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On January 27, 2021, at the 84th year of his life, a remarkable scientist, engineer and 
organizer, Doctor of Engineering Sciences, Professor Anatoly Andreevich Ryzhkin died a 
sudden death.

Anatoly A. Ryzhkin was Honored Worker of Science and Technology of the Russian 
Federation, Doctor of Engineering Sciences, Professor.

Anatoly Andreevich was born on January 21, 1938. He graduated from Rostov Institute 
of Agricultural Engineering (RISKHM) in 1960. All of his more than 60-year working 
career has been associated with his native university.

In the transition time for RISKHM and the entire Russian education, he headed the 
University – in February 1988, he was elected Rector and held this position until 2007. 
Anatoly A. Ryzhkin made a great contribution to the transformation of a branch institute of 
agricultural engineering into a technical university: a modern base for scientific and 

educational process was created, the number of specialties was increased, postgraduate programs were expanded, and 
doctoral programs were opened, social infrastructure facilities were developed. As a result, RISKHM has become a 
regional center of education, science, and culture. In 1992, on his initiative and under his personal leadership, by the 
decision of the Government of the Russian Federation, RISKHM was transformed into Don State Technical University 
(DSTU).

Anatoly A. Ryzhkin is a well-known scientist in the field of friction and wear under the conditions of cutting 
materials. He founded and headed the scientific direction “Physicochemical and thermodynamic fundamentals of wear 
resistance control of tool cutting materials”. A. A. Ryzhkin's applied research works were aimed at creating 
technologies for strengthening tool materials. The results of R&D are implemented at various enterprises of the Rostov 
region and are widely used in the training of students majoring in “Design and technological support of machine-
building industries”.

A. A. Ryzhkin is the author of more than 450 scientific and method papers. More than 50 of them were 
published abroad in English, German, Polish, Spanish, and other languages. Over the years, Professor A. A. Ryzhkin 
had led the postgraduate and doctoral studies, was Chairman of the Dissertation Defence Board at Don State Technical 
University. Anatoly Andreevich personally prepared 16 candidates and 5 doctors of engineering sciences. 

For more than 15 years, Anatoly A. Ryzhkin headed the Council of Rectors of Universities of the Rostov 
region, which, under his leadership, became an effective public and state body for governing the education sector of the 
Rostov Region. 

In recent years, Anatoly Andreevich was Head of the Metal-Cutting Machines and Tools Department, as well 
as the Vice-president of the Association for Engineering Education of Russia, a member of the Problem Council for 
Mechanical Engineering under the Ministry of Education and Science of the Russian Federation.

For long-term and conscientious work, a great contribution to solving problems of higher education, large-
scale scientific and public activities, Anatoly A. Ryzhkin was awarded various state awards and honorary titles: Veteran 
of Labor, Honorary Professor of DSTU, Honored Worker of Science and Technology of the Russian Federation, 
Honorary Worker of Higher School of the Russian Federation.  He is laureate of awards of President of the Russian 
Federation and the Government of the Russian Federation in the field of education; holder of the Order of Merit for the 
Fatherland, IV degree, the Order of Friendship, the Badge of Honor, the Medal for Valiant Labor, the Order of Merit to 
the Rostov Region.

IN MEMORY OF RYZHKIN



M
ec

ha
ni

cs

5

Advanced Engineering Research 2021. V. 21, no. 1. P. 4 ISSN 2687−1653

On January 27, 2021, at the 84th year of his life, a remarkable scientist, engineer and
organizer, Doctor of Engineering Sciences, Professor Anatoly Andreevich Ryzhkin died a 
sudden death.

Anatoly A. Ryzhkin was Honored Worker of Science and Technology of the Russian 
Federation, Doctor of Engineering Sciences, Professor.

Anatoly Andreevich was born on January 21, 1938. He graduated from Rostov Institute
of Agricultural Engineering (RISKHM) in 1960. All of his more than 60-year working 
career has been associated with his native university.

In the transition time for RISKHM and the entire Russian education, he headed the
University – in February 1988, he was elected Rector and held this position until 2007.
Anatoly A. Ryzhkin made a great contribution to the transformation of a branch institute of 
agricultural engineering into a technical university: a modern base for scientific and

educational process was created, the number of specialties was increased, postgraduate programs were expanded, and
doctoral programs were opened, social infrastructure facilities were developed. As a result, RISKHM has become a 
regional center of education, science, and culture. In 1992, on his initiative and under his personal leadership, by the
decision of the Government of the Russian Federation, RISKHM was transformed into Don State Technical University
(DSTU).

Anatoly A. Ryzhkin is a well-known scientist in the field of friction and wear under the conditions of cutting
materials. He founded and headed the scientific direction “Physicochemical and thermodynamic fundamentals of wear
resistance control of tool cutting materials”. A. A. Ryzhkin's applied research works were aimed at creating
technologies for strengthening tool materials. The results of R&D are implemented at various enterprises of the Rostov
region and are widely used in the training of students majoring in “Design and technological support of machine-
building industries”.

A. A. Ryzhkin is the author of more than 450 scientific and method papers. More than 50 of them were
published abroad in English, German, Polish, Spanish, and other languages. Over the years, Professor A. A. Ryzhkin
had led the postgraduate and doctoral studies, was Chairman of the Dissertation Defence Board at Don State Technical
University. Anatoly Andreevich personally prepared 16 candidates and 5 doctors of engineering sciences.

For more than 15 years, Anatoly A. Ryzhkin headed the Council of Rectors of Universities of the Rostov 
region, which, under his leadership, became an effective public and state body for governing the education sector of the
Rostov Region.

In recent years, Anatoly Andreevich was Head of the Metal-Cutting Machines and Tools Department, as well
as the Vice-president of the Association for Engineering Education of Russia, a member of the Problem Council for
Mechanical Engineering under the Ministry of Education and Science of the Russian Federation.

For long-term and conscientious work, a great contribution to solving problems of higher education, large-
scale scientific and public activities, Anatoly A. Ryzhkin was awarded various state awards and honorary titles: Veteran
of Labor, Honorary Professor of DSTU, Honored Worker of Science and Technology of the Russian Federation,
Honorary Worker of Higher School of the Russian Federation.  He is laureate of awards of President of the Russian
Federation and the Government of the Russian Federation in the field of education; holder of the Order of Merit for the
Fatherland, IV degree, the Order of Friendship, the Badge of Honor, the Medal for Valiant Labor, the Order of Merit to
the Rostov Region.

IN MEMORY OF RYZHKIN

Advanced Engineering Research 2021. V. 21, no. 1. P. 5−13.  ISSN 2687−1653 

UDC 691.328 https://doi.org/10.23947/2687-1653-2021-21-1-5-13 

Research of physicomechanical and design characteristics of vibrated, 
centrifuged and vibro-centrifuged concretes  

L. R. Mailyan1, S. A. Stel'makh1, E. M. Shcherban'1, Yu. V. Zherebtsov1, M. M. Al-Tulaikhi2

1Don State Technical University (Rostov-on-Don, Russian Federation) 
2 Ministry of Higher Education & Scientific Research (Baghdad, Iraq) 

Introduction. Currently, the obtaining of lightweight concrete and reinforced concrete products and structures with the 
improved structure and characteristics is a challenge. This can be achieved through centrifugation or in a more 
advanced way — vibro-centrifugation. At the same time, the influence of centrifugal and centripetal forces of inertia in 
these types of technologies causes differences in the cross-section properties of concrete products and structures. To 
reflect this in the calculations, it is required to experimentally and analytically investigate the qualitative and 
quantitative patterns of such differences in the characteristics of concretes obtained through different technologies. 
Materials and Methods. The study used the cross-section averaged characteristics of concrete — “integral 
characteristics of concrete”. The applicable raw materials included portland cement 500, crushed stone fraction 5-20, 
medium sand. Nine control samples of annular cross-section obtained through vibrating, centrifuging, and vibro-
centrifugation were manufactured and tested. The essence of the technique was that each manufactured experimental 
control sample was used in several types of tests in-parallel. From the total annular section of each sample, three 
conditional quadrants were distinguished, from which standard samples of small size were cut out. Subsequently, they 
were tested for axial compression, tension, and flexural tension. The following test equipment was used: electronically 
controlled mechanical press IPS-10 — for compression testing of prisms, and the breaking machine R-10 — for testing 
samples for axial tension. Strain sensors and dial indicators were used to measure concrete deformations. Oscilloscopes 
were also used to obtain the deformative and strength properties of concrete, including full deformation diagrams with 
descending branches.  
Results. We have analyzed the calculation results of the integral design characteristics of the concretes obtained through 
vibration, centrifugation and vibro-centrifugation. It is established that due to the influence of centrifugal and centripetal 
forces of inertia under centrifugation and vibration centrifugation, the characteristics of concrete in cross-section 
become different. In some cases, these differences can be very significant. We have developed and tested the following: 
a new method for evaluating the dependence of the integral (cross–section averaged) design characteristics of concrete 
(density, cubic and prismatic axial compressive strength); ultimate deformations under axial compression; axial tensile 
and flexural tensile strength; ultimate deformations under axial tension; elasticity modulus; diagram of “stress ϭb–
strain εb”  under compression; diagram of “stress ϭbt–strain εbt” under tension on the manufacturing technology 
(vibrating, centrifuging, vibration centrifugation). 
Discussion and Conclusions. Based on the results of the research, conclusions are formulated on the positive effect of 
the proposed technology of joint vibrating and centrifuging. It consists in improving the integral design characteristics 
and structure of concrete from vibrating to centrifuging and from centrifuging to vibro-centrifuging. 

Keywords: vibrating, centrifugation, vibro-centrifugation, column calculation, variatropic structure, integral 
characteristics of concrete, ultimate deformations, compressive strength, elasticity modulus. 

For citation: L. R. Mailyan, S. A. Stel'makh, E. M. Shcherban', et al. Researches of physicomechanical and design 
characteristics of vibrated, centrifuged and vibro-centrifuged concretes.  Advanced Engineering Research, 2021, 
vol. 21, no. 1, p. 5–13. https://doi.org/10.23947/2687-1653-2021-21-1-5-13 

© Mailyan L. R., Stel'makh S. A., Shcherban E. M., Zherebtsov Yu. V., Al-Tulaikhi M. M., 2021 
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Introduction. It is known that through vibro-centrifugation1,2,3 [1–11], it is possible to obtain concretes with 
improved structure and characteristics compared to those obtained through centrifugation and vibration. 

However, in a few works on concrete and reinforced concrete annular structures, the influence of the type of 
technology on the average (general) cross-section characteristics of concrete was considered [12−15]. At the same time, 
it is obvious that due to the influence of centrifugal and centripetal forces of inertia under centrifugation and vibration 
centrifugation, the cross-sectional characteristics of concrete differ [16]. 

In this paper, we experimentally and analytically investigate the qualitative and quantitative patterns of such 
differences in the characteristics of concretes obtained through various technologies. Obviously, to account for these 
differences, it is required to introduce some averaged cross-sectional characteristics of the elements. For this purpose, 
we introduce the term “integral characteristics of concrete”. 

Materials and Methods. In total, nine control annular samples made through vibration, centrifugation and vibro-
centrifugation were produced and tested. Dimensions of these samples were as follows: outer diameter D — 450 mm, 
inner diameter d — 150 mm; total height H — 1200 mm. 

The equipment and test methods used are described in [8−11]. 
Crushed stone fraction 5–20 was used as a filler, which brings the properties of the resulting concrete closer to 

the properties of fine-grained concrete. 
In the experiments, the type of manufacturing technology varied, which was recorded in the designations of the 

samples: vibration — V, centrifugation — C, vibro-centrifugation —VC. 
The problem of estimating the dependence of the integral (averaged over the cross–section) structural 

characteristics of concrete (density, axial compressive strength (cube and prism); ultimate deformations under axial 
compression; axial tension strength and flexural tension; ultimate deformations under axial tension; elasticity modulus; 
diagram of “stress ϭb– strain εb” under compression; diagram of “stress ϭbt–strain εbt” under tension) on the 
manufacturing technology (vibration, centrifugation, vibro-centrifugation) was considered.  

Research Results. The test procedure differed in that each manufactured experimental control sample was 
used in several types of tests in-parallel. Control samples in a single copy were selected and tested on the 7th, 28th and 
180th days. 

From the total annular section of each sample, 3 conditional quadrants A, B and C were allocated, from which 
small-size samples were cut out. Subsequently, they were tested for axial compression, tension, and flexural tension 
(Fig. 1, 2). 

Four cube samples with an edge of 15 cm were cut out of the quadrant A for compression and tension tests 
(levels 1–4), one prism (15×15×60 cm) — for flexural tension tests (level 5). For the axial compression tests, two 
prisms (15×15×60 cm) were cut out of the quadrant B (levels 1–2). Next, three prisms (15×15×60 cm) were cut out of 
the quadrant C for axial tension tests (levels 1–2).  

After testing the cubes for axial compression, we obtained values Rb,cub, after testing the prisms for axial 
compression — values Rb, εbR, Rbt, εbtR, Εb=Εbt and the deformation diagram “ϭb–εb”; after testing the prisms for axial 
tension — values Rbt and the deformation diagram “ϭbt–εbt”; and after testing the prisms for flexural tension — values 
Rbtb. 

1 Aksomitas GA. Strength of short centrifuged annular section columns with longitudinal reinforcement of class At-V under short-term compression: 
Cand.Sci. (Eng.) diss. Vilnius: VISI; 1984. 261 p. (In Russ.) 
2 Petrov VP. Technology and properties of centrifuged concrete with combined aggregate for overhead contact line supports: Cand.Sci. (Eng.) diss. 
Rostov-on-Don: RISI; 1983. 175 p. (In Russ.) 
3 Rajan Suwal. Properties of centrifuged concrete and improvement of the design of centrifuged reinforced concrete poles for power transmission 
lines: Cand.Sci. (Eng.) diss. Rostov-on-Don: RGAS; 1997. 267 p. (In Russ.)
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Introduction. It is known that through vibro-centrifugation1,2,3 [1–11], it is possible to obtain concretes with 

improved structure and characteristics compared to those obtained through centrifugation and vibration. 
However, in a few works on concrete and reinforced concrete annular structures, the influence of the type of 

technology on the average (general) cross-section characteristics of concrete was considered [12−15]. At the same time, 
it is obvious that due to the influence of centrifugal and centripetal forces of inertia under centrifugation and vibration 
centrifugation, the cross-sectional characteristics of concrete differ [16]. 

In this paper, we experimentally and analytically investigate the qualitative and quantitative patterns of such 
differences in the characteristics of concretes obtained through various technologies. Obviously, to account for these 
differences, it is required to introduce some averaged cross-sectional characteristics of the elements. For this purpose, 
we introduce the term “integral characteristics of concrete”. 

Materials and Methods. In total, nine control annular samples made through vibration, centrifugation and vibro-
centrifugation were produced and tested. Dimensions of these samples were as follows: outer diameter D — 450 mm, 
inner diameter d — 150 mm; total height H — 1200 mm. 

The equipment and test methods used are described in [8−11].  
Crushed stone fraction 5–20 was used as a filler, which brings the properties of the resulting concrete closer to 

the properties of fine-grained concrete. 
In the experiments, the type of manufacturing technology varied, which was recorded in the designations of the 

samples: vibration — V, centrifugation — C, vibro-centrifugation —VC. 
The problem of estimating the dependence of the integral (averaged over the cross–section) structural 

characteristics of concrete (density, axial compressive strength (cube and prism); ultimate deformations under axial 
compression; axial tension strength and flexural tension; ultimate deformations under axial tension; elasticity modulus; 
diagram of “stress ϭb– strain εb” under compression; diagram of “stress ϭbt–strain εbt” under tension) on the 
manufacturing technology (vibration, centrifugation, vibro-centrifugation) was considered.  

Research Results. The test procedure differed in that each manufactured experimental control sample was 
used in several types of tests in-parallel. Control samples in a single copy were selected and tested on the 7th, 28th and 
180th days. 

From the total annular section of each sample, 3 conditional quadrants A, B and C were allocated, from which 
small-size samples were cut out. Subsequently, they were tested for axial compression, tension, and flexural tension 
(Fig. 1, 2). 

Four cube samples with an edge of 15 cm were cut out of the quadrant A for compression and tension tests 
(levels 1–4), one prism (15×15×60 cm) — for flexural tension tests (level 5). For the axial compression tests, two 
prisms (15×15×60 cm) were cut out of the quadrant B (levels 1–2). Next, three prisms (15×15×60 cm) were cut out of 
the quadrant C for axial tension tests (levels 1–2).  

After testing the cubes for axial compression, we obtained values Rb,cub, after testing the prisms for axial 
compression — values Rb, εbR, Rbt, εbtR, Εb=Εbt and the deformation diagram “ϭb–εb”; after testing the prisms for axial 
tension — values Rbt and the deformation diagram “ϭbt–εbt”; and after testing the prisms for flexural tension — values 
Rbtb. 

                                                 
1 Aksomitas GA. Strength of short centrifuged annular section columns with longitudinal reinforcement of class At-V under short-term compression: 
Cand.Sci. (Eng.) diss. Vilnius: VISI; 1984. 261 p. (In Russ.) 
2 Petrov VP. Technology and properties of centrifuged concrete with combined aggregate for overhead contact line supports: Cand.Sci. (Eng.) diss. 
Rostov-on-Don: RISI; 1983. 175 p. (In Russ.) 
3 Rajan Suwal. Properties of centrifuged concrete and improvement of the design of centrifuged reinforced concrete poles for power transmission 
lines: Cand.Sci. (Eng.) diss. Rostov-on-Don: RGAS; 1997. 267 p. (In Russ.) 
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а) b) c) 

Fig. 1. Scheme of manufacturing small-size concrete samples from quadrants along the height of experimental control full-scale 
samples of annular cross-section for calculating integral characteristics: a) quadrant A; b) quadrant B; c) quadrant C 

 

 
а) b) c) 

Fig. 2. Experimental small-size concrete samples from quadrants A, B, C of experimental control samples of full-scale annular cross-
section for the analysis of integral structural characteristics a) quadrant A; b) quadrant B; c) quadrant C 

The test procedure according to GOST 10 180 was applied. The following test equipment was used: IPS-10 — 

for testing prisms for compression, and P-10 — for testing samples for axial tension. 

To measure concrete deformations, strain sensors with a measurement base of 50 mm and dial indicators with 

graduation 0.001 mm were used.  

To obtain the deformative and strength properties of concrete, including complete deformation diagrams with 

descending branches, experiments were carried out using a constant deformation rate. 

For this purpose, in addition to strain gauges, oscilloscopes were also used. 

For tests with the same load feed rate, a loading step of 0.1R was selected, and the deformations of the prisms 

increased with a step of 0.1εR (Fig. 3). 
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а) b) 
Fig. 3. Test modes of experimental small-size samples: 

a) — step-by-step, with constant loading rate (Δσ=const);
b) — step-by-step, with constant deformation rate (Δε=const)

The final test mode consisted in increasing the load to the maximum and its subsequent decrease in the process 
of increasing deformation. Thus, during the tests, the descending branch of the concrete diagrams “ϭ – ε” was fixed, 
which has a fairly clear outline up to about the value of σ = 0.8 R, both under compression and tension. Subsequently, 
the dependence acquired a very unstable character 

After analyzing the results obtained, we can draw conclusions about the influence of the sample manufacturing 
technology. The results of experimental studies of changes in the integral characteristics of experimental concrete 
samples, depending on the manufacturing technology, are shown in Fig. 4–10.  

Fig. 4. Influence of manufacturing technique on increase in cube strength of concrete under compression 

Fig. 5. Influence of manufacturing technology on increase in prism strength of concrete under axial compression 
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Fig. 3. Test modes of experimental small-size samples: 
a) — step-by-step, with constant loading rate (Δσ=const);   

b) — step-by-step, with constant deformation rate (Δε=const) 

The final test mode consisted in increasing the load to the maximum and its subsequent decrease in the process 
of increasing deformation. Thus, during the tests, the descending branch of the concrete diagrams “ϭ – ε” was fixed, 
which has a fairly clear outline up to about the value of σ = 0.8 R, both under compression and tension. Subsequently, 
the dependence acquired a very unstable character 

After analyzing the results obtained, we can draw conclusions about the influence of the sample manufacturing 
technology. The results of experimental studies of changes in the integral characteristics of experimental concrete 
samples, depending on the manufacturing technology, are shown in Fig. 4–10.  
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Fig. 6. Dependence of increase in bending tensile strength of concrete on manufacturing technique 

 
Fig. 7. Dependence of increase in axial tensile strength of concrete on manufacturing technique 

 
Fig. 8. Dependence of reduction of ultimate deformations under axial compression of concrete on manufacturing technique 
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Fig. 9. Dependence of reduction of ultimate deformationsunder axial tension of concrete on manufacturing technique 

Fig. 10. Influence of manufacturing technique on increase in the concrete modulus of elasticity 

Discussion and Conclusions. The influence of the sample manufacturing technology on the density at all ages 
was minimal (about 2 %), therefore, when calculating, the indicator “density” can be neglected.  

Vibro-centrifugated concretes showed higher values in terms of “compressive strength” and “tensile strength” 
than vibrated and centrifuged concretes, namely: prism and cube compressive strength — up to 22.0 %, axial and 
flexural tensile strength — up to 27.0%. 

Due to the ordering of the ongoing processes of hydration of cement stone, an increase in the compressive and 
tensile strengths of concrete with simultaneous vibration and centrifugation, in comparison with centrifuged and 
vibrated samples, with age occurs in the studied range of concrete age (7-180 days) and is practically within the same 
limits in all ages. 

For vibro-centrifuged samples, there is a slight decrease (up to 6 %) in the ultimate deformations under axial 
compression and tension. This corresponds to the maximum strength of the concretes under study. 

Vibro-centrifugated concretes, in comparison with vibrated and centrifuged concretes, showed the lowest 
ultimate deformations at any age.  
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Fig. 9. Dependence of reduction of ultimate deformationsunder axial tension of concrete on manufacturing technique

Fig. 10. Influence of manufacturing technique on increase in the concrete modulus of elasticity

Discussion and Conclusions. The influence of the sample manufacturing technology on the density at all ages
was minimal (about 2 %), therefore, when calculating, the indicator “density” can be neglected.

Vibro-centrifugated concretes showed higher values in terms of “compressive strength” and “tensile strength”
than vibrated and centrifuged concretes, namely: prism and cube compressive strength — up to 22.0 %, axial and
flexural tensile strength — up to 27.0%.

Due to the ordering of the ongoing processes of hydration of cement stone, an increase in the compressive and
tensile strengths of concrete with simultaneous vibration and centrifugation, in comparison with centrifuged and
vibrated samples, with age occurs in the studied range of concrete age (7-180 days) and is practically within the same
limits in all ages.

For vibro-centrifuged samples, there is a slight decrease (up to 6 %) in the ultimate deformations under axial
compression and tension. This corresponds to the maximum strength of the concretes under study.

Vibro-centrifugated concretes, in comparison with vibrated and centrifuged concretes, showed the lowest
ultimate deformations at any age.
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The values of “compressive modulus Eb” and “tensile modulus Ebt” at all ages of concrete were up to 8.0 % 
higher in vibro-centrifuged concretes than in vibro-centrifuged and centrifuged concretes. 

An increase in strength, with a parallel decrease in the ultimate deformations, was the reason for an increase in 
Еb and Еbt in concretes with simultaneous vibration and centrifugation, rather than in concretes with one of the types of 
compaction. This fact affected the “stress-strain” diagram — the maximum shifted up and to the left. 

Differences in the stress-strain diagrams under compression and tension, characteristic of concretes with 
simultaneous centrifugation and vibration, at all ages are as follows: 

— increase in strength and decrease in ultimate deformations (maximum shifts up and to the left); 
— increase in the initial modulus of elasticity (increase at the ascending angle origin).  
At all ages of concretes, the following tendency was characteristic: an increase in the lifting capacity of the 

ascending branch of the diagrams, a decrease in the descending branch in centrifuged and vibro-centrifuged concretes 
compared to vibrated ones. 

According to this study, it is appropriate to draw the following conclusions. 
1. Studies of the integral design characteristics under compression and tension of the considered types of

concrete of various manufacturing techniques at the ages of 7, 28 and 180 days showed: 
— concrete performance is improved from vibrating to centrifuging and from centrifuging to vibro-

centrifuging; 
— increase at all ages of compressive and tensile strengths (up to 23 %); 
— reduction of all ultimate deformations (up to 8 %); 
— increase in elastic modulus under various types of loading (up to 10 %). 
2. For all integral diagrams of the “stress-strain” deformation of concrete with simultaneous vibration and

centrifugation, the following is characteristic: 
— moving the maximum up and to the left; 
— increasing at the ascending angle origin; 
— increasing the chart lift in the ascending branch. 
3. Through numerous experimental studies, it has been established that simultaneous vibration and

centrifugation contributes to the production of concretes with improved structure and characteristics, rather than 
concretes obtained by only one type of impact — centrifugation or on. 
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ing speeds, which provides finding solutions for Pade dependences, is developed. After numerical solution to the equa-
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determines the force interaction of a rectangular body and a horizontal surface. These results can be used in mobile ro-
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Introduction. The study of the movement of a rectangular body is a challenge in the mobile robotics [1]. This 
movement is due to the control of the material point inside the body. Such mobile robots can be used to solve a wide 
range of tasks. For example, when creating autonomous robots for the exploration of outer space and planets; for 
medical purposes, in diagnosis and treatment, for example, in case of passing through complex structures of veins and 
arteries; as well as for underground work and research under difficult conditions, for example, under water and in places 
of large differential temperature [1, 2]. 

Thus, more and more challenges are being set for robotics, which require theoretical research, including 
studying models of friction between the body and the surface under the conditions of combined dynamics [3, 4]. Since 
the movement of the mobile robot occurs in different directions, it is required to consider the longitudinal movement 
and rotation. Thus, in the structure of the friction model, it is required to provide the relationship between the sliding 
and twisting speeds [5]. An important development in the description of this relationship was made in [6]. Its author 
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managed to solve the equations for the principal moment and the vector of friction forces where a rectangle was 
considered as a contact area. Such analytical expressions enable to most accurately describe the motion of bodies on 
rough surfaces, but they are cumbersome and complex since they contain integral expressions. Hence, the authors of [7]
constructed linear fractional Pade approximations, which made it possible to find solutions for the resulting 
dependences.

Pade approximation can be used to explain the effects of combined dry friction for linear and angular 
velocities. On the basis of Pade approximations, it became possible to create new models of friction [8, 9], which later 
began to be classified for better interpretation [10]. The classification occurs depending on the number of parameters. 
Thus, in [11], the authors introduced the notions of dimension and order of the dry friction model depending on the 
order of the used Pade approximations.

The model of sliding and twisting friction, which is proposed in the paper [12], provides considering the 
dynamic connection of the components that determine the force interaction of a rectangular body and a horizontal 
surface [13]. 

Problem Statement. We consider a solid body of mass 0m , which is a rectangular body with uniform faces of 

length а, width b and height 2h . A fixed coordinate system Oxyz , associated with the body (Fig. 1) is introduced. 

Point O is located on the horizontal plane. The system. 1 1 1 1O x y z starts at a point 1O , that corresponds to the geometric 

center of the body. The axis 1 1O z is parallel to the axis Oz . The axis 1 1O x is parallel to the long edge of the body. We 

introduce the unit vectors ,x ye e of the axes 1 1O y and 1 1O x , respectively.

Fig. 1. Coordinate systems

Consider the continuous motion of the body on the surface (Fig. 2), which consists of translational movement 
and rotation about the axis 1 1O z . Three coordinates determine the position of the body. The coordinates 0x , 0y and h

set the origin of the coordinate system 1 1 1 1O x y z in the coordinates Oxyz . The rotation of the body relative to its initial 

position on the axis 1 1O x is specified by the angle φ. This paper considers the case when the center of mass of the body 

G and the center of mass of the system 1O coincide (Fig. 2) [14].

Fig. 2. Movement of the system body
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Materials and Methods. The contact area is a rectangle with sides a and b , in which the normal voltage 
depends on the distance from the point P to the faces of the rectangle (Fig. 3).

Fig. 3. Velocities of the points 1O and P

Consider an infinitesimal area dS at an arbitrary point M on the contact surface. We introduce the angle φ

between the relative sliding velocity and the axis 1 1O x . Let us draw the radius vector MPr from the point P  to the point

М. The velocity vector of the point M is denoted υ𝑀𝑀, and to find it, we use the Euler formula describing the velocity 

distribution in a perfectly rigid body:

υ𝑀𝑀 = υ𝑃𝑃 + ω⋅�̄�𝑟𝑀𝑀𝑃𝑃.

The sliding speed at the point M is decomposed into two components along the axes 𝑂𝑂1𝑥𝑥1 and 𝑂𝑂1𝑦𝑦1:

υ𝑀𝑀𝑀𝑀 = υ𝑀𝑀 − 𝑦𝑦ω;

υ𝑀𝑀𝑀𝑀 = υ𝑀𝑀 + 𝑥𝑥ω.

Using Coulomb's law, we find a small increment of the friction force directed against the relative velocity at 

the point M [15]:

𝑑𝑑�̄�𝐹 = −𝑓𝑓σ(𝑥𝑥,𝑦𝑦) υ𝑀𝑀
|υ𝑀𝑀|

𝑑𝑑𝑑𝑑,

where 𝑓𝑓 ― coefficient of friction; σ(𝑥𝑥,𝑦𝑦) ― contact stress distribution function depending on the 𝑥𝑥 and 𝑦𝑦 coordinates;

𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 ― small area increment [15].

We rewrite the differential of the friction force and the moment of this force in projections on the axes under 

consideration:

𝑑𝑑𝐹𝐹𝑀𝑀 = −𝑓𝑓σ(𝑥𝑥, 𝑦𝑦) υ𝑀𝑀𝑀𝑀
|υ𝑀𝑀|

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦;

𝑑𝑑𝐹𝐹𝑀𝑀 = −𝑓𝑓σ(𝑥𝑥, 𝑦𝑦) υ𝑀𝑀𝑀𝑀
|υ𝑀𝑀|

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦;

𝑑𝑑𝑀𝑀𝑧𝑧 = �
𝑖𝑖 𝑗𝑗 𝑘𝑘
𝑥𝑥 𝑦𝑦 0
𝑑𝑑𝐹𝐹𝑀𝑀 𝑑𝑑𝐹𝐹𝑀𝑀 0

� = 𝑥𝑥𝑑𝑑𝐹𝐹𝑀𝑀 − 𝑦𝑦𝑑𝑑𝐹𝐹𝑀𝑀. 

As a special case, we consider a uniform distribution of stress in the absence of internal masses in the body, 

then these stresses will be equal to:  σ = 𝑚𝑚0𝑔𝑔
𝑎𝑎𝑎𝑎

, but then we will continue the record in general form:  σ(𝑥𝑥, 𝑦𝑦).

Having integrated the expressions for the friction forces, we obtain:

𝐹𝐹𝑀𝑀 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) υ𝑀𝑀−𝑀𝑀ω
|υ𝑀𝑀|

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ ; (1)

𝐹𝐹𝑀𝑀 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) υ𝑀𝑀+𝑀𝑀ω
|υ𝑀𝑀|

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ . (2)

Relative slip module |υ𝑀𝑀| is calculated from the formula:

|υ𝑀𝑀| = �υ𝑀𝑀𝑀𝑀2 + υ𝑀𝑀𝑀𝑀2 = �υ𝑀𝑀2 + υ𝑀𝑀2 + ω2(𝑥𝑥2 + 𝑦𝑦2) + 2ω�υ𝑀𝑀𝑥𝑥 − υ𝑀𝑀𝑦𝑦�. (3)
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depends on the distance from the point P to the faces of the rectangle (Fig. 3).

Fig. 3. Velocities of the points 1O and P

Consider an infinitesimal area dS at an arbitrary point M on the contact surface. We introduce the angle φ

between the relative sliding velocity and the axis 1 1O x . Let us draw the radius vector MPr from the point P to the point

М. The velocity vector of the point M is denoted υ𝑀𝑀, and to find it, we use the Euler formula describing the velocity 

distribution in a perfectly rigid body:

υ𝑀𝑀 = υ𝑃𝑃 + ω⋅�̄�𝑟𝑀𝑀𝑃𝑃.

The sliding speed at the point M is decomposed into two components along the axes 𝑂𝑂1𝑥𝑥1 and 𝑂𝑂1𝑦𝑦1:

υ𝑀𝑀𝑀𝑀 = υ𝑀𝑀 − 𝑦𝑦ω;

υ𝑀𝑀𝑀𝑀 = υ𝑀𝑀 + 𝑥𝑥ω.

Using Coulomb's law, we find a small increment of the friction force directed against the relative velocity at

the point M [15]:
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𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 ― small area increment [15].

We rewrite the differential of the friction force and the moment of this force in projections on the axes under

consideration:
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𝑖𝑖 𝑗𝑗 𝑘𝑘
𝑥𝑥 𝑦𝑦 0
𝑑𝑑𝐹𝐹𝑀𝑀 𝑑𝑑𝐹𝐹𝑀𝑀 0

� = 𝑥𝑥𝑑𝑑𝐹𝐹𝑀𝑀 − 𝑦𝑦𝑑𝑑𝐹𝐹𝑀𝑀.

As a special case, we consider a uniform distribution of stress in the absence of internal masses in the body,

then these stresses will be equal to: σ = 𝑚𝑚0𝑔𝑔
𝑎𝑎𝑎𝑎

, but then we will continue the record in general form: σ(𝑥𝑥, 𝑦𝑦).

Having integrated the expressions for the friction forces, we obtain:

𝐹𝐹𝑀𝑀 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) υ𝑀𝑀−𝑀𝑀ω
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−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ ; (1)

𝐹𝐹𝑀𝑀 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) υ𝑀𝑀+𝑀𝑀ω
|υ𝑀𝑀|

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ . (2)

Relative slip module |υ𝑀𝑀| is calculated from the formula:

|υ𝑀𝑀| = �υ𝑀𝑀𝑀𝑀2 + υ𝑀𝑀𝑀𝑀2 = �υ𝑀𝑀2 + υ𝑀𝑀2 + ω2(𝑥𝑥2 + 𝑦𝑦2) + 2ω�υ𝑀𝑀𝑥𝑥 − υ𝑀𝑀𝑦𝑦�. (3)
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Imagine the relative positions of the vectors of variable sliding speed υ and the components of the friction 

force: 𝐹𝐹∥ ― the component opposite to the sliding speed υ; 𝐹𝐹⊥ ― the component perpendicular to the instantaneous slip 

velocity. At the same time, imagine the coordination of this system with respect to the axes 𝑂𝑂1𝑥𝑥1 and 𝑂𝑂1𝑦𝑦1 (Fig. 4).

Fig. 4. Components of the friction force and velocity

We will make a transition from the projections of the sliding speed:

�
υ𝑀𝑀 = υcosφ,
υ𝑀𝑀 = υsinφ, (4)

to the speed module and the sliding angle:

�
𝐹𝐹∥ = 𝐹𝐹𝑀𝑀cosφ + 𝐹𝐹𝑀𝑀sinφ,

𝐹𝐹⊥ = 𝐹𝐹𝑀𝑀(−sinφ) + 𝐹𝐹𝑀𝑀sinφ. (5)

We will integrate the moment of the friction force on the contact area:

𝑀𝑀𝑧𝑧 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) υ(𝑀𝑀sinφ−𝑀𝑀cosφ)+ω�𝑀𝑀2+𝑀𝑀2�
�υ2+ω2(𝑀𝑀2+𝑀𝑀2)+2ωυ(𝑀𝑀sinφ−𝑀𝑀cosφ)

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ .

Let us substitute the expressions (1)–(3) into the system (5), and also rewrite the expression for the moment of 

force. As a result, we obtain a three-dimensional model of friction sliding and twisting:

𝐹𝐹∥ = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) ∙ υ�cos2φ+sin2φ�−ω(𝑀𝑀cosφ+𝑀𝑀sinφ)

�υ2+ω2(𝑀𝑀2+𝑀𝑀2)+2ωυ(𝑀𝑀sinφ−𝑀𝑀cosφ)
𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄

−𝑎𝑎 2⁄
𝑎𝑎 2⁄
−𝑎𝑎 2⁄ ; (6)

𝐹𝐹⊥ = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) ∙𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄

ω(𝑀𝑀sinφ+𝑀𝑀cosφ)
�υ2+ω2(𝑀𝑀2+𝑀𝑀2)+2ωυ(𝑀𝑀sinφ−𝑀𝑀cosφ)

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦; (7)

𝑀𝑀𝑧𝑧 = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) ·𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄

υ(𝑀𝑀sinφ−𝑀𝑀cosφ)+ω�𝑀𝑀2+𝑀𝑀2�
�υ2+ω2(𝑀𝑀2+𝑀𝑀2)+2ωυ(𝑀𝑀sinφ−𝑀𝑀cosφ)

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦. (8)

In order not to solve cumbersome integrals, we use the replacement of the corresponding Pade expansions [16, 

17]. Thus, based on the Pade theory [18], these expressions can be formulated as the ratio of two functions of several 

variables in the entire domain of definition, provided that the functions must have the same order [7]. To define these 

functions, it is required to determine the behavior of integral expressions (6)–(8) under the following conditions:

𝜕𝜕𝐹𝐹∥
𝜕𝜕υ |υ=0

= − 𝑓𝑓
ω∫ ∫ σ(𝑥𝑥,𝑦𝑦) ·𝑎𝑎 2⁄

−𝑎𝑎 2⁄
𝑎𝑎 2⁄
−𝑎𝑎 2⁄

�𝑀𝑀2+𝑀𝑀2�𝑀𝑀2+𝑀𝑀2�+(𝑀𝑀cosφ+𝑀𝑀sinφ)(𝑀𝑀sinφ−𝑀𝑀cosφ)
(𝑀𝑀2+𝑀𝑀2)2

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦 = − 𝑓𝑓
ω
𝐼𝐼0;

𝜕𝜕𝑀𝑀𝑧𝑧
𝜕𝜕υ |υ=0

= − 𝑓𝑓
ω∫ ∫ σ(𝑥𝑥,𝑦𝑦) ∙ (2𝑀𝑀2𝑀𝑀sinφ−2𝑀𝑀3cosφ)

(𝑀𝑀2+𝑀𝑀2)2
𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄

−𝑎𝑎 2⁄
𝑎𝑎 2⁄
−𝑎𝑎 2⁄ = − 𝑓𝑓

ω
𝐼𝐼3;

𝑀𝑀𝑧𝑧|ω→∞ = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) ∙ 𝑀𝑀2−𝑀𝑀2

�𝑀𝑀2+𝑀𝑀2
𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄

−𝑎𝑎 2⁄
𝑎𝑎 2⁄
−𝑎𝑎 2⁄ = −𝑓𝑓𝐼𝐼6;

𝐹𝐹⊥|ω→∞ = −𝑓𝑓 ∫ ∫ σ(𝑥𝑥,𝑦𝑦) ∙ 𝑀𝑀sinφ+𝑀𝑀cosφ
�𝑀𝑀2+𝑀𝑀2

𝑑𝑑𝑥𝑥𝑑𝑑𝑦𝑦𝑎𝑎 2⁄
−𝑎𝑎 2⁄

𝑎𝑎 2⁄
−𝑎𝑎 2⁄ = 𝑓𝑓𝐼𝐼9;

𝜕𝜕𝐹𝐹∥
𝜕𝜕υ |ω=0

=
𝜕𝜕𝐹𝐹∥
𝜕𝜕ω |𝜐𝜐=0

=
𝜕𝜕𝐹𝐹∥
𝜕𝜕ω |ω=0

= 𝐹𝐹∥|ω→∞ =
𝜕𝜕𝐹𝐹⊥
𝜕𝜕υ |ω=0

=
𝜕𝜕𝐹𝐹⊥
𝜕𝜕ω |υ=0

=

= 𝐹𝐹⊥|υ→∞ = 𝜕𝜕𝐹𝐹⊥
𝜕𝜕ω |ω=0

= 𝜕𝜕𝑀𝑀𝑧𝑧
𝜕𝜕υ |ω=0

= 𝜕𝜕𝑀𝑀𝑧𝑧
𝜕𝜕ω |υ=0

= 𝑀𝑀𝑧𝑧|υ→∞ = 0.
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Values of the expressions ∂F⊥
∂υ |υ=0

and ∂Mz
∂ω |ω=0

are not involved in finding the subsequent Pade approximants, 

therefore, their writing is omitted due to their cumbersomeness. The identical equality to zero is realized under the 

condition that the voltage σ is symmetric about the center of the rectangular contact spot, i.e., the point 𝑃𝑃.

An accurate three-dimensional integral model [13] (6)–(8) provides a logical description of dry friction 

phenomena, but for solving problems of dynamics, such a model is difficult to accept due to the need to calculate 

impressive integrals [10]. To avoid this procedure, we use [6] to replace the exact integral system with the 

corresponding expressions using Pade approximations in the whole range of variables. Linear fractional Pade 

expansions give a three-dimensional model of first-order sliding and twisting friction [19]:

𝐹𝐹∥ = 𝐹𝐹0
υ+𝑎𝑎1ω
υ+𝑑𝑑1ω

; (9)

𝑀𝑀𝑧𝑧 = 𝑀𝑀0
ω+𝑎𝑎2υ
ω+𝑑𝑑2υ

; (10)

𝐹𝐹⊥ = 𝐹𝐹0
ω+𝑎𝑎3υ
ω+𝑑𝑑3υ

. (11) 

To determine the Pade coefficients, it is required to study the properties of this model at the boundary points 

by analogy with integral expressions. To do this, we differentiate the parameters 𝐹𝐹∥,  𝐹𝐹⊥,  𝑀𝑀𝑧𝑧 and thus satisfy the

corresponding integral expressions:

⎩
⎪⎪
⎨

⎪⎪
⎧𝐹𝐹∥ = −𝑓𝑓𝐼𝐼1

υ

υ + 𝐼𝐼0
𝐼𝐼1
ω

𝑀𝑀𝑧𝑧 = −𝑓𝑓𝐼𝐼6
𝐹𝐹⊥ = −𝑓𝑓𝐼𝐼9

ω

ω + 𝐼𝐼3
𝐼𝐼9
υ

.  

The system of equations of motion has the form:

𝐽𝐽
𝑑𝑑ωO1
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑧𝑧;

(𝑚𝑚0 + 𝑚𝑚1) 𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

= 𝐹𝐹𝑀𝑀 + (𝑚𝑚0 + 𝑚𝑚1)υ𝑀𝑀ωO1; (12)

(𝑚𝑚0 + 𝑚𝑚1)
𝑑𝑑υy
𝑑𝑑𝑑𝑑

= 𝐹𝐹𝑀𝑀 − (𝑚𝑚0 + 𝑚𝑚1)υ𝑀𝑀ωO1 .

We express the time derivatives of the sliding speed and the angular speed using the formulas (3)–(5): 

𝑑𝑑υ
𝑑𝑑𝑑𝑑

=
1

2�υ𝑀𝑀2 + υ𝑀𝑀2
�2υ𝑀𝑀

𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

+ 2υ𝑀𝑀
𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

� ;

𝑑𝑑φ
𝑑𝑑𝑑𝑑

=
1

𝑚𝑚0 + 𝑚𝑚1
�−

υ sinφ
υ2

𝐹𝐹𝑀𝑀 +
υ cosφ
υ2

𝐹𝐹𝑀𝑀�.

We rewrite these equations using the formulas (3)–(5) for ωO1 = ω/𝑎𝑎 and add the first equation from the 

system (12):

𝐽𝐽
𝑑𝑑ω
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑧𝑧𝑎𝑎;

(𝑚𝑚0 + 𝑚𝑚1) 𝑑𝑑υ
𝑑𝑑𝑑𝑑

= 𝐹𝐹∥; (13)

(𝑚𝑚0 + 𝑚𝑚1)υφ̇ = 𝐹𝐹⊥.

Research Results. Next, we calculate the integral expressions of the parameters 𝐼𝐼0,  𝐼𝐼1,  𝐼𝐼3,  𝐼𝐼6 ,  𝐼𝐼9 с using the 

Wolfram Mathematica software package for the following values:

𝑓𝑓 =  1;  𝑎𝑎 =  0.5 m;  𝑏𝑏 =  0.2 m;  𝑚𝑚0 =  1 kg, σ =  𝑚𝑚0𝑔𝑔
𝑎𝑎𝑏𝑏� = 87 kg

s2m�
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Values of the expressions ∂F⊥
∂υ |υ=0

and ∂Mz
∂ω |ω=0

are not involved in finding the subsequent Pade approximants,

therefore, their writing is omitted due to their cumbersomeness. The identical equality to zero is realized under the

condition that the voltage σ is symmetric about the center of the rectangular contact spot, i.e., the point 𝑃𝑃.

An accurate three-dimensional integral model [13] (6)–(8) provides a logical description of dry friction

phenomena, but for solving problems of dynamics, such a model is difficult to accept due to the need to calculate

impressive integrals [10]. To avoid this procedure, we use [6] to replace the exact integral system with the

corresponding expressions using Pade approximations in the whole range of variables. Linear fractional Pade

expansions give a three-dimensional model of first-order sliding and twisting friction [19]:

𝐹𝐹∥ = 𝐹𝐹0
υ+𝑎𝑎1ω
υ+𝑑𝑑1ω

; (9)

𝑀𝑀𝑧𝑧 = 𝑀𝑀0
ω+𝑎𝑎2υ
ω+𝑑𝑑2υ

; (10)

𝐹𝐹⊥ = 𝐹𝐹0
ω+𝑎𝑎3υ
ω+𝑑𝑑3υ

. (11) 

To determine the Pade coefficients, it is required to study the properties of this model at the boundary points

by analogy with integral expressions. To do this, we differentiate the parameters 𝐹𝐹∥, 𝐹𝐹⊥, 𝑀𝑀𝑧𝑧 and thus satisfy the

corresponding integral expressions:

⎩
⎪⎪
⎨

⎪⎪
⎧𝐹𝐹∥ = −𝑓𝑓𝐼𝐼1

υ

υ + 𝐼𝐼0
𝐼𝐼1
ω

𝑀𝑀𝑧𝑧 = −𝑓𝑓𝐼𝐼6
𝐹𝐹⊥ = −𝑓𝑓𝐼𝐼9

ω

ω + 𝐼𝐼3
𝐼𝐼9
υ

.

The system of equations of motion has the form:

𝐽𝐽
𝑑𝑑ωO1
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑧𝑧;

(𝑚𝑚0 + 𝑚𝑚1) 𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

= 𝐹𝐹𝑀𝑀 + (𝑚𝑚0 + 𝑚𝑚1)υ𝑀𝑀ωO1; (12)

(𝑚𝑚0 + 𝑚𝑚1)
𝑑𝑑υy
𝑑𝑑𝑑𝑑

= 𝐹𝐹𝑀𝑀 − (𝑚𝑚0 + 𝑚𝑚1)υ𝑀𝑀ωO1 .

We express the time derivatives of the sliding speed and the angular speed using the formulas (3)–(5):

𝑑𝑑υ
𝑑𝑑𝑑𝑑

=
1

2�υ𝑀𝑀2 + υ𝑀𝑀2
�2υ𝑀𝑀

𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

+ 2υ𝑀𝑀
𝑑𝑑υ𝑀𝑀
𝑑𝑑𝑑𝑑

� ;

𝑑𝑑φ
𝑑𝑑𝑑𝑑

=
1

𝑚𝑚0 + 𝑚𝑚1
�−

υ sinφ
υ2

𝐹𝐹𝑀𝑀 +
υ cosφ
υ2

𝐹𝐹𝑀𝑀�.

We rewrite these equations using the formulas (3)–(5) for ωO1 = ω/𝑎𝑎 and add the first equation from the

system (12):

𝐽𝐽
𝑑𝑑ω
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑧𝑧𝑎𝑎;

(𝑚𝑚0 + 𝑚𝑚1) 𝑑𝑑υ
𝑑𝑑𝑑𝑑

= 𝐹𝐹∥; (13)

(𝑚𝑚0 + 𝑚𝑚1)υφ̇ = 𝐹𝐹⊥.

Research Results. Next, we calculate the integral expressions of the parameters 𝐼𝐼0, 𝐼𝐼1, 𝐼𝐼3, 𝐼𝐼6 , 𝐼𝐼9 с using the

Wolfram Mathematica software package for the following values:

𝑓𝑓 = 1; 𝑎𝑎 = 0.5 m; 𝑏𝑏 = 0.2 m; 𝑚𝑚0 = 1 kg, σ = 𝑚𝑚0𝑔𝑔
𝑎𝑎𝑏𝑏� = 87 kg
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and substitute in the system of equations (13). Based on numerical expressions, we build graphs of integral and 

normalized functions depending on the parameter = υ ω⁄ . Fig. 5 shows graphs of the functions of the integral friction

models (11)–(13), as well as models based on Pade approximations (14)–(16). 

Fig. 5. Graphs of integral (solid lines) and normalized (dotted lines) functions of the tangent (a), normal (b) components of friction 
force and friction moment (c)

Based on the graphs of the functions (Fig. 5), we can talk about good matching of the considered models. 

Next, we obtain graphs of the dependences of the characteristic parameters on time (Fig. 6).

Fig. 6. Dependences of sliding velocity v (a) and angular velocity w (b) on time t

Discussion and Conclusions. The movement of the mobile robot, starting from the contact of its body and the 

reference plane, under the conditions of combined dynamics, when there is sliding and twisting, is described. Analytical 

integral expressions are obtained for the tangent and normal components of the friction force [19] and the moment of 

friction applied to a rectangular contact area. The corresponding Pade approximations are determined for the obtained 

expressions. The integral and normalized models are compared through plotting the dependences of the friction forces 

and the moment of friction on the angular velocity and the slip velocity. The comparison results showed good matching 

of the integral model and the model based on the Pade decompositions. The graphs correspond to the logical behavior 

when a rectangular body moves, since the sliding speed and angular velocity increase according to the specified 

parameters. Consequently, the combined friction model implemented using Pade approximations can be applied to 

solve problems related to mobile robots with a rectangular base.
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Thick-walled spherical shell problem 

A. M. Artemov 1, E. S. Baranovskii 1, A. A. Verlin1 E. V. Syomka2

1 Voronezh State University (Voronezh, Russian Federation)
2 Military Educational and Scientific Center of the Air Force “N. E. Zhukovsky and
Y. A. Gagarin Air Force Academy” (Voronezh, Russian Federation)

Introduction. Cylindrical and spherical shells are extensively used in engineering. They face internal and/or external 
pressure and heat. Stresses and strains distribution in elastoplastic shells has been studied by many scientists. Numerous 
works involve the use of the von Mises yield conditions, maximum shear stress, maximum reduced stress. These condi-
tions do not include the dependence on the first invariant of the stress tensor and the sign of the third invariant of the 
stress deviator. In some cases, it is possible to obtain numerical-analytical solutions for stresses, displacements and de-
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Introduction. The solution to the problem of a thick-walled spherical shell experiencing different external 
influences is given in the monographs [1, 2] and a number of scientific papers on the theory of elasticity, plasticity, and 
thermoelastic plasticity [3-9]. Usually, the case is considered when the loading process is simple.  

The problem of a thick-walled spherical shell is one of the simplest elastoplastic problems when the fields of 
external actions and internal parameters have central symmetry. Due to the central symmetry in the plastic region, the 
regime of complete plasticity is performed. For an ideal plastic body, the problem is statically definable, which allows it 
to be solved under any plasticity conditions. In the monograph [1], the most complete solution to the spherical shell 
problem is given, when the dependence of the plastic limit on temperature is not taken into account, and the plasticity 
condition does not depend on the first invariant of the stress tensor and the sign of the third invariant of the stress 
deviator. The cases of only thermal and combined loading are considered, when the temperature on the walls of the 
sphere is set, the pressure on the inner walls is set, and there is no pressure on the outer wall. In [10-13], 
thermoelastoplastic state of various objects was studied, and in [3-9], the process of thermal loading and unloading of a 
sphere free from external forces and a hollow sphere for the Tresca condition was considered with account for the 
dependence of the plastic limit on temperature. The solution to this and similar problems is of interest since it is 
possible to obtain an analytical or partially analytical solution for various mathematical models. An analytical solution 
can be obtained through selecting piecewise linear plasticity functions [11, 13]. Mathematical modeling of objects 
enables to predict their state and behavior depending on the values of the initial parameters [14, 15]. 

Materials and Methods. Problem Statement. We consider the problem of a thick-walled spherical shell (a 
hollow sphere) experiencing centrally symmetric external influences: pressure bp  on the outer wall at b   and 

pressure ap  on the inner wall at a  . The thermal effect on the sphere is also considered: temperature aT  is 

maintained at the boundary a  ,   temperature bT  is maintained at the boundary b  . It is assumed that the sphere 

exhibits elastic and plastic properties. The desired state parameters at each point of the sphere are the components of the 
stress tensor, the components of the strain tensors, and the displacement vectors. In the elastic state region, the elastic 
deformations are complete (there are no residual deformations). 

Basic Ratios. All relations are reduced to a dimensionless form. The outer radius of the sphere b  is selected as a 

length scale. All values having the stress dimension are assigned to the plastic limit under uniaxial tension k . The scale 
unit for temperature is 1 C.  

Due to the specified symmetry of external actions, in the spherical coordinate system , ,    of the matrix, the 

components of the stress and strain tensor will have the form: 

0 0 0 0
(σ) 0 0 , (ε) 0 0

0 0 0 0

 

 

 

    
         
       

. 

In this case, the equalities     ,      are fulfilled.

If the plasticity functions do not depend on the first invariant of the stress tensor and the sign of the third 
invariant of the stress deviator, then, when solving the sphere problem, the plasticity functions will be reduced to the 
form: 

| |f k     . (1) 

Consider the plasticity condition: 
1

1/

1

1/

(( ) 2( ) )
, ,

(1 )

(( ( ( ( ) )
( ),

(1 )

p w p w w
p p

m

p p m p p m m

m

f ( , )

| )|
k T

   
   

       

      
     

   

             
 

   

   (2) 

where p
 , p

  — components of the plastic strain tensor; T  — temperature. 
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When the parameters have the values: 00, 1, 0, 0, 1, 0,m k k            , the condition (2) implies the 

condition (1). In Fig. 1, the plane ,    shows the plasticity curves determined from the formula (2) for different 

values of the numerical coefficients in the plasticity function. 

     a)                                              b) 
Fig. 1. Plasticity curves: a) for parameters: 0,2; 2; 0,5; 0; 3; 1w m k         ; solid line 0,5;   

 dotted line 0  ; b) for parameters: 0; 0; 0; 1k        

The results presented in Fig. 1 show that when the first invariant of the stress tensor is taken into account, the 
radial and circumferential stresses can vary in a limited range when the point of the sphere is in an elastic state. 
Accordingly, the pressure on the boundaries of the sphere should also be limited. When the first invariant in the 
plasticity condition is not taken into account, the elastic state is possible for any pressure value at the boundaries of the 
sphere, but the pressure drop is limited a bp p p   . Taking into account the sign of the third invariant of the stress 
deviator, as noted above, affects the values of the plasticity limits. 

If the values of the state parameters ,    determine the point of the region bounded by the plasticity curve, it is 

assumed that the defining equations connecting stresses and deformations are the relations of the Duhamel-Neumann 
law [1, 2]: 

(1 )E E T         ,   2E E T         ,   (3) 

where the Young's modulus E  and the Poisson's ratio   are constants. 
If the state parameters ,   determine the points on the plasticity curve, then an additive representation of the

total deformations in terms of reversible and irreversible deformations is assumed: 
,e p e p

              .   (4) 

Complete deformations are determined through displacements from the formulas: 

,u du
d    

 
.  (5) 

Complete deformations are bound by the condition of compatibility of deformations: 

0
dr
dr


 


     .  (6) 

Increments of irreversible deformations are related to stresses by the normal law: 

.
/ /

pp dd
f f



 




   
   (7) 

The relation (7) is generally non-integrable when choosing nonlinear plasticity functions [16]. In the quasi-static 
approximation, the stresses must satisfy the equilibrium equation: 

2( ) 0
d
d


 


    


. (8) 

Equivalent Stress. The equivalent stress is the convex isotropic scalar functions of the stress tensor. In special 
cases, the term “equivalent stress” is synonymous with other terms, for example, “stress intensity” [17]. In this paper, 
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assumed that the defining equations connecting stresses and deformations are the relations of the Duhamel-Neumann 
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where the Young's modulus E  and the Poisson's ratio   are constants. 
If the state parameters ,    determine the points on the plasticity curve, then an additive representation of the 

total deformations in terms of reversible and irreversible deformations is assumed:  
 ,e p e p

              .     (4) 

Complete deformations are determined through displacements from the formulas: 

 ,u du
d    

 
.    (5) 

Complete deformations are bound by the condition of compatibility of deformations: 

 0
dr
dr


 


     .    (6) 

Increments of irreversible deformations are related to stresses by the normal law: 
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The relation (7) is generally non-integrable when choosing nonlinear plasticity functions [16]. In the quasi-static 
approximation, the stresses must satisfy the equilibrium equation: 
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the equivalent stress coincides with the plasticity function. In this case, the equivalent stress will not have a 
discontinuity at the elastic-plastic boundary.  

Temperature Field. The temperature field in the sphere is found from the solution to the boundary value 
problem [1]:  

 
2

2
2 0,

| , | .a a b b

d T dT
d d

T T T T 


    
  

  (9) 

The solution to the problem (9) is presented in the form: 

 1 , .
( )b a b

a T bT T T T T
b a

 
        

  (10) 

Elastic Area. In the region of the elastic state of a hollow sphere, the formulas for stresses have the form:  

3 3
, ,

2 2 (1 )( )
B B abE TA A

b a 

  
         

     
. 

Plastic Area. We select the conditions (1). Let us consider the case of only the thermal effect (10). Then, the 
plastic region will originate at the inner boundary of the shell under the condition [1]: 

2 2

1

2( )| |
(1 ) ( 2 )

E a ab b kT
b a b

  
     

 
. 

Denote by 1с  — the radius of the elastic-plastic boundary 1с  . During the loading process, when 1   , the 

plastic area 1a с    increases. When the condition (1) is selected, the stresses in the region 1a с    are calculated 
from the formulas:  

(1) (1) (1)
1 1 12 ln( / ), , ( )k a k sign                 , 

where 
11 ( ) | сsign       . If 0T  , then 1 1   , if 0T  , then 1 1.    

If the region 1с b    remains elastic, then the values A , B  and radius of the elastic-plastic boundary 1с  are 
determined from the conditions of continuity of stresses at the elastoplastic boundary, and the boundary condition 

| 0b  . So, if A  and B  are determined only from the conditions of continuity of stresses at the elastoplastic 

boundary, then, the following expressions take place: 

 
2

31 1
1 1 1

1

1 22 ln ,
3 3 3 3

c cA k B kc
a c

           
  

.   (11) 

The equation to calculate 1с  will have the form: 

 
3 2

1 1 1
1 3 3

1

21 2 12 ln 0
3 3 3 3

c c ck
a b c b b

             
    

.   (12) 

If A  and B  are determined from the conditions of continuity of stresses at the elastoplastic boundary, and the 
conditions | 0b  , then the following expressions take place: 

 
2 3 2

31 1 1 1
1 12 3

2 21 ,
3 3 3 3
c kc cA B kc
b b b

   
      
 

.   (13) 

The choice of formulas (11) or (13) affects the steps of the algorithm for solving the problem, but does not affect the 
final results. 

A second plastic region will be generated at the boundary b   if the following condition is met: 

 2 2 1( ) | ,b k         .    (14) 

To determine the value 1T T   , when the condition (14) is satisfied, it is required to combine the system of equations 
(12), (14). Since the parameter   enters the equations (13) and (1) linearly, it is possible to obtain a separate equation 
for determining the radius of the elastoplastic boundary:  

 
2 2

1 0 1 11
1

1 1

4 ( )( )
2 ln 0,

3( )
k b c c bck

a b c bc
           (15)

 

as well as the formula for calculating the parameter  : 

 
3 3

0 2 1 1
2 2 2

1

2 ( )( )
( )

k b c b a
b c ab

   
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
.   (16) 
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Under further loading, when the inequality 2    is satisfied, the sphere region 2c b    goes into a plastic

state at the boundary b  . 
A hollow sphere when exposed to heat. Consideration of material hardening. Consider the case when the 

plasticity condition has the form: 
, , | (p p p pf ( , ) )| k                  .  (17) 

If there are no residual deformations in the sphere before loading, then as a result of thermal heating, the plastic 
zone will be generated at the inner boundary a  , when the conditions (15), (16) are met. With further loading, 

plastic region 1a c    is formed. To find the stresses in this region, it is required to get the corresponding equations 
from the system of equations (3-6), (8), (17): 

2
2

2

64 0,
1 3 (1 ) ( )

.
2

d d abE Tk
d d b a

d
d

 


 

    
               


   

 (18) 

The solution to the system (18) is written as:

1
23

1
23

1 32 ln ,
1 3 (1 ) ( )

1 32 ln .
1 3 (1 ) 2 ( ) 2

CabE Tk C
b a

CabE Tk k C
b a





  
           

  
            

 (19) 

The values 1C , 2C , included in the formulas (19), are determined from the boundary condition | 0a    and

the condition for the absence of plastic deformations at the elastic-plastic boundary 1с  :
3 2

1 1 1 1

3 2
1 1 1

2 1 3 2

2 ( ) 3 ,

2 ( )
2 ln 3 ,

3

.
(1 3 (1 ))( )

C k k c E N c

k k c E N cC k a
a a a

ab TN
b a

 

 




    

    
     

 
 


   

   (20) 

As a result of substituting (20) in (19), we get: 

1

3 2 3
1 1 1 1 1

3 3 3 3

1 1

3 2
1 1 1

1 3 1 12 ln
1 3 (1 )

2 21 1 1 1 ,
3 3

1 3 1 12 ln
1 3 (1 ) 2

3 2( )

abE Tk
a b a a

kc abc E T kc
b a a a

abE Tk k
a b a a

kc abc E T
b a





    
             

       
              

    
               

   
   

3
1 1

3 3 3 3

2 1 2 1 .
3
kc

a a
    

         

From the solution to the elastic problem, it follows: if 0T  , then 1 1   ; if 0T  , then 1 1   .
Accounting for plastic compressibility. Consider the case when the plasticity function is linear with respect 

to the components of the stress tensor: 

0(2 ) ( ) ( ) (1 ),
( ).

k T
sign
     

 

           

   
 (21) 

The plasticity condition (21) can be represented as:
(1 ),

2 ,
.

k T    

     
     

Taking into account the introduced notation, to determine the stresses in the plastic region, we obtain the 
problem: 
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Under further loading, when the inequality 2   is satisfied, the sphere region 2c b   goes into a plastic

state at the boundary b  .
A hollow sphere when exposed to heat. Consideration of material hardening. Consider the case when the 

plasticity condition has the form:
, , | (p p p pf ( , ) )| k                  . (17)

If there are no residual deformations in the sphere before loading, then as a result of thermal heating, the plastic 
zone will be generated at the inner boundary a  , when the conditions (15), (16) are met. With further loading,

plastic region 1a c   is formed. To find the stresses in this region, it is required to get the corresponding equations
from the system of equations (3-6), (8), (17):

2
2

2

64 0,
1 3 (1 ) ( )

.
2

d d abE Tk
d d b a

d
d

 


 

    
               


   

(18)

The solution to the system (18) is written as:

1
23

1
23

1 32 ln ,
1 3 (1 ) ( )

1 32 ln .
1 3 (1 ) 2 ( ) 2

CabE Tk C
b a

CabE Tk k C
b a





  
           

  
            

(19)

The values 1C , 2C , included in the formulas (19), are determined from the boundary condition | 0a   and

the condition for the absence of plastic deformations at the elastic-plastic boundary 1с  :
3 2

1 1 1 1

3 2
1 1 1

2 1 3 2

2 ( ) 3 ,

2 ( )
2 ln 3 ,

3

.
(1 3 (1 ))( )

C k k c E N c

k k c E N cC k a
a a a
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 




    

    
     

 
 


   

(20)

As a result of substituting (20) in (19), we get:

1

3 2 3
1 1 1 1 1

3 3 3 3

1 1

3 2
1 1 1

1 3 1 12 ln
1 3 (1 )

2 21 1 1 1 ,
3 3

1 3 1 12 ln
1 3 (1 ) 2

3 2( )

abE Tk
a b a a

kc abc E T kc
b a a a

abE Tk k
a b a a

kc abc E T
b a





    
             

       
              

    
               

   
   

3
1 1

3 3 3 3

2 1 2 1 .
3
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a a
    

         

From the solution to the elastic problem, it follows: if 0T  , then 1 1   ; if 0T  , then 1 1   .
Accounting for plastic compressibility. Consider the case when the plasticity function is linear with respect 

to the components of the stress tensor:

0(2 ) ( ) ( ) (1 ),
( ).

k T
sign
     

 

           

   
(21)

The plasticity condition (21) can be represented as:
(1 ),

2 ,
.

k T    

     
     

Taking into account the introduced notation, to determine the stresses in the plastic region, we obtain the
problem:
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(1 ),

2( ) 0,

| .a a

k T
d
d

p

 


 

 

   
     


  

   (22) 

The solution to the problem (22) has the form: 
2 2 /

0 0
0

2 2 /

0 0
0

( 1) 2 1 2
,

( 2 ) ( 2 )

( 1) 2 1
,

( 2 ) ( 2 )

a

a

M k N k M Nap k
a

M k N k M Nap k
a

  

   


  

   


     
                         

     
                           

(23) 

where the notation is introduced: , , ,b

a T ab TM T N M M N N
b a b a  

 
      

 
. 

To get the correct result from (20), when, for example, 0  , it is required to perform a limit transition 
when solving (22). It is easier to obtain the correct result directly in (23), while taking into account that the condition 

0  is met. In this case 0  , so we get:

02 1 1(1 ) ln a

k M N p
a a  

  
          

, 

0 1 2(1 )(1 ln ) a

k M N p
a a  

  
           

. 

During the loading process, the plastic zone originates at the boundary a  , when the following condition is 
met: 

0 0 2 2

(2 )( 2 )(1 ) /
2(1 )( )b

a b bET k T k
a ab b

     
       

. 

 Research Results. Fig. 2 shows stress graphs and stress vector hodographs, when the sphere region 
corresponding to the condition 1a c   , is in a plastic state, and the sphere region corresponding to the condition 

1c b   , is in an elastic state. 

 a)    b) 

Fig. 2. Stress graphs (a) and stress vector hodographs (b) 
for parameter values:: 11; 0.3; 0.5; 1; 170; 0.57k a b T с         

 Fig. 3 shows stress graphs and stress vector hodographs, when the sphere regions corresponding to the 
conditions 1a c    and 2c b   , are in a plastic state, and the sphere region corresponding to the condition 

1 2c c   , is in an elastic state. 
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   a)                                              b) 

Fig. 3. Stress graphs (a) and stress vector hodographs (b) for parameter values: 

1 20.3; 0.5; 270; 0.62; 0.88a T с с      

Fig. 4 shows stress graphs and stress vector hodographs, when the sphere region corresponding to the condition 

1a c   , is in a plastic state, and the sphere region corresponding to the condition 1c b   , is in an elastic state.  

   a)                                              b) 

Fig. 4. Stress graphs (a) and stress vector hodographs (b) for parameter values: 

10.3; 0.5; 215; 0.58a T с     

 Fig. 5 shows stress graphs and stress vector hodographs, when the sphere regions corresponding to the 

conditions 1a c    and 2c b   , are in a plastic state, and the sphere region corresponding to the condition 

1 2c c   , is in an elastic state. 
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a) b)

Fig. 3. Stress graphs (a) and stress vector hodographs (b) for parameter values: 

1 20.3; 0.5; 270; 0.62; 0.88a T с с      

Fig. 4 shows stress graphs and stress vector hodographs, when the sphere region corresponding to the condition

1a c   , is in a plastic state, and the sphere region corresponding to the condition 1c b   , is in an elastic state.

a) b)

Fig. 4. Stress graphs (a) and stress vector hodographs (b) for parameter values:

10.3; 0.5; 215; 0.58a T с     

Fig. 5 shows stress graphs and stress vector hodographs, when the sphere regions corresponding to the

conditions 1a c   and 2c b   , are in a plastic state, and the sphere region corresponding to the condition

1 2c c   , is in an elastic state.
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    a)                                   b) 

Fig. 5. Stress graphs (a) and stress vector hodographs (b) for parameter values: 

1 20.3; 0.5; 270; 0.61; 0.86a T с с      

Fig. 6 shows stress graphs and stress vector hodographs when the sphere regions corresponding to the 

conditions 1a c    and 2c b   , are in a plastic state, and the sphere region corresponding to the condition 

1 2c c   , is in an elastic state. 

    a)   b) 
Fig. 6. Stress graphs (a) and stress vector hodographs (b) for parameter values: 

0.3; 0.5; 79; 0.1; 0.1; 0.012; 0.0017a T E           

Discussion and Conclusions. The calculation results show that in this formulation of the problem, when there 
is only thermal action, the hollow sphere does not completely go into the plastic state (Fig. 2-6). Hardening causes an 
increase in the equivalent stress in the plastic region and a decrease in the radius of the elastoplastic boundary (Fig. 4, 5). 
The elastic region cannot completely disappear under loading. Plastic compressibility and the dependence of the plastic 
limit on temperature have a significant effect on the stress state of the hollow sphere (Fig. 6). 
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Introduction. A review of the application of theoretical mechanics methods for the development of algorithms of 
approximate analytical simulation of a motor vehicle (MV) movement in case of oblique collision with side cable 
barriers is performed. The representation of the MV as a material point in this type of collision is validated. The 
study objective is to demonstrate the application of a physical model of a material point to describe the motor vehicle 
dynamics in the event of its oblique collision with side cable barrier. 
Materials and Methods. A new physical model that describes the opposition to the motor vehicle movement from the 
side of a cable barrier in an oblique collision is proposed. New methods of approximate analytical construction of the 
MV movements during an oblique collision with the side cable barriers are presented. The analytical calculation 
results are verified by the data of the finite element (FE) simulation of the collision according to the data of field 
tests. The FE simulation was carried out using a multi-purpose finite element complex LS-Dyna. 
Results. New analytical algorithms have been developed for the MV movement in case of an oblique collision with 
side cable barriers, as well as a new physical model describing the opposition to the MV movement from the side of 
cable barriers. The application of a physical model of a material point to study the motor vehicle dynamics during an 
oblique collision with side cable barriers is established scientifically, including the comparative analysis of the 
kinematic results of the virtual test with kinematic calculations obtained on the basis of algorithms for analytical 
construction of the MV movements. 
Discussion and Conclusions. The analysis of the kinematic results of the virtual test in comparison with the 
analytical kinematic calculations has shown that the representation of a motor vehicle as a material point in case of 
an oblique collision with side cable barriers is reasonable since the MV movement is close to translational motion. 
The results obtained can be used in the development and analysis of the correctness of the FE modeling of a side 
collision of a motor vehicle with cable barriers. 
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Introduction. Safety systems designed for the organization of traffic flows on road routes help to minimize the
adverse consequences of road traffic accidents (RTA). Currently, cable road barriers are gaining popularity. They are
installed on the road dividing strip to prevent intentional and unintentional crossing of the road by vehicles, as well as
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on the roadsides, to prevent the departure of vehicles outside the road1. Different structures of cable barriers consist of 
common elements: cables, racks, anchor blocks, clamping devices, but differ in the type of their installation2 [1-4], in 
particular, in the method of fastening the cables (Fig. 1), which significantly affects the development of mathematical 
models. The behavior of the racks under the MV collision is also different. Racks can be crushed or, coming out of the 
sleeves, assembled with one another, and thus provide additional braking of the MV [5]. 

The collision of a car with a cable barrier is characterized by complex interaction mechanics, since the cables 
have a high degree of geometric nonlinearity, and the racks and the ground have a high degree of physical nonlinearity, 
while almost all processes are transient [5]. 

Fig. 1. Some types of cable racks [6] 

To determine the MV trajectory, string vibration equations can be used in the analytical calculations of 
arresters3, 4 and cable-stayed structures5, 6. But due to the complexity of the construction of barriers, there are difficulties 
in the formulation of boundary conditions. Energy methods also give a set of equations that are not solved analytically7 
[7]. All this causes the need to study barriers with the help of engineering software packages for both modeling the 
cable barrier itself and the crash test system. In this case, the numerical finite element method in the explicit formulation 
is often used, which is implemented in the software complexes LS-DYNA, MARC, NASTRAN, etc. [5, 8, 9]. 

The disadvantages of building FE models are the following: the development complexity; the duration of the 
calculation period (120 hours or more); the need to check the correctness of the construction. Thus, the period of 
preparation of the basis for the study is quite long. In this regard, a method of approximate analytical calculation of the 
MV movement from the data of field tests, based on the methods of theoretical mechanics, is proposed. The analytical 
calculation provides checking the correctness of the developed FE model, as well as reducing the time of the passive 
safety study by 2-3 times, since for the analysis of passive safety, it is no longer necessary to build a FE model of the 
cable barrier itself, but to use the analytically obtained movements. 

Materials and Methods. As a result of observing the MV during full-scale crash tests, a hypothesis was put 
forward: in case of the collision with the side cable barriers, the MV can be represented as a solid body making a 
translational motion (Fig. 2). 

1 Industry road methodological document ODM 218.6.017-2015. Guidelines for the use of road barriers of various types on federal highways, 
recommended by the order of the Federal Road Agency, dated December 23, 2015, no. 2489-r. URL: 
https://files.stroyinf.ru/Data2/1/4293757/4293757596.pdf (accessed: 08.01.2021). (In Russ.) 
2 Horne DA. Report 350 Acceptance of New York Three-Strand Cable Terminal. Office of Highway Safety Infrastructure, FHWA, U.S. Department 
of Transportation – Washington, D.C.; February 14, 2000. Available from: https://highways.dot.gov/ (accessed: 21.01.2019). 
3 Nuralieva AB. On dynamics of the space elevator cable: Cand.Sci. (Phys.-Math.), diss., author’s abstract. Moscow, 2012. 20 p. (In Russ.)  
4 Mikhailyuk DS. Finite element modeling and research on the dynamics of a deck arrester: Cand.Sci. (Eng.), diss., author’s abstract. St. Petersburg, 
2009. 19 p. (In Russ.)  
5 Dyadkin SN. Rationale, technology of balanced erection and monitoring of byte bridge spans with account for climatic factors (case study: the 
bridge over the Ob River near Surgut): Cand.Sci. (Eng.), diss., author’s abstract. Volgograd, 2005. 20 p. (In Russ.) 
6 Le Thu Huong. Optimization of parameters of spans of suspension bridges, reinforced and not reinforced with inclined cables, when designing them 
with using PC: Cand.Sci. (Eng.), diss., author’s abstract. Moscow, 1999. 25 p. (In Russ.). 
7 Los MV. Numerical modeling of the behavior of the “body-rope” system with account for flexural rigidity of the cable and mechanism of looping: 
Cand.Sci. (Phys.-Math.), diss., author’s abstract. Moscow, 2000. 19 p. (In Russ.)  
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Fig. 2. The model of MV as a solid body performing translational motion 

In addition, a number of fundamental assumptions on the dynamics of the MV during an accident are made, 
justifying the use of the proposed theoretical and mechanical models of the phenomenon: 

— the lateral and longitudinal decelerations of the vehicle are constant during the time interval required for the 
MV to be oriented parallel to the undeformed barrier; 

— vertical and rotational accelerations of the vehicle are ignored; 
— the lateral component of the speed is zero after the vehicle is redirected parallel to the guardrail; 
— as the vehicle is being redirected, it does not engage with the guardrail; 
— the deformation of the vehicle occurs in the collision zone, but its center-of-gravity position does not 
change significantly; 
— the MV center of mass moves as if all its mass is concentrated at this point; 
— the barrier can be rigid or flexible; 
— the friction forces of the car tires on the road surface are ignored; 
— the guardrail system does not contain breaks that can cause sudden vertical movements of the vehicle.  
With this representation of motion, a MV (Fig. 3) can be considered as a material point of some mass m [10]. 

The Cartesian coordinate system origin corresponds to the point of origin of contact between the vehicle and the barrier. 
The motion of the material point begins with at the speed �⃗�𝑣0, directed at an angle α to the plane of the fence (x-axis) [6]. 

 
Fig. 3. Calculation scheme of MV [6] 

cable barrier 

 

MV 

trajectory of MV points 
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The opposition to the movement of the vehicle from the side of the cable barrier was modeled by the 
forces [6]: 

—  with lateral deviation along the y-axis — by the elastic force yP ky   and dissipative resistance 
дис

yP by  , i.e., ybkyFy  ; 

—  the opposition to movement along the x-axis — by the force of friction x IF fN  , where IN  — the force 

of inertial pressure, i.e., IN my  [6]. 
 As a result, the MV motion is described by a system of differential equations [6, 11]: 

2

;
2 0.
x fy

y y p y
 

    
 

The solution to the system is displacement as a function of time t: 

     

 
0

0

cos sin ;
sin

sin .t

x t fy t v f t
vy t e pt

p


      


 


 

In [6], it is proved that the Coulomb friction force from the side of the road barrier does not significantly affect 
the simulated the MV motion. Physical modeling of the MV as a material point is not new under studying the case of 
collision with lateral barriers. This approach was used by R. M. Olson, E. R. Post and F. F. McFarland when describing 
a car hitting a rigid bridge guardrail [12]. Here, the calculation of the side barrier resistance was based only on the 
classical Amontons-Coulomb model of friction. 

In contrast to the problem, the nature of the interaction between the MV and the barrier is described in this 
paper by a fundamentally new model. With the external similarity of the problem statement, the physical essence of the 
interaction between the MV and the barrier differs qualitatively from the essence of the interaction with more rigid 
fences. In our paper, this was taken into account through the Amontons-Coulomb force models considering the force of 
the inertial normal pressure and the Kelvin-Voigt resistance model. 

Also, in the context of the study on the nature of the impact on cable barriers, the paper by M. B. Bateman and 
others should be mentioned [9]. The data of full-scale tests presented in this work demonstrate clearly that in case of 
oblique collision with cable barriers, the MV motion is close to translational one, when the yaw angle does not exceed 
10°. Here, the head-on crash process is described by two models:  

1. A simple dynamic model of a vehicle, where the Runge-Kutta fourth-order method was used for the 
numerical solution to the differential equation of the MV motion. In this case, the forces of action from the side of the 
barrier (cable tension) and the road (friction force according to the classical Amontons-Coulomb model) are considered. 
The wheels are not assumed to require steering under impact. 

2. A quasistatic model of the barrier, which is designed to calculate the change in tension of the cables when 
their geometry changes as a result of the movement of the car. 

As a result, the computational model is quite cumbersome and requires a numerical solution, whereas the 
model proposed in this paper provides calculation algorithms that are easily carried out analytically without the use of 
numerical methods. 

Approximate analytical calculation of the MV kinematic characteristics. As a result of the assumptions 
made, an algorithm for constructing the MV motion called harmonic has been obtained [6]. Further, we propose 
quadratic and cubic algorithms based on the construction of polynomial displacement functions [13]. 

Here, the opposition to the MV motion from the side of cable barriers along the y-axis is determined by some 
function 𝑃𝑃𝑦𝑦(𝑡𝑡), the result of its integrating is as follows: the MV displacement function along the y-axis has the 
character of a second or third order polynomial. The simulation of the opposition to the movement along the x-axis 
remains the same.  

We will conduct a comparative analysis of the results of the approximate analytical calculation of the MV 
kinematic characteristics. Fig. 4-6 show the computation data for bus Mercedes-Benz O345. When constructing the 
movements of the MV, data of field tests of the State Research Center of the Russian Federation FSUE “NAMI” were 
used.  



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

36

Advanced Engineering Research 2021. V. 21, no. 1. P. 32−42.  ISSN 2687−1653 

Fig. 4. Interdependence of the deviations x, m, and y, m, calculated by the methods of cubic approximation — black solid line; 
quadratic approximation — dotted line; harmonic approximation — gray line [13] 

Fig. 5. Dependences of the deviations x, m, and y, m, on time t, s, calculated by the methods of quadratic harmonic approximation 
along the x-axis — black solid line; along the y-axis: dotted line — by the method of quadratic approximation, gray line — by the 

harmonic approximation method [13] 
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Fig. 5. Dependences of the deviations x, m, and y, m, on time t, s, calculated by the methods of quadratic harmonic approximation
along the x-axis — black solid line; along the y-axis: dotted line — by the method of quadratic approximation, gray line — by the

harmonic approximation method [13]
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Fig. 6. Dependences of the deviations x, m, and y, m, on time t, s, calculated by the methods of cubic and harmonic approximation 
along the x-axis — black solid line; along the y-axis: dotted line — by the method of cubic approximation, gray line — by the 

harmonic approximation method [13] 

As can be seen from the above calculated data, the divergence of analytical methods does not exceed 20 %. 
The same calculations were carried out for car GAZ-3102 [12]. 

Construction of a finite element model of the contact of the cable barrier and bus Mercedes-Benz-0345. 
To analyze the performance of the approximate method of constructing the MV trajectory, a FE-model of the 
interaction of the cable barrier and bus Mercedes-Benz-0345 was developed in accordance with the industry standard 
STO 521000-005-10690827-20151, agreed with Rosavtodor in 2017. According to this standard, the installation of 
cable barriers for tests was carried out; the test results were also used in the analytical modeling of the trajectories and 
deviations of the MV. The object of virtual tests were cable barriers of 14DD/U 4(300)-P-1, 1-3, 0-GB brand [11, 13] 
with the following parameters: 

— octagonal sleeves of GZ 500/U brand; 
—STD-2 racks consist of two elements in the form of a square pipe with a length of 1500 m with a cross-

section size of 50=50=3 mm; 
— spacing of racks with concreted sleeves at the working area — 3 m; 
— spacing in the initial and final sections — 2 m; 
— the height of the racks above the road surface — 1.1 m. 
Cable parameters: 
—  three-strand, seven-conductor; 
—  diameter —19 mm; 
—  rated breaking force    173 kN; 
—  the number of branches — 4. 
Bus Mercedes-Benz-0345 parameters [12, 13]: 
— gross mass — 14,050 kg; 
— overall length — 12,000 mm; 
—  overall width — 2,500 mm. 
The speed of the MV coming into contact with the barrier is 69 km/h. The angle between the plane of the 

barrier and the direction of the MV movement — 20° in accordance with the methodology of GOST R 52721-2007 

1STO 521000-005-10690827―2015. Retaining side barriers for vehicles with the use of a C-section of a beam. “PIK” Enterprise. rosavtodor.gov.ru 
URL: https://rosavtodor.gov.ru/storage/app/media/rosavtodor/b/2016/02/09/sto_521000_005_10690827_2015.pdf (accessed: 10.01.2021). (In Russ.)
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(nos. 6.1–6.6) [11, 13]. Time-lapse images of the MV according to the data of full-scale1 and virtual tests are presented 
in the Table 1. 

Table 1 
Comparative frame-by-frame images of MV 

Timepoint t, s 
Test mode 

full-scale virtual 

0.00 

0.16 

0.32 

0.48 

0.64 

1 STO 10690827-001―2015. Lateral deformable road barriers, cable type. Specifications. “PIK” Enterprise. rosavtodor.ruwwwrosavtodor.ru URL: 
http://rosavtodor.ruwww.rosavtodor.ru/storage/app/media/uploaded-files/sto-10690827-001-2015.pdf (accessed: 08.01.2021). (In Russ.) 
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(nos. 6.1–6.6) [11, 13]. Time-lapse images of the MV according to the data of full-scale1 and virtual tests are presented
in the Table 1.

Table 1
Comparative frame-by-frame images of MV

Timepoint t, s
Test mode

full-scale virtual

0.00

0.16

0.32

0.48

0.64

1 STO 10690827-001―2015. Lateral deformable road barriers, cable type. Specifications. “PIK” Enterprise. rosavtodor.ruwwwrosavtodor.ru URL:
http://rosavtodor.ruwww.rosavtodor.ru/storage/app/media/uploaded-files/sto-10690827-001-2015.pdf (accessed: 08.01.2021). (In Russ.)

Kolesnikova G. P. Material point physical model rationale while studying kinematic characteristics of a motor vehicle 

Timepoint t, s 
Test mode 

full-scale virtual 

0.80 

0.96 

1.12 

The field test results practically coincided with the results of the virtual tests, since in both cases, the dynamic 

deflection of the barrier was 1.5 m; the path length of the interaction of the MV and the barrier from the calculation was 

23.5 m, according to the field tests — 25 m. The relative error of the path length of the interaction did not exceed 6 %. 

Research Results. As a result of a virtual test using the developed FE-model of the cable barrier, the 

trajectories of the characteristic points of bus Mercedes-Benz-0345 were determined. Fig. 7 shows the points of the MV 

for which the readings were taken, point C corresponds to the center of gravity. 

Fig. 7. MV points selected for analysis: A, B — on the frontal surface; 
D, E — on the rear surface 

B 

A D 

E 
C 

Cable barrier 

MV 
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Fig. 8. Dependence of displacements of the MV characteristic points on time.  
Dotted line — for points A and B along the y-axis; solid lines — along the x-axis: 

black — for point A, gray — for point B 

Fig. 9. Dependence of displacements of the MV characteristic points on time.  
Dotted line — for points D and E along the y-axis; solid lines — along the x-axis: 

black — for point D, gray — for point E 
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Fig. 8. Dependence of displacements of the MV characteristic points on time.
Dotted line — for points A and B along the y-axis; solid lines — along the x-axis: 

black — for point A, gray — for point B

Fig. 9. Dependence of displacements of the MV characteristic points on time.
Dotted line — for points D and E along the y-axis; solid lines — along the x-axis: 

black — for point D, gray — for point E
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Kolesnikova G. P. Material point physical model rationale while studying kinematic characteristics of a motor vehicle 

As can be seen from the presented data, the displacements of points A, B, and D, E along the y-axis match in 
pairs. The same can be observed for speeds. Thus, in case of oblique collision of the MV with the side cable barriers, 
the movement of the MV is really close to translational. 

Discussion and Conclusions. The analysis of the kinematic results of the virtual test in comparison with the 
kinematic analytical calculations shows that the representation of the MV as a material point in case of its oblique 
collision with the side cable barriers is justified, since the movement of the MV is close to the translational one. 
However, if necessary, for a more accurate analytical calculation of the kinematic characteristics of the motion of points 
located in areas close to the points C, D, E, an additional analytical calculation is required, for example, using the 
equations of plane-parallel motion of a solid body. 
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Inverse analysis method for mathematical modeling of hydrodynamic 
ballast in a drilling rig

I. R. Antypas1, A. G. Dyachenko1, B. I. Saed2

1 Don State Technical University (Rostov-on-Don, Russian Federation)
2 University of Aleppo (Aleppo, Syrian Arab Republic) 

Introduction. When organizing drilling operations, one of the major problems is the accuracy and smoothness of 
lowering bundles of pipes into the shaft of the drilling rig. This depends on many factors, including the operation of the 
hydraulic brake of the lifting device. The objectives of this work are to create and study a mathematical model of 
hydrodynamic ballast in a drilling rig. Using the inverse analysis method, the effect of some performance indicators on 
the braking torque of the hydraulic brake is studied.
Materials and Methods. The experiments were performed using a laboratory setup, which is a model of a hydrobrake. 
Its valve was closed under various conditions to obtain several pressure values with the calculation of the braking 
torque when a certain weight was suspended. The real (field) operating conditions of the hydromatic brake were 
simulated, and the results obtained were compared. When creating a mathematical model, the inverse analysis method is 
used. It is based on the results of experimental measurements and provides expressing the totality of the effects of 
individual variables on the braking torque.
Results. A mathematical model of the hydraulic brake has been created and tested. The dependence of the braking 
torque on the pressure, density, and viscosity of the ballast fluid is determined. The influence of each variable is 
determined experimentally since the dependence under consideration cannot be represented as a direct relationship. The 
inverse analysis method is used to obtain a set of constant values that give the optimal solution. Taking into account the 
standard error array and the minimum standard error, the statistical errors made during experimental measurements are 
considered. The physically acceptable range of values of the proposed mathematical model is visualized. Using a basic 
(nonlinear) mathematical model, the auxiliary braking torque of a hydrobrake is calculated as a function of pressure, 
density, and viscosity. The proposed model validity is established. The calculated values of the braking torque were 
used as a criterion of correctness. The erroneous discrepancy did not exceed 6 %. For additional testing of the model, a 
computational experiment simulating field conditions was performed. 
Discussion and Conclusions. For mathematical modeling of hydrodynamic ballast in a drilling rig, it is advisable to use 
the inverse analysis method. The model proposed in this paper relates the braking torque of a hydrobrake to the 
operating parameters of the fluid inside the ballast: pressure, viscosity, and density. The objectivity of the model is 
validated. An amendment to it is proposed to simulate the operation of the brake in the field. Based on the results 
obtained, in future studies it is advisable to test the created model in the field with a real payload.

Keywords: hydromechanical ballast, mathematical modeling, inverse analysis method.
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Introduction. When setting up drilling rigs, the operations of lifting and lowering drill pipes are provided with 

lifting gears (coils). They are equipped with two types of brakes, the main of which is mechanical. During the drilling 

process, the weight of the pipes exceeds the payload. To compensate for it, an auxiliary control ballast designed to 

reduce the speed when installing a group of drill pipes is introduced [1–4].

Ballasts are used to control the load and speed of the hook, as well as to absorb the kinetic energy of a group of 

borehole drill pipes. In addition, ballasts:

— reduce the effort on the drilling rig, especially under heavy loads;

— reduce the wear of the main mechanical ballast elements;

— help to slowly and smoothly stop the load attached to the hook.

One of the types of auxiliary brakes is hydrodynamic. In this case, the water in the ballast converts part of the 

absorbed kinetic energy of the lifting axis into heat, and due to this, the pipes are lowered and raised [5–7].

When manipulating the pipes, the brake axis is connected to the axis of the lifting gears. During the operation, 

the moving part of the installation displaces water in the direction of the inclined blades inside the stator, and rotates at

a speed equal to the rotation speed of the axis of the lifting gears. Water falls on the stator ribs, and then on its parts. 

The process is repeated, and the forces that hinder the movement of the rotor increase. This creates a braking torque that 

reflects the rotational movement of the lifting gear axes and reduces the rotary speed. As a result, speed of lowering the 

group of drill pipes decreases [8–10].

The braking safety factor (if its value does not exceed the permissible value) coordinates the auxiliary 

hydrodynamic work and the effects of the operation of two main brake systems, as well as provides a longer service 

time for the main brake elements. This is done through reducing the wear of the friction discs and the planes of the 

brake wheels. Increasing the braking torque of the ballast provides the correct braking movement of the cylindrical 

hoist. This demonstrates the importance of studying the hydrodynamic brake.

The hydraulic power of the brake N is determined from the ratio:

N g Q H= ρ⋅ ⋅ ⋅ , (1)

where ρ — the density of the working fluid (fresh water); g — gravity acceleration; Q — the amount of working fluid 

consumed, equal to the volume of the working fluid, which passes through the system of ribs in one working cycle; H

— the height (level) of the working fluid in the ballast. 

The braking torque MB of the forced engine braking is determined from the ratio:

/BM g Q H= ρ⋅ ⋅ ⋅ ω , (2)

where ω — angular velocity of rotation of the moving section of the ballast.

Indicators of kinematic braking of ribbed hydraulic machines are determined from the known theoretical ratios 

of the braking torque: 

( )5 5 2
B MM D d= λ ⋅ρ ⋅ − ⋅ω , (3)

( )
2

5 5

100B M

nM D d= λ ⋅ρ ⋅ − ⋅ . (4)

Here, D — the outer diameter of the “ring” of the working fluid formed during the rotation of the rotor wheel and 

assumed to be equal to the diameter of the wheel of the moving section; d — the inner diameter of the working fluid 

ring, which depends on the level of the ballast; n — the number of revolutions of the moving section of the ballast (the 

number of rotating axes), rpm:
2

22
60 100

n nπ 
ω = ⇒ ω = 
 

.
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Introduction. When setting up drilling rigs, the operations of lifting and lowering drill pipes are provided with

lifting gears (coils). They are equipped with two types of brakes, the main of which is mechanical. During the drilling

process, the weight of the pipes exceeds the payload. To compensate for it, an auxiliary control ballast designed to

reduce the speed when installing a group of drill pipes is introduced [1–4].

Ballasts are used to control the load and speed of the hook, as well as to absorb the kinetic energy of a group of

borehole drill pipes. In addition, ballasts:

— reduce the effort on the drilling rig, especially under heavy loads;

— reduce the wear of the main mechanical ballast elements;

— help to slowly and smoothly stop the load attached to the hook.

One of the types of auxiliary brakes is hydrodynamic. In this case, the water in the ballast converts part of the

absorbed kinetic energy of the lifting axis into heat, and due to this, the pipes are lowered and raised [5–7].

When manipulating the pipes, the brake axis is connected to the axis of the lifting gears. During the operation,

the moving part of the installation displaces water in the direction of the inclined blades inside the stator, and rotates at

a speed equal to the rotation speed of the axis of the lifting gears. Water falls on the stator ribs, and then on its parts.

The process is repeated, and the forces that hinder the movement of the rotor increase. This creates a braking torque that

reflects the rotational movement of the lifting gear axes and reduces the rotary speed. As a result, speed of lowering the

group of drill pipes decreases [8–10].

The braking safety factor (if its value does not exceed the permissible value) coordinates the auxiliary

hydrodynamic work and the effects of the operation of two main brake systems, as well as provides a longer service

time for the main brake elements. This is done through reducing the wear of the friction discs and the planes of the 

brake wheels. Increasing the braking torque of the ballast provides the correct braking movement of the cylindrical

hoist. This demonstrates the importance of studying the hydrodynamic brake.

The hydraulic power of the brake N is determined from the ratio:

N g Q H= ρ⋅ ⋅ ⋅ , (1)

where ρ — the density of the working fluid (fresh water); g — gravity acceleration; Q — the amount of working fluid

consumed, equal to the volume of the working fluid, which passes through the system of ribs in one working cycle; H

— the height (level) of the working fluid in the ballast.

The braking torque MB of the forced engine braking is determined from the ratio:

/BM g Q H= ρ⋅ ⋅ ⋅ ω , (2)

where ω — angular velocity of rotation of the moving section of the ballast.

Indicators of kinematic braking of ribbed hydraulic machines are determined from the known theoretical ratios

of the braking torque:
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Here, D — the outer diameter of the “ring” of the working fluid formed during the rotation of the rotor wheel and

assumed to be equal to the diameter of the wheel of the moving section; d — the inner diameter of the working fluid 

ring, which depends on the level of the ballast; n — the number of revolutions of the moving section of the ballast (the

number of rotating axes), rpm:
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The hydraulic braking torque coefficient λM is a dimensionless value that takes into account the shape of the 

working cavities in the ballast, the parameters, and the number of brake ribs. In practical calculations, the average value 

of the hydraulic braking torque coefficient is assumed to be 0.3.

The objective of the study is to investigate the effect of some performance indicators on the braking torque of 

the hydraulic brake, which is the pressure inside the brake chamber, as well as on the density and viscosity of the 

working fluid inside the ballast. These indicators are absent in the ratio (4); therefore, we assume that the brake operates 

at an atmospheric pressure of 1 atmosphere, the fluid is fresh water with a density of 1 g/cm2 and a viscosity of 1 stoke. 

Materials and Methods. Laboratory experiments were conducted at the University of Aleppo (Syrian Arab 

Republic) on a device that is a model of hydrodynamic brake inhibition (Fig.1).

Fig. 1. Laboratory installation — hydrodynamic brake inhibition model: 
1 — pulley, 2 — pulley armrest, 3 — pressure gauge, 4 — exhaust valve, 5 — thermometer, 6 — opening in the upper part of the 
tank, 7 — fluid level control valves, 8 — fluid outlet channel, 9 — fluid outlet from the tank, 10 — fluid drain valve, 11 — inlet 

valve, 12 — inlet line, 13 — hydraulic brake, 14 — coil, 15 — cycle number meter, 16 — cable, 17 — payload, 
18 — communication hub, 19 — control line, 20 — fluid tank. 

Stages of experiments
1. The tank and ballast are filled with fluid to the required level (0.106 m to the level of the first valve).
2. Using a hand lever connected to the coil, the weight suspended on the hook is raised by 0.317 m. It weighs 8

kg and is connected to the cable.
3. The bundle of pipes is allowed to fall under its own weight.
4. Readings from the indicator of the rotation of the axis of the coil are taken.
5. Then the impact of the indicators obtained during laboratory experiments on the study of hydraulic braking

is recorded:
— the pressure created in the brake chamber (P);
— the density of the working fluid (ρ);
— the viscosity of the working fluid (μ).
First, the braking torque of the auxiliary hydrodynamic brake is calculated from the ratio (4). For this purpose, 

the values n, D, d are determined.
The outer diameter of the “ring” of the working fluid D is formed when the wheel of the moving section (rotor) 

rotates and is assumed to be equal to its diameter. The diameter D of the propulsor of the laboratory unit in the practical 
experiments is 0.33 m.

The inner diameter of the working fluid ring d depends on the level of the ballast. To determine this diameter, 
the following volumes are aligned:

— working fluid inside the ballast;
— the fluid in the “ring”, which is formed when the movable section rotates inside the ballast and is limited by 

the height of the coolant in the tank (0.106 m).
At D = 0.33 m, the working volume of the ballast fluid is 2.85 liters. The calculations have shown that the 

inner diameter d = 0.283 m.
The number of revolutions n is associated with the suspended load. If the brake does not work, this is the 

number of revolutions of the coiler. If it is separated from the brake, then n is taken from the laboratory experiments: 
with a load weight of 8 kg, n = 240 rpm.
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We calculate the hydraulic braking moment for the weight of 8 kg attached to the hook. During the experiment, 
the tank was filled with fresh water to the level of the first valve (0.106 m) at the following parameters: pressure
P = 1 atm, fluid density ρ = 1 g/cm3, and fluid viscosity μ = 1 St. Therefore, the moment of hydraulic braking:

( )
2

5 5 2400.3 1000 0.33 0.283 355
100BM = ⋅ ⋅ − ⋅ = H·м.

Consider the inverse relationship to (2). First of all, we are talking about the inverse relationship between the 
torque and the angular velocity (ω). A decrease in the number of revolutions n by 20% with an increase in the fluid 
density means an increase in the torque by 20%. Consider the permissible value of the braking torque 355 N·m. As a 
result, we get the desired value of the braking torque at the following parameters: pressure P = 1 atm, density 
ρ = 1 g/cm3, and fluid viscosity μ = 1 St.

With regard to this work, we note the following. When determining the braking torque of a hydraulic brake, it 
is required to consider the number of revolutions of the coil connected to the brake axis (i.e., during braking): a decrease 
in the winding speed by a certain percentage means the same increase in torque.

The effect of the pressure inside the ballast on the braking torque of the hydraulic brake. Fluid pressure 
was created inside the hydraulic brake by closing the valve in the fluid outlet line. We conducted a laboratory 
experiment and calculated the braking torque with a suspended load weighing 8 kg. The results are shown in Table 1.

Table 1
Change in the braking torque of the hydraulic brake when the pressure inside the ballast changes

Pressure inside the ballast, atm 1 1.25 1.4 1.55 1.7 1.85
Left torque limit, N·m 105 104 103 100 95 90

Right torque limit, N·m 355 359 363 372 388 405

Fig. 2 shows the change in the braking torque when the pressure inside the ballast changes.

Fig. 2. Change in the braking torque at different pressures inside the ballast

The effect of the working fluid density on the braking torque. The experiments used chemicals that 

increase the density of water without corroding the elements of laboratory equipment.

Various concentrations of substances dissolved in water for the production of a ballast fluid of different 

densities are considered. The conditions are the same: the braking torque is investigated with a suspended load of 8 kg 

(Table 2).
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We calculate the hydraulic braking moment for the weight of 8 kg attached to the hook. During the experiment,
the tank was filled with fresh water to the level of the first valve (0.106 m) at the following parameters: pressure
P = 1 atm, fluid density ρ = 1 g/cm3, and fluid viscosity μ = 1 St. Therefore, the moment of hydraulic braking:

( )
2

5 5 2400.3 1000 0.33 0.283 355
100BM = ⋅ ⋅ − ⋅ = H·м.

Consider the inverse relationship to (2). First of all, we are talking about the inverse relationship between the 
torque and the angular velocity (ω). A decrease in the number of revolutions n by 20% with an increase in the fluid
density means an increase in the torque by 20%. Consider the permissible value of the braking torque 355 N·m. As a
result, we get the desired value of the braking torque at the following parameters: pressure P = 1 atm, density 
ρ = 1 g/cm3, and fluid viscosity μ = 1 St.

With regard to this work, we note the following. When determining the braking torque of a hydraulic brake, it
is required to consider the number of revolutions of the coil connected to the brake axis (i.e., during braking): a decrease 
in the winding speed by a certain percentage means the same increase in torque.

The effect of the pressure inside the ballast on the braking torque of the hydraulic brake. Fluid pressure
was created inside the hydraulic brake by closing the valve in the fluid outlet line. We conducted a laboratory
experiment and calculated the braking torque with a suspended load weighing 8 kg. The results are shown in Table 1.

Table 1
Change in the braking torque of the hydraulic brake when the pressure inside the ballast changes

Pressure inside the ballast, atm 1 1.25 1.4 1.55 1.7 1.85
Left torque limit, N·m 105 104 103 100 95 90

Right torque limit, N·m 355 359 363 372 388 405

Fig. 2 shows the change in the braking torque when the pressure inside the ballast changes.

Fig. 2. Change in the braking torque at different pressures inside the ballast

The effect of the working fluid density on the braking torque. The experiments used chemicals that

increase the density of water without corroding the elements of laboratory equipment.

Various concentrations of substances dissolved in water for the production of a ballast fluid of different

densities are considered. The conditions are the same: the braking torque is investigated with a suspended load of 8 kg

(Table 2).
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Table 2
Dependence of the braking torque on the fluid density, the number of coil turns, and additives in the ballast fluid

1.151.131.111.091.0651Fluid density
919599102104105Number of coil turns

Sodium chloride salts
402388375366359355Braking torque

Food sugar
388378368363359355Braking torque

A very weak change in the viscosity with an increase in the concentration of the sodium chloride salt was 
observed. We can assume that the viscosity of the fluid is approximately equal to 1 St.

Fig. 2 shows the dependence of the braking torque on the density of the working fluid when using sodium 
chloride salt and food sugar.

а)

b)

Fig. 3. Dependence of the braking torque on the density of the working fluid with the introduction of sodium 
chloride salt (a) and food sugar (b)

B
ra

ki
ng

to
rq

ue
,N

·m

450

400

350

300

250

200

150

100

50

0

B
ra

ki
ng

to
rq

ue
,N

·m

450

400

350

300

250

200

150

100

50

0

0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14 1.16 1.18

Fluid density, g/cm3

 

0.98 0.997 1.013 1.03 1.047 1.063 1.08 1.097 1.113 1.13

Fluid density, g/cm3

а)



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

48

Advanced Engineering Research 2021. V. 21, no. 1. P. 43−54.  ISSN 2687−1653

The effect of the working fluid viscosity on the hydraulic system braking. Various combinations of 
concentrations of glycerin and sodium silicate dissolved in water were used to produce ballast fluids that differ in 
viscosity. The conditions are the same: the braking torque is investigated with a suspended load of 8 kg (Table 3).

Table 3
Dependence of the braking torque on the viscosity of the fluid and additives

in the ballast fluid

2922161Fluid density
9498102105Number of coil turns

Glycerin
392378365355Braking torque

Sodium silicate
408388372355Braking torque

Fig. 4 shows the changes in the braking torque with the change in the viscosity of the working fluid when using 
glycerin and sodium silicate.

а)

b)
Fig. 4. Dependence of the braking torque on the viscosity of the working fluid 
inside the ballast with the introduction of glycerin (a) and sodium silicate (b)
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The effect of the working fluid viscosity on the hydraulic system braking. Various combinations of
concentrations of glycerin and sodium silicate dissolved in water were used to produce ballast fluids that differ in
viscosity. The conditions are the same: the braking torque is investigated with a suspended load of 8 kg (Table 3).

Table 3
Dependence of the braking torque on the viscosity of the fluid and additives

in the ballast fluid

2922161Fluid density
9498102105Number of coil turns

Glycerin
392378365355Braking torque

Sodium silicate
408388372355Braking torque

Fig. 4 shows the changes in the braking torque with the change in the viscosity of the working fluid when using
glycerin and sodium silicate.

а)

b)
Fig. 4. Dependence of the braking torque on the viscosity of the working fluid 
inside the ballast with the introduction of glycerin (a) and sodium silicate (b)
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The almost linear dependence obtained in this way should be checked using a mathematical model.

During the study of the viscosity index, it was found that the density and viscosity parameters do not depend 

much on each other, and the density is not equal to 1 g/cm2 (Table 4).

Table 4

Fluid density and viscosity ratio 

383023292216Fluid viscosity
1.0341.0251.0171.0211.0141.008Density

The density influence coefficient did not exceed 6 %. It was calculated as the difference between the densities 

of a viscous fluid and fresh water. For example, if the viscosity was 30 St, the density was 1.025 g/cmP

2
P. Hence, the 

density impact factor:

1.025 1 100 2.5%
1
−

∆ = ⋅ = .

Research Results

Creating a mathematical model of a hydraulic brake. The dependence of the braking torque on pressure, 

density, and viscosity cannot be represented as a direct relationship. The effect of each variable on the braking torque is 

determined experimentally (see Fig. 2–4).

The inverse analysis method. In the scientific and reference literature, there are no recorded indicators of the 

relationship of the braking torque and pressure, density, and viscosity. Therefore, the inverse analysis method was used 

[4]. It is efficient for creating mathematical models based on experimental measurements. It can be used to show how 

the combination of the above variables affects the braking torque. This can be expressed by the relation:

( ),D F P C= , (5)

where F — a function that relates the considered phenomenon D to a set of variable values and a set of values for 

constants of the mathematical model of the phenomenon.

The inverse analysis provides finding a set of values of the assumed constants of the model C through the 

inverse dependence: 

( )1 ,mP F D C−= , (6)

where DRmR — a set of experimental values for the phenomenon under study [4, 5].

It is assumed that a direct solution to the relation (6) is impossible. Therefore, an iterative system should be 

used to get a set of constant values that give an optimal solution. The generalization specifies a set of P values for the 

relations:

( ),CD F P C= , (7)

m CD D− ≤ ε , (8)

where CD — a set of calculated values for the phenomenon under study; ε — the required accuracy in accordance with 

the calculation of the phenomenon under study. 

The proposed method takes into account the statistical errors made during the experimental measurements, 

focusing on the standard error array (SRtR) and the minimum standard error. Thus, according to the statistical Gaussian 

distribution, the dependence of the density of statistical data:

( ) ( ) ( )1
1 1

1.exp
2

t

C m d C mf P P const D D C D D−  = = − − −   
. (9)
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Here, dC — standard error array. The symbol t stands for the matrix:

( )
( )

( )

2
1

2
1

2
1

1 ..........0..................0

0.............. 2 ..............0

0................0, , , , , , , , , , , ,
d

S

C S

S n

 
 

=  
 
 

, d, (10)

where n — the number of control points.

Dc is a function of P, so, the problem is related to determining such a value of P, that Dc gives the maximum 

value Pt.

( ) ( )1t

d C m d C mS D D C D D−= − ⋅ − . (11)

The minimum value Sd can be obtained for more than one set of P values. Therefore, a correct set of 

parameters is formed using actual physical modeling of the value of these parameters (Fig. 5) [4, 5]. 

Fig. 5. Determining a physically acceptable range of values (green area): 
S1 — physically acceptable mathematical solution, S2, S3 — mathematical solutions

Thus, we use a set of primary values for the parameters P0, which are derived from the average load of the 

physical field with account for the standard deviation matrix S2. 

When using new Gaussian distribution, we obtain the following statistical intensity parameter:

( ) ( ) ( )1
2 2 0 0

1.exp
2

t

pf P P const P P C P P−  = = − − ⋅ −   
. (12)

Here, Cp — standard deviation matrix:

( )
( )

( )

2
2

2
2

2
2

1 ............0.................0

0.................. 2 ...........0

0..................0.............
p

S

C S

S r

 
 

=  
 
 

. (13)

The problem expressed in the relation (6) is solved by inverse analysis. In this case, a set of values of P is 

within the limits indicated in (7) and (8). Hence, it is possible to determine a general region of the parameters P1 and P2

from the Gaussian distribution: 

( ) ( )1 2 .expf P P P const S= ⋅ = − , (14)

( ) ( ) ( ) ( )1 1
0 0

1
2

t

C m d C m pS D D C D D P P C P P− − = − ⋅ − + − ⋅ −  . (15)

So, for the solution, it is required to find the maximum or minimum values of S of the function f (P). 

Рi
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Here, dC — standard error array. The symbol t stands for the matrix:

( )
( )

( )

2
1

2
1

2
1

1 ..........0..................0

0.............. 2 ..............0

0................0, , , , , , , , , , , ,
d

S

C S

S n

 
 

=  
 
 

, d, (10)

where n — the number of control points.

Dc is a function of P, so, the problem is related to determining such a value of P, that Dc gives the maximum

value Pt.

( ) ( )1t

d C m d C mS D D C D D−= − ⋅ − . (11)

The minimum value Sd can be obtained for more than one set of P values. Therefore, a correct set of

parameters is formed using actual physical modeling of the value of these parameters (Fig. 5) [4, 5]. 

Fig. 5. Determining a physically acceptable range of values (green area):
S1 — physically acceptable mathematical solution, S2, S3 — mathematical solutions

Thus, we use a set of primary values for the parameters P0, which are derived from the average load of the

physical field with account for the standard deviation matrix S2.

When using new Gaussian distribution, we obtain the following statistical intensity parameter:

( ) ( ) ( )1
2 2 0 0

1.exp
2

t

pf P P const P P C P P−  = = − − ⋅ −   
. (12)

Here, Cp — standard deviation matrix:

( )
( )

( )

2
2

2
2

2
2

1 ............0.................0

0.................. 2 ...........0

0..................0.............
p

S

C S

S r

 
 

=  
 
 

. (13)

The problem expressed in the relation (6) is solved by inverse analysis. In this case, a set of values of P is

within the limits indicated in (7) and (8). Hence, it is possible to determine a general region of the parameters P1 and P2

from the Gaussian distribution: 

( ) ( )1 2 .expf P P P const S= ⋅ = − , (14)

( ) ( ) ( ) ( )1 1
0 0

1
2

t

C m d C m pS D D C D D P P C P P− − = − ⋅ − + − ⋅ −  . (15)

So, for the solution, it is required to find the maximum or minimum values of S of the function f (P).
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The only way to find the minimum value of S is to use numerical methods, such as Gauss–Newton. This 

approach is based on the transformation of analytical relations into digital iterative ones with account for the error made 

due to ignoring some restrictions in the analytical relations (Fig. 6).

Fig. 6. Inverse analysis method algorithm

At the next stage of the work, the auxiliary braking torque of the hydrodynamic brake was calculated using a 

basic (nonlinear) mathematical model. It depends on the pressure, density, and viscosity:

( ), ,BM f P C= ρ µ + , (16)

1 2 3n n n
BM a p b p d C= ⋅ + ⋅ + ⋅µ + . (17)

The mathematical model (17) is a general nonlinear model if the values n1, n2, n3 are not equal to one. The set 

of constants to search are a, b, d, and n1, n2, n3.

After applying the digital iterative method with an accuracy of 0.001, the parameters presented in Table 5 are 

found.

Table 5

Parameter values of the proposed model

CdbanR3nR2nR1Parameters
10.621.29284.658.5111Value

According to Table 5, the physical phenomenon under study can be represented as the linear model (nR1R, nR2R,

nR3R) = 1:

58.5 284.6 1.29 10.62BM P= + ρ+ µ + . (18)

The mathematical model is based on the results of laboratory experiments and implies the homogenization of 

units of measurement in accordance with the value of constants.

Adequacy of the mathematical model. The first stage of determining the adequacy of the model is a braking 

test at:

— pressure P = 1 atm,

— fluid density ρ = 1 g/cmP

3
P,

— fluid viscosity μ = 1 St.

Data entry
Dm, Po,
S1, S2Inverse analysis method

search for a set of values of 
constants and variables at 

the frequency step: i+1
Pi-1=f(Pi)

Calculation of brake 
torque values for a set 

of parameters
Pi-1

Results display
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In this case, the braking was equal to the initial braking torque MB = 355 N·m. This is logical, given the 

experimental values.

The second stage: three laboratory experiments with an 8-kilogram weight suspended on a hook. They are 

briefly described below.

The first experiment. We took the maximum values of the variables and the braking torque, and then 

performed the calculation using a mathematical model based on the ratio (18). We determined the error rate through 

comparing the experimental and mathematical results.

The second experiment. We took random values of variables that are relatively far from the experimental 

values and from the calculated values for the braking torque (according to the mathematical model). We calculated the 

error rate through comparing the experimental and mathematical results.

The third experiment. We took random values for variables that are relatively far from the experimental values 

and from the calculated values for the braking torque (according to the mathematical model). We calculated the 

percentage of errors through comparing the experimental and mathematical results.

Table 6 shows the results of validating the adequacy of the mathematical model.

Table 6

Results of checking the model adequacy 

Errors,

%

Braking torque 

(mathematical model)

Braking torque 

(calculation)
Fluid density

Fluid 

viscosity
PressureNo.

1495490381.151.851

6434406131.101.602

5447423261.121.453

So, the result validates the model adequacy. First, the level of its fallibility is found to be acceptable. Secondly, 
the identified errors have a scientific explanation. The fact is that the density parameter does not depend on the 
viscosity, and this is taken into account in the model. But the experiments conducted earlier to confirm this point of 
view revealed a correlation between these indicators at the level of 6 % — and this is approximately equivalent to the 
percentage of errors made when using a mathematical model (in comparison with the calculated data). 

To express the cumulative effect of the fluid density and viscosity on the hydraulic brake operation, you can 
enter the parameter µ·ρ in the model. However, this is not necessary, given the relatively low error rate. Otherwise, the 
proposed model will become much more complicated.

Simulation of field conditions. The proposed mathematical model expresses a physical phenomenon 
identified and studied under the laboratory conditions at the initial braking torque 355 N·m.

In the field, ballasts are characterized by an initial braking torque value MRB0R. It is proposed to introduce into 
the mathematical model a parameter that will not change its shape, but, presumably, will reflect the “field”: 

( )058.5 284.6 1.29 10.62B B BmM P M M= + ρ+ µ + + − , (19)

where MRВR — the braking torque of the “field” ballast after applying the conditions (pressure, density, and viscosity); 
MRB0 R— the initial braking torque for the field ballast; MRBmR — the initial braking torque of the laboratory ballast, equal to 
355 N·m. 

This is the main hypothesis. It is substantiated as follows. The dimensions of the laboratory inhibitor are not 

chosen randomly, but so as to correspond to the actual smaller dimensions of the brakes produced by Parmac L.L.C

(model 112–500)P0F

1
P.

1 Original HYDROMATIC® Brake 620 251-5000. Parmac L.L.C // www.parmacbrake.com.
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In this case, the braking was equal to the initial braking torque MB = 355 N·m. This is logical, given the

experimental values.

The second stage: three laboratory experiments with an 8-kilogram weight suspended on a hook. They are

briefly described below.

The first experiment. We took the maximum values of the variables and the braking torque, and then

performed the calculation using a mathematical model based on the ratio (18). We determined the error rate through

comparing the experimental and mathematical results.

The second experiment. We took random values of variables that are relatively far from the experimental

values and from the calculated values for the braking torque (according to the mathematical model). We calculated the

error rate through comparing the experimental and mathematical results.

The third experiment. We took random values for variables that are relatively far from the experimental values

and from the calculated values for the braking torque (according to the mathematical model). We calculated the

percentage of errors through comparing the experimental and mathematical results.

Table 6 shows the results of validating the adequacy of the mathematical model.

Table 6

Results of checking the model adequacy

Errors,

%

Braking torque

(mathematical model)

Braking torque

(calculation)
Fluid density

Fluid

viscosity
PressureNo.

1495490381.151.851

6434406131.101.602

5447423261.121.453

So, the result validates the model adequacy. First, the level of its fallibility is found to be acceptable. Secondly,
the identified errors have a scientific explanation. The fact is that the density parameter does not depend on the 
viscosity, and this is taken into account in the model. But the experiments conducted earlier to confirm this point of
view revealed a correlation between these indicators at the level of 6 % — and this is approximately equivalent to the
percentage of errors made when using a mathematical model (in comparison with the calculated data).

To express the cumulative effect of the fluid density and viscosity on the hydraulic brake operation, you can
enter the parameter µ·ρ in the model. However, this is not necessary, given the relatively low error rate. Otherwise, the
proposed model will become much more complicated.

Simulation of field conditions. The proposed mathematical model expresses a physical phenomenon
identified and studied under the laboratory conditions at the initial braking torque 355 N·m.

In the field, ballasts are characterized by an initial braking torque value MRB0R. It is proposed to introduce into
the mathematical model a parameter that will not change its shape, but, presumably, will reflect the “field”: 

( )058.5 284.6 1.29 10.62B B BmM P M M= + ρ+ µ + + − , (19)

where MRВR — the braking torque of the “field” ballast after applying the conditions (pressure, density, and viscosity);
MRB0 R— the initial braking torque for the field ballast; MRBmR — the initial braking torque of the laboratory ballast, equal to
355 N·m.

This is the main hypothesis. It is substantiated as follows. The dimensions of the laboratory inhibitor are not 

chosen randomly, but so as to correspond to the actual smaller dimensions of the brakes produced by Parmac L.L.C

(model 112–500)P0F

1
P.

1 Original HYDROMATIC® Brake 620 251-5000. Parmac L.L.C // www.parmacbrake.com.
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Discussion and Conclusions

1. The mathematical model is created using the inverse analysis method, which relates the braking torque of

the hydrodynamic brake to the operating parameters (pressure, viscosity, and density) of the fluid inside the ballast.

2. The experiments with various random values of variables validated the adequacy of the model. The values of

the braking torque determined experimentally and using the created model were compared. The error rate did not 

exceed 6 % (Table 6).

3. An amendment to the model for simulating the operation of the hydrodynamic brake in the field is proposed.

4. Based on the results obtained, it is advisable to test the created model in the field with a real payload in

future studies.
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Introduction. Currently, Russia has adopted a course towards the creation of intelligent machines and equipment. The 
same holds for mobile technological machines for road construction and public utilities. Therefore, the design and 
creation of this type of actuators with a self-adaptation function is a critical task. 
Materials and Methods. A device equipped with a hydraulic drive with self-adaptation to load and coordination of 
kinematic and power parameters of the principal motion and the feed movement of the working body of the rock-
drilling rig, is presented. To study and design the device based on the mathematical modeling methods of a hydraulic 
drive and adaptive systems, a mathematical model is proposed. It is developed using the foundations of the theory of 
volumetric stiffness of hydraulic systems. This enables to accurately describe the impact of the dynamic properties of 
the hydraulic system (compressibility of the working fluid, elastic properties of pipelines, high-pressure hoses, 
hydraulic apparatuses) on the dynamic properties of the system as a whole. 
Results. The mathematical model for a device with self-adaptation includes submodels of adaptive communication, 
interrelations of power, kinematic and process parameters of rock drilling, as well as mathematical description of the 
movement of system elements. The solution to the developed mathematical model was performed in the software 
environment for dynamic modeling of technical systems SimInTech. As a result, general dependences of the adaptive 
system on the design parameters of the system and the operating conditions are obtained. 
Discussion and Conclusion. The mathematical model of the presented device shows the fundamental possibility of 
implementing the principle of self-adaptation in terms of load under external and internal disturbing actions during 
operation. The results obtained can be used under designing adaptive systems of other technological equipment, for 
example, for the implementation of deep drilling in workpieces with variable properties in its depth. 

Keywords: hydraulic device with self-adaptation, hydraulic drive function, generalized mathematical model, adaptive 
communication, coordinated movements, working body, load, stabilization.
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Introduction. The course adopted in Russia on building intelligent machines is the basis for the design and 
creation of actuators with a self-adapting function. The solution to this problem is timely and relevant. 

Drives with differential couplings of internal structure elements possess self-adapting properties [1]. This class 
of technical systems includes a variable rock drilling device (RF Patent No. 2582691). The self-adapting property is 
implemented by a device with negative feedback and positive feedback [2].  

The quality of the self-adapting process is affected by external and internal actions — load variability, medium 
resistance, dry and viscous friction, volumetric stiffness of the fluid and pipelines, adaptive links. 

Materials and Methods. At the current level of development of computer technology, the complexity and 
high cost of the designed equipment, methods of mathematical modeling are widely used at the development stage [3-
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13]. The development of a special model for calculations and computational experiments to determine the parameters at 
the design stage provides a reasonable choice of the standard size of the device with self-adaptation. 

The authors have developed a mathematical model for solving the problem of device design in the environment 
of dynamic simulation of SimInTech technical systems (Simulation In Technic) [14, 15]. This software product enables 
to simulate technological processes occurring in various industries with simultaneous modeling of control systems.  

 Fig. 1 shows a device for exercising the function of self-adaptation under the conditions of force resistance on 
the working body which contains fixed displacement pump (Н), security valve (КП), filter (Ф), adjustable throttles 
(Др1) and (Др2), flow regulator (РР), feed hydraulic cylinder (ГЦ) and main drive hydraulic motor (ГМ), hydraulic 
valves (Р1), (Р2) and (Р3), pressure gauges (Мн1), (Мн2) and (Мн3),  

Fig. 1. Schematic diagram of the device for exercising the function of self-adaptation under the conditions of 
force resistance on the working body 

The device is designed to exercise the function of self-adaptive load (to stabilize it) and matching output 

movements working on production machines and equipment, as well as functions of the actuator itself. Therefore, the 

device provides multi-position distributors for the formation of flows and directions of the working fluid. Such 

additional device functions include heating of the hydraulic oil in its start operation; “weighting” of moving parts (idle 

load) of the feeder when adjusting to technological mode; accelerated lifting (retraction) of the tool with rotation, but 

without controlling its speeds; tool feed “to the object of action” or “from the object of action” with rotation and control 

of tool speeds. 
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The mathematical dependence for the internal negative coupling of the device is established through joint 

solving the equations arising from the pressure balance equations in the system and the working fluid flow balance 

equation in the feedback system. 

From the pressure balance in the system, it follows 

 Δ𝑝𝑝др5 =  1
𝓌𝓌гм

𝑀𝑀гм + 1
𝑓𝑓п

𝐹𝐹п − (1 −  𝑓𝑓п.шт
𝑓𝑓п

) Δ𝑝𝑝др10,    (1) 

where Δ𝑝𝑝др5 and Δ𝑝𝑝др10 — differential pressure across throttles 5 and 10; 𝓌𝓌гм and 𝑀𝑀гм  — reduced volume of the 

hydraulic motor ГМ and the torque generated by it; 𝑓𝑓п and 𝑓𝑓п.шт — areas of the hydraulic cylinder piston in the piston 

and rod cavities; 𝐹𝐹п — resistance force from the ground, overcome when moving the rod of the hydraulic cylinder 

ГЦ. 

 The balance equation for the costs in the feedback loop has the form 

 𝑄𝑄др10 =  𝑄𝑄др5 +  𝑣𝑣п ∙  𝑓𝑓п.шт,        (2) 

where 𝑄𝑄др5 and 𝑄𝑄др10 — the flow rate of the working fluid through the throttles Др1 and Др2; 𝑣𝑣п — the hydraulic 

cylinder ГЦ piston travel speed.  

Considering that the hydraulic pump H, which feeds the system, has a constant capacity, the flow of the 

working fluid through the flow regulator РР under the operation of the drive system remains constant. It becomes 

obvious that the flow rate of the working fluid through the throttle Др2 will also be constant. In this case, the 

dependence of the acceleration of the hydraulic cylinder piston ГЦ on the total load on the hydraulic motors of the 

main movement and the feed movement will take the form  

 𝑑𝑑𝑑𝑑п
𝑑𝑑𝑑𝑑 = − А ( 1

𝓌𝓌гм
 𝑑𝑑𝑀𝑀гм 

𝑑𝑑𝑑𝑑 + 1
𝑓𝑓п

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 п

) ,     (3) 

where 𝑣𝑣п — hydraulic cylinder ГЦ piston travel speed; 𝑡𝑡 — time; А — feedback coefficient depending on the 

parameters of the nominal operating mode of the system, the design parameters of hydraulic machines, throttles and 

its settings. 

It can be seen from the equation (3) that the positive increments of the torque on the  hydraulic motor shaft 

and the movement of the hydraulic cylinder feed piston correspond to the negative increment of the tool feed speed. 

In other words, as the ground resistance increases to the rotation of the cutting tool or the movement of its feed, t he 

tool feed rate decreases.  

The direct relationship between the speeds and accelerations of the hydraulic motor shaft of the main 

movement and the hydraulic cylinder rod of the feed movement is as follows  

𝑣𝑣п = 1
𝑓𝑓п

 (𝓌𝓌гмωгм − 𝑄𝑄рр), 

or 

 𝑑𝑑𝑑𝑑п
𝑑𝑑𝑑𝑑 =  𝓌𝓌гм

𝑑𝑑ωгм
𝑑𝑑𝑑𝑑  .   (4) 

where ωгм — the angular speed of rotation of the hydraulic motor shaft; 𝑄𝑄рр — the flow rate of the working fluid 

through the flow regulator. 

From the equation (4), it can be seen that with an increase in the rotation speed of the hydraulic motor of the 

main movement (occurs with a decrease in resistance from the side of the treated surface), the speed of movement of the 

feed cylinder piston increases.  

Mathematical modeling of the movements of the working elements of the device. The equations of motion 

of the rotor of the hydraulic motor of the main movement and the piston of the hydraulic cylinder of the tool feed have 

the form: 

  Jгм 
𝑑𝑑ωгм

𝑑𝑑𝑑𝑑 =  Δ𝑝𝑝гм 𝓌𝓌гм − 𝑀𝑀сопр ,    (5) 
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𝑚𝑚п
𝑑𝑑𝑣𝑣п
𝑑𝑑𝑑𝑑 =  𝑓𝑓п 𝑝𝑝п − 𝑓𝑓п.шт 𝑝𝑝п.шт  − 𝐹𝐹сопр , (6) 

where Jгм  — the total moment of inertia of all rotating elements of the system reduced to the shaft of the hydraulic 

motor; 𝑚𝑚п  — the mass of all moving parts of the system reduced to the hydraulic cylinder piston; 𝑀𝑀сопр  — the total 

moment of resistance to the rotation of the working body reduced to the shaft of the hydraulic motor; 𝐹𝐹сопр — total 

force of resistance to the tool movement from the side of the treated surface reduced to the piston of the hydraulic 

cylinder; Δ𝑝𝑝гм — pressure drop across the hydraulic motor; 𝑝𝑝п and 𝑝𝑝п.шт — pressure in the piston and in the rod 

cavities of the hydraulic cylinder, respectively. 

Modeling the properties of a hydraulic system 

The mathematical model of the hydraulic system of the device for performing the function of self-adaptation 

under the conditions of force resistance on the working body is developed using volumetric rigidity, which provides 

modeling as close as possible to the real characteristics [16–20]. When modeling, special attention is paid to 

determining the reduced coefficient of volumetric stiffness of high-pressure hoses [16]. The resulting mathematical 

model includes the following equations:  

— the equation of the pressure increment at various points (in Fig. 1, marked by points 1 to 23) of the 

hydraulic system has the form: 

𝑑𝑑𝑝𝑝 = 𝐶𝐶пр𝑖𝑖(∑ 𝑄𝑄вх𝑖𝑖 − ∑ 𝑄𝑄исх𝑖𝑖)𝑑𝑑𝑑𝑑 ,     (7) 

where  ∑ 𝑄𝑄вх𝑖𝑖 and ∑ 𝑄𝑄исх𝑖𝑖 — the sums of all the flow rates of the working fluid entering and outgoing from the 

considered (i-th) volume of the system during the time dt; 𝐶𝐶пр𝑖𝑖 — the reduced coefficient of volumetric rigidity of the 

selected section of the hydraulic system;   

— the equation for determining the flow rate of the working fluid through various elements of the hydraulic 

system has the form: 

𝑄𝑄𝑖𝑖 = μ𝑓𝑓√2
ρ |𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑖𝑖+1| ∙ sign(𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑖𝑖+1),  (8) 

where 𝑝𝑝𝑖𝑖 and 𝑝𝑝𝑖𝑖+1 — pressure at the inlet and outlet of the hydraulic resistances; f — free cross-sectional area of 

resistance; ρ — working fluid density; 

— the formula for calculating the reduced flow rate of linear resistances is as follows 

μ = μl =  1

√λ𝑙𝑙
𝑙𝑙𝑙𝑙
𝑑𝑑𝑙𝑙

 , (9) 

where dl and ll — diameters and lengths of the linear section of the pipeline; λl — the coefficient of hydraulic friction of 

the pipeline;  

— the formula for determining the reduced coefficient of volumetric stiffness of the metal sections of the 

pipeline has the form: 

𝐶𝐶𝑙𝑙 = 4
π𝑑𝑑2𝑙𝑙

𝐸𝐸𝑓𝑓𝑙𝑙

1+𝑑𝑑
δ

𝐸𝐸𝑓𝑓𝑙𝑙
𝐸𝐸𝑙𝑙

, (10) 

where d and l — the internal diameter and length of the pipeline section; δ — its wall thickness; Efl and El — moduli of 

elasticity of fluid and wall material of the hydraulic line. 

The reduced coefficients of the volume stiffness РВД are determined experimentally. 

The performance of the hydraulic pump is determined with account for the volume losses from the formula: 

𝑄𝑄нд =  𝑞𝑞pнωн
2π η0,н, (11) 

where qpн — the working volume of the hydraulic pump; ωн — the hydraulic pump shaft speed; η0,н — the current value 

of the volumetric efficiency of the hydraulic pump.  

The flow rate of the working fluid through the hydraulic motor is determined from the formula: 
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𝑚𝑚п
𝑑𝑑𝑣𝑣п
𝑑𝑑𝑑𝑑 = 𝑓𝑓п 𝑝𝑝п − 𝑓𝑓п.шт 𝑝𝑝п.шт − 𝐹𝐹сопр , (6)

where Jгм — the total moment of inertia of all rotating elements of the system reduced to the shaft of the hydraulic

motor; 𝑚𝑚п — the mass of all moving parts of the system reduced to the hydraulic cylinder piston; 𝑀𝑀сопр — the total 

moment of resistance to the rotation of the working body reduced to the shaft of the hydraulic motor; 𝐹𝐹сопр — total

force of resistance to the tool movement from the side of the treated surface reduced to the piston of the hydraulic

cylinder; Δ𝑝𝑝гм — pressure drop across the hydraulic motor; 𝑝𝑝п and 𝑝𝑝п.шт — pressure in the piston and in the rod

cavities of the hydraulic cylinder, respectively.

Modeling the properties of a hydraulic system

The mathematical model of the hydraulic system of the device for performing the function of self-adaptation

under the conditions of force resistance on the working body is developed using volumetric rigidity, which provides 

modeling as close as possible to the real characteristics [16–20]. When modeling, special attention is paid to

determining the reduced coefficient of volumetric stiffness of high-pressure hoses [16]. The resulting mathematical

model includes the following equations: 

— the equation of the pressure increment at various points (in Fig. 1, marked by points 1 to 23) of the

hydraulic system has the form:

𝑑𝑑𝑝𝑝 = 𝐶𝐶пр𝑖𝑖(∑ 𝑄𝑄вх𝑖𝑖 − ∑ 𝑄𝑄исх𝑖𝑖)𝑑𝑑𝑑𝑑 , (7)

where ∑ 𝑄𝑄вх𝑖𝑖 and ∑ 𝑄𝑄исх𝑖𝑖 — the sums of all the flow rates of the working fluid entering and outgoing from the

considered (i-th) volume of the system during the time dt; 𝐶𝐶пр𝑖𝑖 — the reduced coefficient of volumetric rigidity of the

selected section of the hydraulic system; 

— the equation for determining the flow rate of the working fluid through various elements of the hydraulic

system has the form:

𝑄𝑄𝑖𝑖 = μ𝑓𝑓√2
ρ |𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑖𝑖+1| ∙ sign(𝑝𝑝𝑖𝑖 − 𝑝𝑝𝑖𝑖+1), (8)

where 𝑝𝑝𝑖𝑖 and 𝑝𝑝𝑖𝑖+1 — pressure at the inlet and outlet of the hydraulic resistances; f — free cross-sectional area of

resistance; ρ — working fluid density;

— the formula for calculating the reduced flow rate of linear resistances is as follows

μ = μl = 1

√λ𝑙𝑙
𝑙𝑙𝑙𝑙
𝑑𝑑𝑙𝑙

, (9)

where dl and ll — diameters and lengths of the linear section of the pipeline; λl — the coefficient of hydraulic friction of

the pipeline; 

— the formula for determining the reduced coefficient of volumetric stiffness of the metal sections of the

pipeline has the form:

𝐶𝐶𝑙𝑙 = 4
π𝑑𝑑2𝑙𝑙

𝐸𝐸𝑓𝑓𝑙𝑙

1+𝑑𝑑
δ

𝐸𝐸𝑓𝑓𝑙𝑙
𝐸𝐸𝑙𝑙

, (10)

where d and l — the internal diameter and length of the pipeline section; δ — its wall thickness; Efl and El — moduli of

elasticity of fluid and wall material of the hydraulic line.

The reduced coefficients of the volume stiffness РВД are determined experimentally.

The performance of the hydraulic pump is determined with account for the volume losses from the formula:

𝑄𝑄нд = 𝑞𝑞pнωн
2π η0,н, (11)

where qpн — the working volume of the hydraulic pump; ωн — the hydraulic pump shaft speed; η0,н — the current value

of the volumetric efficiency of the hydraulic pump.

The flow rate of the working fluid through the hydraulic motor is determined from the formula:

Khinikadze Т. А., et al. Simulation of the hydraulic system of a device with self-adaptation for power and kinematic parameters 

𝑄𝑄мот =  𝑞𝑞pмωм
2πη0,м

 , (12) 

where qpм — the hydraulic pump working volume; ωм — the hydraulic pump shaft speed; η0м — current volumetric 

efficiency of the hydraulic motor.  

The current value of the volumetric efficiency coefficients of the hydraulic pump and the hydraulic motor are 

determined from the formula: 

η0 = 1 − (1 − η0.nom) ∙ 𝑝𝑝p
𝑝𝑝p.nom

,  (13) 

where η0.nom — the nominal volumetric efficiency of the hydraulic pump and hydraulic motor; pp.nom — the value of the 

nominal pressure of hydraulic machines; pp — the current value of the pressure on the pump or motor.  

Research Results 

The proposed mathematical model of the device under consideration provides high-precision theoretical 

studies on the operational capabilities of rock drilling at the design stage. The calculation of the drilling system, 

performed using the SimInTech software [10, 11], showed the correctness of this statement. 

а)      b) 

Fig. 2. Changing the parameters of the drilling machine operation with a stepwise change in the resistance to rotation of the main 
working body of the drilling machine from the ground: a) — movement of the hydraulic cylinder piston (xп) and its speed (vп);  

b) — torque of resistance to rotation of the hydraulic motor shaft Мгм 

Fig. 2 shows the graphs of change in the parameters of the piston movement of the feed hydraulic cylinder with 
a stepwise change in the moment of resistance to rotation of the main working body of the drilling machine from the 
ground.  

The analysis of calculation results presented in Fig. 2 shows that with an increase in the moment of resistance 
to rotation of the working body of the drilling machine (Fig. 2 b), the speed of translational movement of the tool 
decreases and can take negative values (Fig. 2 a). This indicates that the system performs the adaptation function. The 
properties of the system require additional research. 

Conclusion. The proposed mathematical model enables to make a preliminary performance assessment at the 
design stage and select the most rational parameters of the drilling system equipped with an adaptive hydro-mechanical 
drive under different operating conditions and varying its design properties. The results obtained and their analysis 
suggest that the proposed method of adapting the main and auxiliary movements of the drive system can be successfully 
applied in other technological equipment, for example, in deep drilling of multilayer metal workpieces.  
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Introduction. Arc surfacing through feeding an additional filler wire heated by an additional arc burning between the 
filler wire and the electrode wire is considered. Under the conditions of such surfacing, the minimization of the input of 
the remelted substrate metal into the weld metal is studied. The research objectives are to examine the conditions 
providing self-regulation of this advanced arc surfacing process, and to evaluate control capabilities of the heat impact 
power on the metal and on the weld metal flow. 
Materials and Methods. In solving a wide range of welding and surfacing tasks, it is advisable to use engineering 
analysis methods based on physicomathematical modeling of processes and phenomena. These include:  
— self-regulation of the arc process under joint melting of the electrode and the filler wires;  
— assessment of the possibilities to control the heat impact power on the metal and on the weld metal flow during the 
formation of the weld pool. The features of the arc surfacing of anticorrosive chromium-nickel steels on low-alloy steel 
are considered in the paper.   
Results. New mathematical dependences are proposed that describe physical phenomena under surfacing with an arc 
interaction between the electrode and filler wire. A physicomathematical model of the joint melting of the electrode and 
filler wire is developed. It provides determining the values of the control parameters. In addition, you can find out how 
much heat affects the substrate from: 
— heat release in the main arc, 
— droplet flows of the weld electrode and filler metal, 
— arc plasma radiation. 
Discussion and Conclusions. It is established how the current and the lengths of the main and additional arcs are 
affected by the supply voltages. The feed rate of the electrode and filler wire with a diameter of 1.6 mm and 1.2 mm 
made of Inconel 625 alloy is determined. It is shown what thermal effect the substrate undergoes in this case. It is noted 
that due to the larger value of the main arc current, the diameter of the electrode wire should be larger than that of the 
filler wire. The heat flow in the substrate is created mainly by the flow of the weld metal droplets. 
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Introduction. Arc surfacing through feeding an additional filler wire heated by an additional arc burning between the
filler wire and the electrode wire is considered. Under the conditions of such surfacing, the minimization of the input of
the remelted substrate metal into the weld metal is studied. The research objectives are to examine the conditions
providing self-regulation of this advanced arc surfacing process, and to evaluate control capabilities of the heat impact
power on the metal and on the weld metal flow.
Materials and Methods. In solving a wide range of welding and surfacing tasks, it is advisable to use engineering
analysis methods based on physicomathematical modeling of processes and phenomena. These include: 
— self-regulation of the arc process under joint melting of the electrode and the filler wires; 
— assessment of the possibilities to control the heat impact power on the metal and on the weld metal flow during the
formation of the weld pool. The features of the arc surfacing of anticorrosive chromium-nickel steels on low-alloy steel
are considered in the paper.
Results. New mathematical dependences are proposed that describe physical phenomena under surfacing with an arc 
interaction between the electrode and filler wire. A physicomathematical model of the joint melting of the electrode and
filler wire is developed. It provides determining the values of the control parameters. In addition, you can find out how 
much heat affects the substrate from:
— heat release in the main arc,
— droplet flows of the weld electrode and filler metal,
— arc plasma radiation.
Discussion and Conclusions. It is established how the current and the lengths of the main and additional arcs are
affected by the supply voltages. The feed rate of the electrode and filler wire with a diameter of 1.6 mm and 1.2 mm 
made of Inconel 625 alloy is determined. It is shown what thermal effect the substrate undergoes in this case. It is noted
that due to the larger value of the main arc current, the diameter of the electrode wire should be larger than that of the
filler wire. The heat flow in the substrate is created mainly by the flow of the weld metal droplets.
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Poloskov S. S., et al. Consumable electrode – additional filler wire arc interaction control under surfacing (DE-GMAW) 

Introduction. Surfacing with materials whose characteristics differ markedly from the base metal, provides the 
necessary performance properties of the contact surfaces of the products. When surfacing, it is required to reduce the 
mixing of materials, so you need to adjust the power of the heat impact on the surface of the base metal, and the amount 
of melting material. In [1], the possibility of such regulation through changing the heat flow during the arc interaction of 
a melting electrode with an additional filler wire was first validated. Initially, this approach was used mainly in welding 
[2-4], and in recent years — in surfacing [5]. According to the author of the paper [6], this method of surfacing will help 
to provide high performance properties of the sealing and contact surfaces of pipeline fittings. However, a number of 
researchers have noted a factor that complicates the use of this method in welding and surfacing. They consider the 
major problem to be the filler wire feed control. At an insufficient feed rate, it can melt outside the molten pool, and at a 
high feed rate, it cannot melt. Therefore, to provide the required flow of the deposited material with a limited heat 
impact of the arc on the metal surface, it is necessary to accurately set the current of the additional arc burning between 
the wires. The working conditions, the instability of the wire feed, and the heterogeneity of their thermophysical 
properties also unpredictably change the melting conditions of the main electrode and the filler wire. Therefore, the 
surfacing process stability can be provided through using the self-regulation effect of the main and auxiliary arcs. The 
work objectives are to study conditions for the self-regulation of the arc process through co-melting of the electrode and 
filler wire, as well as to assess the possibility of heat power control for the metal and the filler metal flow. 

Materials and Methods. When solving a number of problems, the use of engineering analysis methods based 
on physical and mathematical modeling of welding processes is challenging [7, 8]. Such models are a system of 
differential equations, whose boundary conditions take into account many technological factors. The equations are 
solved in an iterative cycle. An important advantage of this method of engineering analysis based on fundamental 
physical laws is the universality of the results and the possibility of using them to study the mechanisms of physical 
interactions in welding and surfacing processes [9]. Such phenomena include: 

— self-regulation of the arc process under the joint melting of the electrode and filler wires, 
— assessment of the possibility of controlling the power of thermal impact on the metal. 

However, taking into account the effect of arc self-regulation, it is required to further investigate features of 
the joint melting of the electrode and filler wires. In addition, you need to know with what power the substrate is 
affected by heat from: 

— heat generation in the main arc, 
— droplet flows of the deposited electrode and filler metal, 
— arc plasma radiation. 
In this paper, we consider double-electrode gas metal arc welding, DE-GMAW, and electrode surface welding 

(a melting electrode and a current-carrying filler wire) in a protective gas. 
Main Part. To study the mechanism of interaction between the main and additional arc between the electrode 

and filler wires, a physicomathematical model is required with account for the following: 
— features of the melting of the electrode and filler wires, 
— the effect of self-regulation of the thermal power of arcs under surfacing. 
The numerical solution to the model equations in an iterative cycle provides a deeper study of the adjustment 

characteristics of the process and their influence on the thermal power of the surfacing. 
Physical model of electrode and filler wire melting. Taking into account many significant factors, it is 

appropriate to use the approaches described in [10] when studying the features of self-regulation of melting of electrode 
and filler wires. However, the modeling space needs to be specified. Consider the refined modeling space for the 
melting conditions of the electrode and filler wire under the action of arcs. The first of them — a (Fig. 1) burns between 
the electrode wire 1 and the substrate 3, and the second b — between the electrode and the filler wire 2. In this case, in 
our opinion, it is suitable to feed the wire from the front of the molten pool. This will eliminate welding (“freezing”) of 
the unfused filler wire in the solidifying metal of the tail section of the molten pool. 
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Fig. 1. Process chart of double-arc consumable electrode surfacing with an additional filler wire 

To form a common plasma column of arcs a and b, the filler wire is fed at an angle α to the axis of the melting 
electrode x. This enables the axes of the filler and electrode wires to intersect at a given distance X from their current 
contact nozzles, and to set the distance xe from the intersection point of the wire axes to the metal surface. In the 
simulation space, feed rates and wire diameters of the electrode wire ve, de and the filler wire vf, df are also set. 

For the main arc a, voltage Uep is given, and for the additional arc b — Uef. These voltages are regulated by the 
key K, which redistributes voltage Ue of the power supply between the arcs. The continuity of arc currents Ie, If are 
provided by chokes Le, Lf and closing diodes De, Df. Arc currents Ie, If are self-adapted through a self-regulatory effect 
of lengths le, lf of the corresponding arcs. The lengths of the electrode stickouts Xe, Xf are determined through the 
melting of the electrodes. The melting rates are determined by the arc currents Ie, If and the voltage drop in the anode 
regions, as well as by the heating of the stickouts by the arc currents passing through them. R — electrical resistance of 
the power supply. 

 Mathematical model of the surfacing process self-regulation. The main control action on the process is 
provided by the operation of the key K. Its closures (with a period of τ and duration of te, tf) regulate the voltage on the 
electrodes: 

𝑈𝑈ep = (𝑈𝑈𝑒𝑒 − (𝑅𝑅𝑒𝑒+R)𝐼𝐼𝑒𝑒) 𝑡𝑡𝑒𝑒
τ ; 𝑈𝑈ef = (𝑈𝑈𝑒𝑒 − (𝑅𝑅𝑓𝑓 + R𝑒𝑒+ R)𝐼𝐼𝑓𝑓) 𝑡𝑡𝑓𝑓

τ ,  (1) 
where Re, Rf — electrical resistances of the electrode and filler wire stickouts. 

In the steady-state mode, these voltages determine the arc lengths [11]: 
𝑙𝑙𝑒𝑒 = 1

𝐸𝐸 (𝑈𝑈ep − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘); 𝑙𝑙𝑓𝑓 = 1
𝐸𝐸 (𝑈𝑈ef − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘),  (2) 

where Ua, Uk — voltage drop in the anode and cathode regions of the arc; E — potential gradient in the arc column. 
It is advisable to determine the average values of the arc currents through the melting rates of the wires, which, 

in the steady-state mode, are equal to the rates of their supply: 

𝐼𝐼𝑓𝑓 = 𝑣𝑣𝑓𝑓πd𝑓𝑓
2

4𝑈𝑈𝑘𝑘
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xf) + qLS), 𝐼𝐼𝑒𝑒 = 𝑣𝑣𝑒𝑒πd𝑒𝑒

2

4𝑈𝑈𝑎𝑎
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xe) + qLS), (3) 

where Tk — temperature of electrode metal drops; сρ — heat capacity of metal of wires; qLS — melting heat; TXe, TXf — 
preheat temperatures of wire stickouts by arc currents.      

It should be taken into account that with pulse regulation, the current will change with the period τ and the 
amplitude: 

ΔI = 𝑈𝑈𝑒𝑒τ
𝐿𝐿 .  (4) 

However, with a small period of change, typical for modern power supplies, the periodic change in current can 
be ignored. 

Current flowing through the cathode spot on the metal surface: 
𝐼𝐼𝑘𝑘 = I𝑒𝑒 − 𝐼𝐼𝑓𝑓.   (5) 

To find out the temperature distribution along the stickout axes x of the electrode Te (x) and filler Tf (x) wires, it 
is required to consider the dependence of the electric resistivity of the wire metal on the temperature ρe (T ) [12].  

Then the temperature distribution is: 
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Fig. 1. Process chart of double-arc consumable electrode surfacing with an additional filler wire

To form a common plasma column of arcs a and b, the filler wire is fed at an angle α to the axis of the melting
electrode x. This enables the axes of the filler and electrode wires to intersect at a given distance X from their current
contact nozzles, and to set the distance xe from the intersection point of the wire axes to the metal surface. In the
simulation space, feed rates and wire diameters of the electrode wire ve, de and the filler wire vf, df are also set.

For the main arc a, voltage Uep is given, and for the additional arc b — Uef. These voltages are regulated by the
key K, which redistributes voltage Ue of the power supply between the arcs. The continuity of arc currents Ie, If are 
provided by chokes Le, Lf and closing diodes De, Df. Arc currents Ie, If are self-adapted through a self-regulatory effect
of lengths le, lf of the corresponding arcs. The lengths of the electrode stickouts Xe, Xf are determined through the
melting of the electrodes. The melting rates are determined by the arc currents Ie, If and the voltage drop in the anode 
regions, as well as by the heating of the stickouts by the arc currents passing through them. R — electrical resistance of
the power supply.

Mathematical model of the surfacing process self-regulation. The main control action on the process is
provided by the operation of the key K. Its closures (with a period of τ and duration of te, tf) regulate the voltage on the
electrodes:

𝑈𝑈ep = (𝑈𝑈𝑒𝑒 − (𝑅𝑅𝑒𝑒+R)𝐼𝐼𝑒𝑒) 𝑡𝑡𝑒𝑒
τ ; 𝑈𝑈ef = (𝑈𝑈𝑒𝑒 − (𝑅𝑅𝑓𝑓 + R𝑒𝑒+ R)𝐼𝐼𝑓𝑓) 𝑡𝑡𝑓𝑓

τ , (1)
where Re, Rf — electrical resistances of the electrode and filler wire stickouts.

In the steady-state mode, these voltages determine the arc lengths [11]:
𝑙𝑙𝑒𝑒 = 1

𝐸𝐸 (𝑈𝑈ep − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘); 𝑙𝑙𝑓𝑓 = 1
𝐸𝐸 (𝑈𝑈ef − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘), (2)

where Ua, Uk — voltage drop in the anode and cathode regions of the arc; E — potential gradient in the arc column.
It is advisable to determine the average values of the arc currents through the melting rates of the wires, which,

in the steady-state mode, are equal to the rates of their supply:

𝐼𝐼𝑓𝑓 = 𝑣𝑣𝑓𝑓πd𝑓𝑓
2

4𝑈𝑈𝑘𝑘
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xf) + qLS), 𝐼𝐼𝑒𝑒 = 𝑣𝑣𝑒𝑒πd𝑒𝑒

2

4𝑈𝑈𝑎𝑎
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xe) + qLS), (3)

where Tk — temperature of electrode metal drops; сρ — heat capacity of metal of wires; qLS — melting heat; TXe, TXf —
preheat temperatures of wire stickouts by arc currents.

It should be taken into account that with pulse regulation, the current will change with the period τ and the
amplitude:

ΔI = 𝑈𝑈𝑒𝑒τ
𝐿𝐿 . (4)

However, with a small period of change, typical for modern power supplies, the periodic change in current can
be ignored.

Current flowing through the cathode spot on the metal surface:
𝐼𝐼𝑘𝑘 = I𝑒𝑒 − 𝐼𝐼𝑓𝑓. (5)

To find out the temperature distribution along the stickout axes x of the electrode Te (x) and filler Tf (x) wires, it
is required to consider the dependence of the electric resistivity of the wire metal on the temperature ρe (T ) [12].

Then the temperature distribution is:

Poloskov S. S., et al. Consumable electrode – additional filler wire arc interaction control under surfacing (DE-GMAW) 

𝑇𝑇𝑒𝑒(𝑥𝑥) = (4𝐼𝐼𝑒𝑒
πd𝑒𝑒

2)
2 1

𝑣𝑣𝑒𝑒cρ ∫ ρ𝑒𝑒(𝑇𝑇𝑒𝑒(𝑥𝑥))𝑥𝑥
0 dx, 𝑇𝑇𝑓𝑓(𝑥𝑥) = (4𝐼𝐼𝑓𝑓

πd𝑓𝑓
2)

2 1
𝑣𝑣𝑓𝑓cρ ∫ ρ𝑒𝑒(𝑇𝑇𝑒𝑒(𝑥𝑥))𝑥𝑥

0 dx. (6) 

The preheat temperature TLe is determined from its values at the end of the stickout x = Xe 
As noted in [13, 14], the temperature of the metal drops Tk entering the weld (molten) pool is determined by a 

combination of many factors. However, in any case, it will be in the range between the melting point TL and the boiling 
point TV of the metal: 

𝑇𝑇𝑘𝑘 ≈ 𝑇𝑇𝑉𝑉 + T𝐿𝐿
2 .  (7) 

The heat dissipation power is calculated using the following formulas. 

— For the cathode arc spot: 
𝑃𝑃𝑘𝑘 = U𝑘𝑘(𝐼𝐼𝑒𝑒 − 𝐼𝐼𝑓𝑓) (8) 

— Transferred by electrode droplets: 

𝑃𝑃𝑒𝑒 = U𝑎𝑎𝐼𝐼𝑒𝑒+ cρTXe𝑣𝑣𝑒𝑒
πd𝑒𝑒

2

4 . (9) 
— From the flow of filler wire droplets: 

𝑃𝑃𝑓𝑓 = U𝑘𝑘𝐼𝐼𝑓𝑓 + cρTXf 𝑣𝑣𝑓𝑓
πd𝑓𝑓

2

4 . (10) 
The arc column radiation power: 

𝑃𝑃rad = E(𝐼𝐼𝑓𝑓𝑙𝑙𝑓𝑓 + I𝑒𝑒𝑙𝑙𝑒𝑒). (11) 
Only a part of the arc radiation reaches the surface of the substrate. Note that the radiation intensity is inversely 

proportional to the square of the distance from the radiation center. Assume that this center is removed from the 
substrate surface by the length of the main arc. Then, the power on the surface of the substrate: 

𝑃𝑃𝑟𝑟 = 𝑃𝑃rad
2 ∬ dS

𝑟𝑟2 + l𝑒𝑒2𝑆𝑆 , (12) 
where S — surface area, r — the distance from the surface to the arc torch axis. 

The numerical solution to the model equations is reduced to an iterative selection of arc currents, in which 
equality is achieved in all relations (Fig. 2). 

Source data: metal grade and surfaced material,  
dimensions X1, X2, xe the surfacing mode parameters ve, de, vf, df, Ue, R, τ, te, tf . 
Material properties from the databases Tv, TL, сρ, qLS, Ua, Uk, Е, ρe (T ). 
Initial approximation 
Iterative cycle of current refinement Ie, If 

Calculation of temperature distribution in stickouts: x = 0, T(x) = T0, Re = 0, Rf = 0 
Cycle x = x + dx 

𝑇𝑇𝑒𝑒(𝑥𝑥) = T𝑒𝑒(𝑥𝑥) + (4𝐼𝐼𝑒𝑒
πd𝑒𝑒

2)
2 ρ𝑒𝑒(𝑇𝑇𝑒𝑒(𝑥𝑥))

𝑣𝑣𝑒𝑒cρ
dx, 𝑇𝑇𝑓𝑓(𝑥𝑥) = T𝑓𝑓(𝑥𝑥) + (4𝐼𝐼𝑓𝑓

πd𝑓𝑓
2)

2 ρ𝑒𝑒(𝑇𝑇𝑓𝑓(𝑥𝑥))
𝑣𝑣𝑓𝑓cρ

dx 

Electric resistivity of the stickouts: 

𝑅𝑅𝑒𝑒(𝑥𝑥) = R𝑒𝑒(𝑥𝑥) + ρ𝑒𝑒(𝑇𝑇𝑒𝑒(𝑥𝑥))
πd𝑒𝑒

2 dx, 𝑅𝑅𝑓𝑓(𝑥𝑥) = R𝑓𝑓(𝑥𝑥) +
ρ𝑒𝑒 (𝑇𝑇𝑓𝑓(𝑥𝑥))

πd 𝑓𝑓
 2 dx 

as long as x < Xe or x < Xf 
Parameters of stickouts TLe = Te (Le), TLf = Tf (Lf), Re = Rt (Le), Rf = Rf (Lf) 
Clarification of currents 

𝐼𝐼𝑓𝑓 = 1
4 [3𝐼𝐼𝑓𝑓 +

𝑣𝑣𝑓𝑓πd𝑓𝑓
2

4𝑈𝑈𝑘𝑘
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xf) + qLS)] , 𝐼𝐼𝑒𝑒 = 1

4 [3𝐼𝐼𝑒𝑒 + 𝑣𝑣𝑒𝑒πd 𝑒𝑒
 2

4𝑈𝑈𝑎𝑎
(cρ(𝑇𝑇𝑘𝑘 − 𝑇𝑇Xe) + qLS)] 

until Ie const or If const 

Determination of process parameters: D = k𝐷𝐷(𝐼𝐼𝑒𝑒+ I𝑓𝑓)
2
3 + d𝑒𝑒; 

𝑃𝑃𝑒𝑒 = U𝑎𝑎𝐼𝐼𝑒𝑒 + cρTXe𝑣𝑣𝑒𝑒
πd 𝑒𝑒

 2

4 ; 𝑃𝑃𝑓𝑓 = U𝑘𝑘𝐼𝐼𝑓𝑓 + cρTXf 𝑣𝑣𝑓𝑓
πd 𝑓𝑓

 2

4 ; 

𝑃𝑃𝑟𝑟 = 𝐸𝐸
2 (𝐼𝐼𝑓𝑓𝑙𝑙𝑓𝑓 + I𝑒𝑒𝑙𝑙𝑒𝑒) ∬ dS

𝑟𝑟2 + l𝑒𝑒2𝑆𝑆 ; 𝑙𝑙𝑒𝑒 = 1
𝐸𝐸 (𝑈𝑈ep − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘); 𝑙𝑙𝑓𝑓 = 1

𝐸𝐸 (𝑈𝑈ef − 𝑈𝑈𝑎𝑎 − 𝑈𝑈𝑘𝑘). 

Fig. 2. Algorithm for calculating the parameters of the joint melting process of electrode wires 

The algorithm for calculating the parameters of the joint melting process of electrode wires presented in Fig. 2 
enables to study in detail the conditions of self-regulation of the main and additional arcs under surfacing. 
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Research Results 
Process control characteristics. Regulatory actions: 

— the feed rate of the electrode and filler wires, 

— the no-load voltage of the power supply, 

— the relative duration of the key closures, which controls the ratio of the voltages of the main and additional 
arcs. 

These actions determine the arc currents, their lengths, and the power distribution of the process. Additional 
parameters that determine the results of regulation are the wire diameters, their stickouts, and the angles between them. 

The ranges of control parameters values are limited. The most important of them is the condition for the 
existence of an arc between the substrate and the electrode, i.e., the current Ik = Ie – If > 0 through the cathode spot on 
the substrate. 

Accordingly, the relation should be fulfilled: 
𝑣𝑣𝑒𝑒𝑑𝑑𝑒𝑒2

𝑈𝑈𝑎𝑎
> 𝑣𝑣𝑓𝑓𝑑𝑑𝑓𝑓

2

𝑈𝑈𝑘𝑘
.  (13) 

The second critical limitation is the minimum voltage on the arcs, which provides their stable arcing in the 
absence of short circuits: 

𝑈𝑈𝑒𝑒
𝑡𝑡𝑒𝑒
τ > U𝑎𝑎 + U𝑘𝑘; 𝑈𝑈𝑒𝑒

𝑡𝑡𝑓𝑓
τ > U𝑎𝑎+ U𝑘𝑘.  (14) 

In addition, it is required to provide the correct location of the vanishing point of the electrodes above the 
substrate surface and the deposited layer, and the absence of short circuits by the electrode metal drops, i.e., the length 
of the main arc should be: 

𝑙𝑙𝑒𝑒 > x𝑒𝑒+ l𝑓𝑓ctg α
2 ; 𝑥𝑥𝑒𝑒 > d𝑒𝑒.  (15) 

To do this, the main arc voltage should be at least: 
𝑈𝑈𝑒𝑒

𝑡𝑡𝑒𝑒
τ > U𝑎𝑎+ U𝑘𝑘+ El𝑒𝑒.  (16) 

The length of the additional arc lf is a process parameter that provides removing the flow of additive drops 
from the main arc. 

Influence of the control parameters on the process power. The power of the heat fluxes acting on the substrate 
in the sum of the heat release in the cathode spot of the main arc, the radiation power of the main and additional arcs, 
heat transfer by drops of the electrode and filler metal. Fig. 3 shows the effect of the feed rate of the electrode wire with 
a diameter of 1.6 mm made of Inconel 625 alloy on: 

— current Ie of the main arc, 
— power Pk, emitted in the cathode spot, 
— power Pe of the heat flux drops of electrode metal, 
— temperature Te of heating the electrode stickout, 
— length le of the main arc. 

Fig. 3. Dependence of the main arc parameters on the feed rate ve of the electrode with a diameter of de = 1.6 mm made of 
Inconel 625 alloy at stickout of le = 10 mm, supply voltage Ue = 32 W, duty cycle te/τ = 0.5, and the additional arc current If = 108 A 
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Research Results
Process control characteristics. Regulatory actions:

— the feed rate of the electrode and filler wires,

— the no-load voltage of the power supply,

— the relative duration of the key closures, which controls the ratio of the voltages of the main and additional
arcs.

These actions determine the arc currents, their lengths, and the power distribution of the process. Additional
parameters that determine the results of regulation are the wire diameters, their stickouts, and the angles between them.

The ranges of control parameters values are limited. The most important of them is the condition for the 
existence of an arc between the substrate and the electrode, i.e., the current Ik = Ie – If > 0 through the cathode spot on
the substrate.

Accordingly, the relation should be fulfilled:
𝑣𝑣𝑒𝑒𝑑𝑑𝑒𝑒2

𝑈𝑈𝑎𝑎
> 𝑣𝑣𝑓𝑓𝑑𝑑𝑓𝑓

2

𝑈𝑈𝑘𝑘
. (13)

The second critical limitation is the minimum voltage on the arcs, which provides their stable arcing in the
absence of short circuits:

𝑈𝑈𝑒𝑒
𝑡𝑡𝑒𝑒
τ > U𝑎𝑎 + U𝑘𝑘; 𝑈𝑈𝑒𝑒

𝑡𝑡𝑓𝑓
τ > U𝑎𝑎+ U𝑘𝑘. (14)

In addition, it is required to provide the correct location of the vanishing point of the electrodes above the
substrate surface and the deposited layer, and the absence of short circuits by the electrode metal drops, i.e., the length
of the main arc should be:

𝑙𝑙𝑒𝑒 > x𝑒𝑒+ l𝑓𝑓ctg α
2 ; 𝑥𝑥𝑒𝑒 > d𝑒𝑒. (15)

To do this, the main arc voltage should be at least:
𝑈𝑈𝑒𝑒

𝑡𝑡𝑒𝑒
τ > U𝑎𝑎+ U𝑘𝑘+ El𝑒𝑒. (16)

The length of the additional arc lf is a process parameter that provides removing the flow of additive drops
from the main arc.

Influence of the control parameters on the process power. The power of the heat fluxes acting on the substrate
in the sum of the heat release in the cathode spot of the main arc, the radiation power of the main and additional arcs, 
heat transfer by drops of the electrode and filler metal. Fig. 3 shows the effect of the feed rate of the electrode wire with
a diameter of 1.6 mm made of Inconel 625 alloy on:

— current Ie of the main arc,
— power Pk, emitted in the cathode spot,
— power Pe of the heat flux drops of electrode metal,
— temperature Te of heating the electrode stickout,
— length le of the main arc.

Fig. 3. Dependence of the main arc parameters on the feed rate ve of the electrode with a diameter of de = 1.6 mm made of
Inconel 625 alloy at stickout of le = 10 mm, supply voltage Ue = 32 W, duty cycle te/τ = 0.5, and the additional arc current If = 108 A
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With an increase in the speed ve of the electrode wire feed at a fixed current If of the additional arc, the current 

Ie, flowing through the electrode, increases almost in proportion to the speed. The deviation from the proportionality is 

explained by a noticeable increase in the temperature Te of the electrode stickout. For the same reason, the power Pe that 

heats the electrode increases faster than the arc current Ie. The power Pk, released in the cathode spot on the substrate 

surface is almost proportional to the feed rate, but it is much less than the thermal power Pe of the droplet flow. The 

length le of the main arc decreases linearly as the electrode feed rate increases. 

Fig. 4 shows the impact of the feed speed vf of the filler wire with a diameter of 1.2 mm made of Inconel 625 

alloy on: 

— additional arc current If, 

— power Pk generated in the cathode spot, 

— power Pf of the heat flux drops of metal filler wire, 

— temperature Tf of the heated wire stickout, 

— length lf of the additional arc. 

Fig. 4. Dependence of the additional arc parameters on the feed speed vf of the filler wire with a diameter of de = 1.2 mm made of 
Inconel 625 alloy at stickout of le = 10 mm, supply voltage Ue = 32 W, duty cycle tf / τ = 0.5, and the main 

With an increase in the feed rate vf of the filler wire at a fixed current Ie of the main arc, the current If is 

somewhat disproportionate to the feed rate due to a noticeable increase in the temperature Tf of the wire stickout. The 

power Pe, spent on heating the wire increases faster than the current If of the additional arc. The power Pk, generated in 

the cathode spot on the substrate surface, is greatly reduced through increasing the feed rate of the filler wire due to the 

redistribution of the main arc current to the filler wire. The thermal power Pf of the flow of the droplets from the filler 

wire is less than the power Pe of droplets from the electrode. The length lf of the additional arc decreases non-linearly as 

the feed rate increases. This is due to the impact of the electrical resistance, which is greater in the filler wire than in the 

electrode stickout due to the smaller wire diameter and higher temperature Tf. The voltage of the arcs determines their 

length, i.e., their location above the substrate. 

Fig. 5 shows how the distance between the electrode and filler wire and their distance from the substrate 

depend on the surfacing mode.  
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Fig. 5. Impact of the main arc voltage Uep at different additional arc voltage Uef on: arc radiation power Prad , arc radiation power on 
the substrate Prp , main arc length le, main arc length xe from the vanishing point of the electrodes to the substrate 

The minimum arc voltage (12 V) is determined from the sum of the anode and cathode voltages, as well as 
their minimum length. The voltage Uef is set between the electrode wire and the filler wire. At the same time, an 
increase in the voltage Uep between the electrode and the substrate increases the length le of the main arc, which is 
accompanied by an increase in the power Prad of heat release in the plasma arc torch. Rising the voltage Uef between the 
electrode and the additive increases the length lf of the additional arc, which also increases the power Prad. Some part Prp 
of this power Prad is radiated to the substrate surface. The dependence of the total power Prad of the arc torch on the 
voltage of the main arc Uep is noticeable. At the same time, a change in the power Prp that heats the substrate is less 
significant. This is due to the removal of the arc plasma from the substrate as the length le of the main arc increases. The 
voltage of the additional arc Uef affects the heating power Prp of the radiation much more strongly, since the distance 
between the arc torch and the substrate does not depend on this voltage. Voltages Uep and Uef affect significantly the 
location of the wire vanishing point xe, which imposes restrictions on the power supply of the arcs. 

Discussion and Conclusions. Surfacing with the electrode and filler wire arc interaction enables to adjust the 
power consumed for melting the deposited metal and for heating the substrate. The stability of consumable-electrode 
arc welding is usually provided by the self-regulating effect, which equalizes the melting and feeding rates of the 
electrode wires when they change over a wide range. The physicomathematical model of joint melting of electrode and 
filler wires is developed with account for self-regulation, in which the control actions are the wire feed rates and the 
voltage on the welding torches, while the currents and arc lengths are the results of self-regulation. The model provides 
determining the values of the control parameters, as well as the power of the thermal effect on the substrate under the 
consumable-electrode surfacing with additional filler wire. 

Based on the results of the work performed, the following conclusions can be drawn. 
1. Under the consumable-electrode arc surfacing with additional filler wire, to effectively regulate the ratio

between the volumes of the surfaced material and the remelted substrate, the following self-regulation should be 
provided: 

— of the main arc between the electrode and the substrate, 
— of the additional arc between the electrodes.  
2. Self-regulation of the arc melting process of the electrode and filler wires is described by a system of

equations. In it, the control actions are the wire feed rates and the voltages of the main and additional arcs, and the 
control results are the arc currents, their lengths, the distribution of heat generation power, the heat fluxes of the 
electrode metal droplets and the arc radiation on the substrate surface. 
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Fig. 5. Impact of the main arc voltage Uep at different additional arc voltage Uef on: arc radiation power Prad , arc radiation power on
the substrate Prp , main arc length le, main arc length xe from the vanishing point of the electrodes to the substrate

The minimum arc voltage (12 V) is determined from the sum of the anode and cathode voltages, as well as
their minimum length. The voltage Uef is set between the electrode wire and the filler wire. At the same time, an
increase in the voltage Uep between the electrode and the substrate increases the length le of the main arc, which is
accompanied by an increase in the power Prad of heat release in the plasma arc torch. Rising the voltage Uef between the 
electrode and the additive increases the length lf of the additional arc, which also increases the power Prad. Some part Prp

of this power Prad is radiated to the substrate surface. The dependence of the total power Prad of the arc torch on the
voltage of the main arc Uep is noticeable. At the same time, a change in the power Prp that heats the substrate is less
significant. This is due to the removal of the arc plasma from the substrate as the length le of the main arc increases. The 
voltage of the additional arc Uef affects the heating power Prp of the radiation much more strongly, since the distance
between the arc torch and the substrate does not depend on this voltage. Voltages Uep and Uef affect significantly the 
location of the wire vanishing point xe, which imposes restrictions on the power supply of the arcs.

Discussion and Conclusions. Surfacing with the electrode and filler wire arc interaction enables to adjust the
power consumed for melting the deposited metal and for heating the substrate. The stability of consumable-electrode
arc welding is usually provided by the self-regulating effect, which equalizes the melting and feeding rates of the 
electrode wires when they change over a wide range. The physicomathematical model of joint melting of electrode and
filler wires is developed with account for self-regulation, in which the control actions are the wire feed rates and the
voltage on the welding torches, while the currents and arc lengths are the results of self-regulation. The model provides
determining the values of the control parameters, as well as the power of the thermal effect on the substrate under the 
consumable-electrode surfacing with additional filler wire.

Based on the results of the work performed, the following conclusions can be drawn.
1. Under the consumable-electrode arc surfacing with additional filler wire, to effectively regulate the ratio

between the volumes of the surfaced material and the remelted substrate, the following self-regulation should be 
provided:

— of the main arc between the electrode and the substrate,
— of the additional arc between the electrodes. 
2. Self-regulation of the arc melting process of the electrode and filler wires is described by a system of

equations. In it, the control actions are the wire feed rates and the voltages of the main and additional arcs, and the 
control results are the arc currents, their lengths, the distribution of heat generation power, the heat fluxes of the
electrode metal droplets and the arc radiation on the substrate surface.
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3. Limits are set on:
— the ratio of the parameters of the feed of the electrode and filler wire, which provide the presence of an arc

between the electrode and the substrate; 
— minimum voltage across arcs maintaining their stable burning in the absence of short circuits. 
4.Calculations of the modes of consumable-electrode surfacing with an additional filler wire of the Inconel 625

alloy are performed. The calculations show that the process can be controlled over a wide range of wire feed rates and 
burner voltages. 

References 
1. Zhang YM, Jiang M, Lu W. Double electrodes improve GMAW heat input control. Welding Journal.

2004;83(11):39–41. 
2. Li KH, Zhang YM. Consumable double-electrode GMAW. Part 1: The process. Welding Journal.

2008;87(1):11–17. 
3. Li KH, Zhang YM. Consumable double-electrode GMAW. Part II: Monitoring, modeling and control.

Welding Journal. 2008;87(2):44–50. 
4. Yi Lu, Shu Jun Chen, Yu Shi, et al. Double-Electrode Arc welding process: Principle, variants, control and

developments. Journal of Manufacturing Processes. 2014;16(1):93–108. 
5. Günther K, Bergmann JP, Suchodoll D. Hot wire-assisted gas metal arc welding of hypereutectic FeCrC

hardfacing alloys: Microstructure and wear properties. Surface and Coatings Technology. 2018;334:420–428. 
6. Poloskov SS. Problemy naplavki uplotnitel'nykh poverkhnostei truboprovodnoi armatury i puti ikh resheniya

[Problems of weld overlay of sealing surfaces of pipe fitting and solutions]. Vestnik of DSTU. 2019;19(4):349−356. 
DOI: https://doi.org/10.23947/1992-5980-2019-19-4-349-356 (In Russ.) 

7. Shipilov AV, Erofeev VA, Vyshemirsky EM, et al. Fiziko-matematicheskaya model' orbital'noi svarki
neplavyashchimsya ehlektrodom v inertnykh gazakh: kontseptsiya i vozmozhnosti [Physical and mathematical model of 
orbital non-consumable electrode welding in inert gases: concept and possibilities]. Welding and Diagnostics. 
2011;2:3–9. (In Russ.) 

8. Winczek J, Rygal G. Modelling of a temporary temperature field during arc weld surfacing of steel elements
taking into account heat of the weld. Journal of Applied Mathematics and Computational Mechanics. 2015;14(1):111–
120. 

9. Murphy AB. A perspective on arc welding research: The importance of the arc, unresolved questions and fu-
ture directions. Plasma Chemistry & Plasma Processing. 2015;35(3):471–489. 

10. Poloskov SS, Yerofeyev VA, Sholokhov MA. Fiziko-matematicheskaya model' dugovogo vzaimodeistviya
pri naplavke plavyashchimsya ehlektrodom s dopolnitel'noi prisadochnoi provolokoi [Physics-mathematical model of 
arc interaction when smelting a melting electrode with additional additive wire]. Welding and Diagnostics. 2019;6:27–
31. (In Russ.)

11. Getskin OB, Erofeev VA, Poloskov SS, et al. Fiziko-matematicheskaya model' sistemy «istochnik pitaniya
— duga» dlya svarki plavyashchimsya ehlektrodom v zashchitnykh gazakh [Physical and mathematical model of the 
system “power source – arc” for MIG/MAG welding]. Tyazheloe Mashinostroenie. 2008;6:18–20. (In Russ.) 

12. Waszink H, Van den Heuvel CJPM. Heat generation and heat flow in the filler metal in GMA welding. 
Welding Journal. 1982;61(8):269–280. 

13. Lenivkin VA, Dyurgerov NG, Sagirov KhN. Tekhnologicheskie svoistva svarochnoi dugi v zashchitnykh 
gazakh [Technological properties of the welding arc in protective gases]. Moscow: Mashinostroenie; 1989. 264 p. (In 
Russ.) 

14. Chuan Song Wu. Computer simulation of three-dimensional convection in traveling MIG weld pools. En-
gineering Computations. 1992;9(5):529–537. 

 Submitted 28.12.2020 
Scheduled in the issue 20.01.2021 



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

70

Advanced Engineering Research 2021. V. 21, no. 1. P. 62−70.  ISSN 2687−1653 

About the Authors: 
Poloskov, Stanislav S., Director of Analytical Center, Moscow Institute of Physics and Technology 

(National Research University) (9, Institutsky per., Dolgoprudny, Moscow Region, 141701, RF), Scopus ID 
57190177358, ORCID: http://orcid.org/0000-0002-8205-3565, stanislavpoloskov@gmail.ru 

Erofeev, Vladimir A., professor of the Welding, Casting and Technology of Structural Materials 
Department, Tula State University, (92, Lenin Ave., Tula, 300600, RF), Cand.Sci. (Eng.), ORCID: 
https://orcid.org/0000-0003-3756-2640, Va_erofeev@mail.ru 

Sholokhov, Mikhail A., Head of the Welding Production Automation and Robotization Department, Yeltsin 
Ural Federal University (UrFU) (19, Mira St., Ekaterinburg, 620002, Russia), Dr.Sci. (Eng.), ORCID: 
https://orcid.org/0000-0002-7666-5645, M.a.sholokhov@urfu.ru 

Claimed contributorship 
S. S. Poloskov: definition of the modeling area and boundary conditions; analysis of the research results, text 

preparation; formulation of conclusions. V. A. Erofeev: physicomathematical model development; analysis of the re-
search results. M. A. Sholokhov: academic advising; the text revision; correction of the conclusions. 

All authors have read and approved the final manuscript. 



M
ac

hi
ne

 b
ui

ld
in

g 
an

d 
m

ac
hi

ne
 sc

ie
nc

e

71

Advanced Engineering Research 2021. V. 21, no. 1. P. 62−70.  ISSN 2687−1653

About the Authors:
Poloskov, Stanislav S., Director of Analytical Center, Moscow Institute of Physics and Technology

(National Research University) (9, Institutsky per., Dolgoprudny, Moscow Region, 141701, RF), Scopus ID 
57190177358, ORCID: http://orcid.org/0000-0002-8205-3565, stanislavpoloskov@gmail.ru

Erofeev, Vladimir A., professor of the Welding, Casting and Technology of Structural Materials
Department, Tula State University, (92, Lenin Ave., Tula, 300600, RF), Cand.Sci. (Eng.), ORCID:
https://orcid.org/0000-0003-3756-2640, Va_erofeev@mail.ru

Sholokhov, Mikhail A., Head of the Welding Production Automation and Robotization Department, Yeltsin
Ural Federal University (UrFU) (19, Mira St., Ekaterinburg, 620002, Russia), Dr.Sci. (Eng.), ORCID:
https://orcid.org/0000-0002-7666-5645, M.a.sholokhov@urfu.ru

Claimed contributorship
S. S. Poloskov: definition of the modeling area and boundary conditions; analysis of the research results, text

preparation; formulation of conclusions. V. A. Erofeev: physicomathematical model development; analysis of the re-
search results. M. A. Sholokhov: academic advising; the text revision; correction of the conclusions.

All authors have read and approved the final manuscript.

Advanced Engineering Research 2021. V. 21, no. 1. P. 71−81.  ISSN 2687−1653 

MACHINE BUILDING AND MACHINE SCIENCE  

UDC 621.65; 004.92 https://doi.org/10.23947/2687-1653-2021-21-1-71-81 

Strength analysis of the TWS 600 plunger pump body in Solid 
Works Simulation 
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1Don State Technical University (Rostov-on-Don, Russian Federation) 
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Introduction. The relevance of the presented paper is due to the widespread use of plunger pumps in industrial practice, 
in particular, in gas and oil production. The quality of working operations and the efficiency of further well operation 
depend largely on their reliability. The improvement of plunger pumps involves increasing their reliability, increasing 
their service life, efficiency, downsizing, reduction in weight, labor intensity of installation and repair work. The 
modernization of the mechanism includes its power study since the found forces are used for subsequent strength 
calculations. Before the appearance of programs for the numerical analysis of solid objects, the analytical solution to the 
problem of strength calculation of the high-pressure pump drive frame was a very time-consuming and expensive 
procedure. The situation has changed with the development of computer technologies and the inclusion of the finite 
element method in the computer-aided design systems. The objective of this work is to perform a strength calculation 
on the TWS 600 plunger pump body made of 09G2S steel. 
Materials and Methods. A method for determining the reactions of the crank shaft supports of a high-pressure plunger 
pump and strength calculation of the drive part housing is developed. The direction and magnitude of the resulting 
forces and reactions of the supports are determined graphically according to the superposition principle of the force 
action on the supports. Strength calculations were performed using the finite element method in the computer-aided 
design system Solid Works Simulation. In this case, solid and finite-element models of the body with imposed boundary 
conditions were used, which were identified during the analysis of the design and the calculation of the forces arising 
under the pump operation. 
Results. The reactions in the crankshaft supports are described with account for the forces generated by the plunger 
depending on its operating mode and the crank position. The forces acting on each of the plungers and the resulting 
reactions in each of the supports are determined. The diagrams of stresses and the safety factor are presented, which 
provide assessing the strength of the body and developing recommendations for creating a more rational design. 
Discussion and Conclusions. As a result of the calculations, we have identified areas of the structure with minimum 
safety factors, and areas that are several times higher than the recommended values. This provides optimizing the design 
under study through strengthening the first and reducing the thickness of the metal on the second. From the point of 
view of weight and size characteristics and maintainability, the results of the strength calculation performed can be used 
to optimize the design of the pump body under typical operating conditions. 

Keywords: plunger pump, support reactions, strength calculation, design optimization, superposition principle, 
calculation of body parts. 
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Introduction. Oil production is not complete without the use of plunger pumps. They are required for such 

working operations as well cementing and acidizing, sand blast perforation, hydrofracturing, etc. [1]. Downsizing and 

reduction in weight of the pumps make them extremely attractive for use in mobile oilfield installations. The reliability 

of the pumps largely determines the quality of processing and the efficiency of further operation of oil and gas wells [2]. 

Despite the overall rather high level of plunger pump designs, they continue to be improved. The improvement 

of plunger pumps involves increasing their reliability, increasing their service life, efficiency, downsizing, reduction in 

weight, labor intensity of installation and repair work. For this purpose, the designs of the components and parts of the 

drive and hydraulic systems are changed [3-5]. The modernization of the mechanism includes its power study since the 

found forces are used for subsequent strength calculations. Recently, in connection with the development of computer 

technologies, numerical methods of strength analysis with the use of applied programs are increasingly used [6, 7]. 

Before the appearance of programs for the numerical analysis of solid objects, the analytical solution to the 

problem of strength calculation of the high-pressure pump drive frame was a very time-consuming and expensive 

procedure [8-10]. The development of the finite element method (FEM) in the deformable solid mechanics and its 

inclusion in computer-aided design systems (CAD, e.g., Solid Works Simulation) opens up new opportunities in solving 

problems of this kind. Strength calculations performed in CAD provide optimizing the design of the body parts. For the 

design under consideration, the body is one of the critical parts that takes up the load and provides the correct mutual 

arrangement of the drive part elements. 

To obtain reliable results in the strength analysis of the pump body using numerical methods in CAD, it is 

required to determine all external loads acting on the body. 

The widely used TWS 600 triplex plunger pump was selected as the object of modernization. In Russia, 

structural low-alloy 09G2S steel is used for manufacturing body parts of high-pressure plunger pumps [11]. Replacing 

the material of the body parts of TWS 600 plunger pump with 09G2S steel will reduce the cost. In this regard, this work 

objective is to analyze the possibility of replacing the material of the body of TWS 600 plunger pump with 09G2S steel 

to optimize the price and provide the possibility of repair work. 

 Materials and Methods. The replacement of the material should be validated by the strength calculation. The 

calculation of the body was carried out by the FEM in the CAD Solid Works Simulation. 

The external forces acting on the pump body are reactions in the crankshaft supports. They arise from the 

action of the inertia forces of the reciprocating moving parts of the crosshead connecting rod group and the forces of 

fluid pressure on the plunger. To determine the reactions in the crankshaft supports, it is required to perform a dynamic 

calculation of the slide-crank mechanism of the plunger pump1.  

As mentioned in [12, 13], tasks of the dynamic analysis include studying the influence of external and internal 

forces on the links and kinematic pairs of the mechanism, as well as identifying ways to reduce dynamic loads. 

The crankshaft in question consists of two main journals on the major shaft axis and three crank journals 

eccentrically arranged at 120° offset. The bearing supports are located on the main journals and on the crank webs 

between the crank journals (Fig. 1).  

                                                           
1 Timofeev GA. Theory of machines and mechanisms: a course of lectures. Moscow, 2010. 351 p. (In Russ.) 
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Introduction. Oil production is not complete without the use of plunger pumps. They are required for such 

working operations as well cementing and acidizing, sand blast perforation, hydrofracturing, etc. [1]. Downsizing and 

reduction in weight of the pumps make them extremely attractive for use in mobile oilfield installations. The reliability 

of the pumps largely determines the quality of processing and the efficiency of further operation of oil and gas wells [2]. 

Despite the overall rather high level of plunger pump designs, they continue to be improved. The improvement 

of plunger pumps involves increasing their reliability, increasing their service life, efficiency, downsizing, reduction in 

weight, labor intensity of installation and repair work. For this purpose, the designs of the components and parts of the 

drive and hydraulic systems are changed [3-5]. The modernization of the mechanism includes its power study since the 

found forces are used for subsequent strength calculations. Recently, in connection with the development of computer 

technologies, numerical methods of strength analysis with the use of applied programs are increasingly used [6, 7]. 

Before the appearance of programs for the numerical analysis of solid objects, the analytical solution to the 

problem of strength calculation of the high-pressure pump drive frame was a very time-consuming and expensive 

procedure [8-10]. The development of the finite element method (FEM) in the deformable solid mechanics and its 

inclusion in computer-aided design systems (CAD, e.g., Solid Works Simulation) opens up new opportunities in solving 

problems of this kind. Strength calculations performed in CAD provide optimizing the design of the body parts. For the 

design under consideration, the body is one of the critical parts that takes up the load and provides the correct mutual 

arrangement of the drive part elements. 

To obtain reliable results in the strength analysis of the pump body using numerical methods in CAD, it is 

required to determine all external loads acting on the body. 

The widely used TWS 600 triplex plunger pump was selected as the object of modernization. In Russia, 

structural low-alloy 09G2S steel is used for manufacturing body parts of high-pressure plunger pumps [11]. Replacing 

the material of the body parts of TWS 600 plunger pump with 09G2S steel will reduce the cost. In this regard, this work 

objective is to analyze the possibility of replacing the material of the body of TWS 600 plunger pump with 09G2S steel 

to optimize the price and provide the possibility of repair work. 

 Materials and Methods. The replacement of the material should be validated by the strength calculation. The 

calculation of the body was carried out by the FEM in the CAD Solid Works Simulation. 

The external forces acting on the pump body are reactions in the crankshaft supports. They arise from the 

action of the inertia forces of the reciprocating moving parts of the crosshead connecting rod group and the forces of 

fluid pressure on the plunger. To determine the reactions in the crankshaft supports, it is required to perform a dynamic 

calculation of the slide-crank mechanism of the plunger pump1.  

As mentioned in [12, 13], tasks of the dynamic analysis include studying the influence of external and internal 

forces on the links and kinematic pairs of the mechanism, as well as identifying ways to reduce dynamic loads. 

The crankshaft in question consists of two main journals on the major shaft axis and three crank journals 

eccentrically arranged at 120° offset. The bearing supports are located on the main journals and on the crank webs 

between the crank journals (Fig. 1).  

                                                           
1 Timofeev GA. Theory of machines and mechanisms: a course of lectures. Moscow, 2010. 351 p. (In Russ.) 
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Fig. 1. Crankshaft of TWS 600 plunger pump: 1 — main journals; 2 — crank journals; 3 — webs 

During the operation of the pump, three plungers reciprocate successively to provide discharge or suction (Fig. 2). 

 
а) 

 
b) 

 
c) 

Fig. 2. Design diagram of the mechanism of the drive part of the plunger pump: a) position of the 1st plunger; b) position of the 2nd 
plunger; c) position of the 3rd plunger  
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Consider the position of the mechanism in which the first plunger is located at the extreme discharge point (ex. 
p.) and is under maximum load. The angle of rotation of the crank journal for this plunger is zero (Fig. 2 a). Then, the 
second plunger performs suction (Fig. 2 b), its journal is displaced by 120°. The third plunger operates for the discharge 
(Fig. 2 c), the journal is displaced by 240°. Thus, in one situation, the crankshaft is loaded with forces of different 
magnitude, and the reactions of the supports will be different. This occurs when the crank is in the position when the 
first plunger is at the extreme point of discharge, the second performs suction, and the third operates for discharge. We 
will perform the calculation for the specified position of the crank (mechanism) [8-10], and then, for other positions: 
when the second and third plungers will reach the extreme discharge point. 

Link masses were calculated in the Autodesk Inventor Professional 2018 program based on the previously 
created 3D model of the drive of the TWS 600 plunger pump. A design diagram of the mechanism of the drive part of 
the plunger pump was constructed with an indication of the forces acting on its links (Fig. 2).  

Let us denote the external forces for finding the crank shaft reactions: 𝑃𝑃 ж — fluid pressure force, 𝑃𝑃𝑢𝑢 — inertia 
force. 

The fluid pressure force acting on the plunger is found from the expression: 
𝑃𝑃 ж =  𝑝𝑝ж · π ·  𝑟𝑟2, 

where 𝑝𝑝ж — pressure of the pumped liquid applied to the plunger; r — radius of the section of the plunger1. 
The inertia force of the reciprocating moving parts is: 

𝑃𝑃𝑢𝑢 =  −𝑚𝑚 · 𝑖𝑖 =  −𝑚𝑚 · 𝑟𝑟 · ω2 · (𝑐𝑐𝑐𝑐𝑐𝑐φ + (2 · 𝑐𝑐𝑐𝑐𝑐𝑐2φ − 1), 
𝑚𝑚 = 𝑚𝑚𝑘𝑘 + 0,275 · 𝑚𝑚ш, 

where 𝑚𝑚𝑘𝑘 — crosshead mass, 𝑚𝑚ш — mass of the upper connecting rod head, r — crank radius, ω — crankshaft speed at 
230 rpm, φ — crankshaft angle. 

 The force acting on the plunger is determined from the formula: 
𝑃𝑃𝛴𝛴 =  𝑃𝑃ж𝑖𝑖 + 𝑃𝑃𝑢𝑢𝑖𝑖 , 

where 𝑃𝑃 ж𝑖𝑖 — pressure force of the pumped liquid in each position of the plunger, 𝑃𝑃𝑢𝑢𝑖𝑖  — inertia force of the 
reciprocating moving parts in each position of the plunger.  

Total force 𝑃𝑃Σ, applied to the crosshead pin axis and directed along the axis of the cylinder, can be decomposed 
into: 
— force N acting perpendicular to the axis of the cylinder; 
— force S acting on the axis of the connecting rod. 

N presses the crosshead against the cylinder wall, which causes wear on their surfaces. This force changes in 
value and direction, alternately pressing the crosshead to one or the other side of the guides. 

The force S, transferred to the of the crankpin axis, can be decomposed into: 
— tangential force T, acting perpendicular to the crank of the crankshaft; 
— radial force K, directed along the crank axis. 

The force K is determined from the formula: 

𝐾𝐾𝑖𝑖 = 𝑃𝑃Σ𝑖𝑖 · cos (φ𝑖𝑖 + β𝑖𝑖)
𝑐𝑐𝑐𝑐𝑐𝑐β , 

where φ𝑖𝑖 — crank angle (Fig. 2); β𝑖𝑖 — angle of deviation of the connecting rod from the axis (Fig. 2); 𝑃𝑃Σ𝑖𝑖 — total force 
acting on the plunger. 

The results of calculating radial forces for all crank journals in each considered position of the mechanism are 
summarized in Table 1. 

1Catalog of high-pressure plunger pumps manufactured by Weir SPM, Nord-SPM LLC. URL: http://виерспм.рф/catalogues/JI2IK_КАТАЛОГ 
НАСОСОВ.pdf (accessed: 14.02.2021). (In Russ.) 
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Consider the position of the mechanism in which the first plunger is located at the extreme discharge point (ex. 

p.) and is under maximum load. The angle of rotation of the crank journal for this plunger is zero (Fig. 2 a). Then, the 
second plunger performs suction (Fig. 2 b), its journal is displaced by 120°. The third plunger operates for the discharge 
(Fig. 2 c), the journal is displaced by 240°. Thus, in one situation, the crankshaft is loaded with forces of different 
magnitude, and the reactions of the supports will be different. This occurs when the crank is in the position when the 
first plunger is at the extreme point of discharge, the second performs suction, and the third operates for discharge. We 
will perform the calculation for the specified position of the crank (mechanism) [8-10], and then, for other positions: 
when the second and third plungers will reach the extreme discharge point. 

Link masses were calculated in the Autodesk Inventor Professional 2018 program based on the previously 
created 3D model of the drive of the TWS 600 plunger pump. A design diagram of the mechanism of the drive part of 
the plunger pump was constructed with an indication of the forces acting on its links (Fig. 2).  

Let us denote the external forces for finding the crank shaft reactions: 𝑃𝑃 ж — fluid pressure force, 𝑃𝑃𝑢𝑢 — inertia 
force. 

The fluid pressure force acting on the plunger is found from the expression: 
𝑃𝑃 ж =  𝑝𝑝ж · π ·  𝑟𝑟2, 

where 𝑝𝑝ж — pressure of the pumped liquid applied to the plunger; r — radius of the section of the plunger1. 
The inertia force of the reciprocating moving parts is: 

𝑃𝑃𝑢𝑢 =  −𝑚𝑚 · 𝑖𝑖 =  −𝑚𝑚 · 𝑟𝑟 · ω2 · (𝑐𝑐𝑐𝑐𝑐𝑐φ + (2 · 𝑐𝑐𝑐𝑐𝑐𝑐2φ − 1), 
𝑚𝑚 = 𝑚𝑚𝑘𝑘 + 0,275 · 𝑚𝑚ш, 

where 𝑚𝑚𝑘𝑘 — crosshead mass, 𝑚𝑚ш — mass of the upper connecting rod head, r — crank radius, ω — crankshaft speed at 
230 rpm, φ — crankshaft angle. 
          The force acting on the plunger is determined from the formula: 

𝑃𝑃𝛴𝛴 =  𝑃𝑃ж𝑖𝑖 + 𝑃𝑃𝑢𝑢𝑖𝑖 , 
where 𝑃𝑃 ж𝑖𝑖 — pressure force of the pumped liquid in each position of the plunger, 𝑃𝑃𝑢𝑢𝑖𝑖  — inertia force of the 
reciprocating moving parts in each position of the plunger.  

Total force 𝑃𝑃Σ, applied to the crosshead pin axis and directed along the axis of the cylinder, can be decomposed 
into: 
— force N acting perpendicular to the axis of the cylinder;  
— force S acting on the axis of the connecting rod. 

N presses the crosshead against the cylinder wall, which causes wear on their surfaces. This force changes in 
value and direction, alternately pressing the crosshead to one or the other side of the guides. 

The force S, transferred to the of the crankpin axis, can be decomposed into: 
— tangential force T, acting perpendicular to the crank of the crankshaft; 
— radial force K, directed along the crank axis. 

The force K is determined from the formula: 

𝐾𝐾𝑖𝑖 = 𝑃𝑃Σ𝑖𝑖 · cos (φ𝑖𝑖 + β𝑖𝑖)
𝑐𝑐𝑐𝑐𝑐𝑐β , 

where φ𝑖𝑖 — crank angle (Fig. 2); β𝑖𝑖 — angle of deviation of the connecting rod from the axis (Fig. 2); 𝑃𝑃Σ𝑖𝑖 — total force 
acting on the plunger. 

The results of calculating radial forces for all crank journals in each considered position of the mechanism are 
summarized in Table 1. 

 
 
 
 

                                                           
1Catalog of high-pressure plunger pumps manufactured by Weir SPM, Nord-SPM LLC. URL: http://виерспм.рф/catalogues/JI2IK_КАТАЛОГ 
НАСОСОВ.pdf (accessed: 14.02.2021). (In Russ.) 
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Table 1 

The results of calculating radial forces for all crank journals  
in each considered position of the mechanism 

Mechanism position 
I II III 

Plunger position 
1 2 3 1 2 3 1 2 3 

ex.p. suction discharge discharge ex.p. suction suction discharge ex.p. 
φ, degree 

0 120 240 240 0 120 120 240 0 
K, Н 

450000 –2503 –306687 –306687 450000 –2503 –2503 –306687 450000 
 
The reactions of the supports are directed opposite to the radial forces (Fig. 3), and their values are determined 

from the formulas: 
𝑅𝑅1, 𝑅𝑅2 = 𝐾𝐾1

2 , 
𝑅𝑅2

′ , 𝑅𝑅3 = 𝐾𝐾2
2 , 

𝑅𝑅3
′ , 𝑅𝑅4 = 𝐾𝐾3

2 , 
where 𝐾𝐾1,  𝐾𝐾2,  𝐾𝐾3 — radial forces directed along the crank axis. 

 

Fig. 3. Scheme of reactions of supports 

The direction and magnitude of the resulting forces 𝐹𝐹2 and 𝐹𝐹3 of the reactions of the supports О2, О3 re 
determined graphically (see Fig. 3) according to the principle of superposition of the force action on the supports. 

The resulting forces 𝐹𝐹2 and 𝐹𝐹3 coincide in magnitude and direction with the forces 𝑅𝑅2 and 𝑅𝑅3
′ , respectively.  

Numerical values and directions of reference reactions are found for the position of the mechanism at which 
the first plunger was at the discharge extreme point (see Fig. 2 a), the second performed suction (see Fig. 2 b), and the 
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third — discharge (Fig. 2 b). For other positions of the mechanism, the reactions of the supports are determined 
similarly and will be numerically equal, alternately changing places. 

Table 2 shows the results of calculating the reactions of the crankshaft supports for the positions of the 
mechanism in which each of the plungers is alternately located at the extreme discharge point. 

Table 2 
Numerical values of the reactions of the supports for all positions of the mechanism 

Mechanism 
position 

Plunger position 
Reaction forces of the supports 

𝑅𝑅1, Н 𝐹𝐹2, Н 𝐹𝐹3, Н 𝑅𝑅4, Н 

I 
1 2 3 

225000 225000 153343 153343 
ex.p. suction discharge 

II 
1 2 3 

153343 329602 225000 1251 
discharge ex.p. suction 

III 
1 2 3 

1251 153343 329602 225000 
suction discharge ex.p. 

The body of the high-pressure plunger pump was modeled in Autodesk Inventor Professional 2018 CAD 
system. The model includes bearing cages since the presence of a cage significantly affected the nature of the load 
application. 

The strength analysis is performed by the FEM in the computer-aided design system Solid Works Simulation. 
Fig. 4 a shows a solid model of the calculated structure, and Fig. 4 b shows a finite-element model. 

а) 

b) 

Fig. 4. Body models of the TWS 600 three-plunger high-pressure pump: a) solid-state, b) finite-element 

Bearing cages 

Pump body 
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Numerical values of the reactions of the supports for all positions of the mechanism 

Mechanism 
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Plunger position 
Reaction forces of the supports 
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II 
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1251 153343 329602 225000 
suction discharge ex.p. 

 
The body of the high-pressure plunger pump was modeled in Autodesk Inventor Professional 2018 CAD 

system. The model includes bearing cages since the presence of a cage significantly affected the nature of the load 
application. 

The strength analysis is performed by the FEM in the computer-aided design system Solid Works Simulation. 
Fig. 4 a shows a solid model of the calculated structure, and Fig. 4 b shows a finite-element model. 

 
а) 

 
b) 

Fig. 4. Body models of the TWS 600 three-plunger high-pressure pump: a) solid-state, b) finite-element 

Bearing cages 

Pump body 

Koleda E. V., et al. Strength analysis of the TWS 600 plunger pump body in Solid Works Simulation 

 
The finite element model contains 100,747 elements (175,172 nodes). The body material is 09G2S steel. The 

model describes the loads and records the movements in all directions of the surfaces of the bolt holes. Fig. 5 shows the 
boundary conditions for the contacting surfaces. By the type of contacts, the surfaces are connected to common nodes. 

 

 

 
Fig. 5. Boundary conditions: 1 — operating load (radial force distributed over cylindrical surfaces); 2 — remote loading 

(mass of the gearbox and hydraulic unit); 3 — restriction — “fixed”, zero movements in all axes — Х, Y, Z; 4 — operating load 
(pressure force of the liquid under discharge and suction); 5 — gravity; 6 — type of contact — connected (no gap) surfaces with 

shared nodes 

 
Research Results. Diagrams of equivalent von Mises stresses are shown in Fig. 6. 
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а) 

b) 

Fig. 6. Diagrams obtained as a result of the strength analysis of the TWS 600 plunger pump body: a) diagram of equivalent stresses, 
b) diagram of the yield factor

Yield factor is determined from the formula: 

𝐾𝐾п =
σв
σэкв

,

where σв — ultimate strength of 09G2S steel, σв = 470 Mpa1; σэкв — maximum equivalent stress, 

σэкв = 396.392 MPa.  

𝐾𝐾п =
470

396,392 = 1,18.

As can be seen, the equivalent stresses2 have the greatest intensity in the lower region of the pump body 

design. 

The minimum yield factor of the material is 0.82 (see Fig. 6 b). 

1 Zubchenko AS, Koloskov MM, Kashirsky YV, et al. Steel and Alloy Grade Guide. Moscow, 2003. 784 p. (In Russ.)  
2 Feshchenko VN. Constructor reference. Book 2. Design of machines and their parts. Moscow, 2017. 400 p. (In Russ.) 

 

 

 

 

Yield strength: 

Max 

Max: 

Min 

Min: 
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а)

b)

Fig. 6. Diagrams obtained as a result of the strength analysis of the TWS 600 plunger pump body: a) diagram of equivalent stresses, 
b) diagram of the yield factor 

Yield factor is determined from the formula:

𝐾𝐾п =
σв
σэкв

,

where σв — ultimate strength of 09G2S steel, σв = 470 Mpa1; σэкв — maximum equivalent stress,

σэкв = 396.392 MPa. 

𝐾𝐾п =
470

396,392 = 1,18.

As can be seen, the equivalent stresses2 have the greatest intensity in the lower region of the pump body

design.

The minimum yield factor of the material is 0.82 (see Fig. 6 b).

1 Zubchenko AS, Koloskov MM, Kashirsky YV, et al. Steel and Alloy Grade Guide. Moscow, 2003. 784 p. (In Russ.)
2 Feshchenko VN. Constructor reference. Book 2. Design of machines and their parts. Moscow, 2017. 400 p. (In Russ.)

Yield strength:

Max

Max:

Min

Min:
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The strength calculation of the plunger pump body was carried out for the third position of the mechanism 

(Fig. 2 b). For other positions of the mechanism (see Fig. 2 a, b) the strength calculation is performed similarly. 

The results of the strength calculation of the body for the three positions of the mechanism are shown in Table 3. 

Table 3 

Results of the strength calculation of the plunger pump body 

Mechanism 

position 
Plunger position 

Equivalent stresses, 

MPa 

Safety factor for 

yield strength ultimate strength 

I 
1 2 3 

231.772 1.402 2.02 
ex.p. suction discharge 

II 
1 2 3 

284.783 1.141 1.65 
discharge ex.p. suction 

III 
1 2 3 

396.392 0.820 1.18 
suction discharge ex.p. 

Discussion and Conclusions. The reactions in the crankshaft supports with account for the forces generated by 

the plunger depending on its operating mode and the position of the crank are described. The forces acting on each of 

the plungers and the resulting reactions in each of the supports are determined. 

For the strength calculation of the plunger pump body made of 09G2S steel, the FEM in CAD SolidWorks 

Simulation is used. When assessing the body strength, it has been observed that in the third position of the mechanism, 

the lower region of the structure has minimum coefficients of yield factor and strength factor (see Table 3). This area 

requires strengthening since the coefficient values are insufficient for the specified operating conditions. Also, there are 

unloaded areas in the body, where the values of safety and yield factors are several times higher than the recommended 

ones. In the future, it is required to optimize the plunger pump body: to strengthen the areas of the structure with 

unsatisfactory coefficients of safety and yield factors, and in places where the coefficients exceed the recommended 

values, to use a metal of a smaller thickness.  

Thus, the strength calculation results can be used to optimize the design of the pump body under standard 

operating conditions. 
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Power analysis of chain transmission with gear chain and involute sprockets 
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Introduction. The power analysis of a chain transmission with a toothed chain and involute sprockets considers the 
centrifugal forces and the friction coefficients between the plate and the sprocket tooth. The work objectives are to 
determine all meshing forces, and to calculate the coupling coefficient of the gear chain with the involute sprocket in 
the drive gears.  
Materials and Methods. When evaluating the traction capacity of a chain transmission, such parameters as the power 
analysis and the coupling coefficient of the gear chain with the sprocket are important (it shows what fold the pressure 
on a given tooth is greater than the pressure perceived by the tooth in front). In the presented paper, the following 
diagrams are visualized: the arrangement of the plates in gearing with the involute sprocket teeth and the meshing 
forces. The factors that affect the involute profile of the sprocket tooth are considered. This includes the weight of the 
chain plate package and the force: centrifugal, friction, normal pressure and tension. At the same time, changes in the 
coupling coefficient for the subsequent teeth involved in traction are taken into account. The balance of the links i and i 
+ 1 of the gear chain is studied in the coordinate system XOY with the center on the axis of rotation of the involute 
sprocket. The method enables to determine all the desired forces through the geometric calculation of the values of the 
angular transmission parameters. Using the equations obtained, the following parameters are specified: the coupling 
coefficient Bi, the tension of the driving branch S1 and the slack branch S2. 
Results. A patented transmission stand with a gear chain and involute sprockets is presented. The tests carried out on it 
validated the study results of a chain transmission with a toothed gear and involute sprockets with the specified 
parameters. The correctness of the power analysis of the transmission with account for the centrifugal forces and the 
friction coefficients of the plates and the sprocket teeth was proved. 
Discussion and Conclusions. It is noted that the centrifugal forces and the friction coefficients during engagement affect 
significantly the traction capacity of a transmission with a toothed chain and involute sprockets. The data obtained can 
be used to accurately estimate the traction capacity of such gears. 

Keywords: chain transmission, toothed chain, involute sprocket, chain plate, traction capacity, coupling coefficients, 
centrifugal forces, friction forces, friction coefficients, joint angular velocity, driving side, slack side. 

For citation:  S. B. Berezhnoy, G. V. Kurapov. Power analysis of chain transmission with gear chain and involute 
sprockets. Advanced Engineering Research, 2021, vol. 21, no. 1, p. 82–88. https://doi.org/10.23947/2687-1653-2021-
21-1-82-88 

© Berezhnoy S. B., Kurapov G. V., 2021 

 

Introduction. Chain transmissions with toothed chain are not sufficiently studied. Their release is limited, but 

they are increasingly used in production. Specifically, such gears are used to complete drive mechanisms in machines, 

precision machine tools, and other equipment. This paper considers the power analysis and calculation of the traction 

capacity of gears with a toothed chain and involute sprockets.  

The traction capacity determines the operability of the involute gear chain transmission, which depends on a 

number of factors1. Among them there are: 

                                                           
1 Kurapov GV. Performance study of a chain transmission with a gear chain and involute sprockets: Cand.Sci. (Eng.) diss. Krasnodar, 2019. 173 p. (In 
Russ.) 
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Introduction. The power analysis of a chain transmission with a toothed chain and involute sprockets considers the
centrifugal forces and the friction coefficients between the plate and the sprocket tooth. The work objectives are to
determine all meshing forces, and to calculate the coupling coefficient of the gear chain with the involute sprocket in
the drive gears.
Materials and Methods. When evaluating the traction capacity of a chain transmission, such parameters as the power
analysis and the coupling coefficient of the gear chain with the sprocket are important (it shows what fold the pressure 
on a given tooth is greater than the pressure perceived by the tooth in front). In the presented paper, the following
diagrams are visualized: the arrangement of the plates in gearing with the involute sprocket teeth and the meshing
forces. The factors that affect the involute profile of the sprocket tooth are considered. This includes the weight of the
chain plate package and the force: centrifugal, friction, normal pressure and tension. At the same time, changes in the
coupling coefficient for the subsequent teeth involved in traction are taken into account. The balance of the links i and i
+ 1 of the gear chain is studied in the coordinate system XOY with the center on the axis of rotation of the involute
sprocket. The method enables to determine all the desired forces through the geometric calculation of the values of the
angular transmission parameters. Using the equations obtained, the following parameters are specified: the coupling
coefficient Bi, the tension of the driving branch S1 and the slack branch S2.
Results. A patented transmission stand with a gear chain and involute sprockets is presented. The tests carried out on it
validated the study results of a chain transmission with a toothed gear and involute sprockets with the specified
parameters. The correctness of the power analysis of the transmission with account for the centrifugal forces and the
friction coefficients of the plates and the sprocket teeth was proved.
Discussion and Conclusions. It is noted that the centrifugal forces and the friction coefficients during engagement affect
significantly the traction capacity of a transmission with a toothed chain and involute sprockets. The data obtained can
be used to accurately estimate the traction capacity of such gears.

Keywords: chain transmission, toothed chain, involute sprocket, chain plate, traction capacity, coupling coefficients,
centrifugal forces, friction forces, friction coefficients, joint angular velocity, driving side, slack side.
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Introduction. Chain transmissions with toothed chain are not sufficiently studied. Their release is limited, but

they are increasingly used in production. Specifically, such gears are used to complete drive mechanisms in machines,

precision machine tools, and other equipment. This paper considers the power analysis and calculation of the traction

capacity of gears with a toothed chain and involute sprockets.

The traction capacity determines the operability of the involute gear chain transmission, which depends on a

number of factors1. Among them there are:

1 Kurapov GV. Performance study of a chain transmission with a gear chain and involute sprockets: Cand.Sci. (Eng.) diss. Krasnodar, 2019. 173 p. (In 
Russ.)
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— transmission geometry, 

— limiting contact stress of the weakest element of the pair “chain plate – sprocket tooth”, 

— coupling coefficient of the toothed chain with the sprocket teeth, 

— slipping of the toothed chain along the sprocket teeth, 

— permissible specific pressure inside the joint, 

— impact resistance of gear chain elements1 [1-3]. 

Materials and Methods. The coupling coefficient is one of the main factors of the traction capacity of a chain 

transmission equipped with a toothed chain. During the operation of such a transmission, engagement occurs and forces 

act that move the chain plates along the working and occipital profiles of the sprocket teeth [4-7]. On the arc of the 

involute sprocket with a toothed chain, any of its links (link i, i + 1, i + 2, etc.) experience: 

— friction force Ni f of the chain on the sprocket tooth, 

— tensile strength Qi of adjacent links, 

— normal pressure force Ni of the tooth sprocket profile (Fig. 1). 

Fig. 1. Arrangement of plates in engagement with the involute sprocket teeth 

In the literature, the coupling coefficient is calculated from the ratio of the tensile forces Qi and Qi+1 in the 

adjacent chain links: 

1

i
i

i

QВ
Q 

 .  (1) 

This coefficient is not constant, so the plates of the gear chain move along the profiles of the sprocket teeth 

throughout the entire arc of contact. Fig. 2 shows the engagement of the first package of plates (link) of the chain with 

the sprocket tooth. 

1 Semenov VS. Availability assurance of roller chain drives during their operation. In: Proc. All-Russian Sci.-Pract. Conf. of postgraduates, doctoral 
students, and young scientists. Maykop, 2017. P. 121–125. (In Russ.)
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Fig. 2. Diagram of the forces acting in the engagement of the gear chain plate with the sprocket 

The involute profile of the sprocket tooth is affected by the following factors [8-14]. 

1. Friction force Ni f, which prevents the movement of the plate pack to the top of the sprocket tooth. Here, f —

the friction coefficient. 

2. Weight of the chain plate package 𝐺𝐺з  = 𝑚𝑚𝑖𝑖g. Here, g — the acceleration of gravity, mi — chain link weight

depending on the pitch1. 

3. Normal pressure force Ni of the sprocket tooth profile concentrated at the point of engagement Ki.

4. Tensile forces Qi and Qi+1 of the adjacent links of the gear chain.

5. Centrifugal force with account for the mass of the chain link 𝐹𝐹ц  = 𝑚𝑚𝑖𝑖ω2

𝑅𝑅 . Here, ω — angular speed of rotation 

of the sprocket. R — radius of the central part of the link (represented as a circle that changes position when the 

sprocket rotates) on the involute profile of the sprocket tooth. 

However, when the chain moves from the driving branch to the driven branch, the tensile forces Qi and Qi+1

change by the value of each value of the coupling coefficient Bi; so, it needs to be determined more precisely. 

Let us build the XOY coordinate system. It passes through the center of the axis of rotation of the involute 

sprocket. The vector of the X-axis coincides with the vector of the linear velocity of the gear chain in the transmission. 

Let us analyze the equilibrium of the first link i and the second i + 1. 

Balance of forces on the axis Х (∑Х = 0) will be:  

1 1 0i i X i X ц i X ц i X i XQ N N f F F Q        . (2) 

Balance of forces on the axis Y (∑Y = 0) will be: 

1 1 1 0з i з i ц i Y i Y i Y i Y ц i YG G F N N f Q F         . (3) 

At ∑X = 0 and ∑Y = 0, the gear chain plates will be stationary. If ∑Х = 0 and ∑Y ≠ 0, then the plates will move 

along the tooth profile.  

1 GOST 13552–81. USSR State Standard. Driving toothed chains. Specifications.  USSR State Standards Committee. Moscow: Standartinform; 
1987. 12 p. (In Russ.) 
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change by the value of each value of the coupling coefficient Bi; so, it needs to be determined more precisely. 
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sprocket. The vector of the X-axis coincides with the vector of the linear velocity of the gear chain in the transmission. 

Let us analyze the equilibrium of the first link i and the second i + 1. 

Balance of forces on the axis Х (∑Х = 0) will be:  

 1 1 0i i X i X ц i X ц i X i XQ N N f F F Q        . (2) 

Balance of forces on the axis Y (∑Y = 0) will be: 

 1 1 1 0з i з i ц i Y i Y i Y i Y ц i YG G F N N f Q F         . (3) 

At ∑X = 0 and ∑Y = 0, the gear chain plates will be stationary. If ∑Х = 0 and ∑Y ≠ 0, then the plates will move 

along the tooth profile.  

                                                           
1 GOST 13552–81. USSR State Standard. Driving toothed chains. Specifications.  USSR State Standards Committee. Moscow: Standartinform; 
1987. 12 p. (In Russ.) 
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Let us determine the forces acting on the chain links. Fig. 2 shows: P — the center of mass of the gear chain 

link; dк — the diameter of the circle of the contact point K of the package of plates with the profile of the sprocket tooth, 

b
к

d
d

cos



; dд —  the diameter of the dividing circle of the sprocket, 

180д

td
sin

z

 .  

Along Х-axis: 

sini X iN N   , 

cosi X iN f N f   , 

sinц i X ц iF F   , 

1 1 sinц i X ц iF F    , 

1 1 cosi X iQ Q    , 

Along Y-axis: 

cosi Y iN N   , 

sini Y iN f N f   , 

cosц i Y ц iF F   , 

1 1 cosц i X ц iF F    , 

1 1 sini Y iQ Q    . 

Here, β — the angle of the tooth profile of the involute sprocket; z


   — half of the tooth pitch angle of the involute 

sprocket.  

Values of angular parameters: 

     ,     (4) 

 к     ,  (5) 

 
2 к


      ,    (6) 

 
2 к


    ,    (7) 

 
2


    .   (8) 

Here, γ — half of the tooth wedge angle of the involute sprocket. 

 к k    .  (9) 

 arccos b
к

к

d
d

  .  (10) 

к — the angle between the axis OOi+1 of the tooth and the line connecting point K1 to the center O of the sprocket (see 

Fig. 2).  

 k
k

к

S
d

  .    (11) 

Sk — the thickness of the involute sprocket tooth at the point of contact K and the gear chain (see Fig. 1). 𝑑𝑑𝑏𝑏 = 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚α 

— the diameter of the main circle of the involute sprocket, where 𝑚𝑚 — the sprocket module for the toothed chain 

transmission, 𝑚𝑚 — the number of sprocket teeth.  

Substituting all the values included in the equations (2) and (3), we obtain: 

 1 12 cos sin cos sin cos 0з ц i i i i ц iG F N f N Q F             ,     (12) 

 1
1

cos cos sin cos 2
sin

ц i i i ц i з
i

(F N N f F G )
Q 



       



, (13) 

 1 1cos cos sin sin cos 0i i i ц i ц i iQ N N f F F Q             .  (14) 
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Transforming the equations (13) and (14), we obtain the coupling coefficient Вi of the toothed chain with a 

given involute sprocket tooth:  

1 1

1 1

cos cos sin sin cos
sin ( )

cos cos sin cos 2
i i ц i ц i ii

i
i ц i i i ц i з

N β N f β F φ F φ Q φQB φ
Q F φ N β N f β F φ G

 

 

        
 

       
.  (15) 

If the tension value of the driving branch of the chain transmission S1 is known, then the tension of the driven 

branch S2 is determined with account for the overall coefficient of the chain – sprocket tooth coupling:  

1

2
z

SВ
S

 ,  (16) 

1
2

z

SS
В

 ,   (17) 

0 1 2 ...z nB B B B B   .    (18) 

Here, Bz — the overall coupling coefficient of the chain and the sprocket; n — the number of teeth of the driving 

involute sprocket. 

Research Results. To verify the calculations, a stand1 protected by a patent of the Russian Federation was 

designed and manufactured (Fig. 3). Bench tests of the chain transmission under study were carried out. The 

parameters: 

1) electric motor power Nэл = 12 kW,

2) toothed chain pitch tц = 19.05 mm,

3) the number of teeth of the driving and driven sprocket z1 = z2 = 23,

4) speed of the driving and driven sprocket n1 = n2 = 1000 rpm.

Fig. 3. Transmission test bench with toothed chain and involute sprockets:  
1— driving sprocket, 2 — driven sprocket, 3 — toothed chain, 4 — electric motor, 5 — generator 

For the bench tests, calculations were performed with account for the reference data2, 3, 4, 5. The results are 
presented in Table 1. 

1 Berezhnoy SS, et al. Test bench for chain gears. RF Patent no. 147242, 2014. (In Russ.)  
2Chernavsky SA, et al. Design of mechanical gears: study guide for technical colleges. Moscow: Al'yans; 2008. 590 p. (In Russ.). 
3 Uchaev PN, et al. Course design of machine parts based on graphic systems: study guide. Krasnodar: Izd-vo TNT; 2013. 428 p. (In Russ.) 
4 Gotovtsev AA, Kotenok IP. Design of chain gears. Reference guide. Moscow: Mashinostroenie; 1982. 336 p. (In Russ.) 
5 Feshchenko VN. Handbook for designers. Book 1. Machines and mechanisms. Moscow: Infra-Inzheneriya; 2016. 400 p. (In Russ.) 
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Transforming the equations (13) and (14), we obtain the coupling coefficient Вi of the toothed chain with a

given involute sprocket tooth: 

1 1

1 1

cos cos sin sin cos
sin ( )

cos cos sin cos 2
i i ц i ц i ii

i
i ц i i i ц i з

N β N f β F φ F φ Q φQB φ
Q F φ N β N f β F φ G

 

 

        
 

       
. (15)

If the tension value of the driving branch of the chain transmission S1 is known, then the tension of the driven

branch S2 is determined with account for the overall coefficient of the chain – sprocket tooth coupling: 

1

2
z

SВ
S

 , (16)

1
2

z

SS
В

 , (17)

0 1 2 ...z nB B B B B   . (18)

Here, Bz — the overall coupling coefficient of the chain and the sprocket; n — the number of teeth of the driving

involute sprocket.

Research Results. To verify the calculations, a stand1 protected by a patent of the Russian Federation was

designed and manufactured (Fig. 3). Bench tests of the chain transmission under study were carried out. The 

parameters:

1) electric motor power Nэл = 12 kW,

2) toothed chain pitch tц = 19.05 mm,

3) the number of teeth of the driving and driven sprocket z1 = z2 = 23,

4) speed of the driving and driven sprocket n1 = n2 = 1000 rpm.

Fig. 3. Transmission test bench with toothed chain and involute sprockets: 
1— driving sprocket, 2 — driven sprocket, 3 — toothed chain, 4 — electric motor, 5 — generator

For the bench tests, calculations were performed with account for the reference data2, 3, 4, 5. The results are
presented in Table 1.

1 Berezhnoy SS, et al. Test bench for chain gears. RF Patent no. 147242, 2014. (In Russ.)
2Chernavsky SA, et al. Design of mechanical gears: study guide for technical colleges. Moscow: Al'yans; 2008. 590 p. (In Russ.).
3 Uchaev PN, et al. Course design of machine parts based on graphic systems: study guide. Krasnodar: Izd-vo TNT; 2013. 428 p. (In Russ.)
4 Gotovtsev AA, Kotenok IP. Design of chain gears. Reference guide. Moscow: Mashinostroenie; 1982. 336 p. (In Russ.)
5 Feshchenko VN. Handbook for designers. Book 1. Machines and mechanisms. Moscow: Infra-Inzheneriya; 2016. 400 p. (In Russ.)
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Table 1 
The obtained data for determining the traction capacity of a toothed chain transmission 

Parameter Notation and dimension Numerical value 
Tension of the working transmission branch S1 , H 4662 

Tension of the idle transmission branch S2 , H 270 
Total coupling coefficient of the chain and the leading 

involute sprocket 
B1 17.2 

Centrifugal force of the chain Fц , H 29.82 

The proposed approach to determining the coupling coefficient has confirmed the correctness of the force 
calculation with account for the centrifugal forces and the friction coefficients of the plate package and the sprocket 
tooth. 

Discussion and Conclusions. In this paper, all the forces acting in the engagement of the chain plate package 
and the sprocket tooth are determined. The procedure of power calculation of a toothed chain transmission is presented. 
The dependences for determining the impact of centrifugal forces and friction coefficients on the final calculation of the 
coupling coefficient are obtained. To confirm the theory, the chain transmission was studied on a test bench. 

So, the centrifugal forces and the meshing friction coefficients significantly affect the traction capacity of the 
transmission with a toothed chain and involute sprockets. 
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On detection of crack-like welding defects by existing quality control methods
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Introduction. The research materials devoted to the operability assurance of welded structures of hazardous technical 
devices — components of oil and gas production equipment are summarized. The factors determining the operational 
strength of welded joints and structures are systematized and diagrammed. The causes for the decrease in their service 
properties are described. We have defined the role of volumetric and crack-like welding defects, which were not 
detected during quality control at the manufacturing stage and in determining the residual life while in operation, in 
ensuring the life cycle of the structure. Measures to improve the practice of detecting crack-like defects under visual-
and-dimensional and ultrasonic methods of quality control of welded joints are proposed.
Materials and Methods. In accordance with SNiP 2.05.06–85, the structures of main oil and gas pipelines, vertical 
cylindrical tanks, and other oil and gas production equipment (OGPE) are made of dead-killed and semikilled low-
carbon and low-alloy steels with tensile strength of up to 686.5 MPa. Regardless of the class and strength level of steel, 
it should be well welded by all methods prescribed by standard process documentation (SPD). At the same time, 
regardless of the state of supply, the carbon equivalent Сэкв should not exceed 0.46 %. The research methods are 
calculation-experimental ones. To calculate the stress-strain state of welded joints, the following methods were used:
— finite elements (FEM),
— fracture mechanics using the stress intensity coefficient Kt.
Methods of mathematical statistics were used to estimate the geometric dimensions of crack-like welding defects. 
Welding defects were detected by standard quality control methods prescribed by the SPD and GOST standards.
Results. Welded structures operating in the fatigue mode are considered. Some factors characteristic of welded joints 
are analyzed. It is shown how they affect the formation of strength performance properties. The role of dangerous 
crack-like defects, which with high probability can be formed in welded joints in the manufacture of structures and 
during operation, is established. Often, the reason is a decrease in mechanical properties due to aging and loss of 
plasticity caused by accidental mechanical actions. Note that it is impossible to identify these defects by existing quality 
control methods, both during the control process under production and during diagnostics while in operation. This 
reduces the accuracy of predicting the operational life of the welded structure.

Discussion and Conclusion. It is proposed to include the following requirements in the SPD:
— to the quality of welded joints of hazardous technical devices of OGPE,
— to detection of sharp crack-like defects with a radius of curvature in the range of 0.1-0.25 mm.
However, the reliability of detection of such defects by the control methods used remains low due to the human factor. 
To increase the reliability of detection of sharp crack-like defects, the directions of improvement of ultrasonic quality 
control of welded joints are determined.

Keywords: welding, welds, structural strength, welding defects, non-destructive testing, visual and dimensional control, 
ultrasonic testing, validity.
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Introduction. Scientific studies [1-7], as well as standards 1, regulatory2 and specification documents3 of 

relevant organizations are devoted to the problems of determining the strength of the operated welded metal structures.

Factors that determine the strength characteristics of weld joints are numerous and diverse. The destruction of welded 

metal structures under operation depends on:

— operating conditions (level of calculated loads, loading scheme, joint effect of various forces, action of 

unaccounted loads, etc.);

— structural and technological causes.

Fig. 1. Factors determining the operational strength of weld joints and structures

The generalization of numerous studies suggests that the load-bearing capacity of welded structures is affected 

by the following conditions.

I. Heterogeneity of the metal structure and mechanical properties of the weld and the near-weld zone.

II. Welding defects, mainly, crack-like ones. These are undercuts, cracks, rolls, sharp inclusions, faulty

penetration, incomplete fusion, etc. (Fig. 2).

1
1 Gas-shielded arc welding. Welded joints. Main types, design elements and dimensions. Federal Agency for Technical Regulation and Metrology. 

Moscow: Standartinform; 2001. 37 p. (In Russ.)
2 RD-25.160.10-KTH-001-12. Welding technology instruction for the construction and repair of steel vertical tanks of “Transneft” JSC. 112 p. 
URL: https://www.studmed.ru/rd-25-160-10-ktn-001-12-instrukciya-po-tehnologii-svarki-pri-stroitelstve-i-remonte-stalnyh-vertikalnyh-rezervuarov-
chast-1_5cb8180807a.html (accessed: 10.10.2020). (In Russ.)
3 Gazprom Industry Standard 2-2.4-083-2006. Regulatory documents for the design, construction and operation of Gazprom facilities. Instructions on
non-destructive methods of quality control of weld joints during the construction and repair of field and main gas pipelines. URL: 
https://files.stroyinf.ru/Index2/1/4293831/4293831880.htm (accessed: 10.10.2020). (In Russ.)
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Introduction. Scientific studies [1-7], as well as standards 1, regulatory2 and specification documents3 of 

relevant organizations are devoted to the problems of determining the strength of the operated welded metal structures.

Factors that determine the strength characteristics of weld joints are numerous and diverse. The destruction of welded

metal structures under operation depends on:

— operating conditions (level of calculated loads, loading scheme, joint effect of various forces, action of

unaccounted loads, etc.);

— structural and technological causes.

Fig. 1. Factors determining the operational strength of weld joints and structures

The generalization of numerous studies suggests that the load-bearing capacity of welded structures is affected

by the following conditions.

I. Heterogeneity of the metal structure and mechanical properties of the weld and the near-weld zone.

II. Welding defects, mainly, crack-like ones. These are undercuts, cracks, rolls, sharp inclusions, faulty

penetration, incomplete fusion, etc. (Fig. 2).

1
1 Gas-shielded arc welding. Welded joints. Main types, design elements and dimensions. Federal Agency for Technical Regulation and Metrology.

Moscow: Standartinform; 2001. 37 p. (In Russ.)
2 RD-25.160.10-KTH-001-12. Welding technology instruction for the construction and repair of steel vertical tanks of “Transneft” JSC. 112 p. 
URL: https://www.studmed.ru/rd-25-160-10-ktn-001-12-instrukciya-po-tehnologii-svarki-pri-stroitelstve-i-remonte-stalnyh-vertikalnyh-rezervuarov-
chast-1_5cb8180807a.html (accessed: 10.10.2020). (In Russ.)
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non-destructive methods of quality control of weld joints during the construction and repair of field and main gas pipelines. URL:
https://files.stroyinf.ru/Index2/1/4293831/4293831880.htm (accessed: 10.10.2020). (In Russ.)
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Fig. 2. Defects in the butt weld joint

III. Imperfection of the geometry of the weld cross-sections. The decrease in strength is mostly due to the

sharpness of the interface between the base and the deposited metal (Fig. 2, 3): the smaller the transition radius r and the 

greater the angle of approach θ from the base to the deposited metal, the lower the fatigue strength of the weld joint. 

This pattern is valid even in the absence of welding defects.

Fig. 3. Stress distribution in the interface zone of the base and deposited metal, at the apex of sharp defects

The weld joint design is determined by:
— the shape and dimensions of the butt edges of the parts;
— relative position, configuration, length of welds;
— type of weld joint according to GOST.
Fig. 4 shows the stress distribution in lap joints with flank and composite welds. 

        а) b)

Fig. 4. Stress distribution in lap joints: a) with flank welds; b) with composite weld
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Table 1 shows the values of the theoretical stress concentration coefficient Kн depending on the length and 
width of the tie plate:

𝐾𝐾н = Ϭ𝑚𝑚𝑚𝑚𝑚𝑚
Ϭср

= 6,6 · 𝐷𝐷
L

 · cth �4,6 D
L
�. (1)

Table 1
Kн values depending on the length and width of the tie plate

𝐷𝐷
𝐿𝐿� 0.2 1.0 2.0 4.0

𝐾𝐾н 1.45 2.01 3.37 6.61

IV. Residual welding stresses (RWS).
V. Absolute dimensions of the parts to be welded (scale factor).
Welded joints in metal structures, even without welding defects, usually contributes to a decrease in

operational properties. Butt weld joints are the least dangerous in this sense. Lap joints and T-joints create a stress 
concentration caused by sharp changes in the working cross-sections [8, 9]. However, for the manufacture of many 
structures, butt joints are not enough.

Residual welding stresses can change the overall power flow distribution pattern. RWS, interacting and 
summing up with stresses from external loads, affect the performance of weld joints. This effect can also be positive, 
for example, if the vectors of RWS and stresses from external loads are multidirectional (tension + compression, etc.).

Welded joints have the greatest impact on the fatigue of structures. Disturbing factors (Fig. 1) cause 
destruction at stresses that can be transmitted by elements of metal structures without weld joints1.

In numerous papers devoted to the impact of welding defects on the performance of joints, recommendations 
are given to reduce harmful effects. At the same time, it is noted that some defects should be classified as harmless. For 
example, single small pores practically do not affect the fatigue strength of weld joints. In this case, the regulations on 
the presence of pores are designed to provide not the strength, but the acceptable presentation of the product.

Traditionally, welding defects are understood as any imperfections in the geometry and discontinuities of the 
material of the welds and the heat-affected zone (HAZ). Thus, the geometry of the local interface zone of the base and 
deposited metals can also be considered a defect.

Materials and Methods. The study of the documents regulating the presence and size of welding defects has 
shown that they practically do not require the geometry of the sections of weld joints at the junction of the weld and the 
base metal. However, it is here that destruction occurs due to the formation and growth of crack-like defects [2, 4, 10]. 
When developing standards (for example, for main pipelines operating under static and re-static loads), it is important to 
consider not only the size of the defect that weakens the working section of the weld, but also its sharpness, which 
determines the local stress concentration at the defect mouth.

In [8], methods for predicting the stability of weld joints during fatigue work with account for the actual 
geometry of the welds and the probability of defects are presented. This approach is appropriate for the development of 
industry standards for the admissibility of welding defects considering the loading and responsibility of metal 
structures. These methods provide the determination of statistically valid characteristics of the weld joint quality.

In metal structures under static loads, defects in welds appear if their dimensions are so significant that they 
actually weaken the working cross-sections of the joints. To determine the strength of the joints and the acceptable 
dimensions of the defects, a static strength calculation for permissible stresses is performed. 

It is advisable to approach the calculations of weld joints operating in the re-static load mode with crack-like 
defects, with regard to fracture mechanics. In this case, the stress intensity factor Kt [3, 10–12] is used:

Kt = σ√π𝑙𝑙, (2)

1Harchenko VYa, Assaulenko SS, Peredelsky VA. On the requirements for the quality of weld joints and their classification in machine-building 
structures. In: Proc. VII Sci.-Pract. Conf. on Innovative technologies in mechanical engineering and metallurgy. Rostov-on-Don: DSTU Publ. Center; 
2015. P. 341–346. (In Russ.)
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Table 1 shows the values of the theoretical stress concentration coefficient Kн depending on the length and
width of the tie plate:

𝐾𝐾н = Ϭ𝑚𝑚𝑚𝑚𝑚𝑚
Ϭср

= 6,6 · 𝐷𝐷
L

· cth �4,6 D
L
�. (1)

Table 1
Kн values depending on the length and width of the tie plate

𝐷𝐷
𝐿𝐿� 0.2 1.0 2.0 4.0

𝐾𝐾н 1.45 2.01 3.37 6.61

IV. Residual welding stresses (RWS).
V. Absolute dimensions of the parts to be welded (scale factor).
Welded joints in metal structures, even without welding defects, usually contributes to a decrease in

operational properties. Butt weld joints are the least dangerous in this sense. Lap joints and T-joints create a stress
concentration caused by sharp changes in the working cross-sections [8, 9]. However, for the manufacture of many
structures, butt joints are not enough.

Residual welding stresses can change the overall power flow distribution pattern. RWS, interacting and
summing up with stresses from external loads, affect the performance of weld joints. This effect can also be positive,
for example, if the vectors of RWS and stresses from external loads are multidirectional (tension + compression, etc.).

Welded joints have the greatest impact on the fatigue of structures. Disturbing factors (Fig. 1) cause
destruction at stresses that can be transmitted by elements of metal structures without weld joints1.

In numerous papers devoted to the impact of welding defects on the performance of joints, recommendations
are given to reduce harmful effects. At the same time, it is noted that some defects should be classified as harmless. For
example, single small pores practically do not affect the fatigue strength of weld joints. In this case, the regulations on
the presence of pores are designed to provide not the strength, but the acceptable presentation of the product.

Traditionally, welding defects are understood as any imperfections in the geometry and discontinuities of the
material of the welds and the heat-affected zone (HAZ). Thus, the geometry of the local interface zone of the base and
deposited metals can also be considered a defect.

Materials and Methods. The study of the documents regulating the presence and size of welding defects has
shown that they practically do not require the geometry of the sections of weld joints at the junction of the weld and the
base metal. However, it is here that destruction occurs due to the formation and growth of crack-like defects [2, 4, 10].
When developing standards (for example, for main pipelines operating under static and re-static loads), it is important to
consider not only the size of the defect that weakens the working section of the weld, but also its sharpness, which 
determines the local stress concentration at the defect mouth.

In [8], methods for predicting the stability of weld joints during fatigue work with account for the actual
geometry of the welds and the probability of defects are presented. This approach is appropriate for the development of
industry standards for the admissibility of welding defects considering the loading and responsibility of metal
structures. These methods provide the determination of statistically valid characteristics of the weld joint quality.

In metal structures under static loads, defects in welds appear if their dimensions are so significant that they
actually weaken the working cross-sections of the joints. To determine the strength of the joints and the acceptable
dimensions of the defects, a static strength calculation for permissible stresses is performed.

It is advisable to approach the calculations of weld joints operating in the re-static load mode with crack-like
defects, with regard to fracture mechanics. In this case, the stress intensity factor Kt [3, 10–12] is used:

Kt = σ√π𝑙𝑙, (2)

1Harchenko VYa, Assaulenko SS, Peredelsky VA. On the requirements for the quality of weld joints and their classification in machine-building
structures. In: Proc. VII Sci.-Pract. Conf. on Innovative technologies in mechanical engineering and metallurgy. Rostov-on-Don: DSTU Publ. Center;
2015. P. 341–346. (In Russ.)
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where σ — nominal voltages; l — half-length of the equivalent crack describing a typical size of crack-like defects 
defect (e.g., the undercut depth, the depth of faulty penetration, etc.).

In this case, defects with a radius at the vertex R of less than 0.25 mm can be conventionally classified as 
crack-like defects. These are the defects for which R > 0.25 mm can be conventionally considered blunt.

Research Results. One of the factors that determine the operational properties of welded structures are crack-
like defects, such as: faulty penetrations, undercuts, inter-roll incomplete fusions, microcracks.

During visual and measuring control, it is very difficult to detect sharp defects with small measured values 
(0.1-0.25 mm). This is due to the low sensitivity of the measuring instrument and the human factor since the 
measurements are performed using the controller in manual mode [13].

Radiography and ultrasound are the two main non-destructive physical testing methods for detecting internal 
defects. Under studying the particularly critical structures, these methods often duplicate each other since they have 
different sensitivity and reliability. To bring out sharp, undetectable defects (e.g., cracks), an ultrasound control1 is 
preferred [14, 15]. However, it is often done manually. Accordingly, the results may be affected by the human factor, so 
this method is not sufficiently reliable.

Major challenge in assessing the product quality may arise for specialists already at the preparation stage, when 
choosing the method of ultrasonic testing (e.g., when using the mirror-shadow method, the echo technique, or the 
shadow method). To choose, you need to know the methods of operation, as well as to consider the characteristics of the
converters in accordance with GOST R 55725-20132. Such knowledge is not always demonstrated even by third-level 
specialists, which is revealed during certification. 

Equipment and quality control specialists should be able to correctly configure the flaw detector according to 
standard samples (SS-1, SS-2, SS-3) and according to the enterprise standard samples (ESS). Such templates are made 
of a material similar to the material of the object under control. The samples should correspond to the object in 
thickness and (if required) in radius (when checking small diameter pipes). However, the practice of conducting 
certification activities indicates that in some cases, specialists are not able to perform this work efficiently.

During the control process, the speed and step of scanning the object are also important. If the scanning speed 
is too high, the operator risks missing the defect or inaccurately determining its coordinates, the depth of occurrence and 
the boundaries of the discontinuity. The scanning speed standards are specified in the regulatory documentation. 
However, in the field, the control procedure is complicated by temperature difference, which depend on the time of 
year, venue, etc. For example, depending on the environment temperature, the temperature of the object under control 
changes, and this can affect the viscosity of the contact liquid. On the other hand, at low temperature, heating of the 
controlled area is required. This changes some of the physical properties of the object under control and, accordingly, 
the passage of ultrasound in the product, etc.

The main problem in summing up the results of the control and issuing conclusions is a free and subjective 
interpretation of the data obtained on the number of defects, depth and area of their occurrence. Much depends on the 
experience of the operator, his ability to distinguish the signals of defects from false or superficial ones. 

Discussion and Conclusions. It is required to restrict the influence of the human factor to increase the 
reliability of the results of visual-measuring and ultrasonic quality control of weld joints. To achieve this goal, we 
consider it appropriate to organize additional training in the process of periodic mandatory assessment of the 
qualifications and certification of control specialists. Teachers should be experts of welding production. In short-term 
training programs, it is required to summarize information on the impact of sharp crack-like welding defects on the 
strength characteristics of welded structures and their operational life.

1 GOST 55724–2013. Non-destructive testing. Welded joints. Ultrasonic methods. Federal Agency for Technical Regulation and Metrology. 
Moscow: Standartinform; 2019. 28 p. (In Russ.)
2 GOST Р 55725–2013. Non-destructive testing. Piezoelectric ultrasonic transducers. General technical requirements. Federal Agency for 
Technical Regulation and Metrology. Moscow: Standartinform; 2019. 16 p. (In Russ.)



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

94

Advanced Engineering Research 2021. V. 21, no. 1. P. 89−95.  ISSN 2687-1653

During certification, it is required to use special simulators for ultrasonic testing and samples of weld joints of 
structural elements with artificially created defects that simulate their real size, shape and location in test samples. This 
will provide obtaining an objective assessment of the reliability and informativeness of ultrasound control. 
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During certification, it is required to use special simulators for ultrasonic testing and samples of weld joints of
structural elements with artificially created defects that simulate their real size, shape and location in test samples. This
will provide obtaining an objective assessment of the reliability and informativeness of ultrasound control.
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communication standards, such as Wi-Fi and 5G, use low density parity check (LDPC) codes. These codes are popular 
because they provide building encoders and decoders with low computational complexity. This work objective is to 
increase the error correcting capability of the well-known bit-flipping decoder (BF) of LDPC-codes.  For this purpose, a 
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several parameters that are not rigidly bound with the code parameters. The dependence of the decoding quality on the 
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dynamically during the execution of the algorithm depending on the error rate. A comparative analysis of the error-
correcting capability of decoders is carried out by the simulation modeling method.
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dynamically during the execution of the algorithm depending on the error rate. A comparative analysis of the error-
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Results. A lemma on the maximum value of the decoder threshold T is formulated and proved. Upper bounds for the
number of operations are found for the original and modified decoders. A simulation model that implements a digital
noise-immune communication channel has been built. In the model, the initial data is encoded with a given LDPC-code,
then it is made noisy by additive uniformly distributed errors, and thereafter, it is decoded in turn by the bit-flipping 
algorithm with different threshold T parameters, as well as by a modified decoder. Based on the input and output data,
the correction capacity of the decoders used is estimated. Experiments have shown that the error-correcting capability of
the modified decoder in the range of the real error rate is higher than that of the original decoder, regardless of the 
selection of its parameters.
Discussion and Conclusions. The lemma, proved in the paper, sets the upper bound on the threshold value in the
original decoder, which simplifies its adjustment. The developed modification of the decoder has a better error-
correcting capability compared to the original decoder. Nevertheless, the complexity of the modification is slightly
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Gurskiy S. S., et al. On the modification of bit-flipping decoder of LDPC-codes

Introduction. In 1963, in [1], R. Gallager first described a class of linear block codes whose check matrix 
contains a small number of nonzero elements. Such codes are commonly referred to as low-density parity check codes, 
or LDPC codes. For them, it is possible to build encoders and decoders with low computational complexity. Thus, when 
using LDPC codes, the data transfer rate is not significantly limited. Many modern studies are devoted to LDPC codes 
and their decoders [2-5]. LDPC codes are widely used in various digital communication standards, such as Wi-Fi, 5G, 
and optical communication [6, 7]. However, despite the popularity of these codes, some of the problems associated with 
them require research and solution. One of them is building new decoders and improving the existing ones.

This work objective is to increase the error-correcting capability of the well-known bit-flipping decoder of 
LDPC codes (hereinafter referred to as the BF decoder). To do this, a modification of the decoder is built, which 
enables to dynamically control one of its key parameters, whose selection affects significantly the quality of decoding. 

Materials and Methods. The key parameters of binary LDPC codes are length 𝑁𝑁, dimension 𝐾𝐾 and minimum 
code distance 𝑑𝑑. The information words [𝑁𝑁,𝐾𝐾,𝑑𝑑] of the 𝐶𝐶-code are vectors 𝑚𝑚� = (𝑚𝑚1,𝑚𝑚2, … ,𝑚𝑚𝐾𝐾) ∈ 𝐹𝐹2𝐾𝐾, where 𝐹𝐹2 is the 
Galois field of cardinality 2, and the codewords are vectors 𝑐𝑐̅ = (𝑐𝑐1, 𝑐𝑐2, … , 𝑐𝑐𝑁𝑁) ∈ 𝐹𝐹2𝑁𝑁 [8]. It is convenient to set the 
LDPC codes with the check (𝑁𝑁 − 𝐾𝐾) × 𝑁𝑁 matrix 𝐻𝐻. Most of its elements are zero [1], so it is more convenient to store 
it not entirely, but storing only the positions of nonzero elements rowwise. 

There are regular [9] and irregular [10] LDPC codes. In regular codes, all rows and columns of the check 
matrices contain a fixed number of single elements (𝑘𝑘 and 𝑗𝑗, respectively), otherwise the code is called irregular. For 
convenience, check matrices of regular LDPC codes will be called regular matrices, and irregular LDPC codes —
irregular.

Regular LDPC codes have a number of advantages: easily evaluated code parameters, easy storage of matrices, 
low computational complexity of encoding and decoding algorithms, etc. In addition, regular code decoders correct 
errors evenly, unlike irregular ones, which correct errors in some parts of the codeword worse than in others. However, 
the problem of generating regular matrices with given properties is complex, and brute-force methods are often used to 
solve it. 

To discuss the properties of the matrix 𝐻𝐻 it is convenient to use the corresponding Tanner graph 𝐺𝐺 = (𝑉𝑉,𝐸𝐸),
where 𝐸𝐸 — a set of edges, and 𝑉𝑉 = 𝑆𝑆⋃𝑅𝑅 — a set of vertices, 𝑆𝑆 — a set of rows of the matrix 𝐻𝐻, and 𝑅𝑅 — a set of its 
columns [11]. Each nonzero element 𝐻𝐻, standing in the i-th row and the 𝑗𝑗-th column, defines an edge connecting the 𝑖𝑖-
th vertex of the set 𝑆𝑆 and the 𝑗𝑗-th vertex of the set 𝑅𝑅. Fig. 1 shows an example of a regular check matrix 3×6 with 
parameters 𝑘𝑘 = 4 and 𝑗𝑗 = 2, and the corresponding Tanner graph. 

Fig. 1. The cycle in Tanner graph and in the check matrix

The top row of the graph vertices corresponds to the columns of the matrix 𝐻𝐻, and the bottom row is connected 
to the rows of 𝐻𝐻. An important characteristic of the check matrix 𝐻𝐻 of the LDPC code is the presence and type of cycles 
in the corresponding Tanner graph. A cycle is a sequence of adjacent vertices of a graph in which the first and last 
vertices coincide. The length of this sequence is called the cycle length. The minimum cycle length in a graph is called 
the girth. If the graph contains no cycles, its girth is assumed to be infinite. An example of a cycle of length 4 is 
highlighted in bold lines in the graph (Fig. 1).
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The error-correcting capabilities depend not only on the key parameters of the LDPC codes, but also on the 
structure of the check matrix 𝐻𝐻. On the one hand, the presence of cycles of small lengths (such as 4 and 6) impairs 
noticeably the error-correcting capability of the decoder [12]. On the other hand, the code that corresponds to Tanner 
graph without cycles does not correct errors, since its minimum code distance is 2. Thus, the task of constructing check 
matrices of regular LDPC codes is multiparametric. When solving it, you need to monitor the key parameters of the 
code, as well as the cycles in Tanner graph corresponding to the check matrix.

Consider the well-known BF-decoder of the LDPC code 𝐶𝐶 in a convenient form [13].
Input: LDPC code 𝐶𝐶 with parameters [𝑁𝑁,𝐾𝐾,𝑑𝑑], given by the check matrix

𝐻𝐻 = �

ℎ11 ℎ12 … ℎ1𝑁𝑁
ℎ21 ℎ22 … ℎ2𝑁𝑁
… … ⋱ …

ℎ(𝑁𝑁−𝐾𝐾)1 ℎ(𝑁𝑁−𝐾𝐾)2 … ℎ(𝑁𝑁−𝐾𝐾)𝑁𝑁

�. (1)

Vector 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒, 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁), 𝑒𝑒 �(∈ 𝐹𝐹2𝑁𝑁) — error vector; 𝑝𝑝 — the number of iterations of the algorithm; T —
threshold value.

Output: code vector 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁).
Step 1. Let the counter 𝑟𝑟 be equal to zero.
Step 2. Calculate the syndrome �̅�𝑠 = 𝑐𝑐̅′𝐻𝐻𝑇𝑇 . If �̅�𝑠 = 0� or 𝑟𝑟 = 𝑝𝑝, then go to step 5. 

Step 3. Select the unit coordinates from the vector �̅�𝑠 = (𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑁𝑁−𝐾𝐾), i.e., 𝑠𝑠𝑖𝑖 = 1, 𝑖𝑖 = 1, (𝑁𝑁 − 𝐾𝐾)��������������. Compose

the set 𝐿𝐿 = {𝑖𝑖|𝑠𝑠𝑖𝑖 = 1}. Calculate ℎ�′ = (ℎ1′ , ℎ2′ , … , ℎ𝑁𝑁′ ), where 
ℎ𝑙𝑙′ = ∑ ℎ𝑖𝑖𝑙𝑙𝑖𝑖∈𝐿𝐿 . (2)

The values ℎ𝑖𝑖𝑙𝑙 , 𝑙𝑙 = 1, … ,𝑁𝑁 should be assumed to be nonnegative integers. Thus, ℎ�′ ∈ ℕ0
𝑁𝑁, where ℕ0 = ℕ ∪ {0}.

Step 4. In the vector ℎ�′ = (ℎ1′ , ℎ2′ , … , ℎ𝑁𝑁′ ), we find all the elements ℎ𝑖𝑖′ > 𝑇𝑇. Among them, we select random ℎ𝑙𝑙′

and invert the bit 𝑐𝑐𝑙𝑙′ of the vector 𝑐𝑐̅. Add a unit to the counter 𝑟𝑟 and go to step 2.  
Step 5. 𝑐𝑐̅ ≔ 𝑐𝑐̅′.
The research carried out in this work allows us to make some observations on the BF-decoder. 
Observation 1. The input parameter 𝑝𝑝 sets the maximum number of iterations of the algorithm from the 2nd to 

the 4th steps, but the decoder can recover the codeword in fewer iterations.
Observation 2. When selecting the parameter 𝑇𝑇, the following considerations should be taken into account. If 

the parameter 𝑑𝑑 of the used [𝑁𝑁,𝐾𝐾,𝑑𝑑]-code 𝐶𝐶 is known, then it can be applied to calculate 𝑡𝑡 — the number of reliably 
recoverable errors, and then the number of decoder iterations is limited to this value:

𝑝𝑝 = 𝑡𝑡 = �𝑑𝑑−1
2
�. (3)

Here, ⌊𝑥𝑥⌋ — rounding the number 𝑥𝑥 to a smaller integer. If the parameter 𝑑𝑑 is unknown, then it can be estimated using 
the Singleton bound [5]

𝑑𝑑 ≤ 𝑁𝑁 − 𝐾𝐾 + 1
and, using (3), we obtain

𝑝𝑝 = �𝑁𝑁−𝐾𝐾
2
�.

Observation 3. The structure of the decoder is such that the recovery of the correct codeword is not guaranteed, 
even if in the noisy word 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒, no more than 𝑡𝑡 errors occurred (3).

Observation 4. In the literature, for regular check matrices in the BF decoder, it is recommended to select the 

threshold 𝑇𝑇 depending on the weight 𝑗𝑗 of the column of the matrix 𝐻𝐻, namely, 𝑇𝑇 = 𝑗𝑗
2
. For irregular matrices, such

recommendations are not given in the literature. The error-correcting capability of the BF decoder can be worsened by 
an unsuccessful selection of threshold 𝑇𝑇.  If its value is large, at step 4 of the decoder, the vector ℎ�′ may not have a 
coordinate that exceeds the threshold 𝑇𝑇, therefore, the erroneous bits will not be corrected. If you select a small value of 

𝑇𝑇 in step 4 of the BF decoder, several coordinates, whose value exceeds the threshold, may appear in the vector ℎ�′.
Among them, there may be coordinates that do not contain an error. Thus, the selection of the parameter T can 
significantly affect the decoding quality.
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The error-correcting capabilities depend not only on the key parameters of the LDPC codes, but also on the
structure of the check matrix 𝐻𝐻. On the one hand, the presence of cycles of small lengths (such as 4 and 6) impairs
noticeably the error-correcting capability of the decoder [12]. On the other hand, the code that corresponds to Tanner
graph without cycles does not correct errors, since its minimum code distance is 2. Thus, the task of constructing check
matrices of regular LDPC codes is multiparametric. When solving it, you need to monitor the key parameters of the
code, as well as the cycles in Tanner graph corresponding to the check matrix.

Consider the well-known BF-decoder of the LDPC code 𝐶𝐶 in a convenient form [13].
Input: LDPC code 𝐶𝐶 with parameters [𝑁𝑁,𝐾𝐾,𝑑𝑑], given by the check matrix

𝐻𝐻 = �

ℎ11 ℎ12 … ℎ1𝑁𝑁
ℎ21 ℎ22 … ℎ2𝑁𝑁
… … ⋱ …

ℎ(𝑁𝑁−𝐾𝐾)1 ℎ(𝑁𝑁−𝐾𝐾)2 … ℎ(𝑁𝑁−𝐾𝐾)𝑁𝑁

�. (1)

Vector 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒, 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁), 𝑒𝑒�(∈ 𝐹𝐹2𝑁𝑁) — error vector; 𝑝𝑝 — the number of iterations of the algorithm; T —
threshold value.

Output: code vector 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁).
Step 1. Let the counter 𝑟𝑟 be equal to zero.
Step 2. Calculate the syndrome �̅�𝑠 = 𝑐𝑐̅′𝐻𝐻𝑇𝑇 . If �̅�𝑠 = 0� or 𝑟𝑟 = 𝑝𝑝, then go to step 5.

Step 3. Select the unit coordinates from the vector �̅�𝑠 = (𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑁𝑁−𝐾𝐾), i.e., 𝑠𝑠𝑖𝑖 = 1, 𝑖𝑖 = 1, (𝑁𝑁 − 𝐾𝐾)��������������. Compose

the set 𝐿𝐿 = {𝑖𝑖|𝑠𝑠𝑖𝑖 = 1}. Calculate ℎ�′ = (ℎ1′ , ℎ2′ , … , ℎ𝑁𝑁′ ), where 
ℎ𝑙𝑙′ = ∑ ℎ𝑖𝑖𝑙𝑙𝑖𝑖∈𝐿𝐿 . (2)

The values ℎ𝑖𝑖𝑙𝑙 , 𝑙𝑙 = 1, … ,𝑁𝑁 should be assumed to be nonnegative integers. Thus, ℎ�′ ∈ ℕ0
𝑁𝑁, where ℕ0 = ℕ ∪ {0}.

Step 4. In the vector ℎ�′ = (ℎ1′ , ℎ2′ , … , ℎ𝑁𝑁′ ), we find all the elements ℎ𝑖𝑖′ > 𝑇𝑇. Among them, we select random ℎ𝑙𝑙′

and invert the bit 𝑐𝑐𝑙𝑙′ of the vector 𝑐𝑐̅. Add a unit to the counter 𝑟𝑟 and go to step 2.
Step 5. 𝑐𝑐̅ ≔ 𝑐𝑐̅′.
The research carried out in this work allows us to make some observations on the BF-decoder.
Observation 1. The input parameter 𝑝𝑝 sets the maximum number of iterations of the algorithm from the 2nd to

the 4th steps, but the decoder can recover the codeword in fewer iterations.
Observation 2. When selecting the parameter 𝑇𝑇, the following considerations should be taken into account. If 

the parameter 𝑑𝑑 of the used [𝑁𝑁,𝐾𝐾,𝑑𝑑]-code 𝐶𝐶 is known, then it can be applied to calculate 𝑡𝑡 — the number of reliably
recoverable errors, and then the number of decoder iterations is limited to this value:

𝑝𝑝 = 𝑡𝑡 = �𝑑𝑑−1
2
�. (3)

Here, ⌊𝑥𝑥⌋ — rounding the number 𝑥𝑥 to a smaller integer. If the parameter 𝑑𝑑 is unknown, then it can be estimated using 
the Singleton bound [5]

𝑑𝑑 ≤ 𝑁𝑁 − 𝐾𝐾 + 1
and, using (3), we obtain

𝑝𝑝 = �𝑁𝑁−𝐾𝐾
2
�.

Observation 3. The structure of the decoder is such that the recovery of the correct codeword is not guaranteed,
even if in the noisy word 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒, no more than 𝑡𝑡 errors occurred (3).

Observation 4. In the literature, for regular check matrices in the BF decoder, it is recommended to select the

threshold 𝑇𝑇 depending on the weight 𝑗𝑗 of the column of the matrix 𝐻𝐻, namely, 𝑇𝑇 = 𝑗𝑗
2
. For irregular matrices, such

recommendations are not given in the literature. The error-correcting capability of the BF decoder can be worsened by
an unsuccessful selection of threshold 𝑇𝑇.  If its value is large, at step 4 of the decoder, the vector ℎ�′ may not have a
coordinate that exceeds the threshold 𝑇𝑇, therefore, the erroneous bits will not be corrected. If you select a small value of

𝑇𝑇 in step 4 of the BF decoder, several coordinates, whose value exceeds the threshold, may appear in the vector ℎ�′.
Among them, there may be coordinates that do not contain an error. Thus, the selection of the parameter T can
significantly affect the decoding quality.

Gurskiy S. S., et al. On the modification of bit-flipping decoder of LDPC-codes

Research Results. We formulate and prove a lemma on the maximum possible value of the threshold 𝑇𝑇. Then 
we modify the BF decoder so that the threshold is set dynamically during the decoding process, and conduct a 
comparative analysis of the original and modified decoding algorithms.

Lemma. Let the binary [𝑁𝑁,𝐾𝐾,𝑑𝑑]-code 𝐶𝐶 be given by the check matrix 𝐻𝐻 having a fixed number of j unit 
elements in each column. Then the maximum threshold value 𝑇𝑇 for the BF decoder of such LDPC code 𝐶𝐶 cannot be 
greater than 

𝑇𝑇 = 𝑗𝑗 − 1. (4)
Proof. Let the vector 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒 be obtained from the transmission channel, where 𝑐𝑐̅ ∈ 𝐶𝐶 — is the correct 

codeword, 𝑒𝑒 � ∈ 𝐹𝐹2𝑁𝑁 — the error vector with the Hamming weight 𝑤𝑤(�̅�𝑒). If 𝑤𝑤(�̅�𝑒) = 0, then, in step 2, the vector-
syndrome �̅�𝑠 = 0�. Hence, the algorithm will go to step 5 and return 𝑐𝑐̅′ as the answer. In this case, the threshold value is 
not used. If 𝑤𝑤(�̅�𝑒) > 0, then the regularity of 𝐻𝐻 implies the validity of the inequality ℎ𝑙𝑙′ ≤ 𝑗𝑗, where ℎ𝑙𝑙′ — the elements of 

the vector ℎ�′. The inverting of the bit 𝑐𝑐𝑙𝑙 of the vector 𝑐𝑐̅′ occurs in the algorithm only if ℎ𝑙𝑙′ > 𝑇𝑇. Therefore, 
𝑇𝑇 < ℎ𝑙𝑙′ ≤ 𝑗𝑗.

Thus, the formula (4) is correct.
We will make changes to the BF decoder that will allow us to determine the threshold value dynamically, 

depending on the degree of damage to the code vector in the transmission channel.
Input: [𝑁𝑁,𝐾𝐾,𝑑𝑑]-code 𝐶𝐶 given by the above check matrix (1). Vector 𝑐𝑐̅′ = 𝑐𝑐̅ + �̅�𝑒, where 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁), 𝑒𝑒 �(∈ 𝐹𝐹2𝑁𝑁)

— the error vector; 𝑝𝑝 — the number of iterations of the algorithm; 𝑇𝑇 — some threshold value selected in advance.
Output: code vector 𝑐𝑐̅ ∈ 𝐶𝐶(⊂ 𝐹𝐹2𝑁𝑁).
Step 1. Let the counter 𝑟𝑟 be equal to zero.
Step 2. Calculate the syndrome �̅�𝑠 = 𝑐𝑐̅′𝐻𝐻𝑇𝑇 . If �̅�𝑠 = (0, … ,0) or 𝑟𝑟 = 𝑝𝑝, then go to step 7.

Step 3. Select the unit coordinates from the vector �̅�𝑠 = (𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑁𝑁−𝐾𝐾), i.e., 𝑠𝑠𝑖𝑖 = 1, 𝑖𝑖 = 1, (𝑁𝑁 − 𝐾𝐾)��������������. Compose

the set 𝐿𝐿 = {𝑖𝑖|𝑠𝑠𝑖𝑖 = 1}. Calculate ℎ�′ = (ℎ1′ , ℎ2′ , … , ℎ𝑁𝑁′ ), where ℎ𝑙𝑙′ is the same as in the original decoder (2). When 
summing the value ℎ𝑖𝑖𝑙𝑙 𝑙𝑙 = 1, … ,𝑁𝑁, we should assume nonnegative integers. Thus, ℎ�′ ∈ ℕ0

𝑁𝑁, где ℕ0 = ℕ ∪ {0}.
Step 4. Initialize the threshold value 𝑇𝑇 ≔ max(ℎ𝑙𝑙′)𝑙𝑙=1,…,𝑁𝑁 − 1.

Step 5. If 𝑇𝑇 ≥ 0
Select an arbitrary element ℎ𝑞𝑞′ 'of the vector ℎ�′ — such as ℎ𝑞𝑞′ > 𝑇𝑇.

Invert the bit 𝑐𝑐𝑞𝑞′ .

Step 6. Add a unit to the counter 𝑟𝑟 and go to step 2.
Step 7. 𝑐𝑐̅ ≔ 𝑐𝑐̅′.
Observation 5. The modified algorithm generally performs fewer iterations than the BF decoder since the 

threshold is selected dynamically in step 4. Therefore, the decoder does not perform useless iterations that do not 
change the bits of the vector 𝑐𝑐̅′. The threshold value in the modified decoder depends on the number of errors that 
damaged the codeword, and is immediately set so that the noisy codeword 𝑐𝑐̅′ is guaranteed to be changed. 

Let us estimate from above the number of addition, comparison and assignment operations in both decoders. In 
the original BF decoder of the [𝑁𝑁,𝐾𝐾,𝑑𝑑]-code 𝐶𝐶, 𝑝𝑝(𝑘𝑘𝐾𝐾 + (𝑁𝑁 − 𝐾𝐾)𝑁𝑁 + 1) addition operations, 𝑝𝑝(3𝑁𝑁 − 2𝐾𝐾 + 2)

comparison operations and 𝑝𝑝�(𝑁𝑁 − 𝐾𝐾)(𝑘𝑘 + 1) + 2𝑁𝑁 + 3� + 1 assignment operations are performed. In the BF decoder 

with dynamic threshold, 𝑝𝑝(𝑘𝑘𝐾𝐾 + (𝑁𝑁 − 𝐾𝐾)𝑁𝑁 + 3) addition operations, 𝑝𝑝(5𝑁𝑁 − 2𝐾𝐾 + 3) comparison operations and 

𝑝𝑝�(𝑁𝑁 − 𝐾𝐾)(𝑘𝑘 + 1) + 2𝑁𝑁 + 4� + 1 assignment operations are performed. Here, 𝑝𝑝 — the decoder parameter that sets the 

maximum number of operations, 𝑘𝑘 — weight of the code check matrix rows. Note that when implementing the 
algorithm, the multiplication and division operations are not actually used, as long as at the second step, it is convenient 
to use addition operations instead of multiplication to calculate the syndrome �̅�𝑠. Recall that the matrix 𝐻𝐻 has a sparse 
structure, and its rows are conveniently stored as a list of nonzero element numbers. Therefore, instead of multiplying 
the vector 𝑐𝑐̅′ by the matrix 𝐻𝐻, it is required to sum the coordinates of the vector 𝑐𝑐̅′, whose numbers coincide with the 
numbers of nonzero elements in the corresponding row of the matrix 𝐻𝐻.
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Compared to the original algorithm, the modified BF decoder performs more operations, but moderately: the 
number of comparison operations has increased by 𝑝𝑝(2𝑁𝑁 + 1), assignment operations — by 𝑝𝑝, addition operations —
by 2𝑝𝑝.

For a comparative study of the error-correcting capability of the original and modified decoding algorithms, a 
software tool has been created that implements a simulation model of a binary symmetric perfectly synchronized noise-
immune communication channel according to [14-16]. To provide noise immunity, the model uses LDPC codes and BF 
decoders (original and with dynamic threshold). Errors in the channel were modeled as independent and uniformly 
distributed.

The experiments used purposely found check matrices that specify LDPC codes. We describe the key 
parameters of these matrices using the standard notation of the key parameters of the code, as well as: 𝑗𝑗 and 𝑘𝑘 — the 
weight of each column and the weight of each row of the check matrix, respectively; ω4,ω6 — 4 and 6 cycles in Tanner 
graph corresponding to the check matrix.
Regular matrix 𝐻𝐻1: 𝑁𝑁 = 20, 𝐾𝐾 = 5, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 41.
Regular matrix 𝐻𝐻2: 𝑁𝑁 = 28, 𝐾𝐾 = 7, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 42.
Regular matrix 𝐻𝐻3: 𝑁𝑁 = 28, 𝐾𝐾 = 7, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 29.
Irregular matrix 𝐻𝐻4: 𝑁𝑁 = 32, 𝐾𝐾 = 5, 𝑗𝑗 = 3, 𝑑𝑑 = 12, ω4 = 0, ω6 = 0.

Using these matrices, LDPC codes were constructed and simulation experiments were conducted. Fig. 2–5
show graphs of the dependence of the error-correcting capability of the constructed LDPC codes on the error probability 
in the channel. For the rationale for selecting the threshold values 𝑇𝑇 = 1 and 𝑇𝑇 = 2 in the BF decoder, see Observations 
3, 4 and Lemma.

Fig. 2. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻2
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Compared to the original algorithm, the modified BF decoder performs more operations, but moderately: the
number of comparison operations has increased by 𝑝𝑝(2𝑁𝑁 + 1), assignment operations — by 𝑝𝑝, addition operations —
by 2𝑝𝑝.

For a comparative study of the error-correcting capability of the original and modified decoding algorithms, a
software tool has been created that implements a simulation model of a binary symmetric perfectly synchronized noise-
immune communication channel according to [14-16]. To provide noise immunity, the model uses LDPC codes and BF
decoders (original and with dynamic threshold). Errors in the channel were modeled as independent and uniformly
distributed.

The experiments used purposely found check matrices that specify LDPC codes. We describe the key
parameters of these matrices using the standard notation of the key parameters of the code, as well as: 𝑗𝑗 and 𝑘𝑘 — the
weight of each column and the weight of each row of the check matrix, respectively; ω4,ω6 — 4 and 6 cycles in Tanner
graph corresponding to the check matrix.
Regular matrix 𝐻𝐻1: 𝑁𝑁 = 20, 𝐾𝐾 = 5, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 41.
Regular matrix 𝐻𝐻2: 𝑁𝑁 = 28, 𝐾𝐾 = 7, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 42.
Regular matrix 𝐻𝐻3: 𝑁𝑁 = 28, 𝐾𝐾 = 7, 𝑗𝑗 = 3, 𝑘𝑘 = 4, 𝑑𝑑 = 6, ω4 = 0, ω6 = 29.
Irregular matrix 𝐻𝐻4: 𝑁𝑁 = 32, 𝐾𝐾 = 5, 𝑗𝑗 = 3, 𝑑𝑑 = 12, ω4 = 0, ω6 = 0.

Using these matrices, LDPC codes were constructed and simulation experiments were conducted. Fig. 2–5
show graphs of the dependence of the error-correcting capability of the constructed LDPC codes on the error probability
in the channel. For the rationale for selecting the threshold values 𝑇𝑇 = 1 and 𝑇𝑇 = 2 in the BF decoder, see Observations
3, 4 and Lemma.

Fig. 2. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻2
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Fig. 3. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻3

Fig. 4. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻4
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Fig. 5. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻1

In the range of the real error level [8, 13, 14] in Fig. 2–4, it can be observed that the BF decoder at the 
threshold value 𝑇𝑇 = 2 shows better results than at 𝑇𝑇 = 1, and the modified BF decoder has a better error-correcting 
capability compared to the original one.

The decoders show similar efficiency at small values of the code length, but when it is increased, the modified 
decoder shows better results. Specifically, if the error probability in the non-noise-immune channel is 0.05, the 
difference in the error probability in the noise-immune channel when using a BF decoder with the threshold 𝑇𝑇 = 2 and 
𝑇𝑇 = 1, is from 0.005 to 0.03 in favor of using a larger threshold value. If a BF decoder with the threshold 𝑇𝑇 = 2 and a 
modified decoder are used, this difference varies depending on the LDPC code in the range from 0.001 to 0.003. If the 
error probability in the non-noise-immune channel is 0.1, the error probability in the noise-immune channel when using 
a BF decoder with the threshold 𝑇𝑇 = 2 is less than with the threshold 𝑇𝑇 = 1 by the value from 0.001 to 0.02. When 
using a BF decoder with the threshold 𝑇𝑇 = 2 and a modified decoder, this difference varies in the range from 0.002 to 
0.01depending on the LDPC code. 

Both decoders are sensitive to the number of cycles in Tanner graph corresponding to the LDPC code check 
matrix. The greater the ratio of the number of cycles to the total number of elements in the matrix, the worse any BF 
decoder corrects errors. During the experiments, it was interesting to find out whether it is possible to increase the 
number of cycles in the matrix so that the modified decoder will show worse results compared to the BF decoder. 
Experimentally, the matrix 𝐻𝐻1 containing 41 cycles of length 6 was found. The results of the study on the error-
correcting capability of decoders for this matrix are shown in Fig. 5. Note, however, that the matrix 𝐻𝐻2 contains even 
more cycles of length 6, namely, 42. The fundamental difference between the matrices 𝐻𝐻1 and 𝐻𝐻2 is in the density of 
units:
— in 𝐻𝐻1 — 60 unit elements per 300 matrix elements,
— in 𝐻𝐻2 — 84 units per 588 matrix elements.

Recall that the feature of LDPC codes is the sparse structure of the check matrix, so 𝐻𝐻2 is more typical for 
LDPC codes. 

Discussion and Conclusions. The paper considers a bit-flipping decoder for binary LDPC codes. 
Recommendations on the selection of such input parameters of the decoder as the threshold and the number of iterations 
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Fig. 5. Graph of the decoder error-correcting capability for LDPC codes given by the matrix 𝐻𝐻1

In the range of the real error level [8, 13, 14] in Fig. 2–4, it can be observed that the BF decoder at the 
threshold value 𝑇𝑇 = 2 shows better results than at 𝑇𝑇 = 1, and the modified BF decoder has a better error-correcting
capability compared to the original one.

The decoders show similar efficiency at small values of the code length, but when it is increased, the modified
decoder shows better results. Specifically, if the error probability in the non-noise-immune channel is 0.05, the
difference in the error probability in the noise-immune channel when using a BF decoder with the threshold 𝑇𝑇 = 2 and
𝑇𝑇 = 1, is from 0.005 to 0.03 in favor of using a larger threshold value. If a BF decoder with the threshold 𝑇𝑇 = 2 and a 
modified decoder are used, this difference varies depending on the LDPC code in the range from 0.001 to 0.003. If the
error probability in the non-noise-immune channel is 0.1, the error probability in the noise-immune channel when using 
a BF decoder with the threshold 𝑇𝑇 = 2 is less than with the threshold 𝑇𝑇 = 1 by the value from 0.001 to 0.02. When 
using a BF decoder with the threshold 𝑇𝑇 = 2 and a modified decoder, this difference varies in the range from 0.002 to
0.01depending on the LDPC code.

Both decoders are sensitive to the number of cycles in Tanner graph corresponding to the LDPC code check
matrix. The greater the ratio of the number of cycles to the total number of elements in the matrix, the worse any BF
decoder corrects errors. During the experiments, it was interesting to find out whether it is possible to increase the 
number of cycles in the matrix so that the modified decoder will show worse results compared to the BF decoder.
Experimentally, the matrix 𝐻𝐻1 containing 41 cycles of length 6 was found. The results of the study on the error-
correcting capability of decoders for this matrix are shown in Fig. 5. Note, however, that the matrix 𝐻𝐻2 contains even
more cycles of length 6, namely, 42. The fundamental difference between the matrices 𝐻𝐻1 and 𝐻𝐻2 is in the density of
units:
— in 𝐻𝐻1 — 60 unit elements per 300 matrix elements,
— in 𝐻𝐻2 — 84 units per 588 matrix elements.

Recall that the feature of LDPC codes is the sparse structure of the check matrix, so 𝐻𝐻2 is more typical for
LDPC codes.

Discussion and Conclusions. The paper considers a bit-flipping decoder for binary LDPC codes.
Recommendations on the selection of such input parameters of the decoder as the threshold and the number of iterations
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of the algorithm are given. A lemma on the maximum value of the decoder threshold is formulated and proved. A 
modification of the BF decoder of binary LDPC codes has been developed, in which it is proposed to set the threshold 
dynamically during the execution of the algorithm depending on the resulting syndrome. For the original and modified 
decoders, upper estimates of the number of operations are found. These estimates show that the modification 
complicates the decoder only slightly. The conducted simulation experiments demonstrate better error-correcting 
capability of the modified decoder in relation to the original one. The experiments also showed the dependence of the 
decoding quality on the degree of matrix sparsity and the number of cycles of length 6 in the Tanner graph 
corresponding to the check matrix of the LDPC code. Thus, the problem of constructing check matrices with a small 
number of short cycles arises, which is the subject of further research.
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Method for estimating time length using simultaneous phase measurements 
in the system of simultaneously and independently operating generators
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Introduction. This paper is devoted to the development of a method for estimating the current time-frequency 
parameters of each of a set of simultaneously and independently operating generators in the radio electronic system. A 
general case is considered, in which the deviation of true values of the nominal generator parameters from the assumed 
values of these parameters is determined not only by random, but also by long-term frequency deviation. The work 
objective is to generalize the method for estimating the time-frequency parameters of signals (long-term nominal 
frequency and current frequency deviation from the nominal value) based on the simultaneous measurement of the 
phases of signals generated in the system of independently functioning generators. The research task is to consider a
system of simultaneously and independently operating generators. Each of them generates harmonic signals, whose 
time-frequency parameters, such as the average frequency, are constant during a certain interval of observation. But 
herewith, these time-frequency parameters are known with insufficient accuracy due to the influence of external factors 
(changes in temperature, pressure, supply voltage, etc.). It is required to obtain estimates of the time-frequency 
parameters of signals (the duration of the measuring interval, values of the long-term frequency and the standard 
deviation) from the results of measurements of the phases of signals formed by the generators at measuring intervals 
belonging to the observation interval, within which the average frequency remains constant.  
Materials and Methods. A system of simultaneously and independently functioning generators is considered. The long-
term value of signal frequency for each of the generators over the observation interval remains constant, but it is known 
with some margin of error. During the observation interval, several measurements of the signal phase of each of the 
generators are performed. At the same time, the current values of the signal frequency and the duration of the measuring 
interval have random deviations from the long-term values, and follow the normal distribution law with zero 
mathematical expectation and a known variance. The estimation of time-frequency parameters based on the results of 
measuring the signal phases is carried out using a multidimensional likelihood function. The maximum is found on the 
base of solving the redefined system of linear algebraic equations.
Results. A new mathematical model and a numerical-analytical method for determining the time-frequency parameters 
of signals are developed. They take into account both the long-term constant frequency deviation and short-term 
random deviations.
Discussion and Conclusions. The results obtained can be used under the development and creation of data-measuring 
and information-telecommunication systems, including geographically distributed systems. The resulting estimates of 
the time-frequency parameters enable to increase the signal frequency stability and, accordingly, to improve the 
accuracy of measurements and the quality of information transfer.
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frequency stability, least square method (LS method).
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Introduction. The constant growth of requirements for audio and video information transmission, for data 
formation and transmission systems, necessitates an increase in stability of the time-frequency parameters of signals 
generating in radio-electronic systems (RES) [1]. The information-telecommunication systems and data-measuring
ones are typical examples of such systems. One of the components in providing high efficiency of such systems is 
associated with the formation of signals with highly stable time-frequency parameters. The latter is relevant, in 
particular, for the systems of information transmission with complex signals, radar and radio navigation systems, 
and audio and video information transmission systems as well.

Currently, the main approach in the creation of RES is a modular construction principle, which determines the 
use of functionally completed blocks and devices connected to each other. The application of this approach leads to 
presence of a large number of high-frequency signal (HF signal) generators in any radio-electronic system. At the same 
time, functional completeness of each of the devices included in the system enables to consider the НF-signal 
generators of these devices as units operating simultaneously and independently on a certain time interval.

Despite the fact that signal generators in various devices have different parameters, the presence of a large 
number of simultaneously and independently functioning generators in the RES provides determining the current values 
of the time-frequency parameters of these signals through measuring and subsequent processing of the generated signals 
phases1 [2–6]. The latter makes it possible to estimate the current values of the time-frequency parameters with higher 
accuracy. In turn, the obtained values of the time-frequency signal parameters are associated with the parameters of the 
generators that are forming them. That allows either to stabilize the generators frequency, or to consider its current 
value during the subsequent signal processing [2–6].

Well-known solutions to the problem of estimating the current time-frequency parameters take into account, as 
a rule, only random components of the frequency deviation due to the influence of various factors. In this case, the 
values of such parameter as the nominal (mean) frequency of the generator are considered known. At the same time, in 
many cases, long-term frequency deviations associated with both the influence of external factors and the technology of 
generator production are not analyzed in the papers under examination.

Thus, the solution to the problem of estimating the time-frequency parameters of signals, such as the nominal 
(mean) frequency and random deviations from the average frequency of generators, is a challenge.

The paper objective is the generalization of the method of estimating the time-frequency signal parameters (the 
long-term nominal frequency and the current frequency deviation from the nominal value) based on the simultaneous 
measurement of the signal phases forming in the system of independently functioning generators.

As in the paper [3], let us consider the system of 1N + generators, each of which forms the harmonic signals, 
whose time-frequency parameters, such as average frequency nω , are constant, but known with insufficient accuracy 

due to the influence of external factors (changes in temperature, pressure, supply voltage, etc.) during a certain 
observation interval.

It is required to obtain estimates of the time-frequency parameters of signals (the duration of the measuring 
interval, frequency values and RMS (root–mean–square, or standard, deviation) of signals) from the results of 
measurements of the phases of the signals formed by the generators at the measuring intervals belonging to the 
observation interval, within which the average frequency values remain constant.

Mathematical model and solution method. For the system of 1N + generators under consideration, let us
present the signals formed by each of the generators, as

( )( ) cosn n n ns t A t= ω ⋅ + ϕ , 1,..., 1n N= + . (1)

Using one of the generators (hereinafter the 1N + generator), we will form measuring intervals of nominal 

duration (0)
mt ( 1,...,m M= ), such that during all the specified intervals, the average frequency and RMS of the 

frequency of each of the generators can be considered constant.
We represent the measured values of signals phase ,n mΦ of each of N generators ( 1,...,n N= ) on the m-th 

measuring interval ( 1,...,m M= ) as follows: 

1 Gabrielyan DD, Prygunov AG, KhutortsevVV, et al. Generator frequency stabilization method. RF Patent no. 2219654, 2003. (In Russ.)
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Introduction. The constant growth of requirements for audio and video information transmission, for data
formation and transmission systems, necessitates an increase in stability of the time-frequency parameters of signals
generating in radio-electronic systems (RES) [1]. The information-telecommunication systems and data-measuring
ones are typical examples of such systems. One of the components in providing high efficiency of such systems is
associated with the formation of signals with highly stable time-frequency parameters. The latter is relevant, in
particular, for the systems of information transmission with complex signals, radar and radio navigation systems,
and audio and video information transmission systems as well.

Currently, the main approach in the creation of RES is a modular construction principle, which determines the
use of functionally completed blocks and devices connected to each other. The application of this approach leads to
presence of a large number of high-frequency signal (HF signal) generators in any radio-electronic system. At the same 
time, functional completeness of each of the devices included in the system enables to consider the НF-signal
generators of these devices as units operating simultaneously and independently on a certain time interval.

Despite the fact that signal generators in various devices have different parameters, the presence of a large
number of simultaneously and independently functioning generators in the RES provides determining the current values
of the time-frequency parameters of these signals through measuring and subsequent processing of the generated signals
phases1 [2–6]. The latter makes it possible to estimate the current values of the time-frequency parameters with higher
accuracy. In turn, the obtained values of the time-frequency signal parameters are associated with the parameters of the 
generators that are forming them. That allows either to stabilize the generators frequency, or to consider its current
value during the subsequent signal processing [2–6].

Well-known solutions to the problem of estimating the current time-frequency parameters take into account, as
a rule, only random components of the frequency deviation due to the influence of various factors. In this case, the
values of such parameter as the nominal (mean) frequency of the generator are considered known. At the same time, in
many cases, long-term frequency deviations associated with both the influence of external factors and the technology of
generator production are not analyzed in the papers under examination.

Thus, the solution to the problem of estimating the time-frequency parameters of signals, such as the nominal
(mean) frequency and random deviations from the average frequency of generators, is a challenge.

The paper objective is the generalization of the method of estimating the time-frequency signal parameters (the
long-term nominal frequency and the current frequency deviation from the nominal value) based on the simultaneous
measurement of the signal phases forming in the system of independently functioning generators.

As in the paper [3], let us consider the system of 1N + generators, each of which forms the harmonic signals,
whose time-frequency parameters, such as average frequency nω , are constant, but known with insufficient accuracy 

due to the influence of external factors (changes in temperature, pressure, supply voltage, etc.) during a certain
observation interval.

It is required to obtain estimates of the time-frequency parameters of signals (the duration of the measuring
interval, frequency values and RMS (root–mean–square, or standard, deviation) of signals) from the results of
measurements of the phases of the signals formed by the generators at the measuring intervals belonging to the
observation interval, within which the average frequency values remain constant.

Mathematical model and solution method. For the system of 1N + generators under consideration, let us
present the signals formed by each of the generators, as

( )( ) cosn n n ns t A t= ω ⋅ + ϕ , 1,..., 1n N= + . (1)

Using one of the generators (hereinafter the 1N + generator), we will form measuring intervals of nominal

duration (0)
mt ( 1,...,m M= ), such that during all the specified intervals, the average frequency and RMS of the

frequency of each of the generators can be considered constant.
We represent the measured values of signals phase ,n mΦ of each of N generators ( 1,...,n N= ) on the m-th 

measuring interval ( 1,...,m M= ) as follows:

1 Gabrielyan DD, Prygunov AG, KhutortsevVV, et al. Generator frequency stabilization method. RF Patent no. 2219654, 2003. (In Russ.)

Gabrielyan D. D., et al. Method for estimating time length using simultaneous phase measurements in the system of simultaneously

( )( )(0)
, ,n m n n m m mt tΦ = ω + ∆ω + ∆ , 1,...,n N= , 1,...,m M= , (2)

where ,n m∆ω – is random deviation of the n-th generator frequency on the m-th measuring interval from the 

average value nω ; (0)
mt and mt∆ are, respectively, nominal duration and deviation from the nominal value of the m-th 

measuring interval duration.
For the mean value frequency, taking into account the modern production technology of HF–generators, we 

can write
(0)

n n nω = ω + δω , (0)
n nδω ω0 , 1,..., 1n N= + , (3)

where the values (0)
nω are known, and nδω , with account for the influence of external factors, are unknown.

Taking into account the expressions (3), the relation (2) takes the form

( )( )(0) (0)
, ,n m n n n m m mt tΦ = ω + δω + ∆ω + ∆ , 1,...,n N= , 1,...,m M= . (4)

After linearization (the terms n mtδω ⋅∆ and ,n m mt∆ω ⋅∆ , are discarded), the expression (4) enables to estimate 

the random deviation of the frequency of the n-th generator on the m-th measurement interval as follows:
(0) (0) (0)

, ,
, (0)

n m n m n m n m
n m

m

t t
t

Φ −Φ −δω ⋅ −ω ⋅∆
∆ω = , 1,...,n N= , 1,...,m M= , (5)

where (0) (0) (0)
,n m n mtΦ = ω ⋅ .

The frequency deviations ,n m∆ω ( 1,...,n N= , 1,...,m M= ) and deviations of measurement interval duration 

mt∆ ( 1,...,m M= ) follow the normal distribution law [7]:

( ) ( )
( )

2

,
, 2(0) (0) (0)

1 exp
2 2

n m
n m

n n n

p
 ∆ω
 ∆ω = −
 pσ σ ⋅ω 

, ( ) ( )
( )

2

2(0) (0) (0)
1 1

1 exp
2 2

m
m

N N m

t
p t

t+ +

 ∆
 ∆ = −
 pσ σ ⋅ 

, (6)

where (0)
nσ are known values of the relative instability of the frequency of the n-th generator ( 1,...,n N= ).

The given relations describe the mathematical model of the system of generators that function simultaneously 
and independently.

Solution method. Taking into account the relations (5) and (6), we can write the multidimensional logarithmic 
likelihood function:

( ) ( )
( )

2(0) (0) (0)
, ,

2(0) (0) (0)
1 1

δω, Δt ln 2 ln
2

M N
n m n m n m n m

n
m n

n n m

t t
L

t= =

 Φ −Φ −δω ⋅ −ω ⋅∆ = − p + σ + 
σ ⋅ω ⋅  

∑∑ , (7)

which includes the vectors δω and Δt , whose elements are unknown values, respectively, nδω ( 1,...,n N= )

and mt∆ ( 1,...,m M= ). 

The estimates nδω and mt∆ are found from the maximum condition (7) and correspond to the solution of the 
system of linear algebraic equations (SLAE).

( )

( )

δω, Δt
0, 1,..., ,

δω, Δt
0, 1,..., .

n

m

L
n N

L
m M

t

∂
= = ∂δω


∂ = = ∂∆

 (8)

The equations in (8) have the form

( )
( )

(0) (0) (0) (0)
, ,

2(0) (0) (0)
0n m n m n m n m m

n n m

t t t

t

Φ −Φ −δω ⋅ −ω ⋅∆ ⋅
=

σ ⋅ω ⋅
, 1,...,n N= ,

( )
( )

(0) (0) (0) (0)
, ,

2(0) (0) (0)
0n m n m n m n m n

n n m

t t

t

Φ −Φ −δω ⋅ −ω ⋅∆ ⋅ω
=

σ ⋅ω ⋅
, 1,...,m M= .

(9)

In a matrix form, the SLAE (9) can be presented as:

1,1 1,2 1

2,1 2,2 2

A A Bδω
A A BΔt
    

=    
    

, (10)
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where 1,1A is the block with dimensions N M N⋅ × with elements ( ) 2(1,1) (0) (0)
,n m m n na

−

⋅ = σ ⋅ω ; 1,2A is the block with 

dimensions N M M⋅ × with elements ( ) ( )2 1(1,2) (0) (0) (0)
,n m m n n ma t

− −

⋅ = σ ⋅ ω ⋅ ;

2,1A is the block with dimensions N M N⋅ × with elements ( )(2,1) (1,2)
, ,

T

n m m n ma a⋅ = ;

2,2A is the block with dimensions N M M⋅ × with elements ( ) 2(2,2) (0) (0)
,n m m n ma t

−

⋅ = σ ⋅ ;

1B is the block with dimensions 1N M⋅ × with elements 
( )

(0)
, ,(1)

2(0) (0) (0)

n m n m
n m

n n m

b
t

⋅

Φ −Φ
=

σ ⋅ω ⋅
;

2B is the block with dimensions 1N M⋅ × with elements 
( )

(0)
, ,(2)

2(0) (0) (0)

n m n m
n m

n m m

b
t t

⋅

Φ −Φ
=

σ ⋅ ⋅
;

T is the sign of the matrix transposition.
The system of equations (9) contains N of the unknown components nδω and M of the unknown 

elements mt∆ . The total number of measured values of signal phase is N M⋅ . The estimation of their values, taking into 

account the measurement errors, should be carried out by the least-square method (LSM) [8-10]. In this case, the 
condition N M N M⋅ > + must be met, and the number of measurement intervals must satisfy the next condition: the 
number of measurements M must fulfil the condition ( 1)M N N> − .

The representation of SLAE using the expressions (9) and (10) defines the numerical-analytical method for the 
problem solving. All elements of the matrix have an analytical representation. At the same time, when passing to the 
system of normal equations, as a rule, used in the LSM, obtaining the analytical expressions is also not difficult.
However, the inversion of large-dimensional matrix can be performed only using the numerical methods [11–13].

The estimates ( )n

∗
δω and ( )mt

∗
∆ obtained from the solution to the system of equations, represented by the 

expressions (9), allow us to determine current time-frequency parameters of the generators and signals forming by 
them.

Research Results. We propose a mathematical model describing a simultaneous and independent functioning 
of the generator system, and a numerical-analytical method for determining the time-frequency parameters of the 
signals with account for both the long-term constant frequency deviation and the short-term deviation of random nature. 
This approach enables:

— to evaluate, according to the results of measuring the phases of signals formed by simultaneously and 
independently functioning generators, not only random deviations in the frequency of the generated signals, and to 
obtain the estimates of the average long-term frequency of each of the generators;

— to exclude an instability influence of the time interval duration of measurements on the resulting
estimates of the signal time-frequency parameters [14-16].

Discussion and Conclusions. The results obtained can be used under the development and creation of data-
measuring and information-telecommunication systems, including the geographically distributed systems. The resulting
estimates of the time-frequency parameters provide increasing the signal frequency stability and, accordingly, 
improving the accuracy of the measurements and the quality of information transmission.

References 
1. Vasilyev AF, Merkulov EA. Programmiruemyi tsifrovoi preselektor dlya sistem radiosvyazi dvoinogo

naznacheniya [Programmable digital preselector for dual-purpose radio communication systems]. Vestnik of DSTU.
2012;12(2-1):5–11. (In Russ.)

2. Gabriel’yan DD, Prygunov AA, Prygunov AG, et al. Metod otsenki chastot v sisteme generatorov [Method
of estimating frequency generator system]. Physical Bases of Instrumentation 2012;1(2):72−77. (In Russ.)

3. Gabriel’yan DD, Safaryan OA. Proyavlenie svoistva ehmerdzhentnosti v sisteme nezavisimo
funktsioniruyushchikh generatorov pri ispol'zovanii metoda statisticheskoi stabilizatsii chastoty [The emergence 
property in a system of independently functioning generators using the method of statistical frequency stabilization].
Journal of Radio Electronics. 2019, no. 8. Available from: http://jre.cplire.ru/jre/aug19/2/text.pdf. DOI 10.30898/1684-
1719.2019.8.2 (In Russ.)



In
fo

rm
at

io
n 

te
ch

no
lo

gy
, c

om
pu

te
r s

ci
en

ce
, a

nd
 m

an
ag

em
en

t

109

Advanced Engineering Research 2021. V. 21, no. 1. P. 105−110.  ISSN 2687−1653

where 1,1A is the block with dimensions N M N⋅ × with elements ( ) 2(1,1) (0) (0)
,n m m n na

−

⋅ = σ ⋅ω ; 1,2A is the block with 

dimensions N M M⋅ × with elements ( ) ( )2 1(1,2) (0) (0) (0)
,n m m n n ma t

− −

⋅ = σ ⋅ ω ⋅ ;

2,1A is the block with dimensions N M N⋅ × with elements ( )(2,1) (1,2)
, ,

T

n m m n ma a⋅ = ;

2,2A is the block with dimensions N M M⋅ × with elements ( ) 2(2,2) (0) (0)
,n m m n ma t

−

⋅ = σ ⋅ ;

1B is the block with dimensions 1N M⋅ × with elements
( )

(0)
, ,(1)

2(0) (0) (0)

n m n m
n m

n n m

b
t

⋅

Φ −Φ
=

σ ⋅ω ⋅
;

2B is the block with dimensions 1N M⋅ × with elements
( )

(0)
, ,(2)

2(0) (0) (0)

n m n m
n m

n m m

b
t t

⋅

Φ −Φ
=

σ ⋅ ⋅
;

T is the sign of the matrix transposition.
The system of equations (9) contains N of the unknown components nδω and M of the unknown

elements mt∆ . The total number of measured values of signal phase is N M⋅ . The estimation of their values, taking into

account the measurement errors, should be carried out by the least-square method (LSM) [8-10]. In this case, the
condition N M N M⋅ > + must be met, and the number of measurement intervals must satisfy the next condition: the
number of measurements M must fulfil the condition ( 1)M N N> − .

The representation of SLAE using the expressions (9) and (10) defines the numerical-analytical method for the
problem solving. All elements of the matrix have an analytical representation. At the same time, when passing to the
system of normal equations, as a rule, used in the LSM, obtaining the analytical expressions is also not difficult.
However, the inversion of large-dimensional matrix can be performed only using the numerical methods [11–13].

The estimates ( )n

∗
δω and ( )mt

∗
∆ obtained from the solution to the system of equations, represented by the

expressions (9), allow us to determine current time-frequency parameters of the generators and signals forming by 
them.

Research Results. We propose a mathematical model describing a simultaneous and independent functioning
of the generator system, and a numerical-analytical method for determining the time-frequency parameters of the
signals with account for both the long-term constant frequency deviation and the short-term deviation of random nature.
This approach enables:

— to evaluate, according to the results of measuring the phases of signals formed by simultaneously and
independently functioning generators, not only random deviations in the frequency of the generated signals, and to
obtain the estimates of the average long-term frequency of each of the generators;

— to exclude an instability influence of the time interval duration of measurements on the resulting
estimates of the signal time-frequency parameters [14-16].

Discussion and Conclusions. The results obtained can be used under the development and creation of data-
measuring and information-telecommunication systems, including the geographically distributed systems. The resulting
estimates of the time-frequency parameters provide increasing the signal frequency stability and, accordingly,
improving the accuracy of the measurements and the quality of information transmission.
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