = lg F(T ) = lg 0.1 = –1.

The results of the step-by-step calculation are presented in Table 3.
Table 3

Calculation of ES component RP with parallel interaction

Object jС , c.u. jb (22) Yj (23) 10Yj
jF = ( ) 1 ( )j jP T F T= −

ES –1 0.1 0.9
Component 1 5000 0.5 –0.5 0.316228 0.683772
Component 2 3000 0.3 –0.3 0.501187 0.498813
Component 3 2000 0.2 –0.2 0.630957 0.369043

Checksums and
products

jС∑ jb∑ jY∑ ( ) ( )jF T F T=∏ ( ) 1 (1 ( ))jP T P T= − −∏
10000 1 –1 0.1 0.9

Example 3. Probability calculation of the nonfailure operation of the combined ES components (see Fig. 1, c).
Initial data:

- number of sequentially interacting subsystems: n = 3;
- number of parallel interacting elements of SS 3: m = 4;
- system RP: P(T ) = 0.95;
- renewal costs of subsystems (in c.u.): 1C = 5000, 2C = 8000, 3C = 12000;

- renewal costs of parallel component interaction (in c.u.): 3,1C = 3000, 3,2C = 4000, 3,3C = 5000, 3,4C

= 6000
We calculate the system reliability indices. Ranking parameter for ES RP from (15):

X = lg P(T) = lg 0.95 = –0.022276.
The results of the step-by-step calculation are presented in Table 4.

Table 4
Calculation of ES component RP with sequential interaction

Object iC , c.u. 1/ iC ia (17) iX (18) ( )iP T (14)
ES –0.022276 0.95
Subsystem (SS) 1 5000 0.000200 0.489796 –0.010911 0.975190
SS 2 8000 0.000125 0.306122 –0.006819 0.984421
SS 3 12000 0.000083 0.204082 –0.004546 0.989587 ◄*

Checksums and 
products

(1/ )iC∑ ia∑ iX∑ ( ) ( )iP T P T=∏
0.000408 1 –0.022276 0.95

*◄ — subsystem selection mark for further top-down analysis.

From Table 4, RP of the SS 3 subsystem: P3(T ) = 0.989587. Failure rate of SS 3 (8):

3 3 1 0.989( ) 1 587 0.010( 41) 3F T P T= − == − . The ranking parameter for the failure rate of SS 3 (22): 

3 0.010413lg ( ) 1.982407T gF lY = −= = .



M
ac

hi
ne

 b
ui

ld
in

g 
an

d 
m

ac
hi

ne
 sc

ie
nc

e

399

Vestnik of Don State Technical University. 2018. Vol. 18, no. 4, pp. 392–400. ISSN 1992-5980 eISSN 1992-6006
Вестник Донского государственного технического университета. 2018. Т. 18, № 4. C. 392–400.   ISSN 1992-5980 eISSN 1992-6006

Yj ranking parameter values fitting the above relation:
j jY Yb= . (23)

The top-down analysis of the failure rate and ES component RP with the parallel component interaction is con-
sidered in Example 2. The system contains three components.

Example 2. Calculation of the failure rate and ES component RP with parallel interaction (see Fig. 1, b). Initial 
data:

- system RP: P(T ) = 0.9;
- component number: m = 3;
- component renewal costs (in c.u.): 1C = 5000, 2C = 3000 и 3C = 2000.

We calculate the system reliability indices. System failure probability from (9):
F(T ) = 1 – P(T ) = 1 – 0.9 = 0.1.

Ranking parameter values for the system failure probability from (20):
Y = lg F(T ) = lg 0.1 = –1.

The results of the step-by-step calculation are presented in Table 3.
Table 3

Calculation of ES component RP with parallel interaction

Object jС , c.u. jb (22) Yj (23) 10Yj
jF = ( ) 1 ( )j jP T F T= −

ES –1 0.1 0.9
Component 1 5000 0.5 –0.5 0.316228 0.683772
Component 2 3000 0.3 –0.3 0.501187 0.498813
Component 3 2000 0.2 –0.2 0.630957 0.369043

Checksums and
products

jС∑ jb∑ jY∑ ( ) ( )jF T F T=∏ ( ) 1 (1 ( ))jP T P T= − −∏
10000 1 –1 0.1 0.9

Example 3. Probability calculation of the nonfailure operation of the combined ES components (see Fig. 1, c).
Initial data:

- number of sequentially interacting subsystems: n = 3;
- number of parallel interacting elements of SS 3: m = 4;
- system RP: P(T ) = 0.95;
- renewal costs of subsystems (in c.u.): 1C = 5000, 2C = 8000, 3C = 12000;

- renewal costs of parallel component interaction (in c.u.): 3,1C = 3000, 3,2C = 4000, 3,3C = 5000, 3,4C

= 6000
We calculate the system reliability indices. Ranking parameter for ES RP from (15):

X = lg P(T) = lg 0.95 = –0.022276.
The results of the step-by-step calculation are presented in Table 4.

Table 4
Calculation of ES component RP with sequential interaction

Object iC , c.u. 1/ iC ia (17) iX (18) ( )iP T (14)
ES –0.022276 0.95
Subsystem (SS) 1 5000 0.000200 0.489796 –0.010911 0.975190
SS 2 8000 0.000125 0.306122 –0.006819 0.984421
SS 3 12000 0.000083 0.204082 –0.004546 0.989587 ◄*

Checksums and 
products

(1/ )iC∑ ia∑ iX∑ ( ) ( )iP T P T=∏
0.000408 1 –0.022276 0.95

*◄ — subsystem selection mark for further top-down analysis.

From Table 4, RP of the SS 3 subsystem: P3(T ) = 0.989587. Failure rate of SS 3 (8):

3 3 1 0.989( ) 1 587 0.010( 41) 3F T P T= − == − . The ranking parameter for the failure rate of SS 3 (22): 

3 0.010413lg ( ) 1.982407T gF lY = −= = .
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The results of the step-by-step calculation are presented in Table 5.
Table 5

Calculation of SS 3 component RP with parallel interaction

Object jС , c.u. jb (22) Yj (23) 10Yj
jF = ( ) 1 ( )j jP T F T= −

SS 3 –1.982407 0.010413 0.989587
Component 3.1 3000 0.166667 –0.330401 0.467303 0.532697
Component 3.2 4000 0.222222 –0.440535 0.362631 0.637369
Component 3.3 5000 0.277778 –0.550669 0.281405 0.718595
Component 3.4 6000 0.333333 –0.660802 0.218372 0.781628

Checksums and 
products

jС∑ jb∑ jY∑ ( ) ( )jF T F T=∏ ( ) 1 (1 ( ))jP T P T= − −∏
18000 1 –1.982407 0.010413 0.989587

The required lifelength of the ES and all its elements (1) should be considered, so that the component RP cal-
culated in Tables 2–5 will be the initial data for the calculation and selection of components with the specified reliabil-
ity level.

It is necessary to determine the obtained resources by the corresponding reliability models with the calculated 
RPs (Tables 2, 3, 5). To do this, the dimensions and design parameters of the components (parts, standard and other 
nonrestorable items) obtained at the stage of preliminary design are considered. Then, measures can be taken to approx-
imate the obtained and specified resources [15, 16].

Conclusion. The technique of top-down analysis of the machine reliability structure diagram is developed and 
tested on numerical examples. Its algorithm coincides with the sequence of design stages: from the machine RP – to the 
RP of its parts. The selection of the required lifelength and RP distribution over the parts at the initial stages of the pro-
ject provide the design with the specified reliability level. The structure diagram can be based on the construct structure. 
This ensures a universal approach to the formation of structure reliability diagrams under various types of component 
interaction. The criterion for ranking the RP components is the component renewal in case of its failure. At any level of 
the structure diagram, it includes the monetary equivalent of the costs of materials, products, repairs, damage from fail-
ure. They are known with sufficient accuracy at the initial stage of machine development.

The need to use the exponential law under the normalization of reliability and the development of its structure 
diagrams is eliminated. The RP analysis relies only on the reliability fundamental properties that are common to all 
technical objects and systems. The analysis algorithm is maintained at all levels of the structure diagrams including part 
levels.

Mathematical models of the structure diagrams are simple, available for calculations in the early project stages, 
and equally efficient for sequentially interacting, redundant and combined reliability diagrams. They provide convenient 
possibilities for algorithmization, programming, and data correction.
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Introduction. The effect of variable parameters of the electroa-
coustic sputtering (ELAS) process on the characteristics of the 
crystalline structure of hardening coatings is studied. The 
ELAS parameter values providing nanostructured cover coat-
ings for machine parts and cutting tools are determined. Hard-
ening through using such coatings allows achieving a signifi-
cant (5-10 times) increase in the life of hardenable machine 
parts and various tools designed for mechanical processing. To 
obtain coatings with the desired properties of the surface layer, 
nanocrystalline materials should be selected. In this case, a 
certain content of the amorphous phase is permissible.
Materials and Methods. To carry out the X-ray structural 
analysis, the X-ray diffraction Russian-made device DRON-
3M was used. The Scherrer-Wilson method was applied to 
determine the granularity of particle blocks from the value of 
the intrinsic broadening of the diffractogram peaks. The con-
clusions obtained in this paper are based on the method of 
separation of the affecting factor contributions into broadening 
the diffraction reflection peaks (the Warren-Averbach meth-
od).
Research Results. Depending on the process conditions and 
the technique for obtaining nanostructured materials, a non-
uniquely interpretable change in the indices of the diffraction 
peaks broadening occurs, which is generally characteristic of 
nanocrystalline metals. One of the possible explanations for 
this phenomenon is the presence of a nanosized effect in the 
hardened layer. The occurrence of the nanocrystalline struc-
ture in the sputtered layer verifies the calculated values of the 
dimensions of the coherent scattering regions (CSR). The oc-
currence of affecting values of the misorientation angle of the 
crystal structure is verified by the CSR value for the investi-
gated 110 and 220 reflexes, which is supported by a high per-
centage of the amorphous phase.

Введение. Исследовано действие варьируемых параметров 
процесса электроакустического напыления (ЭЛАН) на 
характеристики кристаллической структуры упрочняю-
щих покрытий. Выявлены значения указанных парамет-
ров, обеспечивающие получение наноструктурных защит-
ных покрытий деталей машин и режущего инструмента. 
Упрочнение при помощи подобных покрытий позволяет 
достичь значительного (в 5–10 раз) повышения ресурса 
работы упрочняемых деталей и инструментов, предназна-
ченных для механообработки. Для получения покрытий с 
заданными свойствами поверхностного слоя следует вы-
бирать нанокристаллические материалы. При этом допу-
стимо определенное содержание аморфной фазы.
Материалы и методы. Использован рентгеноструктурный 
анализ, который проводился на рентгеновском дифракци-
онном аппарате отечественного производства «ДРОН-
3М». Метод Шеррера — Вилсона применен с целью опре-
деления зернистости блоков частиц по значению физиче-
ского уширения пиков дифрактограммы. Выводы по ре-
зультатам работы основаны на методике разделения вкла-
дов значащих факторов в уширение пиков дифракцион-
ных отражений (метод Уоррена — Авербаха).
Результаты исследования. В зависимости от технологи-
ческих режимов и метода получения наноструктурных
материалов происходит неоднозначно интерпретируемое 
изменение показателей уширения дифракционных пиков, 
что, в общем, характерно для нанокристаллических ме-
таллов. Это явление можно объяснить, в частности, нали-
чием наноразмерного эффекта в упрочненном слое. При-
сутствие нанокристаллической структуры в напыленном 
слое напрямую подтверждается вычисленными значения-
ми размеров областей когерентного рассеивания (ОКР). 
Наличие значимых величин угла разориентирования 
структуры кристаллов подтверждается величиной ОКР 
для исследованных рефлексов 110 и 220, что подкрепляет-
ся высоким процентным содержанием аморфной фазы.

* The research is done within the frame of the independent R&D.
∗∗ E-mail: nb1979@mail.ru, vs_minakov@mail.ru
∗∗∗ Работа выполнена в рамках инициативной НИР.
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Discussion and Conclusions. The electroacoustic scattering 
method is promising for obtaining nanocrystalline structures in 
the surface and subsurface layers of the sprayed samples. The 
ELAS process variables variation leads to the parameter 
spread of the crystal lattice and coherent scattering areas. In 
this case, there is no definite trend. In the future it is expected 
to solve the given problem. First, experiments will be conduct-
ed to determine the optimal sputtering regimes that could 
stimulate the formation of nanocrystalline structures. Second-
ly, visual observation and evaluation of the sprayed layer 
structure using electron microscopy is planned.

Обсуждение и заключения. Метод электроакустического 
напыления перспективен для получения нанокристалличе-
ских структур в поверхностном и приповерхностном сло-
ях напыленных образцов. Изменение технологических 
параметров ЭЛАН приводит к разбросу значений пара-
метров кристаллической решетки и областей когерентного 
рассеивания. В этом случае не выявляется определенная 
тенденция. В дальнейшем предполагается решение данной 
проблемы. Во-первых, будут проведены эксперименты с 
целю определения оптимальных режимов напыления, 
способствующих образованию нанокристаллических 
структур. Во-вторых, планируется визуальное наблюдение 
и оценка структуры напыляемого слоя при помощи элек-
тронной микроскопии.

Keywords: nanocrystalline structures, hardening coatings, 
crystal lattice, diffractometric studies, electroacoustic sputter-
ing.

Ключевые слова: нанокристаллические структуры, 
упрочняющие покрытия, кристаллическая решетка, ди-
фрактометрические исследования, электроакустическое 
напыление.
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Introduction. To obtain nanostructured hardening coatings is an urgent and long-run engineering challenge [1, 
2]. Numerous studies in the field of materials science have shown that a tangible (by several times) change in strength, 
hardness, and wear resistance of materials is possible with a decrease in crystal grains to a certain value.

Under this investigation, it is expected to study the crystal microstructure of hardening coatings using the 
method of electroacoustic sputtering (ELAS) [3, 4, 5]. Such hardening involves the use of an electric spark (highly-
concentrated power flotation) and ultrasonic longitudinally-torsional vibrations. ELAS-hardening, using a specialized 
installation, enables to increase the operational life of parts and tools by 5-10 times.

In the paper, the ELAS operational parameters vary in order to identify their values, which contribute to ob-
taining nanostructural protective coatings for the parts and cutting tools. To create protective coatings with the required 
properties, alloys in the amorphous state are often used. However, in certain areas, nanocrystalline materials are used 
more often than the amorphous ones. Nanocrystals relax to a far lesser extent in use of the coating, and they are highly 
competitive with amorphous materials in their properties. Obviously, to obtain coatings with the desired and stable 
properties of the surface layer, nanocrystalline materials should be selected, though with a certain content of the amor-
phous phase.

Materials and Methods. Resonance methods, X-ray diffraction analysis, electron microscopy, and some other 
techniques [2] are widely used to identify nanocrystalline materials in the surface layer. In the present work, the most 
accessible method based on identifying the diffraction reflection broadening under the X-ray structural analysis of sam-
ples is used to evaluate the microstructure parameters. “DRON-3M”, the X-ray diffraction Russian-made apparatus, was 
used for X-ray diffraction analysis. The characteristic radiation of the iron anode with the release of λKα spectral line of 
the sample, as well as of the detector, was analyzed. The X-ray tube specifications were 25 kV, 5 mA. The Bragg -
Brentano method of radiation focusing was used [6]. The selected detector parameters are as follows: motion speed is 1
deg/min; integration time is 5s. When determining the distances between the measurement planes, the error was ± 0.001 
Å, which is similar to determining the position of diffraction maxima accurate to ± 0.02 degrees. Samples of a cylindri-
cal shape made of 45 steel were studied. The diameter and height of the sample was 6 mm.

To identify samples, special marks were applied using ELAS on the front surface of each of them. The sample 
without sputtering made from 45 steel was chosen as a reference one, not the sample that is close to pure α-Fe.

Research Results. The profiles obtained during the work are presented in Fig. 1.
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Introduction. To obtain nanostructured hardening coatings is an urgent and long-run engineering challenge [1, 
2]. Numerous studies in the field of materials science have shown that a tangible (by several times) change in strength, 
hardness, and wear resistance of materials is possible with a decrease in crystal grains to a certain value.

Under this investigation, it is expected to study the crystal microstructure of hardening coatings using the 
method of electroacoustic sputtering (ELAS) [3, 4, 5]. Such hardening involves the use of an electric spark (highly-
concentrated power flotation) and ultrasonic longitudinally-torsional vibrations. ELAS-hardening, using a specialized 
installation, enables to increase the operational life of parts and tools by 5-10 times.

In the paper, the ELAS operational parameters vary in order to identify their values, which contribute to ob-
taining nanostructural protective coatings for the parts and cutting tools. To create protective coatings with the required 
properties, alloys in the amorphous state are often used. However, in certain areas, nanocrystalline materials are used 
more often than the amorphous ones. Nanocrystals relax to a far lesser extent in use of the coating, and they are highly 
competitive with amorphous materials in their properties. Obviously, to obtain coatings with the desired and stable 
properties of the surface layer, nanocrystalline materials should be selected, though with a certain content of the amor-
phous phase.

Materials and Methods. Resonance methods, X-ray diffraction analysis, electron microscopy, and some other 
techniques [2] are widely used to identify nanocrystalline materials in the surface layer. In the present work, the most 
accessible method based on identifying the diffraction reflection broadening under the X-ray structural analysis of sam-
ples is used to evaluate the microstructure parameters. “DRON-3M”, the X-ray diffraction Russian-made apparatus, was 
used for X-ray diffraction analysis. The characteristic radiation of the iron anode with the release of λKα spectral line of 
the sample, as well as of the detector, was analyzed. The X-ray tube specifications were 25 kV, 5 mA. The Bragg -
Brentano method of radiation focusing was used [6]. The selected detector parameters are as follows: motion speed is 1
deg/min; integration time is 5s. When determining the distances between the measurement planes, the error was ± 0.001 
Å, which is similar to determining the position of diffraction maxima accurate to ± 0.02 degrees. Samples of a cylindri-
cal shape made of 45 steel were studied. The diameter and height of the sample was 6 mm.

To identify samples, special marks were applied using ELAS on the front surface of each of them. The sample 
without sputtering made from 45 steel was chosen as a reference one, not the sample that is close to pure α-Fe.

Research Results. The profiles obtained during the work are presented in Fig. 1.
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a) b)

c) d)

e) f)
Fig. 1. Diffraction reflections with profiles: reference with coarse grain (a); sample for sputtering (U = 16.9 V, A = 4.9 microns) (b); 

U = 13.1 V, A = 15.2 μm (c); U = 12.9 V, A = 9.9 μm (d); U = 12.9 V, A = 5.1 μm (e); U = 9.1 V, A = 15.1 μm (f)
The shape of the diffraction profiles for the reference sample is shown in Fig. 1 (a), for samples with spread 

sputtered coating on the above modes – in Fig. 1 (b) - (f). ELAS variables are electrode-anode voltage (U) and ampli-
tude value (A) of ultrasonic frequency oscillations.

Diffractograms of the reference and study sample show the intensity values ratio. The relationship of the crys-
tallized and amorphous material was calculated from these data. The contribution of the texture component was not 
considered.

Analysis of the experimental data allows us to conclude that the main phase in most of the samples under study 
is α - Fe. The Scherrer-Wilson method (the best in this case) was used to determine the grain coarseness of blocks of 
particles according to the value of the physical broadening of the diffractogram peaks [7].

Table 1 presents the summarized data on the research results:
- β physical broadening,
- d-space,
- a dimensional parameter of the crystal lattice,
- size of coherent scattering regions.
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Table 1

Design parameters of crystal structure and diffractogram data

Parameter / 
Sample

Reflex 
110 220

1 2 3 4 5 эт. 1 2 3 4 5 ref.

β⋅10–3, deg.
2.01 1.71 1.68 1.81 1.95 1.39 8.47 8.34 8.62 8.87 10.01 8.06

2θ, deg.
56.916 56.86 56.926 56.876 56.976 57.2 144.66 144.7 144.78 144.91 144.53 144.4

d, Å
2.026 2.028 2.025 2.027 2.024 2.019 1.013 1.0129 1.0126 1.0122 1.0132 1.0129

a, Å
2.8553 2.8581 2.8539 2.8567 2.8525 2.8465 2.8539 2.8561 2.8553 2.8793 2.8571 2.8571

D, nm
111 130 131 123 114 – 76 77 75 73 64 –

Amorphous 
component 
content, %

59 55 57.5 53.5 51 – 59 75 81 98 79 –

110 and 220 reflexes were selected as the basic ones.
Table 1 data demonstrate significant broadening of the diffraction peaks. It is logical to assume that such a 

width in our case is, to a greater extent, due to the highly dispersed structure of the crystallites than to the dislocation 
microstresses of the surface layer. To confirm this conclusion, the contributions from these factors are estimated by the 
Warren – Averbach method [8]. The center-of-gravity shift of the peaks on the diffractograms with a simultaneous in-
crease in a lattice parameter to 1.15–1.17% serves as an indirect proof for the above formulated hypothesis. The shift
itself is small, but meaningful (expressed in hundredths of a degree).

Consider the phenomena that occur when changing the values of the process conditions (electrical voltage and 
amplitude of oscillations), and their effect on the broadening value of the diffractogram peaks depending on the lattice 
dimensional parameter (Fig. 2).
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Table 1
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Fig. 2. Effect of ELAS regimes variation on a lattice parameter depending on β value of physical broadening of diffractogram peaks

As expected, a change in the deposition modes affects a lattice parameter without a definite traceable depend-
ence. In this case, a value variations are directly proportional to the broadening value of the lines of the diffractogram 
lines. In [9], comparable proportional dependences can be observed for various oxides.

Such ambiguously interpolated dependences are characteristic of nanostructured materials (in particular, met-
als) and are determined by the physical method of their synthesis [1, 10] (Fig. 3).
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Fig. 3. Effect of ELAS variables on microstructure parameters

Perhaps, this phenomenon is explained by the occurrence of a nanoscale effect in the hardened layer. The pres-
ence of a nanocrystalline structure in the sputtered layer is directly confirmed by the calculated values of the sizes of 
coherent scattering regions (CSR). The significant values of the disorientation angle of the crystal structure is verified 
by the CSR values for 110 studied reflex, and also, noticeably, for 220 reflex, which is supported by a high percentage 
content of the amorphous phase. Similar phenomena can be also caused by high values of disorientation angles.

Summing up, it can be stated that all of the above phenomena (including sizes of the coherent scattering re-
gions) directly confirm the presence of a nanoscale effect [1].

Discussion and Conclusions. Thus, the method of electroacoustic sputtering is promising for obtaining nano-
crystalline structures in the surface and near-surface layers of sputtered samples. As stated in the paper, ELAS process 
parameter variation brings into existence the lattice parameter spread and coherent scattering regions without a definite 
identified tendency. In the future, this problem will be solved. This can be facilitated by the experimental determination 
of optimal sputtering regimes that ensure the formation of nanocrystalline structures. In addition, the structure of the 
sputtered layer can be observed and evaluated using electron microscopy.
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Introduction. Rational parameters and modes of an inclined 
batch screw mixer are validated to achieve the lowest energy-
intensive feed mixing under observance of the zootechnical 
requirements for the feed quality on uneven mixing. The 
establishment of functional dependences between parameters 
and modes enables to design power-efficient equipment for the 
on-farm feed production.
Materials and Methods. Experimental studies of the feed 
mixing were implemented on an inclined screw batch feed 
mixer. The experimental design included variation of four 
independent factors: mixer shaft speed, filling ratio of the 
mixing chamber, mixing time, and mixing chamber angle. 
Mixing irregularity and energy intensity of the process were 
taken as optimization criteria characterizing the mixing 
efficiency.
Research Results. The optimization criteria versus the 
variability level factor, which are two-dimensional sections of 
the second-order response surfaces, are plotted. The rational 
values at mixing irregularity of less than 5% were as follows: 
mixer shaft speed was 27.5-36.5 min-1, filling ratio of the 
mixing chamber was 0.43–0.51, mixing time was 3.0–4.2 min, 
mixing chamber angle was 22°–25°. At such parameter values, 
the mixing irregularity will be minimal, and it will be 4.10–
4.18%, and the process intensity is from 2.08 to 2.16 kW • h/t
Discussion and Conclusions. The dependences obtained as a 
result of the experimental studies allowed establishing the 
domain of rational design parameters and modes of an inclined 
batch screw mixer. The results obtained can be used in further 
studies under the development of initial requirements for the 

Введение. Обоснованы рациональные параметры и 
режимы наклонного шнекового смесителя периодического 
действия для достижения наименьшей энергоемкости 
приготовления кормосмеси при условии соблюдения 
зоотехнических требований к качеству приготовляемых 
кормов по неравномерности смешивания. Установление 
функциональных зависимостей между параметрами и 
режимами позволяет проектировать энергоэффективное 
оборудование для внутрихозяйственного комбикормового 
производства.
Материалы и методы. Экспериментальные исследования 
процесса приготовления кормосмеси проводили на 
наклонном одновальном шнековом смесителе кормов 
периодического действия. План эксперимента включал 
варьирование четырьмя независимыми факторами: 
частотой вращения вала смесителя, коэффициентом 
заполнения камеры смесителя, продолжительностью 
смешивания и углом наклона смесительной камеры. В 
качестве критериев оптимизации, характеризующих 
эффективность смешивания, были приняты
неравномерность смешивания и удельная энергоемкость 
процесса. 
Результаты исследования. Построены графические 
зависимости критериев оптимизации от уровня 
варьирования факторов, представляющие собой 
двумерные сечения поверхностей отклика второго 
порядка. Рациональные значения при неравномерности 
смешивания менее 5% составили: частота вращения вала 
— 27,5-36,5 мин-1, коэффициент заполнения камеры 
смесителя — 0,43–0,51, продолжительность смешивания 
— 3,0–4,2 мин.; угол наклона смесительной камеры —
22°–25°. При таких значениях параметров неоднородность 
смешивания будет минимальной и составит 4,10–4,18%, а 
энергоёмкость процесса составила от 2,08 до 2,16 кВт·ч/т
Обсуждение и заключения. Зависимости, полученные в 
результате экспериментальных исследований, позволили 
установить области рациональных конструктивных 
параметров и режимов наклонного одновального 
шнекового смесителя периодического действия. 
Полученные результаты могут быть использованы в 
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Хлыстунов В. Ф. и др. Влияние конструктивных и кинематических параметров на энергоёмкость процесса в наклонном шнековом смесителе

creation of new technical means with a gravitation effect of 
intensive mixing.

дальнейших исследованиях при разработке исходных 
требований на создание новых технических средств с 
гравитационным эффектом интенсивного смешивания.

Keywords: design engineering, inclined mixer, screw, 
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Introduction. An urgent task in the design of new feed mixing equipment is to ensure a lower cost of feed
preparation [1-3]. Thus, it is necessary to reduce the energy intensity of the processes while maintaining the required 
quality of the feed. High-quality feed mixing is most effectually performed by a periodic (batch) mixer [4, 5]. Among them,
blade mixers and screw ones [6] are widespread. This is due to the fact that the feed composition is characterized by the 
presence of dry crushed grain (more than 90%), which does not change its properties in the process of mixing with 
additives. That is, the rheological properties of the mixture can be considered unchanged throughout the experiment [7].

One of the advanced models of the circulation mixers is a model with an inclined bunker, inside which one or two 
screw working bodies are installed. Herewith, the reduction of the process energy intensity is achieved due to the fact that 
the forced supply of the mixed material at the upper horizontal level is replaced by its gravitation shattering from the upper
part of the bunker [8]. Unlike horizontal mixers, the practical absence of “pressing” feed layers in the top part of the screw 
improves significantly the diffusion mixing of the product [9]. When using modern crushers [10, 11], the intensive 
movement of the material and the equalized granulometric raw material composition enables to minimize the segregation 
effects that occur under shattering [12].

Materials and Methods. The experimental studies were carried out on AKM-3, an inclined single-shaft screw 
batch feed mixer developed in “Donskoy” Agricultural Research Centre. AKM-3 feed mixer (Fig. 1) with the capacity of 
2.5 m3 is designed to obtain a homogeneous mixture of dry powdered components (grain, farinaceous, protein-mineral raw 
material) under the batch (periodic) operation mode. It consists of a frame, housing with a mixing chamber in which a shaft 
with a spiral tape counterflow winding is placed, and of blades in the top part of the bunker. It is possible to install the 
housing on the strain gauges.

Fig. 1. General view of inclined single-screw batch mixer
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In such a mixer, under the shaft rotation, the displacement of material particle groups from one place to another 
(convective mixing) is performed as follows: a screw transports the material to the upper part of the inclined bunker, and 
then its gravitation shattering to the lower part of the bunker takes place. Therefore, the main advantage of an inclined 
mixer, compared to vertical and horizontal ones, is the absence of dead zones between the working bodies and the walls of 
the mixing chamber [13].

Irregularity in the dispersion of the reference ingredient in the mixture and the process specific energy intensity were 
taken as criteria that characterize the mixing efficiency. Shredded wheat with moisture content up to 15% with dense 
loaded density of 750 kg / m3 was used in the experiments as the basic ingredient (filler) of the mixture.

As a result, a two-component mixture composed of shredded wheat - 99%, ground common salt - 1% (by weight) 
was prepared.

Ground common salt was used as the reference ingredients to determine the mixing irregularity. Its distribution 
was determined by taking 20 samples weighing 50 g each from different points of the mixing chamber [14]. The selection 
of a specific sample was made according to GOST 13 496.0–80. The content of the dry reference component (table salt) in 
the samples was determined through the ionometric technique according to GOST 13 496.1–98. The variation coefficient of 
the actual distribution of the reference component in samples ν, % (y1) was used as an index of mixing irregularity.

Nуд (y2) specific energy intensity of the mixing process was defined as the total energy intensity related to the 
mass of the feed mixture measured using a three-phase electric meter [15].

The mixer shaft speed was changed by DELTAVFd-075E frequency converter through the current frequency 
variation of the asynchronous motor.

A three-tier second-order design was implemented during the experiment. The experiments were carried out in 
triplicate [16,17].

The design of the experiments involved the variation of four independent factors affecting the mixing process 
(Table 1).

It is established that the signification of the mixing irregularity index is much higher than that of the latter factor
which should be considered accessory.

Table 1
Factors and levels of variation

Factor Coded identification Variability range Variability interval

Shaft speed, min–1 x1 20–40 10

Filling factor of mixing chamber x2 0.4–0.6 0.1
Mixing cycle (time), min x3 2–6 2
Tilt angle of mixing chamber, grade х4 15–35 10

Research Results. After processing the experimental results, the regression equations in coded form were 
obtained, and the corresponding correlation coefficients were determined:

у1= 4.06 – 0.96х1 + 0.29х2 + 0.16х3 – 0.88х4 – 0.14х1х2 – 0.19х1х3 +0.54х1х4 + 0.28х2х3 – 0.39х2х4 – 0.20х3х4 

+ 0.56х2
1 + 0.27х2

2 + 0.34х2
3 + 0.64х2

3,
correlation coefficient R1 = 0.9607;
у2= 2.26 + 0.99х1 + 0.42х2 – 0.07х3 – 0.28х4 + 0.22х1х2 – 0.15х1х3 +0.35х1х4 + 0.13х2х3 + 0.47х2х4 – 0.08х3х4 

+ 0.73х2
1 + +0.37х2

2 + 0.14х2
3 + 0.84х2

3,
correlation coefficient R2 = 0.9781.
The model adequacy was evaluated by the Fisher criterion. The tabular value of the Fisher criterion with the 

significance level Δ = 0.05 equals to F = 2.8. The Fisher criterion value in the models is as follows: mixing irregularity - F
= 2.51; energy intensity of the mixing process - F = 2.65. Comparison of the calculated values with the tabulated values has 
shown that their calculated values are less than the tabulated values. Consequently, regression models adequately describe 
the process under study. The experimental values of the Cochran test do not exceed the tabulated values. Dispersions are 
homogeneous.

Turning from the coded values of the factors (Х1, Х2, Х3, Х4) to natural ones (n, k, t, φ), we have obtained 
dependences of the mixing irregularity indicators (δ, %) and the mixing energy intensity (N, kW • h) on the basic factors in 
the following form:

– mixing irregularity:
δ = 3.76 + 11n– 0.15k – 1.02t – 2.35φ + 16nk – 21nt – 59nφ – 0.06kt + 0.98kφ + 2.35tφ + 2.15n2 + 4.33k 2 + 3.65t 2

+0.75I2;
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In such a mixer, under the shaft rotation, the displacement of material particle groups from one place to another 
(convective mixing) is performed as follows: a screw transports the material to the upper part of the inclined bunker, and 
then its gravitation shattering to the lower part of the bunker takes place. Therefore, the main advantage of an inclined 
mixer, compared to vertical and horizontal ones, is the absence of dead zones between the working bodies and the walls of 
the mixing chamber [13].

Irregularity in the dispersion of the reference ingredient in the mixture and the process specific energy intensity were 
taken as criteria that characterize the mixing efficiency. Shredded wheat with moisture content up to 15% with dense 
loaded density of 750 kg / m3 was used in the experiments as the basic ingredient (filler) of the mixture.

As a result, a two-component mixture composed of shredded wheat - 99%, ground common salt - 1% (by weight) 
was prepared.

Ground common salt was used as the reference ingredients to determine the mixing irregularity. Its distribution 
was determined by taking 20 samples weighing 50 g each from different points of the mixing chamber [14]. The selection 
of a specific sample was made according to GOST 13 496.0–80. The content of the dry reference component (table salt) in 
the samples was determined through the ionometric technique according to GOST 13 496.1–98. The variation coefficient of 
the actual distribution of the reference component in samples ν, % (y1) was used as an index of mixing irregularity.

Nуд (y2) specific energy intensity of the mixing process was defined as the total energy intensity related to the 
mass of the feed mixture measured using a three-phase electric meter [15].

The mixer shaft speed was changed by DELTAVFd-075E frequency converter through the current frequency 
variation of the asynchronous motor.

A three-tier second-order design was implemented during the experiment. The experiments were carried out in 
triplicate [16,17].

The design of the experiments involved the variation of four independent factors affecting the mixing process 
(Table 1).

It is established that the signification of the mixing irregularity index is much higher than that of the latter factor
which should be considered accessory.

Table 1
Factors and levels of variation

Factor Coded identification Variability range Variability interval

Shaft speed, min–1 x1 20–40 10

Filling factor of mixing chamber x2 0.4–0.6 0.1
Mixing cycle (time), min x3 2–6 2
Tilt angle of mixing chamber, grade х4 15–35 10

Research Results. After processing the experimental results, the regression equations in coded form were 
obtained, and the corresponding correlation coefficients were determined:

у1= 4.06 – 0.96х1 + 0.29х2 + 0.16х3 – 0.88х4 – 0.14х1х2 – 0.19х1х3 +0.54х1х4 + 0.28х2х3 – 0.39х2х4 – 0.20х3х4 

+ 0.56х2
1 + 0.27х2

2 + 0.34х2
3 + 0.64х2

3,
correlation coefficient R1 = 0.9607;
у2= 2.26 + 0.99х1 + 0.42х2 – 0.07х3 – 0.28х4 + 0.22х1х2 – 0.15х1х3 +0.35х1х4 + 0.13х2х3 + 0.47х2х4 – 0.08х3х4 

+ 0.73х2
1 + +0.37х2

2 + 0.14х2
3 + 0.84х2

3,
correlation coefficient R2 = 0.9781.
The model adequacy was evaluated by the Fisher criterion. The tabular value of the Fisher criterion with the 

significance level Δ = 0.05 equals to F = 2.8. The Fisher criterion value in the models is as follows: mixing irregularity - F
= 2.51; energy intensity of the mixing process - F = 2.65. Comparison of the calculated values with the tabulated values has 
shown that their calculated values are less than the tabulated values. Consequently, regression models adequately describe 
the process under study. The experimental values of the Cochran test do not exceed the tabulated values. Dispersions are 
homogeneous.

Turning from the coded values of the factors (Х1, Х2, Х3, Х4) to natural ones (n, k, t, φ), we have obtained 
dependences of the mixing irregularity indicators (δ, %) and the mixing energy intensity (N, kW • h) on the basic factors in 
the following form:

– mixing irregularity:
δ = 3.76 + 11n– 0.15k – 1.02t – 2.35φ + 16nk – 21nt – 59nφ – 0.06kt + 0.98kφ + 2.35tφ + 2.15n2 + 4.33k 2 + 3.65t 2

+0.75I2;

Khlystunov V. F. And the others. Effect of design and kinematic parameters on energy requirement in inclined screw mixer
Хлыстунов В. Ф. и др. Влияние конструктивных и кинематических параметров на энергоёмкость процесса в наклонном шнековом смесителе

– mixing energy intensity:
N = 2.19 + 23n + 4.13k + 6.25φ– 13nk – 3.4nφ– 5.23kφ+ 0.99n2 + 0.48k2 + 0.39φ2.
The experimental data processing has resulted in plotting characteristic curves of the optimization criteria versus

the factor variation level. They are combined two-dimensional sections of second-order response surfaces.
Figures 3 and 4 show some two-dimensional response surfaces of the factor influence to the mixing process. In 

particular, the dependences of the effect of the shaft speed and the loading factor of the mixing chamber on the mixing 
irregularity and the process energy intensity are shown.

Fig. 3. Effect of shaft speed and loading ratio of the mixing chamber on mixing irregularity 

Fig. 4. Effect of shaft speed and loading factor of the mixing chamber on mixing energy 

The research has resulted in determining the rational values of parameters and operation modes of the inclined 
single-shaft screw batch mixer with the capacity of 2.5 m3 during the preparation of feed mixtures that meet the 
zootechnical requirements on mixing irregularity under the condition of minimum energy intensity of the process. The 
rational values to obtain mixing irregularity up to 5% are the following: shaft speed is
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n = 27.5–36.5 min-1; loading factor of the mixing chamber is k = 0.43–0.51; mixing time is t = 3–4.2 min; tilt angle 
of the mixing chamber is φ = 22–25°. In this case, the energy intensity of the process was equal to 2.08 – 2.16 kWh/t.

Besides, as a result of the experimental studies, the smallest mixing irregularity of 3.2% is set under the following 
mixing modes and parameters of the mixer: shaft speed is n = 35 min-1; loading factor of the mixing chamber is k = 0.5; 
mixing time is t = 3 min; tilt angle of the mixing chamber is φ = 30°. In this case, the energy intensity of the process was 
2.2 kWh / t. The smallest energy consumption of 2.1 kWh / t under mixing irregularity of 5% is obtained at the following 
values of parameters and operating modes of the mixer: shaft speed is n = 30 min-1; loading factor of the mixing chamber is
k = 0.55; mixing time is t = 3 min; tilt angle of the mixing chamber is φ = 25°.

Discussion and Conclusions. The dependences resulting from the experimental studies enable to establish 
domains of rational design parameters and modes of the inclined single-shaft screw batch mixer. The results can be used for 
the development of technical means for the production of complete feed, as well as for the modernization of existing mixed 
feed industry to increase their energy efficiency.
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Introduction. The work objective is to increase the reliability of 
the prediction methods for the lithium hydroxide behavior in the 
steam-water circuit at the thermal power plants and nuclear pow-
er plants, and for the operational monitoring of the pH index of 
steam solutions. A method of operational control is developed on 
the basis of the conductometric measurements of the hydrogen 
index of the corrosion inhibitor vapor solutions for construction 
materials of lithium hydroxide used at the TPP and NPS.
Materials and Methods. A mathematical model method is used 
for the practical implementation of the high-temperature opera-
tional control of the steam solution pH index.
Research Results. A method for monitoring the pH of vapor 
solutions of lithium hydroxide based on the determination of 
vapor concentration through the steam condensation in the 
coolable conductivity sensor located in the vapor space of the 
steam generator is developed. This has significantly improved 
the accuracy of determining the lithium hydroxide concentration.
Equations describing the change in the limiting molar equivalent 
conductance and dissociation constants of lithium hydroxide in a 
wide range of state change parameters are proposed.
Discussion and Conclusions. The proposed on-line technique of 
testing the pH value of steam solutions, and mathematical mod-
els for calculating the limiting molar equivalent conductance and 
dissociation constants provide an acceptable error level calcula-
tions and the capability of measurements automation. With an 
increase in the vapor temperature up to 573.15 K, the necessity 
arises to fortify lithium hydroxide in the vapor to 10–2 mol / kg.

Введение. Цель работы — повышение надёжности методов 
прогнозирования поведения гидроксида лития в пароводя-
ном тракте на ТЭС и АЭС и оперативного контроля водо-
родного показателя паровых растворов. Разработан метод 
оперативного контроля на основе кондуктометрических 
измерений водородного показателя паровых растворов 
ингибитора коррозии конструкционных материалов гид-
роксида лития, применяемого на ТЭС и АЭС. 
Материалы и методы. Для практической реализации вы-
сокотемпературного оперативного контроля водородного 
показателя паровых растворов использован метод матема-
тического моделирования.
Результаты исследования. Разработан метод контроля 
водородного показателя паровых растворов гидроксида 
лития, основанный на определении концентрации в паре 
путём конденсации пара в охлаждаемом кондуктометриче-
ском датчике, размещённом в паровом пространстве паро-
генератора, что позволило значительно повысить точность 
определения концентрации гидроксида лития. Предложены 
уравнения, описывающие изменение предельной молярной 
эквивалентной электропроводности и констант диссоциа-
ции гидроксида лития в широком диапазоне изменения 
параметров состояния.
Обсуждение и заключения. Предложенные метод опера-
тивного контроля водородного показателя паровых раство-
ров и математические модели для расчёта предельной эк-
вивалентной молярной электропроводности и констант 
диссоциации обеспечивают приемлемую для практических 
расчётов погрешность и возможность автоматизации изме-
рений. При увеличении температуры пара до 573,15 K воз-
никает необходимость в увеличении концентрации гидрок-
сида лития в паре до 10-2 моль/кг.

∗ The research is done within the frame of independent R&D.
∗∗ E-mail: vladnik48@aaanet.ru
∗∗∗ Работа выполнена в рамках инициативной НИР.
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Introduction. When organizing and maintaining water chemistry regimes (WCR) at TPPs and NPPs, one of 
the major tasks is to minimize corrosive damages to the thermal power equipment in the zone of contact with water and 
steam [1]. Addition of LiOH in sufficient quantities into feedwater provides the creation of a hard protective lithium-
ferritic film on the metal surface, which slows down corrosion and stress-corrosion cracking of the heat-exchange tubes 
of steam generators of NPPs with VVER-1000 [2, 3], as well as a significant increase in uptime [3]. When LiOH is add-
ed into the feedwater of the TG – 104 drum boilers at the TPP, the formation of a protective lithium-ferritic film is also 
observed [4]. LiOH is used at the TPPs in Russia and abroad [4–6]. In advanced fourth-generation nuclear reactors –
SCWR (supercritical water-cooled reactor), providing an increase in thermal efficiency compared to the existing ones 
(PWR) from 33 to 44%, at pressure P = 25 MPa, T temperature of water vapor is planned to be increased to 953 K [6].
We need data on Ʌо limiting equivalent conductance and Kd LiOH dissociation constants at high P and T, presented in 
an easy-to-calculate form, to create on-line monitoring of the pH values of aqueous and steam LiOH solutions at TPPs 
and NPPs that determine the effectiveness of anticorrosive protection. The technique for calculating the pH of LiOH
solutions based on the data on χ electric conductivity proposed by the authors for the liquid phase [7] is unacceptable 
for the vapor phase at low ρ densities and C concentration due to a high error in determining χ and Kd [8].

The work objective is to increase the reliability of methods for predicting LiOH behavior in the steam/water 
circuit at TPPs and NPPs and of the operational control of the of steam solutions pH.

To achieve this goal, equations are developed for calculating Ʌо and Kd on the saturation line and in super-
heated steam at T up to 773.15 K; and a technique to control pH of LiOH vapor solutions is worked out.

Materials and Methods. Compared with the traditional control associated with sampling and cooling of sam-
ples, the operational pH control using conductometric sensors installed in the heat conductor of the steam generators 
and working at T and P close to the operating ones, is more objective and practically inertia-free [7, 8]. In pH calcula-
tions for the liquid phase in [7], the experimental data on Kd LiOH [8], Kw ionic product [9], and ε dielectric capaci-
tance for water [10] were used. C concentration of LiOH aqueous solutions was determined in terms of С LiOH=f (χ
LiOH)T=Const, the dependences obtained on the basis of the experimental data on χ solutions.

Under measuring χ solutions in the vapor phase (especially for small ρ and C), when the polar properties of the 
solvent are weakened, the dissociation degree of LiOH is small, and the resistance of the interelectrode space of the 
measure cell of the conductometric converter can become commensurate with the resistance of the electrical insulator, 
which will lead to large errors in determining χ [8].

For the practical implementation of the high-temperature operative pH control, the necessary data on Ʌо and
Kd can be obtained in the studied range of the state parameter variation through the mathematical simulation technique 
and be presented in the form of equations.

Research Results. Considering the analysis of existing methods, this paper proposes a method for testing pH of 
LiOH vapor solutions based on the determination of C LiOH in steam through the vapor condensation in the conductivi-
ty sensor with a cooled capillary [11] placed in the vapor space of the steam generator in the coolant flow. In this case, 
С LiOH in steam is equal to С LiOH in the vapor condensate and can be determined from С LiOH=f (χ LiOH)T=Const 

dependences obtained for the liquid phase [7]. Vapor condensation can significantly improve the accuracy of determin-
ing χ and C [8]. The pH calculations for LiOH vapor solutions were performed according to the procedure described in 
[12] using data from [8] on Kd.

To assess the effectiveness of using LiOH for corrosion protection in SCWR fourth-generation atomic reactors, the 
authors [6] calculated the pH of LiOH aqueous and steam solutions at P = 25 MPa in a wide variation range of ρ, Т, С,
on the basis of the experimental data on Kd [13–15]. Besides, an empirical equation for calculating Ka molal Kon con-
stant [16] in ρ variation range from 50 to 1000 kg / m3 and T from 373 to 873 K is proposed:

log10Ka = а1 + а2/τ + + (а3 + а4/τ)∙log10δ + (а5 + а6/τ)∙(logδ)2,
where δ=ρ/ρс; τ=T/Tс; ρс, Tc is the solution density and temperature at the critical point; а1, а2, а3, а4, а5, а6 are con-

stants.
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In superheated steam, with a decrease in ρ and Т Kd LiOH reduces, the difference between pH H2O and pH of
LiOH steam solutions decreases, which reduces the effectiveness of corrosion protection of the structural elements at 
high P and T. The authors have calculated the pH values of LiOH steam solutions at P = 25 MPa; T = 673, 723 and 773 
K for С=10–6, 10–5, 10–4, 10–3 and 10–2 mol/kg. The experimental data on Kd LiOH [8], Kw ionic product [9], and ε die-
lectric capacitance of water [10] were used in the calculations. Fig. 1 shows pH dependence of aqueous and vapor LiOH
solutions on ρ at P = 25 MPa for С=10–6–102 mol/kg.

In the area of ρ <330 kg/m3, the authors [13–15] did not perform experimental studies; therefore, the figure 
shows only the results of calculating pH of LiOH using the data on Kd LiOH obtained by the authors’ equation [16].

Fig.1. pH dependence of LiOH aqueous and steam solutions on ρ density at P = 25 MPa: 1 – Н2О; 2,3,4,5,6 – С LiOH = 10-6, 10-5,
10-4, 10-3, 10-2 mol/kg; Δ, ○ is calculation of pH from data on Kd [13-15 ] and [8]; 2,3,4,5,6 lines are calculation of pH according to

Kd data obtained from equation [16].

Ʌо and Kd values [8], which are necessary for creating equations describing the change of Ʌо and Kd with 
changing ρ and T, are given in Tables 1 and 2 in comparison with the data from other authors. These values were previ-
ously obtained by the authors on the basis of the measurements of the electrical conductivity of high-temperature LiOH
solutions.

To create equations describing Ʌо behavior on the saturation line, in order to reduce the error of data approxi-
mation, ρ variation range was divided into 2 parts (from 100 to 500 and from 500 to 958 kg/m3), for each of which an 
equation of the following form was proposed:

Ʌо=bо∙ρ3 + b1∙ρ2 + b2∙ρ + b3,
where bо, b1, b2, b3 are definable constants; ρ is density of the solution, kg/m3. bо, b1, b2, b3 values for ρ = (100–500) 

and (500–958) kg/m3 are –0.000004; 0.005878; 
–2,810,820; 1942.943226 and –1.25711 10–5; 0.024177411; –16.58559801; 5334,222549 respectively. For рKd=–

log10 values, the values of d1–d6 coefficients are calculated in the equation similar to that presented in [16] and given 
above:

рKd=d1 + d2/τ + (d3 + d4/τ)∙log10δ + (d5 + d6/τ)∙(logδ)2,
where δ=ρ/ρс; τ=T/Tс; ρс, Tc are density and temperature of the solution at the critical point; d1, d2, d3, d4, d5, d6 are 

constants.
When calculating d1–d6 constants, we used previously obtained experimental data on Kd [8]. On the saturation 

line, we considered only our own experimental data. Calculations for the superheated steam at T = 673.15 and 773.15 K
were made in two versions: in the first one, only the author's data on Kd [8] were considered, in the second – all the data 
given in Table 2.
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                Table 1
Dependence of Ʌо LiOH limiting molal conductivity on ρ density 

on saturation line and in superheated steam

ρ, kg/m3 Ʌо∙10, cm∙m2 / kmol
Saturation line Т = 673 K T = 773 K

100 1710[8] 1675[8] 1665[8]
130 1675[8] 1630[8] 1620[8]
160 1630[8] 1590[8] 1575[8]
200 1575[8] 1550[8] 1545[8]
300 1510[8] 1480[8] 1475[8]
400 1475[8] 1460[8]; 1392[13] 1455[8]
433 1452[15]
500 1450[8] 1435[8]; 1539[13] 1428[8]; 1574[13]
600 1370[8] 1380[8]; 1355[13] 1388[8]; 1377[13]
621 1277[15] (Р = 23.86 MPa) - -
700 1265[8] 1275[8]; 1270[13] 1276[13]
714 1189[15] (Р = 9.52 MPa) - -
800 1100[8] 1088[13] 1109[13]
871 1017[15] (Р = 9.91 MPa) - -
917 780[8] - -
922 754[15] (Р = 9.4 MPa) - -
950 594[13] - -
958 573[8] - -

For the saturation line: d1=119.50984; d2=–115.33347; d3=–174.20233; d4=167.90533; d5=–143.78368; 
d6=183.09356. 

For the first version of the calculation for the superheated steam: d1=7.6323975; d2=–3.214114; d3=–10.9289; 
d4=2.5463453; d5=–10.34132; d6=15.190972; for the second version of the calculation: d1=10.113404; d2=–6.133638; 
d3=–17.85984; d4=8.888042; d5=–8.405401; d6=14.648395.

The percent deviations of the experimental values of Ʌо and рKd from those calculated by the proposed equa-
tions are presented in Table 3.

                                                                                                              Table 2
Dependence of negative logarithm of Koff constant of LiOH рKd

on ρ density on saturation line and in superheated steam

ρ, kg/m3 рKd, mol/kg
Saturation line T = 673.15 K Т = 773.15 K

100 10.04[8] 10.07[8]; 11.06 [16] 10.16[8]; 13.34[16]
130 8.41[8] 8.56[8] 8.67[8]
160 7.24[8] 7.32[8] 7.69[8]
200 6.25[8] 6.42[8]; 6.45[16] 6.89[8]; 8.16[16]
300 4.40[8] 4.69[8]; 4.13[16] 5.20[8]; 5.64[16]
379 3.48[15]
400 3.86[8] 3.98[8]; 2.82[16]; 3.14[13] 4.31[8]; 4.01[16]
433 3.1[15]
500 3.28[8] 3.38[8]; 2.81[13] 3.43[8]; 3.15[13]
600 2.52[8];             2.45[8]; 2.32[13]; 1.26[16] 2.58[8]; 2.43[13]; 1.97[16]
650 2.13[13] 2.25[13]
700 2.08[8];                  2.01[8]; 1.83[13] 2.07[13]
712 1.59[17]          
750           1.82[13] 1.89[13]
800 1.63[13]; 0.343[16] 1.65[13]; 0.753[16]
807 1.41[15]  (Р = 11.02 MPa) - -
922 1.29[15] (Р = 9.4 MPa) - -



ht
tp

://
ve

st
ni

k.
do

ns
tu

.ru

418

Vestnik of Don State Technical University. 2018. Vol. 18, no. 4, pp. 414–420. ISSN 1992-5980 eISSN 1992-6006
Вестник Донского государственного технического университета. 2018. Т. 18, № 4. C. 414–420. ISSN 1992-5980 eISSN 1992-6006

 

961 1.03[15] (Р = 4.88 MPa) - -
                                                                                                              Table 3

Deviation (in%) of experimental values of limiting equivalent conductance (δɅо) and negative logarithm of molal Koff
constants (δpKd) from values calculated by equations

ρ, 
kg/m3

δɅо δрKd

Saturation 
line

Saturation line
T=673,15 K
1 calculation 

version

T=773,15 K 1
calculation ver-

sion

T=673,15 K
2 calculation 

version

T=773,15 K
2 calculation 

version

100 0.36[8] 0.04[8] 1.20[8] 1.36[8]
3.40[8]; 5.86

[16]
10.9[8]; 
15.5[16]

130 0.47[8] 0.23[8] 0.18[8] 1.22[8] 2.42[8] 11.7[8]
160 0.28[8] 0.33[8] 2.62[8] 1.86[8] 3.42 [8] 10.5[8]

200 0.34[8] 0.11[8] 0.92[8] 0.39[8]
0.52[8]; 
0.98[16]

5.95[8]; 
10.5[16]

300 0.09[8] 2.50[8] 0.29[8]
3.86[8]; 
9.17[16]

1.99[8]; 
5.96[16]

379 3.05[15]

400 0.03[8] 0.12[8] 4.99[8] 4.07[8]
14.8[8]; 

20.2[16]; 
7.96[13]

6.44[8]; 
0.56[16];

433 0.41[15]

500 0.09[8] 0.16[8] 8.95[8] 2.40[8]
21.77[8]; 
5.90[13]

8.78[8]; 
0.67[13]

600 0.10[8] 0.17[8] 4.56[8] 6.11[8]
13.72[8];
8.89[13]; 
67.8[16]

5.24[8]; 
0.60[13]; 
24.1[16]

650 - - - - 10.6[13] 4.02[13]

700 0.44[8] 0.05[8] 7.82[8] -
14.38[8]; 
5.95[13]

8.03[13]

750 - - - 14.2[13] 11.5[13]
800 0.26[8] - - - 12.8[13] 11.3[13]
917 2.27[8] - - - - -
958 1.51[8] - - - - -

Discussion and Conclusions. As obvious from Fig. 1, pH values of LiOH obtained by the authors at T = 673 K
are lower compared to those obtained through calculating [6] by a mean of 0.2; at T = 723 K, they are higher by 0.1–0.2; 
at T = 773 K, they are higher by 0.1–0.7 pH units.

Thus, the error ratio of the data on pH of LiOH in the superheated steam obtained by the authors and presented 
in [6] goes up with increase in T and C. Such a mismatch may be considered satisfactory if it is remembered that with 
decreasing ρ to 200–100 kg/m3, the experimental data [8] error on Kd LiOH increases to 180%, and, moreover, the au-
thors [6] did not use the experimental data on Kd equation at ρ <330 kg/m3.

The deviation of the experimental values of Ʌо and рKd from those calculated using the equations proposed in 
this paper on the saturation line does not exceed 1%, and only at ρ = 917 and ρ = 958 kg/m3, it reaches 2.27 and 1.51%
for Ʌо (Table 3). In the superheated steam at T = 673.15 and T = 773.15 K for the first version of the calculation using 
only the author’s experimental data on Kd [8], the greatest deviation of the experimental data of рKd from the calculated 
one does not exceed 2.5% at ρ = 100–300 kg/m3 and goes up to 8.95% with an increase in ρ to 400–700 kg/m3. For the 
second version of the calculation, considering the data of all authors presented in Table 2, the greatest error of calcula-
tion by the equation at ρ = 100–300 kg/m3and T = 673.15 K; T = 773.15 K reaches 15.5% for these authors [16], and at 
ρ = 100–300 kg/m3 and T = 673.15 K; T = 773.15 K – 67.8%.

Based on the analysis of the obtained results, it can be concluded that the use of LiOH as a corrective additive
for pH control in order to prevent corrosion damage to structural elements of SCVR advanced atomic reactors of the 
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Deviation (in%) of experimental values of limiting equivalent conductance (δɅо) and negative logarithm of molal Koff
constants (δpKd) from values calculated by equations
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14.38[8]; 
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750 - - - 14.2[13] 11.5[13]
800 0.26[8] - - - 12.8[13] 11.3[13]
917 2.27[8] - - - - -
958 1.51[8] - - - - -

Discussion and Conclusions. As obvious from Fig. 1, pH values of LiOH obtained by the authors at T = 673 K
are lower compared to those obtained through calculating [6] by a mean of 0.2; at T = 723 K, they are higher by 0.1–0.2; 
at T = 773 K, they are higher by 0.1–0.7 pH units.

Thus, the error ratio of the data on pH of LiOH in the superheated steam obtained by the authors and presented 
in [6] goes up with increase in T and C. Such a mismatch may be considered satisfactory if it is remembered that with 
decreasing ρ to 200–100 kg/m3, the experimental data [8] error on Kd LiOH increases to 180%, and, moreover, the au-
thors [6] did not use the experimental data on Kd equation at ρ <330 kg/m3.

The deviation of the experimental values of Ʌо and рKd from those calculated using the equations proposed in 
this paper on the saturation line does not exceed 1%, and only at ρ = 917 and ρ = 958 kg/m3, it reaches 2.27 and 1.51%
for Ʌо (Table 3). In the superheated steam at T = 673.15 and T = 773.15 K for the first version of the calculation using 
only the author’s experimental data on Kd [8], the greatest deviation of the experimental data of рKd from the calculated 
one does not exceed 2.5% at ρ = 100–300 kg/m3 and goes up to 8.95% with an increase in ρ to 400–700 kg/m3. For the 
second version of the calculation, considering the data of all authors presented in Table 2, the greatest error of calcula-
tion by the equation at ρ = 100–300 kg/m3and T = 673.15 K; T = 773.15 K reaches 15.5% for these authors [16], and at 
ρ = 100–300 kg/m3 and T = 673.15 K; T = 773.15 K – 67.8%.

Based on the analysis of the obtained results, it can be concluded that the use of LiOH as a corrective additive
for pH control in order to prevent corrosion damage to structural elements of SCVR advanced atomic reactors of the 

Shcherbakov V. N. Improvement of corrosion process control techniques at engineering facilities under high parameters of water coolants
Щербаков В. Н. Совершенствование методов контроля процессов коррозии на объектах машиностроения

fourth generation creates no difficulties at T≤673.15 K and P = 25 MPa. With an increase in temperature already at T =
773.15 K, for effective corrosion protection, it is necessary to raise С LiOH to 10–2 mol/kg, which puts forward the task
to study the vapor solvability of LiOH at these state parameters.

The proposed method of operative control of pH of LiOH vapor solutions and mathematical models for calcu-
lating Ʌо and Kd provide the capability to determine pH using a measuring-computing complex that runs continuously 
in automatic mode; it has a short signal delay time, and it provides an acceptable for practical calculations error of 
measurement results.

The application of such devices in modern systems of chemical-engineering monitoring at TPPs and NPPs will 
significantly improve the reliability of pH operation control and forecasting techniques of LiOH behavior of in the va-
por-water circuit.
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Data measurement system for non-destructive quality testing of hard alloys *

I. K. Tsybriy1, V. L. Vialikov2, V. I. Ignatenko3 **

1, 2, 3 Don State Technical University, Rostov-On-Don, Russian Federation

Информационно-измерительный комплекс для неразрушающего контроля качества твердых сплавов***

И. К. Цыбрий1, В. Л. Вяликов2
, В. И. Игнатенко3**

1, 2, 3 Донской государственный технический университет, г. Ростов-на-Дону, Российская Федерация

Introduction. It is known that the quality of products from 
sintered hardmetals, if the fabrication technique is not 
violated, is determined by the phase composition and an 
average grain size of the carbide phase. However, hard alloys 
have a disadvantage inherent in all products of powder 
metallurgy - the inhomogeneity of the structure and the 
corresponding variation of properties. Traditional methods of 
monitoring the structure and phase composition according to 
the results of selective destructive tests prevent from receiving 
quality data under the production conditions and do not 
guarantee the identity of the properties of all batch products 
under study. The major method of non-destructive quality 
control of hard alloys is coercimetry, but domestic 
coercimeters are currently not produced. In this regard, the 
work objective is to create a domestic data measurement 
system for non-destructive quality testing of hard alloys and an 
assessment of the reliability of the results obtained with its 
help.
Materials and Methods. Cylindrical and spherangular rods 
with the diameter of 4 to 10 mm, made of alloys of VK8 and 
VK10HOM grades, were used in the work. The method of 
comparison with a certified product was used to determine the 
coercitive force in the data measuring system.
Research Results. The coercive force of two batches of 
products from hard alloys of VK10HOM and VK8 grades was 
measured using the developed data measuring system and 
KOERZIMAT 1.097 HcJ coersimeter.
Discussion and Conclusions. The experimental studies show 
that the values of the coercitive force of the samples obtained 
on different equipment have approximately the same level.

Введение. Известно, что качество изделий из спеченных 
твердых сплавов, при отсутствии нарушений технологии 
изготовления, определяется фазовым составом и средним 
размером зерен карбидной фазы. Однако твердые сплавы 
обладают недостатком, присущим в той или иной степени 
всем изделиям порошковой металлургии —
неоднородностью структуры и соответствующей 
вариацией свойств. Традиционные методы контроля 
структуры и фазового состава, по результатам 
выборочных разрушающих испытаний, не позволяют 
оперативно в условиях производства получать 
информацию о качестве и не гарантируют идентичности 
свойств всех изделий исследуемой партии. Основным 
методом неразрушающего контроля качества твердых 
сплавов является измерение коэрцитивной силы. Однако 
отечественных коэрцитиметров в настоящее время не 
производится. В связи с этим целью настоящей работы 
является создание отечественного информационно-
измерительного комплекса для неразрушающего контроля 
качества изделий из спеченных твердых сплавов и оценка 
достоверности полученных с его помощью результатов.
Материалы и методы. В работе использованы 
цилиндрические и сфероконические стержни диаметром 
от 4 до 10 мм, изготовленные из сплавов марок ВК8 и 
ВК10ХОМ. Для определения коэрцитивной силы в 
информационно-измерительном комплексе использован 
метод сравнения с аттестованным изделием.
Результаты исследования. Проведены измерения 

коэрцитивной силы двух партий изделий из твердых 
сплавов марки ВК10ХОМ и марки ВК8, выполненных с 
помощью разработанного информационно-
измерительного комплекса и коэрцитиметра KOERZIMAT 
1.097 HcJ. 
Обсуждение и заключения. Проведенные 
экспериментальные исследования показали, что значения 
коэрцитивной силы образцов, полученные на разном 
оборудовании, имеют примерно одинаковый уровень.

* Работа выполнена в рамках инициативной НИР.
*** The research is done within the frame of independent R&D.
** E-mail: irconst@mail.ru, Vialikov@mail.ru, 79043421201@yandex.ru
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The inhomogeneity of the structure characteristic of sintered
hardmetals being a fabrication technique effect is confirmed. 
Providing that the relative error of measuring the coercitive 
force for each sample should be within ± 6%, the results 
obtained can be considered satisfactory. It is shown that the 
measurement algorithm proposed and implemented in the data 
measurement system through comparing the characteristics of 
the tested and certified samples with the known coercitive 
force, allows the manufacturer of hard alloy products to
expand the sample of inspected products up to 100%, and to 
significantly reduce the costs for non-destructive testing of 
products.

Подтверждена, как следствие технологии производства, 
характерная для спеченных твердых сплавов 
неоднородность структуры. Учитывая, что относительная 
погрешность измерений коэрцитивной силы для каждого 
образца должна находиться в пределах ± 6 %, можно 
считать полученные результаты удовлетворительными. 
Показано, что предложенный и реализованный в 
информационно-измерительном комплексе алгоритм 
измерения путем сравнения характеристик испытуемых и 
аттестованного образца с известной коэрцитивной силой, 
позволяет производителю изделий из твердых сплавов 
расширить выборку контролируемых изделий вплоть до 
100% и существенно снизить затраты на неразрушающий 
контроль продукции.
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Introduction. Among the materials obtained through powder metallurgical techniques, hard alloys are widely 
used. Their basic composition is finely-divided tungsten and titanium carbides on cobalt binder. The use of products 
from hard alloys is due to a number of valuable properties, such as hardness, resistance to friction wear, wearability. At 
the same time, the breakdown in the production of powders and sintering features causes the occurrence of structural 
inhomogeneity within one batch of finished products, and, as a result, heterogeneity of the long-range operation factors.
Consequently, sampling check of several hard-metal products from a batch using, for example, metallographic analysis 
or mechanical testing does not guarantee the identity of the structure and properties of the entire batch.

It is known that the quality of products from sintered hard alloys is mainly determined by the phase 
composition, i.e. the ratio of the amount of the ferromagnetic cobalt phase and paramagnetic carbides, and the average 
grain size of the carbide phase [1–3]. At the fixed content of a cobalt phase for each grade of carbide material, the 
finished product strength is almost completely determined by the carbide graininess [4].

An alternative to destructive testing is non-destructive quality control of hard alloys in terms of coercive force, 
which at a first approximation inversely depends on the carbide grain fineness. The coercive force value, along with the 
strength characteristics of hard alloys, is introduced into the current standards [5, 6]. However, the absence of 
production of domestic coercimeters forces makes manufacturers of hard alloy products use foreign analogues for non-
destructive testing.

Accordingly, the work objective is to create a data measuring system for non-destructive quality control of 
products made of sintered hard alloys, and the validation of the control results obtained with it through comparing with 
the results obtained using KOERZIMAT 1.097 HcJ coercimeter from “Institut Dr. Foerster GmbH & Co. KG” [7] 
which is included in the Russian National Register of Measuring Equipments [8]. The results of the coercive force 
measurement on KOERZIMAT 1.097 HcJ coercimeter are provided by Serpukhov Tool Plant “TVINTOS”.

Materials and Methods. Test items were cylindrical and spherangular rods with the diameter of 4 to 10 mm 
made of alloys of VK8 and VK10HOM grades.

Figure 1 shows the schematic structure of the developed data measurement system [9, 10] which consists of six 
functional blocks.
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The inhomogeneity of the structure characteristic of sintered
hardmetals being a fabrication technique effect is confirmed. 
Providing that the relative error of measuring the coercitive 
force for each sample should be within ± 6%, the results 
obtained can be considered satisfactory. It is shown that the 
measurement algorithm proposed and implemented in the data 
measurement system through comparing the characteristics of 
the tested and certified samples with the known coercitive 
force, allows the manufacturer of hard alloy products to
expand the sample of inspected products up to 100%, and to 
significantly reduce the costs for non-destructive testing of 
products.

Подтверждена, как следствие технологии производства, 
характерная для спеченных твердых сплавов 
неоднородность структуры. Учитывая, что относительная 
погрешность измерений коэрцитивной силы для каждого 
образца должна находиться в пределах ± 6 %, можно 
считать полученные результаты удовлетворительными. 
Показано, что предложенный и реализованный в 
информационно-измерительном комплексе алгоритм 
измерения путем сравнения характеристик испытуемых и 
аттестованного образца с известной коэрцитивной силой, 
позволяет производителю изделий из твердых сплавов 
расширить выборку контролируемых изделий вплоть до 
100% и существенно снизить затраты на неразрушающий 
контроль продукции.
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Introduction. Among the materials obtained through powder metallurgical techniques, hard alloys are widely 
used. Their basic composition is finely-divided tungsten and titanium carbides on cobalt binder. The use of products 
from hard alloys is due to a number of valuable properties, such as hardness, resistance to friction wear, wearability. At 
the same time, the breakdown in the production of powders and sintering features causes the occurrence of structural 
inhomogeneity within one batch of finished products, and, as a result, heterogeneity of the long-range operation factors.
Consequently, sampling check of several hard-metal products from a batch using, for example, metallographic analysis 
or mechanical testing does not guarantee the identity of the structure and properties of the entire batch.

It is known that the quality of products from sintered hard alloys is mainly determined by the phase 
composition, i.e. the ratio of the amount of the ferromagnetic cobalt phase and paramagnetic carbides, and the average 
grain size of the carbide phase [1–3]. At the fixed content of a cobalt phase for each grade of carbide material, the 
finished product strength is almost completely determined by the carbide graininess [4].

An alternative to destructive testing is non-destructive quality control of hard alloys in terms of coercive force, 
which at a first approximation inversely depends on the carbide grain fineness. The coercive force value, along with the 
strength characteristics of hard alloys, is introduced into the current standards [5, 6]. However, the absence of 
production of domestic coercimeters forces makes manufacturers of hard alloy products use foreign analogues for non-
destructive testing.

Accordingly, the work objective is to create a data measuring system for non-destructive quality control of 
products made of sintered hard alloys, and the validation of the control results obtained with it through comparing with 
the results obtained using KOERZIMAT 1.097 HcJ coercimeter from “Institut Dr. Foerster GmbH & Co. KG” [7] 
which is included in the Russian National Register of Measuring Equipments [8]. The results of the coercive force 
measurement on KOERZIMAT 1.097 HcJ coercimeter are provided by Serpukhov Tool Plant “TVINTOS”.

Materials and Methods. Test items were cylindrical and spherangular rods with the diameter of 4 to 10 mm 
made of alloys of VK8 and VK10HOM grades.

Figure 1 shows the schematic structure of the developed data measurement system [9, 10] which consists of six 
functional blocks.
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Fig. 1. Schematic structure of data measurement system

The stabilivolt is assembled on a step-up transformer and is designed to increase the supply voltage up to 300V 
and to feed it to the magnetization coil of the measuring unit. The transformer is turned on by a solenoid starter with a 
quench circuit, which ensures cushion make-break of the measuring unit. The magnetic starter is controlled by a 
microcontroller through a triac connection circuit.

The gage block is a solenoid with a magnetization coil and a measuring circuit fixed inside it (Fig. 2). The 
magnetization coil parameters enable to obtain the magnetic intensity inside the solenoid up to 350 kA/m. The magnetic 
strength generated in the magnetization unit solenoid enables to measure the coercitive force close to the saturation field 
of the material.

The scaler is designed to adjust the measuring signal level for the capabilities of the microcontroller. The 
power supplier and relay automation unit is designed to input various types and levels of voltages to the components of 
scalers, mathematical processing units, and control and indication elements.

Fig. 2. Measuring unit

The mathematical processing device is designed to calculate and store the signal level corresponding to the 
coercitive force of the certified sample and to determine the signal level corresponding to the coercitive force of the 
tested product through the comparison technique.

The data measurement system algorithm is as follows:
- certified sample is placed in the measuring unit, the coercive force value is displayed on the indicator

faceplate;
- U1 voltage corresponding to the known coercitive force value is measured and stored;
- certified sample is removed from the measuring unit;
- test sample is placed in the measuring unit;
- U2 voltage corresponding to the coercitive force value of the test sample is measured and stored;
- coercitive force value of the test sample obtained through comparing U1 and U2 voltages is displayed on the 

indicator faceplate;
- test sample is removed from the measuring unit.
If it is necessary to measure a batch of products of the same grade and of one size with the certified sample, the 

measurement process is repeated starting with the 4th point.
Research Results. The comparative analysis results obtained through measuring the coercitive force values of 

24 product samples from hard alloys of VK10HOM grade using the developed data-measuring system (row 1) and 
KOERZIMAT 1.097 HcJ coercimeter (row 2) are presented in Fig. 3. Similar results for 46 product samples from hard 
alloys of VK8 grade are presented in Fig. 4.

Gage block Scaler

Stabilivolt
Power supplier and 
relay automation 

unit

Math processing device

Elements of control and 
faceplate indication

220V 50 Hz

Magnetization coil Control product

Test coil Balance coil
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Fig. 3. Coercitive force of samples of VK10HOM grade

Fig. 4. Coercitive force of samples of VK8 grade

Discussion. The experimental studies have shown that the coercitive force values of the samples obtained 
using the KOERZIMAT 1.097 HcJ tool and the data-measuring system have approximately the same level.

Taking into account that the relative error in measuring the coercitive force for the KOERZIMAT 1.097 HcJ 
coercimeter is within ± 6%, the comparative tests results can be considered satisfactory.

The variation of coercitive force values of samples within one grade up to 10–12% can be caused by the 
following reasons:

- use of powder mixtures from different manufacturers under sintering;
- ignorance of the required process conditions;
- effect of sample configuration on the instrumental data, since lower of the coercitive force values were observed 

on spherangular samples as a result of a larger demagnetization factor characteristic of this type of samples.
Conclusion. Thus, comparative tests of the data-measuring system have shown the possibility of its use for 

quality control of products from sintered hard alloys. The proposed integrated measurement algorithm is implemented 
through the comparison of characteristics of the test samples and the certified sample with the known coercitive force.
This allows the manufacturer of hard alloy products to expand the sample of controlled products up to 100%, to reduce
time on control operations, and to significantly reduce the costs on nondestructive product inspection.
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Stationary model of salt ion transfer in two-dimensional electrodialysis desalting channel in 
galvanostatic mode*
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Стационарная модель переноса ионов соли в двумерном электродиализном канале обессоливания в 
гальваностатическом режиме***
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Introduction. The theoretical description of the ion transport in 
membrane systems in the galvanostatic mode is presented. A 
desalting channel of the electrodialysis apparatus is considered 
as a membrane system. The work objectives are the develop-
ment and verification of a two-dimensional mathematical 
model of the stationary transport of salt ions in the desalting 
channel of the electrodialysis apparatus for the galvanostatic 
mode.
Materials and Methods. A new model of ion transfer is pro-
posed. It is based on the Nernst – Planck – Poisson equations 
for the electric potential and on the equation for the electric 
current stream function. A numerical solution to the boundary 
value model problem by the finite element method is obtained 
using the Comsol Multiphysics software package.
Research Results. The developed mathematical model enables 
to describe the stationary transfer of binary salt ions in the 
desalting channel of the electrodialysis apparatus. Herewith, 
the violation of the solution electroneutrality and the formation 
of the dilated domain of space charge at overlimiting currents 
in the galvanostatic mode are considered. A good agreement 
between the physicochemical characteristics of the transfer 
calculated by the models for the galvanostatic and potenti-
ostatic modes implies adequacy of the constructed model.
Discussion and Conclusions. The developed model can inter-
pret the experimental study results of ion transfer in membrane 
systems if this process takes place in the galvanostatic mode. 
Some electrokinetic processes are associated with the appear-
ance of a dilated domain of space charge at overlimiting cur-
rents. When describing the formation of this domain, it is pos-
sible to find out how the processes dependent on it affect the 
ion transfer in the galvanostatic mode.

Введение. Статья посвящена теоретическому описанию 
процесса переноса ионов в мембранных системах в галь-
ваностатическом режиме. В качестве мембранной системы 
рассматривается канал обессоливания электродиализного 
аппарата. Цели работы: создание и верификация двумер-
ной математической модели стационарного переноса 
ионов соли в канале обессоливания электродиализного 
аппарата для гальваностатического режима.
Материалы и методы. Предложена новая модель перено-
са ионов. Она основана на системе уравнений Нернста —
Планка — Пуассона для электрического потенциала и на 
уравнении для функции электрического тока. Получено 
численное решение краевой задачи модели методом ко-
нечных элементов с помощью программного пакета 
Comsol Multiphysics.
Результаты исследования. Разработанная математическая 
модель позволяет описать стационарный перенос ионов 
бинарной соли в канале обессоливания электродиализного 
аппарата. При этом учитываются нарушение электроней-
тральности раствора и формирование расширенной обла-
сти пространственного заряда при сверхпредельных токах 
в гальваностатическом режиме. Об адекватности постро-
енной модели свидетельствует хорошее совпадение физи-
ко-химических характеристик переноса, рассчитанных по 
моделям для гальваностатического и потенциостатическо-
го режимов.
Обсуждение и заключения. Разработанная модель позво-
ляет интерпретировать результаты экспериментальных 
исследований переноса ионов в мембранных системах, 
если данный процесс протекает в гальваностатическом 
режиме. Некоторые электрокинетические процессы связа-
ны с появлением расширенной области пространственного 
заряда при сверхпредельных токах. Описывая формирова-
ние указанной области, можно выяснить, каким образом 
зависящие от нее процессы влияют на перенос ионов в 
гальваностатическом режиме.
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model of the stationary transport of salt ions in the desalting 
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Introduction. Membrane systems form the basis for electrodialysis machines, nano- and microfluidic devices, 
which are used in water treatment, agricultural products (milk, wine, etc.) processing, performing chemical analysis,
and in other areas of activity [1-4]. In numerous mathematical models of mass transfer processes in membrane systems 
for potentiostatic or potentiodynamic modes, the electrical mode is defined as a potential jump between two equipoten-
tial planes parallel to the membranes. A detailed review of the papers devoted to modeling for the potentiostatic mode is 
presented in [5–7].

All the while, in the practice of electrodialysis, electrochemical characterization of membranes (chronopotenti-
ometry, impedansometry, etc.), the galvanostatic mode is often used, in which a constant average current density is 
maintained at the interface. A huge amount of experimental data has been compiled about this mode. They must be in-
terpreted [8–10]. Studies in the mathematical modeling of the galvanostatic mode are conducted in several directions.

The first direction is the inverse problem method. As is clear from the name, this is about solving an inverse 
problem: for the specified current density at the “solution – membrane” interface, the corresponding potential jump is 
found, and then the problem for the potentiostatic mode is considered [11]. The low efficiency of this method is due to 
the fact that its implementation requires multiple solutions to the problem in potentiostatic mode for one given value of 
current density.

The second direction is the decomposition method. In this case, the system of Nernst – Planck – Poisson equa-
tions is replaced by a system of decomposition equations [12–16]. The assumption of a quasi-uniform charge distribu-
tion enables to obtain a model for the galvanostatic mode in the approximation of Ohm's law [17–20].

The third approach can be called the direct method. In this case, the equation replacing the Poisson equation is 
derived for the current density in the desalination channel [21].

The galvanostatic mode can be described differently — by numerical solution to the Nernst – Planck – Poisson 
equations for an electric potential with a special boundary condition that allows the current density to be set as a param-
eter specifying the electrical mode in the system. In [22, 23] for the one-dimensional case, the time derivative of the 
electric potential gradient was determined as an explicit function of the current density. This distinguishes the authors’ 
approaches from potentiostatic models in which the difference of potentials is set.

This paper presents a stationary model of the ion transfer process in membrane systems for the galvanostatic 
mode. It is based on the Nernst-Planck-Poisson equation system with the boundary condition that enables to establish 
the current density as a parameter that sets the electric mode in the system. This solution is similar to [22, 23]. The dif-
ference is that the proposed model is two-dimensional and considers the variability of the current density along the 
channel.

Materials and Methods. The desalting channel of the electrodialysis apparatus (EDA) formed by the anion-
exchange (AEM) and cation-exchange membranes (CEM), is taken to mean a membrane system. A binary electrolyte 
solution is pumped through it at 0V average rate.

In Fig. 1, х is a coordinate normal to the membrane surface varying from 0 (border with AEM) to h (border 
with CEM); y is a tangential coordinate to the surface of the membrane varying from 0 (channel entrance) to l (channel 
exit).
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Fig. 1. Scheme of EDA desalination channel. Concentration profiles of С1 cations (solid line) and С2 anions (dot line),

V


forced flow rate are shown.

(System of equations. Consider a two-dimensional stationary case of the system of equations describing the 
transfer of a binary electrolyte with no chemical reactions [24]:

, 1, 2i i i i i i i
Fj z D C D С СV i

RT
= − ∇φ− ∇ + =




, (1)

div 0, 1, 2ij i− = =


, (2)

0 1 1 2 2( )r F z С z Сε ε ∆φ = − + , (3)

1 1 2 2( )I F z j z j= +


 

. (4)

Here, ij


, iD , zi and iС are, respectively, flux, diffusion coefficient, charge number, and molar concentration of the i-

th ion; φ is electric potential; V


is flow rate of the electrolyte solution; ε0 is electric constant; εr is relative dielectric 

constant of the electrolyte solution (assumed to be constant); I


is current density; F is Faraday constant; R is gas con-
stant; T is absolute temperature; 1 2, , ,j j I


 

1 2, ,С Сφ are unknown functions of x and y coordinates.
The Nernst – Planck equations (1) describe the ion flux due to electromigration, diffusion, and convection; (2) is 

the material balance equation in the stationary case; (3) is Poisson’s equation for the electric field potential; (4) is cur-
rent density in the electrolyte solution. We assume that the velocity distribution in the channel corresponds to the 
Poiseuille flow [24]:

00, 6 1x y
x xV V V
h h
 = = − 
 

. (5)

To determine the unknown functions listed above, it is necessary to set boundary conditions for the system (1) 
- (3). Let us consider two electrical modes: potentiostatic, when the potential jump at the system boundaries is set con-
stant, and galvanostatic, when the density of the current flowing through the interface is constant.

Boundary conditions for modeling potentiostatic mode. We assume that the surfaces of ion-exchange mem-
branes are equipotential. The system (1) - (4) includes the potential of the electric field only in the form of derivatives 
with respect to the spatial coordinate. In this case, only ( , ) (0, )h y y∆φ = φ − φ potential jump is significant, where ∆φ is 
a known function, so we set, for example:

( )0, 0yφ = . (6)

Then
const∆φ = . (7)

The conditions (6) and (7) determine the potentiostatic mode. Other boundary conditions are given below.
At the “AEM - solution” interface (x = 0), the concentration of coions (cations) is determined from the condi-

tion of continuity of their flow at the “membrane – solution” boundary considering the selective AEM properties [16]:.

( ) ( )21
1 1

1 1

1 (0, )
0, ,xT I yС F z С y

x RT x z FD
−∂ ∂φ + = ∂ ∂ 

(8)
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Fig. 1. Scheme of EDA desalination channel. Concentration profiles of С1 cations (solid line) and С2 anions (dot line),
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the material balance equation in the stationary case; (3) is Poisson’s equation for the electric field potential; (4) is cur-
rent density in the electrolyte solution. We assume that the velocity distribution in the channel corresponds to the 
Poiseuille flow [24]:
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. (5)

To determine the unknown functions listed above, it is necessary to set boundary conditions for the system (1) 
- (3). Let us consider two electrical modes: potentiostatic, when the potential jump at the system boundaries is set con-
stant, and galvanostatic, when the density of the current flowing through the interface is constant.

Boundary conditions for modeling potentiostatic mode. We assume that the surfaces of ion-exchange mem-
branes are equipotential. The system (1) - (4) includes the potential of the electric field only in the form of derivatives 
with respect to the spatial coordinate. In this case, only ( , ) (0, )h y y∆φ = φ − φ potential jump is significant, where ∆φ is 
a known function, so we set, for example:

( )0, 0yφ = . (6)

Then
const∆φ = . (7)

The conditions (6) and (7) determine the potentiostatic mode. Other boundary conditions are given below.
At the “AEM - solution” interface (x = 0), the concentration of coions (cations) is determined from the condi-

tion of continuity of their flow at the “membrane – solution” boundary considering the selective AEM properties [16]:.

( ) ( )21
1 1

1 1

1 (0, )
0, ,xT I yС F z С y

x RT x z FD
−∂ ∂φ + = ∂ ∂ 
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where Ti (i = 1, 2) are effective numbers of transfer of counterions in the membrane (CEM and AEM, respectively); Ti

are numbers close to 1, and also for 1iT = ideally selective membrane, and the condition (8) turns into the condition of 
membrane impermeability for coions.

The concentration of counterions (anions) depends on the exchange capacity of the CEM, which can be specified 
as:

( )2 2 00, m aС y С N С= = . (9)

Here, Na constant shows how many times this concentration differs from the concentration in the volume of the solution 
[25].

At the “solution - CEM” (x = h) interface for ion concentrations, the conditions similar to those at the “AOM - solution”
(x = 0) border, are accepted:

( )1 1 c 0, ,mС h y С N С= = (10)

( ) ( )12
2 2

2 2

1 ( , )
, .xT I h yС F z С h y

x RT x z FD
−∂ ∂φ + = ∂ ∂ 

(11)

At the channel entrance (y = 0) a uniform distribution of ion concentrations is assumed:
( ) 0,0 , 1, 2.iС x С i= = (12)

The condition for the potential of the electric field is obtained from the equations (1) and (4) considering the 
absence of current flow through Ix input (x, 0, t) = 0:

1 2
1 1 2 22 2

1 1 2 2 0

( ,0) ( ,0)( ,0)
( )

C x C xx RT z D z D
y y yF z D z D C

 ∂ ∂∂φ
= − + ∂ ∂ ∂+  

. (13)

At the channel exit (y = l ), ions are freely carried by the solution flow:

( , ) ( , ) , 1, 2i i i i i i i i y
Fn j n z D C D С СV СV i

RT
= − ∇φ− ∇ + = =




  . (14)

The system (14) also means that the sum of the diffusion and migration tangential components of the anions 
and cations flow is equal to 0:

( ), 0, 1, 2i
i i

C F z C x l i
y RT y

∂ ∂φ
− − = = ∂ ∂ 

. (15)

A “soft” condition is accepted for the potential, meaning that there are no sharp changes in the potential at the 
channel exit:

( ), 0.x l
y
∂φ

=
∂

(16)

The boundary problem, which includes equations (1) - (4) and boundary conditions (6) - (16), simulates the po-
tentiostatic mode, and its control key condition is (7).

Boundary conditions for simulating the galvanostatic mode. Under the simulation of the galvanostatic mode, 
the condition (6) remains, and (7) should be replaced by the condition related to the specified value of avi average cur-

rent density at the “solution – CEM” interface ( x h= ).
To derive such a boundary condition, we substitute the relations (1) into (4) and express the gradient of the 

electric field potential:

1 1 1 2 2 2 1 1 2 22 2 2
1 1 1 2 2 2

( ( ) ( ) ).
( )

RT I F z D С z D С F z С z С V
F z D C z D C

∇φ = − + ∇ + ∇ − +
+

 

(17)

Assuming x h= in (17), we obtain the relation that connects the gradient of the electric potential with the given 
value of the current density at the boundary, that is, the boundary condition at the “solution – CEM” interface:

( ) ( )
1 2

1 1 2 2

2 2 2
1 1 1 2 2 2

, , .
x

С СI Fz D Fz DRT x xh y h y
x F z DС z D С

∂ ∂ + + ∂φ ∂ ∂= −  
∂ +  

 

(18)

In this case, xI current density must satisfy the condition:

0

1 ( , ) .
l

x avI h y dy i
l

=∫ (19)
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The mathematical model of the galvanostatic mode consists of the system of equations (1) - (4). The boundary 
conditions (18) and (19) replace the condition (7). The other boundary conditions coincide with those for the potenti-
ostatic mode.

The potential jump in the galvanostatic mode is a calculated value.
Transformation of the boundary conditions for simulating the galvanostatic mode. The condition (19) is incon-

venient for a numerical solution, since it contains an integral. One of this condition conversion options is given below.
In the stationary case, the current density is a solenoidal vector. Indeed, if we multiply (2) by iz and sum up,

then div 0I =


. Consequently, there is such η function that

,y xI I
x y
∂η ∂η

= = −
∂ ∂

. (20)

Using η function, the conditions (18) and (19) are rewritten as follows:

( ) ( )
1 2

1 1 2 2

2 2 2
1 1 1 2 2 2

, ,

С СFz D Fz D
RT y x xh y h y

x F z DС z D С

∂ ∂∂η − + + ∂ϕ ∂ ∂ ∂ = −
∂ + 

 
 

, (21)

0 0

1 1 1( , ) ( , ) ( ( , ) ( ,0))
l l

x avI h y dy h y dy h l h i
l l y l

∂η
= − = − η −η =

∂∫ ∫ . (22)

The equation (22) can be rewritten as:
( , ) ( ,0) avh l h i lη −η = − . (23)

To close the expression system, it is necessary to obtain an equation for η function. To this end, as in [15, 16], 

we inject a linear differential operator, which is a vortex function (rotor) in the two-dimensional case, for W


arbitrary 
two-dimensional vector:

( ) .y xW W
r W

x y
∂ ∂

= − ∂ ∂ 



(24)

It is easy to check that:
1) ( ) 0r u∇ = for any u smooth function;

2) 1( ) ( , ) ( )r uW u W ur W= ∇ +
  

for any u smooth function  and any W


smooth vector .

Here, 1( , ) y x
u uu W W W
x y
∂ ∂

∇ = −
∂ ∂



is skew-symmetric scalar product of u∇ andW


vectors, moreover, 1( , ) 0a a =
  is for 

any a vector.
Applying (24) to the equation for current density (4), we obtain:

1 1 2 2( ) ( ) ( ).r I Fz r j Fz r j= +


 

(25)
Using the formula of flows (1), we obtain the ratio:

( ) ( ) ( ) ( ), 1, 2i i i i i i i
Fr j z D r C D r C r C V i

RT
= − ∇φ − ∇ + =




. (26)

Hence, considering the properties of r operator:

( ) ( )1 1
( ) , , ( ), 1, 2i i i i i i

Fr j z D C C V C r V i
RT

= − ∇ ∇φ + ∇ + =
 



. (27)

Considering (27) and ( ) y xI I
r I

x y
∂ ∂

= − = ∆η
∂ ∂



, the equation (25) can be written as:

( )

2
2 2 2 21 2 1 2
1 1 2 2 1 1 2 2

1 2 1 2
1 2 1 2 1 1 2 2 .y x

y x

c c c cF z D z D z D z D
RT x x y y y x

V Vc c c cF z z V F z z V F z c z c
x x y y x y

  ∂ ∂ ∂ ∂∂ϕ ∂ϕ ∆η = − ⋅ + − + +   ∂ ∂ ∂ ∂ ∂ ∂    
∂ ∂ ∂ ∂ ∂ ∂ + + − + + + −   ∂ ∂ ∂ ∂ ∂ ∂     

(28)

It follows from (28) and (20) that η function is determined up to a constant, therefore we can assume:

( ,0) 0hη = . (29)
Then we obtain from (23)
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The mathematical model of the galvanostatic mode consists of the system of equations (1) - (4). The boundary 
conditions (18) and (19) replace the condition (7). The other boundary conditions coincide with those for the potenti-
ostatic mode.

The potential jump in the galvanostatic mode is a calculated value.
Transformation of the boundary conditions for simulating the galvanostatic mode. The condition (19) is incon-

venient for a numerical solution, since it contains an integral. One of this condition conversion options is given below.
In the stationary case, the current density is a solenoidal vector. Indeed, if we multiply (2) by iz and sum up,

then div 0I =


. Consequently, there is such η function that

,y xI I
x y
∂η ∂η

= = −
∂ ∂

. (20)

Using η function, the conditions (18) and (19) are rewritten as follows:

( ) ( )
1 2

1 1 2 2

2 2 2
1 1 1 2 2 2

, ,

С СFz D Fz D
RT y x xh y h y

x F z DС z D С

∂ ∂∂η − + + ∂ϕ ∂ ∂ ∂ = −
∂ + 

 
 

, (21)

0 0

1 1 1( , ) ( , ) ( ( , ) ( ,0))
l l

x avI h y dy h y dy h l h i
l l y l

∂η
= − = − η −η =

∂∫ ∫ . (22)

The equation (22) can be rewritten as:
( , ) ( ,0) avh l h i lη −η = − . (23)

To close the expression system, it is necessary to obtain an equation for η function. To this end, as in [15, 16], 

we inject a linear differential operator, which is a vortex function (rotor) in the two-dimensional case, for W


arbitrary 
two-dimensional vector:

( ) .y xW W
r W

x y
∂ ∂

= − ∂ ∂ 



(24)

It is easy to check that:
1) ( ) 0r u∇ = for any u smooth function;

2) 1( ) ( , ) ( )r uW u W ur W= ∇ +
  

for any u smooth function  and any W


smooth vector .

Here, 1( , ) y x
u uu W W W
x y
∂ ∂

∇ = −
∂ ∂



is skew-symmetric scalar product of u∇ andW


vectors, moreover, 1( , ) 0a a =
  is for 

any a vector.
Applying (24) to the equation for current density (4), we obtain:

1 1 2 2( ) ( ) ( ).r I Fz r j Fz r j= +


 

(25)
Using the formula of flows (1), we obtain the ratio:

( ) ( ) ( ) ( ), 1, 2i i i i i i i
Fr j z D r C D r C r C V i

RT
= − ∇φ − ∇ + =




. (26)

Hence, considering the properties of r operator:

( ) ( )1 1
( ) , , ( ), 1, 2i i i i i i

Fr j z D C C V C r V i
RT

= − ∇ ∇φ + ∇ + =
 



. (27)

Considering (27) and ( ) y xI I
r I

x y
∂ ∂

= − = ∆η
∂ ∂



, the equation (25) can be written as:

( )

2
2 2 2 21 2 1 2
1 1 2 2 1 1 2 2

1 2 1 2
1 2 1 2 1 1 2 2 .y x

y x

c c c cF z D z D z D z D
RT x x y y y x

V Vc c c cF z z V F z z V F z c z c
x x y y x y

  ∂ ∂ ∂ ∂∂ϕ ∂ϕ ∆η = − ⋅ + − + +   ∂ ∂ ∂ ∂ ∂ ∂    
∂ ∂ ∂ ∂ ∂ ∂ + + − + + + −   ∂ ∂ ∂ ∂ ∂ ∂     

(28)

It follows from (28) and (20) that η function is determined up to a constant, therefore we can assume:

( ,0) 0hη = . (29)
Then we obtain from (23)
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av( , )h l i lη = − . (30)
The conditions (29) and (30) are boundary for η function.
Mathematical model for the galvanostatic mode in a dimensionless form. For a numerical study of boundary 

value problems, it is convenient to go to a dimensionless form. So we can simplify the equations and find out the actual 
number and set of parameters that determine the system behavior. Dimensionless variables describe a class of similar 
processes characterized by the same value of dimensionless numbers.

Characteristic values describing the problem. When simulating mass transfer processes in the EDA desalina-
tion chamber, a number of characteristic values are taken:

- for spatial coordinates – h intermembrane distance;
- for ion concentrations – 0С volume concentration of the electrolyte;

- for speed – 0V average speed of the forced flow;

- for diffusion coefficients – 1 2 1 2 1 1 2 2( ) ( )D D D z z D z D z= − − diffusion coefficient of the electrolyte;

- for electric potential – 0 RT Fϕ = thermal potential;

- for current density – 0 0i FDС h= value (analogue of the limiting density of diffusion current);

- for ion flow – 0 0j DС h= diffusion flow.

Transition formulas. We translate the equations into a dimensionless form through the following relations ( ( )u
index denotes the dimensionless variants of quantities):

( ) ( ) ( ) ( ) ( )

0 0

( ) ( ) ( ) ( ) ( )

00 0 0

, , , , , 1, 2,

1 1, , , , 1, 2, .

u u u u u i
i

u u u u u i
i i i

Сx y l Vx y l V С i
h h h V С

D
I I j j i D

FDC Di j

= = = = = =

φ η
φ = = η = = = =

φ





 
 

(31)

The system of equations in a dimensionless form has the form ( ( )u index is omitted for simplicity):

, 1, 2i i i i i i ij z D C D С PeСV i= − ∇φ− ∇ + =




, (32)

div 0, 1, 2ij i− = =


, (33)

1 1 2 2( )z С z Сε∆φ = − + , (34)

( )

2 2 2 21 2 1 2
1 1 2 2 1 1 2 2

1 2 1 2
1 2 1 2 1 1 2 2 ,y x

y x

c c c cz D z D z D z D
x x y y y x

V Vc c c cPe z z V Pe z z V Pe z c z c
x x y y x y

  ∂ ∂ ∂ ∂∂φ ∂φ ∆η = − + − + +   ∂ ∂ ∂ ∂ ∂ ∂    
∂ ∂ ∂ ∂ ∂ ∂ + + − + + + −   ∂ ∂ ∂ ∂ ∂ ∂     

(35)

1 1 2 2I z j z j= +


 

. (36)

The system of equations (29) - (35) contains two dimensionless numbers: the Peclet number 0Pe V h D= and
2 2

0 0( )r RT С h Fε = ε ε . The physical meaning of ε parameter is that it is double square of dimensionless Debye length -

Dl : ( )22 Dl hε = [5].

Estimation of the parameter values shows that under natural conditions for electrodialysis, the Peclet number 
has 2 610 10− order, ε number has 13 710 10− −− order, that is, it can be considered a small parameter.

For computational convenience, we transform the system of equations through plugging the flux density (32) 
in the equations (33) and (36):

( ) 0, 1, 2i i i i i idiv z D C D С PeCV i− ∇ϕ− ∇ + = =


, (37)

( )
2

1
i i i i i i i

i
I z z D C D С PeCV

=

= − ∇φ− ∇ +∑
 

. (38)

Thus, the system of equations contains the following unknown ,x y functions: 1 2, , , ,x yС С I Iφ . The fields of 

1 2,С С concentrations and φ potential are determined by solution to the equations (37), (34), respectively. ,x yI I current 

density components are calculated using (38). Speed distribution (5) in dimensionless form:
( )0, 6 1x yV V x x= = − . (39)
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The presence of ε small parameter in the Poisson equation (34) means that the boundary problem is singularly 
perturbed. This significantly complicates its numerical solution, since such problems are stiff [26]. φ potential of the 
electric field and 1 2,С С ion concentrations change very quickly in a narrow boundary layer whose thickness is equal to 

Dl Debye length [5].
To solve this problem, it is advisable to compact the computational grid in the boundary layer and use special 

methods for solving stiff problems [26].
Boundary conditions in dimensionless form. At the “AEM – solution” interface (x = 0):

( ) ( )21
1 1

1 1

1 (0, )
0, ,xT I yС z С y

x x z D
−∂ ∂φ + = ∂ ∂ 

(40)

( )2 a0, ,С y N= (41)

( )0, 0,yφ = (42)

( )0, 0.y
x
∂η

=
∂

(43)

At the “solution – CEM” interface (x = 1):
( )1 c1, ,С y N= (44)

( ) ( ) ( )12
2 2

2 2

1 1,
1, ,xT I yС z С y

x x z D
−∂ ∂φ + = ∂ ∂ 

(45)

( ) ( )
1 2

1 1 2 2

2 2
1 1 1 2 2 2

1, 1, ,

С Сz D z D
у x xy y

x z DС z D С

∂ ∂∂η − + + ∂φ ∂ ∂ ∂ = −
∂ + 

 
 

(46)

( )1, 0.y
x
∂η

=
∂

(47)

At the channel entrance ( y = 0):
( ),0 1, 1,2,iС x i= = (48)

1 2
1 1 2 22 2

1 1 2 2

( ,0) 1 ( ,0),
C Cx z D z D x

y y yz D z D
 ∂ ∂∂φ

= − + ∂ ∂ ∂+  
(49)

( ),0 0.xη = (50)
At the channel exit ( y = l ):

( ), 0, 1, 2,i
i i

C
z C x l i

y y
∂ ∂φ

− − = = ∂ ∂ 
(51)

( ), 0,x l
y
∂φ

=
∂

(52)

( ), avx l i lη = − , avi const= . (53)

After numerical calculation of the system (34), (35), (37) - (53), ∆ϕ potential jump in the desalination channel 
is determined by the formula:

( )
0

1 1,
l

y dy
l

∆ϕ = ϕ∫ . (54)

The numerical solution is found by the finite element method using the Comsol Multiphysics package on an 
uneven computational grid (the density of grid elements is increased at the “solution – membrane” boundaries) [27].

Research Results. The calculations are performed for 91,9 10−ε = ⋅ , 2355Pe = , which corresponds to the fol-
lowing values of the system parameters:

- input concentration of the electrolyte solution of NaCl: C0 = 0.1 mol/m3;
- temperature: T = 298 K;
- diffusion coefficients of cations and anions, respectively: D1 = 1.33·10–9 m2/s, D2 = 2.05 · 10–9 m2/s;
- numbers of counterions transfer in the membranes: T1 = 0.972, T2 = 1;
- ion charge numbers: z1 = 1, z2 = –1;
- ratio of the counterions concentration at the boundary with the membranes to its value at the channel en-

trance: Nc = Na = 1;
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The presence of ε small parameter in the Poisson equation (34) means that the boundary problem is singularly 
perturbed. This significantly complicates its numerical solution, since such problems are stiff [26]. φ potential of the 
electric field and 1 2,С С ion concentrations change very quickly in a narrow boundary layer whose thickness is equal to 

Dl Debye length [5].
To solve this problem, it is advisable to compact the computational grid in the boundary layer and use special 

methods for solving stiff problems [26].
Boundary conditions in dimensionless form. At the “AEM – solution” interface (x = 0):

( ) ( )21
1 1

1 1

1 (0, )
0, ,xT I yС z С y

x x z D
−∂ ∂φ + = ∂ ∂ 

(40)

( )2 a0, ,С y N= (41)

( )0, 0,yφ = (42)

( )0, 0.y
x
∂η

=
∂

(43)

At the “solution – CEM” interface (x = 1):
( )1 c1, ,С y N= (44)

( ) ( ) ( )12
2 2

2 2

1 1,
1, ,xT I yС z С y

x x z D
−∂ ∂φ + = ∂ ∂ 

(45)

( ) ( )
1 2

1 1 2 2

2 2
1 1 1 2 2 2

1, 1, ,

С Сz D z D
у x xy y

x z DС z D С

∂ ∂∂η − + + ∂φ ∂ ∂ ∂ = −
∂ + 

 
 

(46)

( )1, 0.y
x
∂η

=
∂

(47)

At the channel entrance ( y = 0):
( ),0 1, 1,2,iС x i= = (48)

1 2
1 1 2 22 2

1 1 2 2

( ,0) 1 ( ,0),
C Cx z D z D x

y y yz D z D
 ∂ ∂∂φ

= − + ∂ ∂ ∂+  
(49)

( ),0 0.xη = (50)
At the channel exit ( y = l ):

( ), 0, 1, 2,i
i i

C
z C x l i

y y
∂ ∂φ

− − = = ∂ ∂ 
(51)

( ), 0,x l
y
∂φ

=
∂

(52)

( ), avx l i lη = − , avi const= . (53)

After numerical calculation of the system (34), (35), (37) - (53), ∆ϕ potential jump in the desalination channel 
is determined by the formula:

( )
0

1 1,
l

y dy
l

∆ϕ = ϕ∫ . (54)

The numerical solution is found by the finite element method using the Comsol Multiphysics package on an 
uneven computational grid (the density of grid elements is increased at the “solution – membrane” boundaries) [27].

Research Results. The calculations are performed for 91,9 10−ε = ⋅ , 2355Pe = , which corresponds to the fol-
lowing values of the system parameters:

- input concentration of the electrolyte solution of NaCl: C0 = 0.1 mol/m3;
- temperature: T = 298 K;
- diffusion coefficients of cations and anions, respectively: D1 = 1.33·10–9 m2/s, D2 = 2.05 · 10–9 m2/s;
- numbers of counterions transfer in the membranes: T1 = 0.972, T2 = 1;
- ion charge numbers: z1 = 1, z2 = –1;
- ratio of the counterions concentration at the boundary with the membranes to its value at the channel en-

trance: Nc = Na = 1;
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- channel width: h = 10–3 m;
- channel length: l = 2∙10–3 m;
- rate of the solution pumping: V0 = 3,8∙10–3 m/s.
Fig. 2 shows the fields of C1 и С2 concentrations, φ potential and η functions calculated at iav = 1,5ilim current 

density, where ilim is the limiting current density determined by the Leveque formula (in dimensionless form) [28]:
1/32

0
lim

1 1

1 1,47 0,2
h V

i
T t lD

  
 = −  −   

. (55)

Here, t1 = 0.395 is kation transport number in the solution [9].

а) б)

в) г)

Fig. 2. Concentration fields of cations C1 (а) and anions С2 (b), φ potential (c) and η function (d). Model calculation for 
galvanostatic mode at av lim1.5i i= current density.

The forced flow acts in the channel, therefore in the areas near the membranes, the depletion of the ion concen-
tration increases with distance from the channel entrance (along the direction tangential to the membrane surfaces). Ac-
cordingly, the thickness of the expanded space-charge region increases along the channel (Fig. 3).
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а) b)

c)
Fig. 3. Results of numerical calculation based on the model for galvanostatic (solid lines) and potentiostatic (dot lines) modes at 

lim1,5avi i= current density in cross sections 0,1y l= (1), 0, 4y l= (2), 0,9y l= (3): C1 and С2 concentration profiles (a); en-

larged fragment of fig. 3, a (b); 1 1 2 2z C z Cρ = + space charge density (c)

The volt-ampere characteristic (VAC, curve 1 in Fig. 4) is calculated on the basis of the galvanostatic model. 
In this case, the specified current density changed: iav = 0; 0,005ilim; …; 1,5ilim.

Fig. 4. VACs calculated on the models for galvanostatic (1) and potentiostatic (2) modes; i lim limiting current density (3) determined 
by formula (55)

The limiting current density is determined by the point of intersection of the tangents to the VAC in the initial 
part and on the inclined plateau [5]. Here it coincides with ilim value estimated using the approximate Leveque formula 
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а) b)

c)
Fig. 3. Results of numerical calculation based on the model for galvanostatic (solid lines) and potentiostatic (dot lines) modes at 

lim1,5avi i= current density in cross sections 0,1y l= (1), 0, 4y l= (2), 0,9y l= (3): C1 and С2 concentration profiles (a); en-

larged fragment of fig. 3, a (b); 1 1 2 2z C z Cρ = + space charge density (c)

The volt-ampere characteristic (VAC, curve 1 in Fig. 4) is calculated on the basis of the galvanostatic model. 
In this case, the specified current density changed: iav = 0; 0,005ilim; …; 1,5ilim.

Fig. 4. VACs calculated on the models for galvanostatic (1) and potentiostatic (2) modes; i lim limiting current density (3) determined 
by formula (55)

The limiting current density is determined by the point of intersection of the tangents to the VAC in the initial 
part and on the inclined plateau [5]. Here it coincides with ilim value estimated using the approximate Leveque formula 
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(55). Besides, the VAC was calculated on the basis of the potentiostatic model under a change in the potential jump ∆φ 
= 0; 0.4; ...; 40 (curve 2 in Fig. 4). As Fig. 4 shows, VAC 1 and 2 are congruent. Thus, there is a unique correspondence 
to each potential jump of a certain current density, and vice versa.

Fig. 3 and 4 demonstrate a fairly good agreement of various physicochemical transport characteristics calculat-
ed on the models for galvanostatic and potentiostatic modes. This proves the adequacy of the model of the transport in 
galvanostatic mode built by the authors.

The computational costs of the proposed model were estimated as follows. The time spent on solving boundary 
value problems for the galvanostatic and potentiostatic modes was recorded. Herewith, the specified accuracy values of 
the calculations and the system parameters were the same, and lim1,5avi i= . Then time indicators were compared. Thus, 
it has been found that the calculation on the galvanostatic model requires 1.6 times more time. This is due to the fact 
that:

- galvanostatic model contains an additional equation for determining the current density distribution;
- for the potential at x = 1boundary, the condition of the second kind (46) is established.
Complex potential of the electro-membrane system for the galvanostatic mode. In [25], a generalization of the 

impedance of an electrochemical system using η function introduced under the electroneutrality conditions was pro-
posed. A similar generalization is acceptable in this case. Note that when using electrochemical impedance, an object is 
considered only as a “black box”, and its intrinsic properties are determined indirectly. The results obtained above ena-
ble to introduce the concept of a complex potential of the electro-membrane system: P i= φ+ ⋅η . Complex potential is 
a coordinate function of any point inside the object, therefore, unlike the electrochemical impedance, it allows us to 
explore the intrinsic properties of the object.

Discussion and Conclusions. A new technique of mathematical simulation of the stationary process of mass 
transfer in the galvanostatic mode for membrane systems is described. In this case, the two-dimensional case is consid-
ered with the use of a special boundary condition that enables to specify current density in the system. The equations for 
the current electric function are presented. The numerical solution results for potentiostatic and galvanostatic models are 
in good agreement. This shows the adequacy of the proposed transport model in the galvanostatic mode.

The developed model makes it possible to interpret the experimental studies results of the ion transfer in mem-
brane systems if this process proceeds in the galvanostatic mode. Some electrokinetic processes are associated with the 
appearance of a dilated space-charge region under over-limiting currents. The description of the formation of this region 
allows us to find out how the processes dependent on it affect the ion transfer in the galvanostatic mode.
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Introduction. A special case of synthesizing the same 
electromechanical control system by the Pontryagin maximum 
principle and by the synergetic synthesis method is considered. 
The task was to solve the synthesis problem of the time 
optimal electromechanical position control system; herewith 
the travel resistance modulus linearly depended on the output 
coordinate of the system. This approach to the selection of the 
synthesis problem was because the synthesis of time optimal 
systems is one of the most widespread problems, and it is 
solved by increasing the efficiency of the existing control 
systems.
Materials and Methods. Synthesis of the time optimal linear 
control system based on the maximum principle is a widely 
accepted problem in the modern control theory. However, the 
procedure of synergistic synthesis does not have such 
formalization. This being the case, the paper suggests an 
approach that brings together these two methods, which, in our 
opinion, will increase the efficiency of the synergistic 
synthesis method through adding some features of the 
synthesis methodology for optimal systems.
Research Results. The paper formulates two key concepts. The 
first one is as follows: the application of the maximum 
principle for an object of the DC motor class when 
synthesizing the positioning algorithm under the conditions of 
linear loading functionally dependent on the engine rotation 
angle allows the time optimal system to be optimized. The 
second concept states that synthesis of a control system based 
on the synergistic approach enables to obtain a system close to 
optimal (quasioptimal), but after modifying the synergetic 
synthesis method itself. A hypothesis is formulated on the 
possible connection between the introduced (when 
implementing the procedure of state space extension in the 

Введение. Рассмотрен частный случай синтеза одной и той 
же электромеханической системы управления методом 
максимума Понтрягина и методом синергетического 
синтеза. В качестве задачи была определена задача 
синтеза оптимальной по быстродействию 
электромеханической системы позиционирования, при 
этом момент сопротивления движению линейно зависел 
от выходной координаты системы. Этот подход к выбору 
задачи синтеза был обусловлен тем, что синтез 
оптимальных по быстродействию систем является одной 
из самых широко распространенных задач, которая 
решается при повышении эффективности действующих 
систем управления.
Материалы и методы. Синтез оптимальной по 
быстродействию линейной системы управления на основе 
принципа максимума — широко распространенная задача 
в современной теории управления. Однако процедура 
синергетического синтеза такой формализации не имеет. 
Исходя из этого, в статье предложен подход, сближающий 
эти два метода, который, по мнению авторов, позволит 
повысить эффективность метода синергетического 
синтеза, добавив в него некоторые особенности 
методологии синтеза оптимальных систем.
Результаты исследования. В работе сформулированы два 
основных научных положения. Первое - применение 
принципа максимума для объекта класса двигатель 
постоянного тока при синтезе алгоритма 
позиционирования в условиях линейной нагрузки, 
функционально зависящей от угла поворота двигателя, 
позволяет оптимизировать систему по быстродействию. 
Второе - синтез системы управления на основе 
синергетического подхода позволяет получить систему, 
близкую к оптимальной (квазиоптимальную), но уже 
после модификации самого метода синергетического 
синтеза. Сформулирована гипотеза о возможной связи 
между вводимыми, при реализации процедуры 
расширения пространства состояния в методе 
синергетического синтеза, постоянными времени с 

* The research is done within the frame of the independent R&D.
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Introduction. A special case of synthesizing the same 
electromechanical control system by the Pontryagin maximum 
principle and by the synergetic synthesis method is considered. 
The task was to solve the synthesis problem of the time 
optimal electromechanical position control system; herewith 
the travel resistance modulus linearly depended on the output 
coordinate of the system. This approach to the selection of the 
synthesis problem was because the synthesis of time optimal 
systems is one of the most widespread problems, and it is 
solved by increasing the efficiency of the existing control 
systems.
Materials and Methods. Synthesis of the time optimal linear 
control system based on the maximum principle is a widely 
accepted problem in the modern control theory. However, the 
procedure of synergistic synthesis does not have such 
formalization. This being the case, the paper suggests an 
approach that brings together these two methods, which, in our 
opinion, will increase the efficiency of the synergistic 
synthesis method through adding some features of the 
synthesis methodology for optimal systems.
Research Results. The paper formulates two key concepts. The 
first one is as follows: the application of the maximum 
principle for an object of the DC motor class when 
synthesizing the positioning algorithm under the conditions of 
linear loading functionally dependent on the engine rotation 
angle allows the time optimal system to be optimized. The 
second concept states that synthesis of a control system based 
on the synergistic approach enables to obtain a system close to 
optimal (quasioptimal), but after modifying the synergetic 
synthesis method itself. A hypothesis is formulated on the 
possible connection between the introduced (when 
implementing the procedure of state space extension in the 

Введение. Рассмотрен частный случай синтеза одной и той 
же электромеханической системы управления методом 
максимума Понтрягина и методом синергетического 
синтеза. В качестве задачи была определена задача 
синтеза оптимальной по быстродействию 
электромеханической системы позиционирования, при 
этом момент сопротивления движению линейно зависел 
от выходной координаты системы. Этот подход к выбору 
задачи синтеза был обусловлен тем, что синтез 
оптимальных по быстродействию систем является одной 
из самых широко распространенных задач, которая 
решается при повышении эффективности действующих 
систем управления.
Материалы и методы. Синтез оптимальной по 
быстродействию линейной системы управления на основе 
принципа максимума — широко распространенная задача 
в современной теории управления. Однако процедура 
синергетического синтеза такой формализации не имеет. 
Исходя из этого, в статье предложен подход, сближающий 
эти два метода, который, по мнению авторов, позволит 
повысить эффективность метода синергетического 
синтеза, добавив в него некоторые особенности 
методологии синтеза оптимальных систем.
Результаты исследования. В работе сформулированы два 
основных научных положения. Первое - применение 
принципа максимума для объекта класса двигатель 
постоянного тока при синтезе алгоритма 
позиционирования в условиях линейной нагрузки, 
функционально зависящей от угла поворота двигателя, 
позволяет оптимизировать систему по быстродействию. 
Второе - синтез системы управления на основе 
синергетического подхода позволяет получить систему, 
близкую к оптимальной (квазиоптимальную), но уже 
после модификации самого метода синергетического 
синтеза. Сформулирована гипотеза о возможной связи 
между вводимыми, при реализации процедуры 
расширения пространства состояния в методе 
синергетического синтеза, постоянными времени с 
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synergetic synthesis method) time constants with the optimal 
switching time of control defined in the maximum method.
Discussion and Conclusions. The synthesis through the 
maximum control technique and the ADAR method is 
performed. In virtue of the comparison of efficiency of these 
methods, a hypothesis is put forward on the possible 
compatibility of the studied methods.

определяемым в методе максимума оптимальным 
временем переключения управления.
Обсуждение и заключения. Выполнен синтез управления 
методом максимума и методом Аналитического 
Конструирования Агрегированных Регуляторов АКАР. На 
основании сравнения эффективности применения методов 
выдвигается гипотеза о возможной совместимости 
исследуемых методов.

Keywords: maximum principle, optimal control, operation 
speed, control algorithm, synergetic synthesis, ADAR method.

Ключевые слова: принцип максимума, оптимальное 
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Introduction. In the 20th century, the engineering requirements, in particular, in space engineering, put 
forward a range of problems for which a new theory was developed – the theory of optimal control [1]. One of the main 
techniques for the synthesis of optimal control systems is the maximum principle developed by Soviet mathematician L. 
S. Pontryagin and his disciples in the fifties-sixties of the 20th century [2]. The application of this principle is based on 
the formalization of the synthesis problem with the transition to the form of the Mayer problem and the subsequent 
solution to systems of linear or, in some special cases, nonlinear differential equations [1]. It is worth noting that the 
need to solve systems of differential equations, and in the nonlinear case this is not always possible, is in many ways a 
limitation of both the maximum principle itself and the whole concept of synthesis of optimal control systems.

In recent decades, a new approach to the synthesis of control systems has been widely adopted. It relies on the 
synergetic concept of the analysis and synthesis of systems. The technique used, the author of which is A. A. 
Kolesnikov, is called the method of analytical design of aggregated regulators (ADAR) [4–5]. The proposed approach is 
based on the concept of synthesis of nonlinear feedbacks. They provide the asymptotic stability of the control system 
with respect to the required motion of the attractor in the state space [4]. This method differs from the methods of 
synthesis of optimal control systems in the absence of both the optimization criterion of the control system and the 
statement of the synthesized control optimality. From the point of view of the implementation of the synthesis 
procedure, the ADAR method has an undeniable advantage over the synthesis methods of optimal systems, which is 
expressed in the absence of restrictions on the nonlinearity of the system of differential equations [4-5].

From a practical standpoint, synthesis of the process or object management should be able to answer the 
question if there is another control that has the property of superiority over all others. Thus, the modern mass production 
constantly requires efficiency improvement to ensure market competition. One of the most popular ways to increase this
efficiency is to optimize management processes. This approach is applicable both to the systems of automated assembly 
of equipment [6–7] and to the metal-cutting systems, in particular, to drilling control systems in metal-cutting machines 
[8–15]. The idea of combining these approaches to synthesis of the control systems has, from the authors’ the point of 
view, an undoubted practical effect. In science terms, it is important to combine the ADAR method advantages, which 
are expressed in the possibility of considering synthesis of the complex nonlinear process dynamics in mechanical 
engineering [16–19], with a neat and definite formalization of the synthesis problem formulation and assessment of its 
achievement in the maximum principle [1–2] .

1. Synthesis of basic mathematical model and formulation of research problem
In the modern economy, the direction of the time optimal system synthesis, which enables to obtain a

significant increase in the global system efficiency [7–8], has become a frequent practice. Thus, under solving the 
problems of automating the assembly processes of various equipment, the task of attaching different types of parts to 
each other [6–7] often arises. Here, the economic efficiency of the entire production process depends on the speed of 
this operation. The same situation is observed in metal cutting systems on metal-cutting machines [9–19], in which the 
faster the machining process is, the lower the costs of the entire production process. Based on the reasoning, under the 



ht
tp

://
ve

st
ni

k.
do

ns
tu

.ru

440

Lapshin V. P. and the others. Estimation of proximity of controls synthesized on basis of maximum principle and ADAR method
Лапшин В. П. и др. Пример оценки близости управлений, синтезированных на основе принципа максимума и метода АКАР

 

assumption that it is necessary to synthesize a time optimal control system, which, considering the similarity of the 
processes of automated fastening of parts and drilling deep holes, can be illustrated by the following diagram (Fig. 1).

Fig. 1. Illustration diagram

Fig. 1 shows a DC motor performing either an equipment fastening operation or a feed in a drilling unit. In the 
first case, C is the combined load-deflection characteristic of the material that is compressed under twisting. In the 
second case, C characterizes a linear increase in the feed resistance under the accumulation of chips in the chip removal 
channels of the drill.

The electric drive, which ensures the conversion of electrical energy to mechanical energy of motion of the 
system actuators, is the basis for the support subsystem of the control system in both cases considered. Let us assume 
that in the present case, such a transformation is carried out by a DC motor with collector control, which is described 
through the following system of equations [20]:

e

m c

diU c L Ri
dt

dc i J M
dt

− ω = +

ω
= +

,

where U is voltage applied to the engine manifold; i is current consumed by the motor; R, L are parameters of the 
electrical part of the engine; J is parameter characterizing the inertial properties of the engine rotor, the reduced 
inertial moment of all rotating masses; ω is engine rotor speed; cM is external moment of resistance; cm, ce are 
mechanical and electric engine constants. In this case, the moment is presented as a function of the angle of rotation of 
the engine rotor, that is cM С= α . With this in mind (1), we rewrite as:

e

m

diU c L Ri
dt

dc i J С
dt

d
dt

− ω = +

ω
= + α

α
= ω

. (2)

We express the current value in the second equation, apply the obtained value in the first equation, and get:
2

2

1

e e m e m e m e m

LJ d RJ d LС RСU
c c c c c dt c c c cdt

d
dt

ω ω
−ω = + + ω+ α

α
= ω

. (3)

We solve the first equation with respect to the highest derivative and rewrite it with the second one, and then 
we receive:

2

2 ( )m e m

d
dt

c c cd R d С RС U
L dt LJ J LJ LJdt

α
= ω

ω ω
= − − + ω− α +

. (4)

Let us put 1 2 3, , dx x x
dt
ω

α = ω = = ; as constants, we introduce 33 32 31, ( ) , ,m e mc c cR С RСa a a b
L LJ J LJ LJ
= + = = = .

Then the system (4) takes the form:

DC motor
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Fig. 1 shows a DC motor performing either an equipment fastening operation or a feed in a drilling unit. In the 
first case, C is the combined load-deflection characteristic of the material that is compressed under twisting. In the 
second case, C characterizes a linear increase in the feed resistance under the accumulation of chips in the chip removal 
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The electric drive, which ensures the conversion of electrical energy to mechanical energy of motion of the 
system actuators, is the basis for the support subsystem of the control system in both cases considered. Let us assume 
that in the present case, such a transformation is carried out by a DC motor with collector control, which is described 
through the following system of equations [20]: 

e

m c

diU c L Ri
dt

dc i J M
dt

   


 

, 

where U is voltage applied to the engine manifold; i is current consumed by the motor; R, L are parameters of the 
electrical part of the engine; J is parameter characterizing the inertial properties of the engine rotor, the reduced 
inertial moment of all rotating masses; ω is engine rotor speed; cM is external moment of resistance; cm, ce  are 
mechanical and electric engine constants. In this case, the moment is presented as a function of the angle of rotation of 
the engine rotor, that is cM С  . With this in mind (1), we rewrite as: 

 

e

m

diU c L Ri
dt

dc i J С
dt

d
dt

   


  


 

.    (2) 

We express the current value in the second equation, apply the obtained value in the first equation, and get: 

 

2

2

1

e e m e m e m e m

LJ d RJ d LС RСU
c c c c c dt c c c cdt

d
dt

 
     


 

.   (3) 

We solve the first equation with respect to the highest derivative and rewrite it with the second one, and then 
we receive:  

 2

2 ( )m e m

d
dt

c c cd R d С RС U
L dt LJ J LJ LJdt


 

 
      

.     (4) 

Let us put 1 2 3, , dx x x
dt


     ; as constants, we introduce 33 32 31, ( ) , ,m e mc c cR С RСa a a b
L LJ J LJ LJ
     . 

Then the system (4) takes the form: 

DC motor 
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1
2

2
3

3
31 1 32 2 33 3

dx x
dt
dx x
dt

dx
a x a x a x bU

dt





    

.     (5) 

or in matrix-vector form: 

 
.
x Ax Bu  ,   (6) 

where 

31 32 33

0 1 0
0 0 1A
a a a

 
   
    

, 
0
0B
b

 
   
 
 

, 
1

2

3

x
x x

x

 
   
 
 

, 
0
0u
U

 
   
 
 

. 

We take the DC motor whose parameters provide the following constant values: a31=4.65, a32=4.6, a33=2, as a 
drive ensuring the system motion.  

A matrix, with this in mind, will take the form:
0 1 0
0 0 1

4,65 4,6 2
A

 
   
    

. From knowing A matrix, we find λ 

eigenvalues of A matrix: λ1 = –1.2666 + 0.0000i, λ2 = –0.3667 + 1.8806i, λ3 = –0.3667 – 1.8806i.  
As is clear from the obtained eigenvalues of the matrix, the control system is asymptotically stable according 

to Lyapunov [21]. Moreover, we can argue about the oscillatory nature of the processes proceeding in the system, since 
the eigenvalues contain not only negative real parts, but nonzero imaginary parts. 

2. Synthesis of control by Pontryagin’s maximum principle  
First, we formulate the problem of the optimal control synthesis in the following form:  

- using the maximum principle for the object described by the System (5), determine the optimal equation 
algorithm that ensures the transfer of the object from the initial state x1(0)=50, x2(0)=0, x3(0)=0 to the final state 
x1(T)=0, x2(T)=0, x3(T)=0  for T minimum time. Herewith, it is necessary to determine transition count, switching 
torque, and to construct curves of u(t) control and x1(t), x2(t), x3(t) coordinates. 

uUmax restriction is imposed on the control action. The system parameters are as follows: 

31 32 331, 12, 20, 1a a a b    , Umax=440 V. 
Solution: We write the Hamiltonian:  

 
2

1
i i

i
H f



  ,    (7) 

where i  and i are coordinates of  and f vectors. In addition to the system (5), we construct a system of equations 

for i auxiliary variables, where 1,2i  , using the following relation:  
2

1
, 1,2.i i

i
j i

d f
i

dt x

 
   

  

Or open : 

31 1 2
1 2 3

1 1 1

fd f f
dt x x x

   
          

 

    32 1 2
1 2 3

2 2 2

fd f f
dt x x x

   
          

    (8) 

3 31 2
1 2 3

3 3 3

d ff f
dt x x x

   
          

 

Considering (5), the equation system  (8) takes the form: 

 

1
3

2
1 3

3
2 3

4,65

4,6

2

d
dt

d
dt
d

dt

  


    



   



    (9) 
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1
3

2
1 3

3
2 3

4,65

4,6

2

d
dt

d
dt
d

dt

Ψ = Ψ


Ψ = −Ψ + Ψ


Ψ
= −Ψ + Ψ



(9)

Eigenvalue matrix for (9) case:
1.2666 0 0

0 0.3667 1.8806 0
0 0 0.3667 1.8806

DA i
i

Ψ−

 
 = + 
 + 

The solution to the system (9) for the diagonalized case of 𝐴𝐴𝜓𝜓−𝐷𝐷 matrix takes the form:
1.2666

1 1
(0.3667 1.8806 )

2 2
(0.3667 1.8806 )

3 3

t

i t

i t

C e
C e
C e

+

−

 Ψ =
Ψ =
Ψ =

. (10)

Considering 𝑉𝑉𝜓𝜓 matrix, the solution in the initial basis will be:
1,.666 (0.3667 1.8806 ) (0.3667 1.8806 )

1 1 2 3
1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

2 1 2 3
1.2666

3 1

0.9474 (0.5812 0.3347 ) (0.5812 0.3347 )
1.1893 0.6883 0.6883

0.2581 (0.1812 0.2

t i t i t

t i t i t

t

C e i C e i C e
C e C e C e

C e

+ −

+ −

Ψ = − + − + +
Ψ = − + −

Ψ = − + + (0.3667 1.8806 ) (0.3667 1.8806 )
2 3086 ) (0.1812 0.2086 )i t i ti C e i C e+ −




 + −

,

where С1, С2, С3 are integration constants.
The general expression describing the Hamilton function:

1 1 2 2 3 3H f f f= Ψ +Ψ +Ψ (11)
In the expression (11), an important – from the point of view of the method of synthesis – role is played by the 

member, which includes the control:
* 1.2666 (0.3667 1.8806 )

3 1 2 3( 0.2581 (0.1812 0.2086 ) (0.1812 0.2086 ) )t i tH U C e C i C i e bU−= Ψ = − + + + − .
In order for H Hamiltonian calculated by the formula (11) to take the maximum positive value, H* term must 

be always positive and the greatest. For this, the optimal control algorithm should be u(t)=σUmax, where:
1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

1( 0.2581 (0.1812 0.2086 ) (0.1812 0.2086 ) )t i t i tsign С e i e i e+ −s = − + + + − .
u(t)  optimal control is a piecewise constant function, taking ±Umax values, and it has no more than two 

intervals of constancy, since the nonlinear function
1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

10.2581 (0.1812 0.2086 ) (0.1812 0.2086 )t i t i tС e i e i e+ −− + + + −

changes the sign no more than once. In this case, the possible sign change occurs from plus to minus, that is, to fulfill 
the maximum principle, it is required to first apply U= +Umax, to the engine, and then U= –Umax. Let us verify these 
arguments through constructing 3Ψ obtained functional dependence in the Matlab package (Fig. 2).

 Ψ3

t,с
Fig. 2. Graph of 3Ψ variance
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1
3

2
1 3

3
2 3

4,65

4,6

2

d
dt

d
dt
d

dt

Ψ = Ψ


Ψ = −Ψ + Ψ


Ψ
= −Ψ + Ψ



(9)

Eigenvalue matrix for (9) case:
1.2666 0 0

0 0.3667 1.8806 0
0 0 0.3667 1.8806

DA i
i

Ψ−

 
 = + 
 + 

The solution to the system (9) for the diagonalized case of 𝐴𝐴𝜓𝜓−𝐷𝐷 matrix takes the form:
1.2666

1 1
(0.3667 1.8806 )

2 2
(0.3667 1.8806 )

3 3

t

i t

i t

C e
C e
C e

+

−

 Ψ =
Ψ =
Ψ =

. (10)

Considering 𝑉𝑉𝜓𝜓 matrix, the solution in the initial basis will be:
1,.666 (0.3667 1.8806 ) (0.3667 1.8806 )

1 1 2 3
1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

2 1 2 3
1.2666

3 1

0.9474 (0.5812 0.3347 ) (0.5812 0.3347 )
1.1893 0.6883 0.6883

0.2581 (0.1812 0.2

t i t i t

t i t i t

t

C e i C e i C e
C e C e C e

C e

+ −

+ −

Ψ = − + − + +
Ψ = − + −

Ψ = − + + (0.3667 1.8806 ) (0.3667 1.8806 )
2 3086 ) (0.1812 0.2086 )i t i ti C e i C e+ −




 + −

,

where С1, С2, С3 are integration constants.
The general expression describing the Hamilton function:

1 1 2 2 3 3H f f f= Ψ +Ψ +Ψ (11)
In the expression (11), an important – from the point of view of the method of synthesis – role is played by the 

member, which includes the control:
* 1.2666 (0.3667 1.8806 )

3 1 2 3( 0.2581 (0.1812 0.2086 ) (0.1812 0.2086 ) )t i tH U C e C i C i e bU−= Ψ = − + + + − .
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be always positive and the greatest. For this, the optimal control algorithm should be u(t)=σUmax, where:
1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

1( 0.2581 (0.1812 0.2086 ) (0.1812 0.2086 ) )t i t i tsign С e i e i e+ −s = − + + + − .
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1.2666 (0.3667 1.8806 ) (0.3667 1.8806 )

10.2581 (0.1812 0.2086 ) (0.1812 0.2086 )t i t i tС e i e i e+ −− + + + −

changes the sign no more than once. In this case, the possible sign change occurs from plus to minus, that is, to fulfill 
the maximum principle, it is required to first apply U= +Umax, to the engine, and then U= –Umax. Let us verify these 
arguments through constructing 3Ψ obtained functional dependence in the Matlab package (Fig. 2).

 Ψ3

t,с
Fig. 2. Graph of 3Ψ variance
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As can be seen from Fig. 2, 3Ψ does change the sign from (+) to (–) only once. With this in mind, we define an 
optimal equation algorithm that ensures the transfer of an object from x1(0)=0, x2(0)=0, x3(0)=0 initial state to 
x1(T)=50, x2(T)=0, x3(T)=0 final state for T minimum time. Here we note that under modern conditions, there is no 
need to obtain an analytical solution to the original system of equations. Using the available capabilities of modern 
software packages like Matlab, we straightforward and clearly can obtain a numerical solution to the case under 
consideration.

The numerical simulation results for the calculated time optimal control algorithm are presented in Fig. 3. The 
model parameters are selected in such a way that it fulfills the boundary condition required by the right-hand border.

Fig. 3. Graphs of output coordinate (a) and control switching
at 1 0.5t = (b)

Fig. 3 shows that the control switching time from (+Umax) to (–Umax) is selected as 1 0,5t = seconds, and the 
total control time is T 1.3= seconds. In this case, the control system comes to the required output level, that is, the 
right-hand boundary of the boundary conditions is reached.

3. Synthesis of control system through ADAR method 
To synthesize a control system using the ADAR method, it is possible not to make a transition to the abstract 

case of the state space (see (5)), but it is easy to use the original system (2). However, it needs to be translated to the 
following form:

1
2

2
21 1 23 3

3
32 2 33 3

dx x
dt
dx a x a x
dt

dx
a x a x bU

dt

=

= − +

= − − +

, (12)

where 1 2 3, ,x x i xα = ω = = are variables; 23 21 32, 33
1, , ,m eс cC Ra a a a b

J J L L L
= = = = = are introduced as constants.

Considering the previously defined values, we receive: 23 21 32, 331.515, 2.325, 1.5, 2, 1a a a a b= = = = = and the system 

(12) takes the form:

1
2

2
1 3

3
2 3

2.325 1.515

1.5 2

dx x
dt
dx x x
dt

dx
x x U

dt

=

= − +

= − − +

, (13)

With this in mind, A matrix takes the form:
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0 1 0
2.325 0 1.515

0 1.5 2
A

 
 = − 
 − − 

.

From knowing A matrix, we find λ eigenvalues of A matrix: λ1 = –1.2674 + 0.0000i; λ2 = –0.3663 + 1.8801i; 
λ3 = –0.3663 - 1.8801i. As is clear from these results, it is referred to the control system case considered in the 
synthesis through the maximum principle.

The coordinate characterizing the angle of rotor rotation (x1) is the output coordinate of the system. Therefore, 
in order to form requirements for the desired system behavior in the state space, we introduce a macrovariable of 

1 1 01 0x xΨ = − ⇒ order, where 01x is the specified target value of 1x coordinate. The velocity value of the angle change 

must ensure that the angle of rotor rotation tends to the value specified above. To this end, we introduce another 
macrovariable –

2 2 2 1( ) 0x xΨ = −φ ⇒ , where 2 1( )xφ is a certain function describing 2 2 1( )x x⇒ φ tendency in the 

stationary state. Further, we introduce a macrovariable of order in 
3 3 3 1 2( , ) 0x x xΨ = −φ ⇒ coordinate, where

3 1 2( , )x xφ is a certain function that describes the relationship between the coordinates in the stationary state of the 

system and, therefore 3 3 1 2( , )x x x⇒ φ .

For newly introduced 1Ψ , 2Ψ , 3Ψ macrovariables, we require the asymptotically stable law of change, that is, 
execution of the following system of differential equations:

1
1 1

2
2 2

3
3 3

0

0

0

dT
dt

dT
dt

d
T

dt

Ψ +Ψ =
 Ψ +Ψ =
 Ψ +Ψ =


, (14)

where 1,T 2T , 3T are time constants that determine the vanishing rate of the introduced macrovariables, or, in other 
words, the shrinking rate of an arbitrary path of the system in the state space to the desired attractor.

The system of equations introduced in the expression (14) has expanded the system state space from the 3rd to the 
6th, which is one of the main provisions of the ADAR method. Further synthesis of the control system is reduced to a 
stage-by-stage process of decomposition (compression) of this space to the initial level [1–2]. We start the 
decomposition process with the substitution of the system (14) to the first equation instead of Ψ1 macrovariable of its 
value in the coordinates of the controlled process. As a result, we obtain:

1
1 1 01( ) 0

dxT x x
dt

+ − = , (15)

Considering (13), the equation (15) is written as:

1 2 1 01( ) 0T x x x+ − = . (16)
Considering the next step of the synthesis algorithm, because of which it was assumed that 2 1( )x x⇒ φ , we find 

2 1( )xφ value as:

1 01
2 1

1

( )
( )

x x
x

T
−

φ = − (17)

With this context, Ψ2 macrovariable is as follows:

1 01
2 2 2 1 2

1

( )
( )

x x
x x x

T
−

Ψ = −φ = + (18)

Validity of the expression (17), in terms of the control objectives, is confirmed by the fact that the value in the steady 
state is as follows: 2 2 1( ) 0x x⇒ φ ⇒ . Then, considering (18), the second equation of the system (14) will take the 
following form:

2 2 1
2 2 2 2 1

( )
( ) 0

dx d xT T x x
dt dt

φ
− + − φ = . (19)

Or, considering 2 1( )xφ :

1 012 2 1
2 2

1 1

( )
0

x xdx T dxT x
dt T dt T

−
+ + + = . (20)
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2.325 0 1.515

0 1.5 2
A

 
 = − 
 − − 

.

From knowing A matrix, we find λ eigenvalues of A matrix: λ1 = –1.2674 + 0.0000i; λ2 = –0.3663 + 1.8801i; 
λ3 = –0.3663 - 1.8801i. As is clear from these results, it is referred to the control system case considered in the 
synthesis through the maximum principle.

The coordinate characterizing the angle of rotor rotation (x1) is the output coordinate of the system. Therefore, 
in order to form requirements for the desired system behavior in the state space, we introduce a macrovariable of 

1 1 01 0x xΨ = − ⇒ order, where 01x is the specified target value of 1x coordinate. The velocity value of the angle change 

must ensure that the angle of rotor rotation tends to the value specified above. To this end, we introduce another 
macrovariable –

2 2 2 1( ) 0x xΨ = −φ ⇒ , where 2 1( )xφ is a certain function describing 2 2 1( )x x⇒ φ tendency in the 

stationary state. Further, we introduce a macrovariable of order in 
3 3 3 1 2( , ) 0x x xΨ = −φ ⇒ coordinate, where

3 1 2( , )x xφ is a certain function that describes the relationship between the coordinates in the stationary state of the 

system and, therefore 3 3 1 2( , )x x x⇒ φ .

For newly introduced 1Ψ , 2Ψ , 3Ψ macrovariables, we require the asymptotically stable law of change, that is, 
execution of the following system of differential equations:

1
1 1

2
2 2

3
3 3

0

0

0

dT
dt

dT
dt

d
T

dt

Ψ +Ψ =
 Ψ +Ψ =
 Ψ +Ψ =


, (14)

where 1,T 2T , 3T are time constants that determine the vanishing rate of the introduced macrovariables, or, in other 
words, the shrinking rate of an arbitrary path of the system in the state space to the desired attractor.

The system of equations introduced in the expression (14) has expanded the system state space from the 3rd to the 
6th, which is one of the main provisions of the ADAR method. Further synthesis of the control system is reduced to a 
stage-by-stage process of decomposition (compression) of this space to the initial level [1–2]. We start the 
decomposition process with the substitution of the system (14) to the first equation instead of Ψ1 macrovariable of its 
value in the coordinates of the controlled process. As a result, we obtain:

1
1 1 01( ) 0

dxT x x
dt

+ − = , (15)

Considering (13), the equation (15) is written as:

1 2 1 01( ) 0T x x x+ − = . (16)
Considering the next step of the synthesis algorithm, because of which it was assumed that 2 1( )x x⇒ φ , we find 

2 1( )xφ value as:

1 01
2 1

1

( )
( )

x x
x

T
−

φ = − (17)

With this context, Ψ2 macrovariable is as follows:

1 01
2 2 2 1 2

1

( )
( )

x x
x x x

T
−

Ψ = −φ = + (18)

Validity of the expression (17), in terms of the control objectives, is confirmed by the fact that the value in the steady 
state is as follows: 2 2 1( ) 0x x⇒ φ ⇒ . Then, considering (18), the second equation of the system (14) will take the 
following form:

2 2 1
2 2 2 2 1

( )
( ) 0

dx d xT T x x
dt dt

φ
− + − φ = . (19)

Or, considering 2 1( )xφ :

1 012 2 1
2 2

1 1

( )
0

x xdx T dxT x
dt T dt T

−
+ + + = . (20)

Vestnik of Don State Technical University. 2018. Vol. 18, no. 4, pp. 438–448. ISSN 1992-5980 eISSN 1992-6006
Вестник Донского государственного технического университета. 2018. Т. 18, № 4. C. 438–448.   ISSN 1992-5980 eISSN 1992-6006

At the next step of the synthesis algorithm, using the same reasoning as before, and the fact that we 
determine 3 3 1 2( , )x x x⇒ φ from (20), considering (13), 3 1 2( , )x xφ value in coordinates of the controlled process:

1 012 1
3 1 2 1 2

1 2 1

( )( )
( , ) 1,535 0,66 0,66 0

x xT Tx x x x
T T T

−+
φ = − − . (21)

Having obtained 3 1 2( , )x xφ value in the coordinates of the controlled process, we can determine the value of 
Ψ3 macrovariable in the coordinates of the system state and solve the third equation of the system (14).

3 3 1 2
3 3 3 1 2

( , )
[ ] ( , ) 0
dx d x x

T x x x
dt dt

φ
− + − φ = . (22)

After substituting the previously obtained 3 1 2( , )x xφ values from (21) into (22) and using the system (13) at 
this step of decomposing the state space of the control system, we define the control value in the coordinates of the 
controlled process:

1 3 2 3 1 2 1 3 2 3 1 2
2 3 2 1 3

1 2 3 1 2 3

1 2 3 1 01
2

1 2 3 1 2 3

( ) ( )
1,5 2 1,535 1,5

( ) ( )
0,66 0,66

T T T T T T T T T T T T
U x x x x x

T T T T T T
T T T x x

x
T T T T T T

+ + + +
= + + + − − ⇔

+ + −
⇔ −

(23)

The expression (23) determines the asymptotically stable control action on the control system described by 
the equations (13).

The simulation results of the system of differential equations (13) with the required value of the engine rotor 
angle: x10=50 rad, and the values of 1 0.1T = , 2 0.2T = , 3 0.3T = time constants entered are shown in Fig. 4.

Fig. 4. Simulation results with control at 1 0.1T = , 2 0.2T = , 3 0.3T = : transition process on output coordinate (a);
control change schedule (b)

Fig. 4 shows that, in comparison with Fig. 3, the control structure is the same in both cases, that is, the point 
is that at the beginning, a positive control is applied, and then its sign changes to the opposite one. The settling time 
increases dramatically to the value close to 2.5 seconds, but with this, the maximum control reaches values greater 
than 5,000 V. This is unacceptable according to the maximum method. To limit the maximum control value, we 
introduce a nonlinear link of the “saturation” type with the same threshold as in the case of the maximum into the 
control loop. The results of the system simulation, with this threshold and with selected values of 1,T 2T , 3T
constants, are presented in Fig. 5.
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Fig. 5. Simulation results with control at 1 0.15T = , 2 0.16T = , 3 0.17T = :
output coordinate transition (a); control change schedule (b)

Fig. 5 shows that the introduction of a nonlinear constraint on the control of the “saturation” type enables to obtain the 
desired result from the point of view of the control admissibility. In this case, the control structure determined by the 
maximum method is really observed, but the control is not time optimal. It should be noted here that such a 
modification of the ADAR method could also lead to the loss in system stability (Fig. 6).

Fig. 6. Simulation results with control at 1 0.015T = , 2 0.016T = , 3 0.017T = :

output coordinate transition (a); control change schedule (b)

However, despite the result presented in Fig. 6, the addition of amplitude constraint of the control signals to the 
control system obtained by the ADAR method essentially brings it closer to the solutions obtained through
implementing the synthesis procedure by the maximum method.

Discussion and Conclusions. Thus, for the basic model of the control system (2), the time optimal control was 
synthesized by the maximum method. For the same case, in the third part of the paper, with the same system parameters 
and boundary conditions, the control of the ADAR method was synthesized. Both of these controls look different.
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Fig. 5 shows that the introduction of a nonlinear constraint on the control of the “saturation” type enables to obtain the 
desired result from the point of view of the control admissibility. In this case, the control structure determined by the 
maximum method is really observed, but the control is not time optimal. It should be noted here that such a 
modification of the ADAR method could also lead to the loss in system stability (Fig. 6).

Fig. 6. Simulation results with control at 1 0.015T = , 2 0.016T = , 3 0.017T = :

output coordinate transition (a); control change schedule (b)

However, despite the result presented in Fig. 6, the addition of amplitude constraint of the control signals to the 
control system obtained by the ADAR method essentially brings it closer to the solutions obtained through
implementing the synthesis procedure by the maximum method.

Discussion and Conclusions. Thus, for the basic model of the control system (2), the time optimal control was 
synthesized by the maximum method. For the same case, in the third part of the paper, with the same system parameters 
and boundary conditions, the control of the ADAR method was synthesized. Both of these controls look different.
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In case of the maximum method, this is a software piecewise-constant control where the optimal time instant of 
the sign change of the control signal is important. In ADAR case, it is a continuous smooth functional control 
dependence on the coordinates of the system state. However, their implementation shows the structural similarity
expressed in changing the control sign. After the ADAR method modification, the structural similarity has become even 
more visible. Note that the parametric similarity of the implemented controls can be achieved through selecting the time 
constants introduced by the ADAR method during the synthesis. This allows the authors to formulate the following 
hypothesis.

- Selection of the values of 1 2 3, ,T T T time constants introduced by the ADAR method in the synthesis 
procedure, in case of modification of the obtained control by the method proposed in the article, makes it possible to get 
time optimality of the synergetic control. The authors failed to obtain a general proof from this intuitive hypothesis. 
However, this task was not set within the framework of this paper. The numerical experiments with 1 2 3, ,T T T variation
helped us to achieve quasioptimality of the control obtained by the ADAR method.
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Introduction. Algorithms for the parallel binary tree construc-
tion are developed. The algorithms are based on sorting and 

described in a constructive form. For the N element set, the 

time complexity has ( ) (1)T R O  and 2( ) (log )T R O N  esti-

mates, where 
2( ) / 2R N N   is the number of processors. 

The tree is built with the uniqueness property. The algorithms 
are invariant with respect to the input sequence type. The work 
objective is to develop and study ways of accelerating the 
process of organizing and transforming the tree-like data struc-
tures on the basis of the stable maximum parallel sorting algo-
rithms for their application to the basic operations of infor-
mation retrieval on databases. 
Materials and Methods. A one-to-one relation between the 
input element set and the binary tree built for it is established 
using a stable address sorting. The sorting provides maximum 
concurrency, and, in an operator form, establishes a one-to-one 
mapping of input and output indices. On this basis, methods 
for the mutual transformation of the binary data structures are 
being developed. 
Research Results. An efficient parallel algorithm for construct-
ing a binary tree based on the address sorting with time com-

plexity of 
2

2( ) (log )T N O N is obtained. From the well-known 
analogues, the algorithm differs in structure and logarithmic 
estimation of time complexity, which makes it possible to 

achieve the acceleration of
α( )O N , α 1  order analogues. As 

an advanced version, an algorithm modification, which pro-
vides the maximum parallel construction of the binary tree 
based on a stable address sorting and a priori calculation of the 
stored subtree root indices is suggested. The algorithm differs 

in structure and estimation of (1) (1)T O  time complexity. A 
similar estimate is achieved in a sequential version of the mod-

 Введение. Разработаны алгоритмы параллельного постро-
ения двоичного дерева. Алгоритмы выполнены на основе 
сортировки и описаны в конструктивной форме. Для мно-

жества из N элементов временная сложность имеет оцен-

ки ( ) (1)T R O и 2( ) (log )T R O N , где число процессо-

ров
2( ) / 2R N N  . Дерево строится со свойством един-

ственности. Алгоритмы инвариантны относительно вида 
входной последовательности. Целью работы являлась 
разработка и исследование способов ускорения процесса 
организации и преобразований древовидных структур 
данных на основе алгоритмов устойчивой максимально 
параллельной сортировки для их применения к базовым 
операциям информационного поиска в базах данных. 
Материалы и методы. Взаимно однозначное соответ-
ствие множества входных элементов и построенного для 
него двоичного дерева устанавливается при помощи 
устойчивой адресной сортировки. Сортировка обладает 
максимальным параллелизмом, в операторной форме 
устанавливает взаимно однозначное соответствие вход-
ных и выходных индексов. На этой основе разрабатыва-
ются методы взаимного преобразования двоичных струк-
тур данных. 
Результаты исследования. Получен эффективный парал-
лельный алгоритм построения двоичного дерева на основе 
адресной сортировки с временной сложностью 

2

2( ) (log )T N O N . От известных аналогов алгоритм отли-

чается структурой и логарифмической оценкой временной 
сложности, позволяющей достигать ускорения аналогов 
порядка α( )O N , α 1 . В качестве усовершенствованного 
варианта предложена модификация алгоритма, обеспечи-
вающая максимально параллельное построение двоичного 
дерева на основе устойчивой адресной сортировки и 
априорного вычисления хранимых индексов корней под-
деревьев. Алгоритм отличается структурой и оценкой 
временной сложности (1) (1)T O . Аналогичная оценка 
достигается в последовательном варианте модифициро-
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ified algorithm, which allows obtaining the acceleration of 

known analogs of 
α( )O N α 1 order. 

Discussion and Conclusions. The results obtained are focused 
on the creation of effective methods for the dynamic database 
processing. The proposed methods and algorithms can form an 
algorithmic basis for an advanced deterministic search on the 
relational databases and information systems. 

ванного алгоритма, что позволяет достигать ускорения 
известных аналогов порядка α( )O N , α 1 . 
Обсуждения и заключение. Полученные результаты 
направлены на организацию эффективных способов дина-
мической обработки баз данных. Предложенные способы 
и алгоритмы могут составить алгоритмическую основу для 
ускоренного детерминированного поиска в реляционных 
базах данных и информационных системах. 

   
Keywords: data structures, data processing algorithms, binary 
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Introduction. There is a tendency to the convergence of parallel information processing technologies and various 
processor architectures in the field of modern high-performance computing. Despite the variety of processor architectures and 
ways of presenting information, the idea of parallel processing is one of the most important tasks of computer science to in-
crease the data-rate. To accelerate processing speed, the authors propose to use a stable address sorting algorithm with maxi-
mum parallelism. 
Method of parallel construction of a binary tree. For  0 1 1, , , nA a a a   array, the comparison matrix is developed 

according to [1, 2]. i ja  element of this matrix is defined as 

  
,

sign 0,
,

j i

i j j i j i

j i

a a
a a a a a

a a

  
   
   , 

where ,  1, 2, ,i j n .  

ja element in  0 1 1, , , nC с с с   sorted array gets the number 
1

n

i j
i

k a


  , where 0i ja   at i j , 0i ja   at 

i j . All comparisons are mutually independent; the sorting is stable and as parallel as possible with the estimate of 

 
2

1
2

N NT O 
 

 
 time complexity. On this basis, you can perform a parallel construction of a binary tree [3, 4]. 

Suppose we are given a set of N elements, all elements of which are represented as a single-dimension array. 
On the set,   ordering relation is assumed. It is required to convert the array into a binary tree. For this, the described 

array sorting is performed. C  medial array cell has ср 2
Nj     

 index and is taken as the root of the tree [3]. All C array 

components to the left of 
срjC form a left subtree (left subarray). The components to the right of 

срjC  form a right subtree 

(right subarray). The left subarray is interpreted as a new array. It similarly contains 

ср
ср. лев. 1/2

11 1
2 2 2

jNj
                 

 root index. Here, 
ср. лев. 1/2jC

 
is the left-nearest descendant of the root of 

срjC  tree. All 

components of the subarray to the left of 
ср. лев. 1/2jC  do not exceed

ср. лев. 1/2jC ; all components of the subarray on the right are 

not less than
ср. лев. 1/2jC . Simultaneously, the root index of ср

ср. прав. 1/2 ср

11 1
2 2 2 2

jN Nj j
                         

 right subarray 

is determined. At this, 
ср. прав. 1/2jC

 
is the nearest descendant of the root of 

срjC  tree. The process recursively resumes in 

each pair of the adjacent subarrays: 
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each pair of the adjacent subarrays: 
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, 21, 2, , logi N . 

As a result, all components of the lower level of the binary tree are formed in  1O time. The process can con-

tinue until 2log N  exhaustion of the levels of the binary tree. 

The number of algorithm steps for constructing the binary tree in a parallel form is the sum of the sorting step 

and the step sequence when calculating the indices of the roots of subtrees. From here, 

   2 2log τ τ logT R N O N   , where R is the number of processor elements, τ is the time of binary comparison, 

and τ is the time for calculating one root index. R  number of processors is determined by the maximum N parallel 

sorting of input elements, and then – through the calculation of indices with doubling by the number of tree levels. 

When calculating the indices, this number will not exceed 2log 12 / 2N N  , therefore the number of processors involved 

in sorting is sufficient. As a result, R  will be less than 
2

2
N N  [3]. Finally, the time complexity of the parallel algo-

rithm for constructing the binary tree will be 

 
2

2log
2

N NT O N 
 

 
. 

Example [3]. The binary tree for an array of 15  elements 

 14,  9,  24,  7,  11,  20,  28,  3,  8,  10,  13,  17,  21,  25,  30X  is constructed as follows. 

The result of the sort is the array  

 3,  7,  8,  9,  10,  11,  13,  14,  17,  20,  21,  24,  25,  28,  30C 
.
 

The root of the binary tree is the medial element of C  array: ср

15 8,
2

j     
8 14C  . The left subarray has 

ср. лев. 1/2
8 1 4

2
j     

 root, 4 9C   element is the root of the left subtree, which is the left-nearest descendant of 
срjC  

medial component. The right subarray has ср. прав. 1/2
8 18 12

2
j      

 root, 12 24C   element is the root of the right 

subtree and the right-nearest descendant of 
срjC  root. Further, ср. лев. 1/4 ,1

4 1 2
2

j     
, 2 7C   element is the root of 

the subtree on the left and the left-nearest descendant of the root of 
ср. лев. 1/2jC  subtree. In the right subtree, the root has 

ср. лев. 1/4, 2
4 14 6

2
j      

 number, 6 11C   element is the root of the right subtree and right-nearest child of
ср . лев . 1/2jC . 

Similarly, to the left of 
ср. прав. 1/2jC , ср. прав. 1/4,1

12 8 112 10
2

j       
 root is determined, 10 20C   element is the root of 
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the left subtree from it and the left-nearest descendant of 

ср. прав. 1/2jC subtree root. For the subarray, adjacent to the right one 

discussed above, the root has ср. прав. 1/4, 2
12 8 112 14

2
j       

 number, 14 28C   element is 
ср. прав. 1/2jC  right-nearest 

descendant and the right subtree root. The lower level of the tree will be formed by the descendants remaining to the left 

and to the right of each of four identified roots (Fig. 1):  
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1 уровень

2 уровень

C8 = 14

C12 = 24

C11 = 21C9 = 17

C4 = 9

C6 = 11

C5 = 10
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C15 = 30C13 = 25
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8срj 

ср. лев. 1/4,1 2j  ср. прав. 1/4,1 10j  ср. прав. 1/4, 2 14j 

ср. лев. 1/2 4j  ср. прав. 1/2 12j 

ср. лев. 1/8,1 1j  ср. лев. 1/8, 2 3j  ср. лев. 1/8,3 5j  ср. лев. 1/8, 4 7j 
ср. прав. 1/8,1 9j  ср. прав. 1/8, 2 11j  ср. прав. 1/8,3 13j  ср. прав. 1/8, 4 15j 

 
Fig. 1. Example of constructing binary tree based on sorting 

There is Theorem 1 [3]. For a single-dimensional array of N components, a binary tree can be built in parallel 

using sorting with  
2

2log
2

NT O N 
 

 
time complexity. 

The used sorting is stable; the binary tree is implied to be constructed with uniqueness. The indices of all me-

dial components (all roots of subtrees) can be identified [3]. Considering this modification, all the indices from the 

above example for N  subtree values can be calculated synchronously and mutually independently. This leads to a sin-

gle estimate of the build time of the binary tree. For each specific N , all the values of the tree node indices can be cal-

culated a priori and stored in the computer memory. With their help, the sorted components can be synchronously and 

mutually independently addressed to all the tree nodes. Formulas for calculating the node indices depend only on the 

total number of N input elements and are in no way dependent on their mutual arrangement after the stable sorting. To 

simplify memory addressing, the computed indices can be ordered at each level and arranged in ascending levels. Then, 

the entire population of the ordered node indices is read from N  key. It only remains to arrange the sorted tree elements 

by the read-in addresses. Based on the above, there is 

Theorem 2. For a single-dimensional array of N components, a binary tree can be built in parallel using sorting and 

prior calculation of indices with  
2

1
2

NT O 
 

 
time complexity. 

The following unified table contains the formal estimates of time complexity of sequential and parallel algo-

rithms for constructing a binary tree versus the proposed algorithms. 
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culated a priori and stored in the computer memory. With their help, the sorted components can be synchronously and 

mutually independently addressed to all the tree nodes. Formulas for calculating the node indices depend only on the 

total number of N input elements and are in no way dependent on their mutual arrangement after the stable sorting. To 

simplify memory addressing, the computed indices can be ordered at each level and arranged in ascending levels. Then, 

the entire population of the ordered node indices is read from N  key. It only remains to arrange the sorted tree elements 

by the read-in addresses. Based on the above, there is 
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Table 1 

Comparative estimates of time complexity of sequential and parallel algorithms for constructing binary tree versus 

proposed algorithms 

Binary tree algorithm 
Algorithm time 

complexity 
Acceleration when using unit 
time-complexity algorithm 

Acceleration when using 
logarithmic time-complexity 

algorithm 
Algorithm of A. 

Lagana and V. Kumar 
(2004) [5] 

1k
kT O N
   

 
 [5] 

1

* 1

k
kT NO

T

 
 
 
 

  
1

2

ln 2
log

k
kT NO O N

T N

 
  
 
 

 

Algorithm of P. 
Chalermsook (2015) 

[6] 
 2T O N  [6]  2

*

T O N
T

   
2

2

2

ln 2
log

T NO O N
T N

 
  

 
 

Polynomial algorithm 
(2016) [7]  3T O N  [7]  3

*

T O N
T

   
3

3

2

ln 2
log

T NO O N
T N

 
  

 
 

“Left child – right 
sibling” algorithm 

(2014) [8] 
 2T O N  [8]  2

*

T O N
T

   
2

2

2

ln 2
log

T NO O N
T N

 
  

 
 

Pattern-based 
algorithm (1991) [9] 

 2logT O D D  

[9] 
2

*

log
1

D DT O
T

 
  

 
 2

2

log
log

D DT O
T N

 
  

 
 

The presented 
algorithm with 

logarithmic estimate 
of time complexity 

(2015) [3] 

 2logT O N  [3] – – 

The presented 
algorithm with single 

estimate of time 
complexity (2015) [3] 

 * 1T O  – – 

In Table 1: D  is capacity of the template dictionary, N  is the number of input elements of the binary tree, k  

is the dimension of the space in which sorting is performed. 

The table shows that the proposed algorithm with a logarithmic estimate of time complexity abstractly im-
proves estimates of the known algorithms. Minimum acceleration is achieved with respect to the algorithm from [5]: 

 2 ln2T O N
T
 , or  T O N

T
 ; and maximum acceleration is achieved relative to the polynomial algorithm from [7]: 

3

2log
T NO
T N

 
  

 
or  3T O N

T
 . Regarding the proposed algorithm with a single estimate of time-complexity, the eval-

uation of the known algorithms also improves. In this case, minimum acceleration is achieved relative to the algorithm 

from [5]:  *

T O N
T

 , and maximum acceleration is achieved with respect to the polynomial algorithm from [7]: 

 3
*

T O N
T

 . 

Conclusion. The developed algorithms differ from the known techniques [5–7, 10, 11] of constructing a binary 
tree in that they use maximum parallel sorting to calculate the indices of the nodes. In this case, either a logarithmic 
number of steps is consumed by building a tree, or additional time is not spent at all, if the values of the indices are a 
priori calculated for all N values in some real boundaries and stored in the computer memory. The proposed parallel 
algorithm for constructing a binary tree can be used to organize efficient methods for dynamic processing of databases. 
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