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Development of algorithms for constructing two-dimensional optimal boundary-adaptive  
grids and their software implementation 
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Introduction. It is noted that the use of adaptive grids in calculations makes it possible to improve the accuracy and 
efficiency of computational algorithms without increasing the number of nodes. This approach is especially efficient 
when calculating nonstationary problems. The objective of this study is the development, construction and software 
implementation of methods for constructing computational two-dimensional optimal boundary-adaptive grids for 
complex configuration regions while maintaining the specified features of the shape and boundary of the region. The 
application of such methods contributes to improving the accuracy, efficiency, and cost-effectiveness of computational 
algorithms. 
Materials and Methods. The problem of automatic construction of an optimal boundary-adaptive grid in a simply 
connected region of arbitrary geometry, topologically equivalent to a rectangle, is considered. A solution is obtained for 
the minimum set of input information: the boundary of the region in the physical plane and the number of points on it 
are given. The creation of an algorithm and a mesh generation program is based on a model of particle dynamics. This 
provides determining the trajectories of individual particles and studying the dynamics of their pair interaction in the 
system under consideration. The interior and border nodes of the grid are separated through using the mask tool, and 
this makes it possible to determine the speed of movement of nodes, taking into account the specifics of the problem 
being solved. 
Results. The developed methods for constructing an optimal boundary-adaptive grid of a complex geometry region 
provides solving the problem on automatic grid construction in two-dimensional regions of any configuration. To 
evaluate the results of the algorithm research, a test problem was solved, and the solution stages were visualized. The 
computational domain of the test problem and the operation of the function for calculating the speed of movement of 
interior nodes are shown in the form of figures. Visualization confirms the advantage of this meshing method, which 
separates the border and interior nodes. 
Discussion and Conclusions. The theoretical and numerical studies results are important both for the investigation of 
the grids qualitative properties and for the computational grid methods that provide solving numerical modeling 
problems efficiently and with high accuracy. 

Keywords: particle dynamics method, computational two-dimensional grid, boundary-adaptive grid, numerical 
simulation. 
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Chistyakov А. Е., et al. Development of algorithms for constructing two-dimensional optimal boundary-adaptive grids and their software  

 
Introduction. The grid construction was initially considered as a necessary auxiliary step in solving other 

problems [1–3]. In particular, when solving computational fluid dynamics problems, the construction of a 

computational grid is a considerably labor-intensive and lengthy process [4–6]. When studying the water areas of real 

reservoirs, we have to deal with the areas with an objectively predetermined boundary running along the coastline1. The 

border nodes of the rectangular grid of Cartesian coordinates covering the reservoir may not exactly fall on the contour 

of the coastline. Therefore, a uniform grid should be very dense, so that the errors it introduces for setting the coastline 

are acceptable. For example, for the Azov Sea, a two-dimensional grid, as a rule, contains more than half a million 

nodes [7–11]. Note also that when using rectangular grids, the boundary conditions are set at points offset from the real 

boundary, or (when truncating the boundary grid cells) inhomogeneities associated with uneven steps in spatial 

directions are concentrated near the boundary2. Taking into account the above, as well as the need to simplify data 

structures and algorithms for their processing, it is advisable to conduct numerical modeling of this type of problems on 

an optimal boundary-adaptive grid [12–14]. 

This paper presents an algorithm and a program developed for constructing quadrangular optimal boundary-

adaptive computational grids based on the particle dynamics method in a two-dimensional formulation. This powerful 

computational method provides the grid nodes as charged particles and simulates the dynamics of a system consisting of 

a huge number of particles (up to a million). Using the example of text problems, the efficiency of the algorithm for 

areas with a complex boundary is demonstrated. 

Materials and methods. Description of the method for constructing a 2D optimal boundary -

adaptive grid. In the Cartesian coordinate system Oxy , we introduce area D . In area D , grid 

  1 21 1i , j i , jω x ,y , i ,N , j ,N    is built according to the specified coordinates of the border nodes. The grid area 

divides area D  into elementary subdomains in the form of quadrilaterals. The grid nodes are redistributed along the 

coordinate lines. Then, in the needed zones where node thickening is required, variables x, y  are replaced with 

compressing variables ξ ,η  с using separated transformations: 

        ξ ,η x, y : x x ξ ,η , y y ξ ,η ,    (1) 

        x, y ξ ,η : ξ ξ x, y , η η x, y .    (2) 

Thus, grid   1 21 1i , j i , jω ξ ,η , i ,N , j ,N   , which is determined by the functions    x x ξ ,η , y y ξ ,η  , 

is constructed on the plane  ξ ,η . 

The construction of the computational grid ω  is based on the method of particle dynamics. This modeling 

technique is widely presented in the literature, so we will focus on it only briefly [15‒17]. 

We represent nodes of grid ω  as a collection of particles with charges ijq  and mass ijm , that move in the 

calculated area D  along and near its boundary. The particles interact with each other, and the interaction forces are of 

an electrical nature. 

                                                 
1Sukhinov AI, Sukhinov AA.  Reconstruction of 2001 ecological disaster in the Azov Sea on the basis of precise hydrophysics models. Parallel Com-
putational Fluid Dynamics 2004, Multidisciplinary Applications. Amsterdam: Elsevier; 2005. P. 231–238. https://doi.org/10.1016/B978-044452024-
1/50030-0   
2Sukhinov A, Chistyakov A, Sidoryakina V. Investigation of nonlinear 2D bottom transportation dynamics in coastal zone on optimal curvilinear 
boundary adaptive grids. In: Proc. XIII Int. Sci.-Tech. Conf. on Dynamic of Technical Systems. 2017;132:04003. 
https://doi.org/10.1051/matecconf/201713204003  
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According to Coulomb's law, repulsive force ijF  acts on a single i-th particle from the side of j-th particle. 

Absolute magnitude of force ijF  is determined by the distance between these particles, and its vector is directed 

opposite to the radius-vector ijr , connecting the i-th and j-th charges (Fig. 1). 

 
Fig. 1. Scheme of particle interaction 

The trajectories of the charged particles determine the location of the grid nodes. Let us denote the coordinates 

of the i-th particle  ij ijx , y , and j-th —  ij ijξ ,η .  The length of radius-vector ijr , that determines the movement of the 

node  ij ijx , y  to the node  ij ijξ ,η , is calculated from the formula: 

      2 2

ij ij ij ij ij ij ij ij ijr r x , y ,ξ ,η x ξ y η .      (3) 

Note the specificity of the transformation (1)‒(2). If the distance is 0r  , then the node  ij ijξ ,η  repels from 

each of the neighboring ones.  They, in turn, must either stand at the prescribed distance, or move away, being pulled to 

a neighboring node and freeing up space for the newly inserted one.   

The type of transformation (1)‒(2) that compresses coordinates ,x y  in zones of high gradients is determined 

by the solution to the problem. For this purpose, a model equation describing the potential is used in the direction of 

axes Ox, Oy : 

  
 ij ij ij ij α

ij ij ij ij

lF x , y ,ξ ,η ,
r x , y ,ξ ,η

  (4) 

where l — proportionality factor between potential and distance r  at a given node, α  — a certain parameter. 

Each node seeks to reduce potential energy, namely: 

   1 2 1 21 1 1 1ij ij nm nm
m,n

F x , y ,x , y min, i ,N , j ,N , n ,N , m ,N .      (5) 

Force  ij ijf x , y  is related to potential  ij ij ij ijF F x , y ,ξ ,η  through the following relation: 

    
  2ij ij α

m,n
ij ij nm nm

αlf x , y grad F r .
r x , y ,x , y

    (6) 

When modeling the process of interaction of mobile particles, we assume that the grid nodes that fall outside 

the calculated domain are forced to move to a point on the boundary of the domain, the distance to which is minimal. 

The scheme of interaction between a mobile particle and a particle at the boundary is shown in Fig. 2. 

i 

j 

𝐹𝐹 𝑖𝑖𝑖𝑖 

𝑟𝑟 𝑖𝑖𝑖𝑖 

x 

y 

O 

D 𝑞𝑞𝑖𝑖𝑖𝑖 ,𝑚𝑚𝑖𝑖𝑖𝑖  
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opposite to the radius-vector ijr , connecting the i-th and j-th charges (Fig. 1). 

 
Fig. 1. Scheme of particle interaction 

The trajectories of the charged particles determine the location of the grid nodes. Let us denote the coordinates 

of the i-th particle  ij ijx , y , and j-th —  ij ijξ ,η .  The length of radius-vector ijr , that determines the movement of the 

node  ij ijx , y  to the node  ij ijξ ,η , is calculated from the formula: 

      2 2

ij ij ij ij ij ij ij ij ijr r x , y ,ξ ,η x ξ y η .      (3) 

Note the specificity of the transformation (1)‒(2). If the distance is 0r  , then the node  ij ijξ ,η  repels from 

each of the neighboring ones.  They, in turn, must either stand at the prescribed distance, or move away, being pulled to 

a neighboring node and freeing up space for the newly inserted one.   

The type of transformation (1)‒(2) that compresses coordinates ,x y  in zones of high gradients is determined 

by the solution to the problem. For this purpose, a model equation describing the potential is used in the direction of 

axes Ox, Oy : 

  
 ij ij ij ij α

ij ij ij ij

lF x , y ,ξ ,η ,
r x , y ,ξ ,η

  (4) 

where l — proportionality factor between potential and distance r  at a given node, α  — a certain parameter. 

Each node seeks to reduce potential energy, namely: 

   1 2 1 21 1 1 1ij ij nm nm
m,n

F x , y ,x , y min, i ,N , j ,N , n ,N , m ,N .      (5) 

Force  ij ijf x , y  is related to potential  ij ij ij ijF F x , y ,ξ ,η  through the following relation: 

    
  2ij ij α

m,n
ij ij nm nm

αlf x , y grad F r .
r x , y ,x , y

    (6) 

When modeling the process of interaction of mobile particles, we assume that the grid nodes that fall outside 

the calculated domain are forced to move to a point on the boundary of the domain, the distance to which is minimal. 

The scheme of interaction between a mobile particle and a particle at the boundary is shown in Fig. 2. 
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a)     b) 

Fig. 2. Scheme of particle interaction at the boundary of computational domain D :  
a) direction of movement of particles inside domain D; b) direction of movement of particles outside domain D 

The technology of numerical integration of the equations of motion is based on the algorithm presented in [17]. 

Description of the meshing software. The program consists of modules that implement five functions: a 

control one that calls the calculation functions a specified number of times, three calculation functions, and a 

visualization function. The calculation functions are the following: a function describing the speed at which nodes 

move; a function for moving nodes; a function for checking the exit of nodes beyond the boundary of the domain. 

The data structure of the program: A  — input array of sizes  ,N M ; C  — visualization array; ,x yB B  — 

arrays of sizes  ,n m , describing the location of nodes; mB  — array of sizes  ,n m , describing the masks of boundary 

conditions; ,u v  — components of the velocity vector of the nodes; ,i j  — counters; ,n m  — number of nodes in the 

directions ,Ox Oy , respectively; l  — proportionality coefficient between the potential and distance r  at a given node; 

α  — some parameter (degree at r ). The control function resets the arrays and sets the initial location of the nodes.   

Algorithm describing the node speed function. 

Input arrays: , ,x y mB B B  and parameter α  (i.e., α = 3). Output arrays: ,u v . 

1. Start of the loop on variables ,i j . The counter values are set equal to 0,..., 1, 0,..., 1.i n j m    .. 
2. Separation of border and interior points of the computational domain. If mask = 1 — point on the domain 

boundary, go to item 3, if mask = 2 — point is inside the domain, go to item 4.  

3. Algorithm describing the speed function of the border nodes 

3.1. Zeroing arrays ,u v . 

3.2. Start of the loop on variables 1, 1i j . The counter values are set equal to 

1 2,..., 2, 1 2,..., 2.i i i j j j       

3.3. Calculating the distance from one node to another: 

    2 2

1 1 1 1i , j i , j i , j i , jr Bx Bx By By .      

3.4. Checking the condition. If 0r  , then go to item 3.5, otherwise, go to item 3.6. 

3.5. Calculating ,u v  for α 3 : 

 

 

 

1 1

1 1

1 1

1 1

i , j i , j

i , j i , j i , j

i , j i , j

i , j i , j i , j

Bx Bx
u u Bm ,

r
By By

v v Bm .
r






 


 

  

3.6. Build up counters 1, 1i j  and go to item 3.3. 

3.7. Build up counters ,i j  and go to item 3.1. 



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

226

Advanced Engineering Research 2021. V. 21, no. 3. P. 222−230.  ISSN 2687−1653  

 
4. Algorithm describing the speed function of the interior nodes   

4.1. Zeroing arrays ,u v . 

4.2. Start of the loop on variables 1, 1i j . The counter values are set equal to 

1 1,..., 1, 1 1,..., 1i i i j j j      . 

4.3. Checking the condition. If   1 1 0i i j j   , then go to item 4.4, otherwise, go to item 4.8. 

4.4. Calculating the distance from one node to another: 

    2 2

1 1 1 1i , j i , j i , j i , jr Bx Bx By By .      

4.5. Checking the condition. If 0r   is executed, then go to item 4.6, otherwise, go to item 4.7. 

4.6. Calculating ,u v  for 0.005k  : 

 
 
 

1 1

1 1

i , j i , j i , j i , j

i , j i , j i , j i , j

u u k Bx Bx ,

v v k By By .

  

  
  

4.7. Build up counters 1, 1i j  and go to item 4.4. 

4.8. Build up counters ,i j and go to item 4.1. 

Algorithm describing the function of calculating the movement of nodes 

Input arrays: , , ,x yB B u v  and parameter l  (i.e., 30l  ). Output arrays: ,x yB B . 

1. Start of the loop on variables ,i j . The counter values are set equal to 1,..., 2, 1,..., 2.i n j m     

2. Calculating arrays ,x yB B : 

 i , j i , j i , j

i , j i , j i , j

Bx Bx lu ,
By By lv .

 

 
  

3. Build up counters ,i j  and go to item 2. 

Algorithm describing the function of checking the exit of nodes beyond the domain boundary  

Input arrays: , ,x yB B A  and parameter d  (i.e., 3),d   that describes the size of the window in which the 

computational domain is presented in case node ,x yB B  goes beyond the boundary of the computational domain. 

Output arrays: ,x yB B . 

1. Start of the loop on variables ,i j . The counter values are set equal to 1,..., 2, 1,..., 2.i n j m     

2. Finding indexes A , in the array corresponding to node  , ,, :i j i jBx By  

 1 1i , j i , ji Bx , j By .    

3. The initial value of the distance to the boundary is set by the parameter value d : 

 2r d.   

4. Checking the condition for the exit of point  1, 1i j  beyond the computational domain boundary: if 

1, 1 0i jA   is executed; otherwise, go to item 12.  

5. Start of the loop on variables 2, 2i j . The counter values are set equal to 2 ,..., , 2 ,..., .i d d j d d     

6. Checking point  2 1, 2 1i i j j   for belonging to the calculated domain: if 2 1, 2 1 0i i j jA     is executed; 

otherwise, go to item 10.  

7. The distance from node  , ,,i j i jBx By  to point  2 1, 2 1i i j j   is found from the formula:  
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4. Algorithm describing the speed function of the interior nodes   

4.1. Zeroing arrays ,u v . 

4.2. Start of the loop on variables 1, 1i j . The counter values are set equal to 

1 1,..., 1, 1 1,..., 1i i i j j j      . 

4.3. Checking the condition. If   1 1 0i i j j   , then go to item 4.4, otherwise, go to item 4.8. 

4.4. Calculating the distance from one node to another: 

    2 2

1 1 1 1i , j i , j i , j i , jr Bx Bx By By .      

4.5. Checking the condition. If 0r   is executed, then go to item 4.6, otherwise, go to item 4.7. 

4.6. Calculating ,u v  for 0.005k  : 

 
 
 

1 1

1 1

i , j i , j i , j i , j

i , j i , j i , j i , j

u u k Bx Bx ,

v v k By By .

  

  
  

4.7. Build up counters 1, 1i j  and go to item 4.4. 

4.8. Build up counters ,i j and go to item 4.1. 

Algorithm describing the function of calculating the movement of nodes 

Input arrays: , , ,x yB B u v  and parameter l  (i.e., 30l  ). Output arrays: ,x yB B . 

1. Start of the loop on variables ,i j . The counter values are set equal to 1,..., 2, 1,..., 2.i n j m     

2. Calculating arrays ,x yB B : 

 i , j i , j i , j

i , j i , j i , j

Bx Bx lu ,
By By lv .

 

 
  

3. Build up counters ,i j  and go to item 2. 

Algorithm describing the function of checking the exit of nodes beyond the domain boundary  

Input arrays: , ,x yB B A  and parameter d  (i.e., 3),d   that describes the size of the window in which the 

computational domain is presented in case node ,x yB B  goes beyond the boundary of the computational domain. 

Output arrays: ,x yB B . 

1. Start of the loop on variables ,i j . The counter values are set equal to 1,..., 2, 1,..., 2.i n j m     

2. Finding indexes A , in the array corresponding to node  , ,, :i j i jBx By  

 1 1i , j i , ji Bx , j By .    

3. The initial value of the distance to the boundary is set by the parameter value d : 

 2r d.   

4. Checking the condition for the exit of point  1, 1i j  beyond the computational domain boundary: if 

1, 1 0i jA   is executed; otherwise, go to item 12.  

5. Start of the loop on variables 2, 2i j . The counter values are set equal to 2 ,..., , 2 ,..., .i d d j d d     

6. Checking point  2 1, 2 1i i j j   for belonging to the calculated domain: if 2 1, 2 1 0i i j jA     is executed; 

otherwise, go to item 10.  

7. The distance from node  , ,,i j i jBx By  to point  2 1, 2 1i i j j   is found from the formula:  
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   2 2
1 2 1 2 1i , j i , jr Bx i i By j j .       

8. If 1r r  is executed, then item 9 is performed; otherwise, go to item 10. 

9. Remember the point of the computational domain closest to the node  , ,,i j i jBx By : 

 1 3 2 1 3 2 1r r , i i i , j j j .       

10. Build up counters by variables 2, 2i j  and go to item 6. 

11. Offset of the node  , ,,i j i jBx By  to the boundary of the computational domain: 

 3 3i , j i , jBx i , By j .    

12. Build up counters ,i j  and go to item 2. 

Algorithm describing the visualization function. 

Input arrays: , ,x yB B A . Output array — С. 

1. We put array A in the visualization array. 

2. Start of the loop on variables , ,i j k . The counter values are set equal to 1,..., 3, 1,..., 2i n j m    , 

, 1,... .i j i jk Bx Bx   

3. Draw vertical lines: 

 1

1

255i , j i , j
i , j i , j

i , j i , j

By By
C k, By k Bx .

Bx Bx




 
    

  
 

4. Build up counters , ,i j k  and go to item 3. 

5. Start of the loop on variables , ,i j k . The counter values are set equal to 1,..., 2, 1,..., 3i n j m    , 

, , 1... .i j i jk By By   

6. Draw horizontal lines: 

 1

1

255i , j i , j
i , j i , j

i , j i , j

By By
C k, By k Bx .

Bx Bx




 
    

  
 

7. Build up counters , ,i j k  and go to item 6. 

The source file is BMP. On it, the geometry of the domain on which the grid is being built is indicated in 

black. The rest of the domain is marked in white. The source BMP file is written to an array, with black being 0, and 

white — 255. The output information includes arrays ,x yB B , describing the location of the grid nodes, and array C , 

that stores the geometry of the source domain with the applied grid. 

Research Results. The results of the algorithm demonstrate the solution to the test problem. 

Input data: the source domain of the type shown in Fig. 3, as well as the calculated data 12, 14,n m 

1,...,10, 1,...,12,i j  30, 3, α 3.l d    

 
Fig. 3. Computational domain of the test problem 
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The initial location of the nodes is taken as the location of nodes of grid ω  without adaptation to the boundary 

of the source domain. Visualization of the work of the function of moving interior nodes is shown in Fig. 4.  

 
Fig. 4. Work of the function for calculating the speed of interior nodes 

The result of constructing quadrangular boundary-adaptive grid ω , covering the source domain, is obtained on 

the basis of the presented algorithm (Fig. 5 a). Fig. 5 b shows the work of the program algorithm for the case when the 

border and interior nodes were not separated. A clear advantage of the grid shown in Fig. 5 a, consists in the fact that its 

cells are convex quadrilaterals. This requirement is not met for the grid of type 5 b.   

 
a)    b) 

Fig. 5. Results of grid ω  construction algorithm: a) image of grid ω , constructed when separating the border and interior grid 

nodes; b) image of grid ω , constructed without separating the border and interior nodes of grid ω  

Discussion and Conclusions. A technology for constructing two-dimensional optimal boundary-adaptive grids 

based on the particle dynamics method is proposed. An algorithm for numerical calculation of quadrangular grids for 

complex configuration domains with preservation of the specified geometric features of the domain shape and boundary 

is developed and tested. Using the example of a test problem, the possibilities of the proposed algorithm were 

investigated. One of the advantages of this software implementation is the ability to automatically place nodes on the 

boundary of the computational domain and get convex cells. The presented approach has sufficient versatility and 

reliability and can be used for triangulation of the considered domains.  
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based on the particle dynamics method is proposed. An algorithm for numerical calculation of quadrangular grids for

complex configuration domains with preservation of the specified geometric features of the domain shape and boundary 

is developed and tested. Using the example of a test problem, the possibilities of the proposed algorithm were 

investigated. One of the advantages of this software implementation is the ability to automatically place nodes on the

boundary of the computational domain and get convex cells. The presented approach has sufficient versatility and

reliability and can be used for triangulation of the considered domains.
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Study on free oscillations of a micromechanical gyroscope taking into account 
the nonorthogonality of the torsion axes  
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Introduction. The paper is devoted to the study on free oscillations of the sensing element of a micromechanical R-R-
type gyroscope of frame construction developed by the Kuznetsov Research Institute of Applied Mechanics, taking into 
account the nonorthogonality of the torsion axes. The influence of the instrumental manufacturing error on the accuracy 
of a gyroscope on a movable base in the case of free oscillations is studied. The work objective was to improve the 
device accuracy through developing a mathematical model of an R-R type micromechanical gyroscope, taking into 
account the nonorthogonality of the torsion axes, and to study the influence of this error on the device accuracy. The 
urgency of the problem of increasing the accuracy of micromechanical gyroscopes is associated with improving the 
accuracy of inertial navigation systems based on micromechanical sensors. 
Materials and Methods. A new mathematical model that describes the gyroscope dynamics, taking into account the 
instrumental error of manufacturing the device, and a formula for estimating the error of a gyroscope, are proposed. The 
dependences of the state variables obtained from the results of modeling and on the basis of the experiment are 
presented. Methods of theoretical mechanics and asymptotic methods, including the Lagrange formalism and the 
Krylov-Bogolyubov averaging method, were used in the research. 
Results. A new mathematical model of the gyroscope dynamics, taking into account the nonorthogonality of the torsion 
axes, is developed. The solution to the equations of small oscillations of the gyroscope sensing element and the estimate 
of the precession angle for the case of a movable base are obtained. A comparative analysis of the developed model and 
the experimental data obtained in the case of free oscillations of the gyroscope sensing element with a fixed base is 
carried out. The analysis has confirmed the adequacy of the constructed mathematical model. Analytical expressions are 
formed. They demonstrate the fact that the nonorthogonality of the torsion axes causes a cross-influence of the 
amplitudes of the primary vibrations on the amplitudes of the secondary vibrations of the sensing element, and the 
appearance of an additional error in the angular velocity readings when the gyroscope is operating in free mode. 
Discussion and Conclusions. The results obtained can be used to improve the device accuracy using the algorithm for 
analytical compensation of the gyroscope error and the method for identifying the mathematical model parameters. 

Keywords: gyroscope R-R type, gyro precession, gyro error estimation, micromechanical gyroscope, free oscillations. 
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Introduction. The development of high-precision micromechanical inertial sensors, including 
micromechanical gyroscopes (MMG), used to solve navigation problems and control the movement of aircraft and 
mobile robots, is an urgent task of instrument engineering [1]. The advantages of MMG include small weight and size, 
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as well as low cost compared to gyroscopes based on other physical principles. However, the main disadvantages of 
MMG are the variability of its metrological characteristics and the low accuracy of measuring the parameters of the 
angular motion of the object (angular rate and angle of rotation). The principle of operation of vibrating gyroscopes is 
based on the property of the Foucault pendulum to keep the plane of small vibrations motionless in inertial space [2]. 

Fundamentals of the theory of gyroscopes of the generalized Foucault pendulum class, which include MMG, 
are given in [2–5]. They describe various design schemes for the construction of MMG, and investigate the influence of 
instrumental manufacturing errors and changing operating conditions on the dynamics of the gyroscope. The principal 
feature of the gyroscopes of the generalized Foucault pendulum class is nonlinearity due to the finite vibrations of the 
sensing elements (SE) or physical nonlinearity associated with the features of the vibration control system [2–6]. 

Studies on the MMG dynamics and design were also published in the works of foreign authors [6–9]. For 
example, in publications [6, 9], a formula for estimating gyro drifts was obtained, based on the use of a developed 
mathematical model of motion that describes a slow change in the toroidal coordinates of the SE vibrations. In [7, 8], 
the issues on manufacturing MMG are discussed, and the equations of its small vibrations are analyzed. In paper [7], the 
equations of the MMG motion with angular (R-R-type) and linear (L-L-type) oscillatory types of the SE movement are 
compiled. In the above paper, a comparative analysis of the dynamics of such devices is carried out within the 
framework of linear models, and recommendations are given on the selection of MMG parameters, based on the 
conditions for increasing sensitivity and ensuring the required bandwidth, as well as the requirements for the linearity of 
the scale factor. 

When designing MMG, the developers tend to use the phenomenon of internal resonance in the system, due to 
the combination of the natural frequencies of the SE vibrations [3, 4]. However, it is noted in [7, 8] that errors in the 
manufacturing technology, unknown and unpredictable deviations of structural elements from the design positions 
cause additional errors in the device measurements. 

To improve the accuracy of the measurement of the angular rate of the MMG, the objective is set: to study free 
oscillations (in the absence of control) of the R-R-type MMG SE, taking into account the effects arising from the 
nonorthogonality of the torsion axes. This defect appears due to the imperfection of the manufacturing technology of 
the device. The tasks of developing a new mathematical model of the MMG dynamics considering the nonorthogonality 
of the torsion axes, evaluating the device drift, and describing the effect of the nonorthogonality of the torsion axes on 
the dynamics of the MMG SE, are set. 

Materials and Methods. A model design of an R-R-type vibrating MMG — a design with an intermediate 
frame in accordance with the classification from the source is considered [3]. The kinematic scheme of the gyroscope 
(Fig. 1) is implemented in the form of a two-degree gimbal of the SE. 

Fig. 1. Design diagram of the device: 1) base (body); 2) intermediate (external) frame; 3) sensing element consisting of balanced 
plate and inertial mass; 4) torsion bars 

To describe the SE position, we introduce coordinate systems (Fig. 2) associated with: the device body — 
OXYZ ; with the external frame of the elastic suspension of the gyroscope — 1 1 1Ox y z ; with the balanced plate —— 
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as well as low cost compared to gyroscopes based on other physical principles. However, the main disadvantages of
MMG are the variability of its metrological characteristics and the low accuracy of measuring the parameters of the 
angular motion of the object (angular rate and angle of rotation). The principle of operation of vibrating gyroscopes is
based on the property of the Foucault pendulum to keep the plane of small vibrations motionless in inertial space [2].

Fundamentals of the theory of gyroscopes of the generalized Foucault pendulum class, which include MMG,
are given in [2–5]. They describe various design schemes for the construction of MMG, and investigate the influence of
instrumental manufacturing errors and changing operating conditions on the dynamics of the gyroscope. The principal 
feature of the gyroscopes of the generalized Foucault pendulum class is nonlinearity due to the finite vibrations of the 
sensing elements (SE) or physical nonlinearity associated with the features of the vibration control system [2–6].

Studies on the MMG dynamics and design were also published in the works of foreign authors [6–9]. For
example, in publications [6, 9], a formula for estimating gyro drifts was obtained, based on the use of a developed
mathematical model of motion that describes a slow change in the toroidal coordinates of the SE vibrations. In [7, 8],
the issues on manufacturing MMG are discussed, and the equations of its small vibrations are analyzed. In paper [7], the 
equations of the MMG motion with angular (R-R-type) and linear (L-L-type) oscillatory types of the SE movement are
compiled. In the above paper, a comparative analysis of the dynamics of such devices is carried out within the 
framework of linear models, and recommendations are given on the selection of MMG parameters, based on the
conditions for increasing sensitivity and ensuring the required bandwidth, as well as the requirements for the linearity of
the scale factor.

When designing MMG, the developers tend to use the phenomenon of internal resonance in the system, due to
the combination of the natural frequencies of the SE vibrations [3, 4]. However, it is noted in [7, 8] that errors in the 
manufacturing technology, unknown and unpredictable deviations of structural elements from the design positions
cause additional errors in the device measurements.

To improve the accuracy of the measurement of the angular rate of the MMG, the objective is set: to study free
oscillations (in the absence of control) of the R-R-type MMG SE, taking into account the effects arising from the
nonorthogonality of the torsion axes. This defect appears due to the imperfection of the manufacturing technology of
the device. The tasks of developing a new mathematical model of the MMG dynamics considering the nonorthogonality 
of the torsion axes, evaluating the device drift, and describing the effect of the nonorthogonality of the torsion axes on
the dynamics of the MMG SE, are set.

Materials and Methods. A model design of an R-R-type vibrating MMG — a design with an intermediate 
frame in accordance with the classification from the source is considered [3]. The kinematic scheme of the gyroscope 
(Fig. 1) is implemented in the form of a two-degree gimbal of the SE.

Fig. 1. Design diagram of the device: 1) base (body); 2) intermediate (external) frame; 3) sensing element consisting of balanced
plate and inertial mass; 4) torsion bars

To describe the SE position, we introduce coordinate systems (Fig. 2) associated with: the device body —
OXYZ ; with the external frame of the elastic suspension of the gyroscope — 1 1 1Ox y z ; with the balanced plate ——
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Oxyz . Moreover, OZ is the axis of sensitivity of the gyroscope, and the coordinate system 2 2 2Ox y z  differs from the 

system 1 1 1Ox y z  by turning by a constant angle of nonorthogonality of all torsions. In the presented systems, the origin 

of coordinates corresponds to point O  and is located in the geometric center of the balanced plate. 

J1x,

Fig. 2. Coordinate systems 

In the system 1 1 1Ox y z  we will set the axial moments of inertia of the intermediate frame J1x, J1y, J1z, and in the 

system Oxyz  — the axial moments of inertia of the SE J2x, J2y, J2z. Note that in this paper, the axes of the coordinate 

systems 1 1 1Ox y z  and Oxyz  are considered the main central axes of inertia of the intermediate frame and SE, 

respectively.    
When modeling the motion of the SE, the assumption is made that the torsion design provides infinite bending 

stiffness. The position of the SE relative to the base of the MMG is described by two generalized coordinates — angles 
 and  , as well as a small constant angle  , that characterizes the nonorthogonality of the torsion axes (Fig. 2). The

relative position of the coordinate systems is determined by a sequence of elementary rotations:

1 2
1 1 1 2 2 2x z y

OXYZ Ox y z Ox y z Oxyz     , 

where under each arrow, the axis is indicated around which there is a counterclockwise rotation by the angle indicated 
above the corresponding arrow. 

We will set up the equations of the dynamics of the MMG SE in the form of Lagrange equations of the 2nd 
kind [10, 11]: 

, ,
ββ β

d L L d L L
dt dt

                        
(1) 

where L T П   — the Lagrange function; Т and П — kinetic and potential energies of the system, respectively;   — 
dissipative function that characterizes the loss on internal friction. The expressions for these values have the form: 

    2 2 2 2 2 2 2
2 2 2 1 1 1

2 2 2 2

1 1 sin cos ,
2 2
1 1 1 1β , β ,
2 2 2 2

x x y y z z x y zT J J J J J J

d d c c

      

        

     

 
(2) 

where ,d d  — friction coefficients; ,c c  — torsion stiffness coefficients.

The expressions for the projections ωx, ωy, ωz of the SE angular rate on the movable axes x, y, z have the form: 

cosβcos cos sinβ sin cosβsin ,

β sin cos sin ,

sinβcos cos cosβ sin sinβsin .

x

y

z

  

  

  

     

    

     

(3)
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Given the smallness of angles  , β  and  , the trigonometric functions in expressions (2) and (3) from these 

angles can be replaced by Taylor series expansions, limiting the summands to the first order of smallness. Then we 
obtain the equations of small vibrations from the equations of motion (1), written with account for the expressions (2) 
and (3). 

Using the Lagrange formalism [10] in the case of a constant angular rate of the base, we obtain the equations of 
small oscillations of the SE, written up to the terms of the first order of smallness in the form:  

2 21
1 2

2

ωω
ω β β, β ω β β ,

jj j
Q j Q

          
 

 

       (4) 

where the following notation is introduced (similar to how it is performed in paper [12]): 

 

2 2 2 2 2 2
1 2

1 2 2 1 2

β1 1
β β

2 1 2 β 2

, , ,

ω , , .
ω ω

x y z x y z

x x y x x

y a x x y

J J J J J J c
j j

J J J J J

dc dQ Q
J J J J

 

   
  

 

  





 




Here, 1,j  2j  — dimensionless moments of inertia of the elastic suspension; ,   and ,Q Q  — natural

frequencies of vibrations and Q-values at corners  , β , respectively. 

When deriving the oscillation equations (4), the angular rate of the gyroscope body   was considered small 

relative to the natural frequency  , т.е. ω   , and angle   was also assumed to be a small value, i.e., 1 . 

Note that in equations (4), the terms are dropped due to the presence of geometric nonlinearity of the MMG. The 
influence of the nonlinearity of the geometry of the SE motion on the dynamics of the R-R-type MMG is described in 
monograph [5]. 

Taking into account that the right-hand sides of equations (4) are small perturbations, i.e.,  2ω O    , up 

to the terms of the first order of smallness, we can write:  2ω O     . Thus, the second derivatives of angles   

and β  are excluded from the right part of equations (4). 

We consider the case of an isotropic elastic suspension, i.e., the equality of natural oscillation frequencies and 
equal Q-factors: 

0 , Q Q Q         , 

where 0  — the characteristic value of the natural frequency of vibrations; Q  — the characteristic value of Q-factor. 

It should be noted that the case of a difference in quality  Q Q   and a small difference in frequency 

    under studying free oscillations of the MMG SE is considered in paper [12]. With the entered notation and

the accepted assumptions, we write down the equations of the SE motion with an accuracy of the first-order terms of 
smallness in a dimensionless form: 

2 1 21
0 1 0 0

2

2 1 2
0 2 0 0

ω β ω ω β,

ω β ω β ω .

jj Q
j

j Q





    

     

   

   
(5) 

Note that the system of equations (5) is reduced to the standard form of writing a regularly perturbed system of 
differential equations with one fast angular variable [13, 14]. One of the most common ways to find solutions to 
regularly perturbed systems is to use asymptotic motion separation methods [13–16]. 

The solution to nonlinear equations (5) is obtained using the Krylov-Bogolyubov averaging method [14], and 
we will use Van der Pol variables as slowly changing variables [13] p1, q1, p2, q2: 

       
       

1 0 1 0 0 1 0 0 1 0

2 0 2 0 0 2 0 0 2 0

sin ω cos ω , ω cos ω ω sin ω ,

β sin ω cos ω , β ω cos ω ω sin ω .

p t q t p t q t

p t q t p t q t

   

   

 
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Note that the system of equations (5) is reduced to the standard form of writing a regularly perturbed system of 
differential equations with one fast angular variable [13, 14]. One of the most common ways to find solutions to 
regularly perturbed systems is to use asymptotic motion separation methods [13–16]. 

The solution to nonlinear equations (5) is obtained using the Krylov-Bogolyubov averaging method [14], and 
we will use Van der Pol variables as slowly changing variables [13] p1, q1, p2, q2: 
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Using the averaging procedure [15, 16] over an explicitly incoming time, we obtain an averaged system of 

differential equations solved with respect to the derivatives of slow Van der Pol variables:  
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 (6) 

The dash in equations (6) indicates the differentiation in dimensionless time 0t  . 

The resulting model in the form of linear differential equations describes the free oscillations of a gyroscope 
SE on a movable base. The solution to the system of equations (6) can be written as: 
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    

       
 

       
 

       
 

       10 102 2 2 22
2 20 2 2

1

,

exp cos sin
2

q pjq q
Q j

  
       

    

       
 

 (7) 

where        10 1 20 2 10 1 20 20 , 0 , 0 , 0p p p p q q q q     — initial conditions; dimensionless angular rate of the device 

base  1 2 02ωj j  ; parameter characterizing the nonorthogonality of the torsion axes  1 22j j  . 

The second terms in formulas (7) characterize the cross-influence of primary vibrations on secondary 

vibrations and vice versa. Note that in the case of orthogonal torsion axes, when 0  , solution (7) coincides with the 

results of paper [5].  
The obtained analytical solutions (7) of the oscillation equations are of interest for the development of methods 

for identifying parameters, as well as predicting the gyro drift and considering it when using the method of algorithmic 
error compensation. 

Research Results. To validate the developed model, we compare the simulation results calculated from 
formulas (7) and experimental data. The measurement information was obtained using an observation system. As the 
measurement information of electrostatic sensors, we have Van der Pol variables p1, q1, p2, q2. 

In the experiment, a sample device with the following parameters of a mathematical model with a fixed base  

( 0 ): 5
1 23856, 1, 0.2 10 ,Q j j       as initial conditions for the Van der Pol variables, values equal to the 

measurements at the initial moment of time were selected: 

 3 3 3 3
10 10 20 2013.467 10 , 20.429 10 , 0.787 10 , 1.172 10 .p q p q            

 Parameter   value corresponds to the angle of nonorthogonality of torsion axes   equal to one angular 

second. A graphical representation of the dependencies of Van der Pol variables  1 ,p    1 ,q    2 ,p    2q   that 

slowly change over a dimensionless time is shown in Fig. 3. 
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Fig. 3. Dependences of Van der Pol variables: 1 — simulation results; 2 — experimental data 

The graphs (Fig. 3) show a significant coincidence of the dependencies for variables 2 ,p 2q , obtained from 

the simulation results with the experimental data. The dependences for variables 1,p 1q , obtained from the simulation 
results, are in qualitative agreement with the experimental data, and the observed small quantitative deviations may be 
due to nonlinear effects, such as the nonlinearity of the geometry of the SE motion [5], or the phenomena of variability 
of quality, variability of frequency, and the error of the inertial mass displacement [12]. Consideration of nonlinear 
effects affecting the dynamics of MMG in the construction of mathematical models of SE oscillations increases the 
accuracy of micromechanical sensors as part of the inertial navigation systems [2]. 

The gyro drift due to nonlinear effects and other instrumental errors will be estimated using the auxiliary 
functional I  [5, 6, 9]: 

 
   

1 2 1 2 1 2
2 2 2 2

2 1 1 1 2 2

2 j j q q p p
I

j q p j q p



  

, (8) 

which is related to angle   via the relation: 

 1 arctan
2

I . 

Moreover, this parameter is proportional to the integral of the angular rate: 

 1 2
1 1

02
j j

d  


   .

 Using formula (8), taking into account solution (7), it is possible to estimate the gyroscope drift associated 
with the nonorthogonality of the torsion axes, which arose due to the imperfection of the manufacturing technology. 
Figure 4 shows the dependences of functional I  on the dimensionless time according to the results of the experiment 
and the calculation according to formula (8). 
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Fig. 3. Dependences of Van der Pol variables: 1 — simulation results; 2 — experimental data

The graphs (Fig. 3) show a significant coincidence of the dependencies for variables 2 ,p 2q , obtained from

the simulation results with the experimental data. The dependences for variables 1,p 1q , obtained from the simulation
results, are in qualitative agreement with the experimental data, and the observed small quantitative deviations may be 
due to nonlinear effects, such as the nonlinearity of the geometry of the SE motion [5], or the phenomena of variability
of quality, variability of frequency, and the error of the inertial mass displacement [12]. Consideration of nonlinear
effects affecting the dynamics of MMG in the construction of mathematical models of SE oscillations increases the
accuracy of micromechanical sensors as part of the inertial navigation systems [2].

The gyro drift due to nonlinear effects and other instrumental errors will be estimated using the auxiliary
functional I [5, 6, 9]:

 
   

1 2 1 2 1 2
2 2 2 2

2 1 1 1 2 2

2 j j q q p p
I

j q p j q p



  

, (8)

which is related to angle  via the relation:

 1 arctan
2

I .

Moreover, this parameter is proportional to the integral of the angular rate:

 1 2
1 1

02
j j

d  


   .

Using formula (8), taking into account solution (7), it is possible to estimate the gyroscope drift associated
with the nonorthogonality of the torsion axes, which arose due to the imperfection of the manufacturing technology.
Figure 4 shows the dependences of functional I on the dimensionless time according to the results of the experiment 
and the calculation according to formula (8).
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Saypulaev M. R., et al. Study on free oscillations of a micromechanical gyroscope taking into account the nonorthogonality of the torsion axes  

Fig. 4. Functional dependence  I  :  1 — simulation results; 2 — experimental data

The proximity of the drift estimate (Fig. 4) and the Van der Pol variables (Fig. 3) obtained analytically with 
experimental data characterize good accuracy of the constructed model, especially if we take into account the fact that it 
neglected nonlinear effects, as well as the phenomena of variability of frequency and variability of quality. Despite 
these neglections, the model provides building methods for identifying parameters, with the help of which it is possible 
to clarify the dependences obtained under modeling. The application of methods for identifying the parameters of a 
mathematical model will cause an increase in the accuracy of the MMG in the forced oscillation mode, which is the 
operating mode of gyroscopes. 

Discussion and Conclusions. A new mathematical model of the R-R-type MMG for the mode of free 
oscillations of the SE is constructed. The model takes into account the nonorthogonality of the torsion axes, which 
arises as a result of the technological impossibility to ensure high accuracy of the device manufacturing. The formula 
for estimating the precession angle with a movable base of the device is obtained. Through comparing the simulation 
results and the experimental data, the validation of the MMG mathematical model was carried out. It is shown that the 
nonorthogonality of the torsion axes causes a cross-influence of primary vibrations on the magnitude of secondary 
vibrations and vice versa. The research results can be used in the algorithm of analytical compensation of the gyroscope 
error to increase the accuracy of the MMG. 
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An infinite plate loaded with a normal force moving along a complex 
open trajectory  

A. V. Galaburdin       
Don State Technical University (Rostov-on-Don, Russian Federation)

 Galaburdin@mail.ru 

Introduction. A method for solving the problem on the action of a normal force moving on an infinite plate according 

to an arbitrary law is considered. This method and the results obtained can be used to study the effect of a moving load 

on various structures. 

Materials and Methods. An original method for solving problems of the action of a normal force moving arbitrarily 

along a freeform open curve on an infinite plate resting on an elastic base, is developed. For this purpose, a fundamental 

solution to the differential equation of the dynamics of a plate resting on an elastic base is used. It is assumed that the 

movement of force begins at a sufficiently distant moment in time. Therefore, there are no initial conditions in this 

formulation of the problem. When determining the fundamental solution, the Fourier transform is performed in time. 

When the Fourier transform is inverted, the image is expanded in terms of the transformation parameter into a series in 

Hermite polynomials. 

Results. The solution to the problem on an infinite plate resting on an elastic base, along which a concentrated force 

moves at a variable speed, is presented. A smooth open curve, consisting of straight lines and arcs of circles, was 

considered as a trajectory. The behavior of the components of the displacement vector and the stress tensor at the 

location of the moving force is studied, as well as the process of wave energy propagation, for which the change in the 

Umov-Poynting energy flux density vector is considered. The effect of the speed and acceleration of the force 

movement on the displacements, stresses and propagation of elastic waves is investigated. The influence of the force 

trajectory shape on the stress-strain state of the plate and on the nature of the propagation of elastic waves is studied. 

The results indicate that the method is quite stable within a wide range of changes in the speed of force movement. 

Discussion and Conclusions. The calculations have shown that the most significant factor affecting the stress-strain 

states of the plate and the propagation of elastic wave energy near the concentrated force is the speed of its movement. 

These results will be useful under studying dynamic processes generated by a moving load. 

Keywords: infinite plate, moving load, arbitrary open trajectory, variable speed, energy of elastic waves. 
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Introduction. The regularities of dynamic processes in solid media caused by the action of a moving load are 

of considerable interest, and solutions to such problems find numerous applications and involve the use of various 

methods. In a number of works, to exclude time from the number of independent variables, a mobile coordinate system 

was introduced [1−2] or a quasistatic formulation of the problem was considered [3−6]. The finite element method [7], 

variational methods [8−10], as well as direct methods [11−13] proved to be quite effective in solving these problems. In 

[14−15], the method of boundary integral equations was used, and in [16] — a method based on the application of 

fundamental solutions to the corresponding differential equations. In this paper, the given method is used to solve the 

problem of the action of a normal force moving along a freeform open curve on an infinite plate resting on an elastic 

base. 

Problem statement. Following [17, 18], this problem is reduced to solving the equation: 

2 2 2
t

PU c U kU
D

     ,  (1) 

where U — the plate deflection; 𝐷𝐷 = 𝐸𝐸𝐻𝐻3

12(1−µ2); Е — the Young's modulus; µ — the Poisson's ratio; H — the plate

thickness; с−2 = ρ𝐻𝐻
𝐷𝐷 ;  — the density of the plate material; okk

D
 ; ko — the stiffness coefficient of the elastic base.

The solution to this equation corresponds to the energy flow directed from the excitation sources to infinity. 

We will assume: 

𝑃𝑃 = δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜(𝑡𝑡))δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜(𝑡𝑡)). 

This force moves along an open trajectory γ, whose beginning and end go to infinity. The parametric setting of the 

trajectory has the form:  
 
 

x x t
y y t  

 
 

, where t — time. It is assumed that the force starts to move at the beginning of the

trajectory, located at a sufficient distance from the place where its effect on the plate is being studied at the moment of 

time t   . Therefore, there are no initial conditions in such a statement. 

Materials and Methods. Consider the fundamental solution to equation (1), which can be obtained from the 

equation: 

Δ2𝑊𝑊 + 𝑐𝑐−2𝜕𝜕𝑡𝑡
2𝑊𝑊 + 𝑘𝑘𝑊𝑊 = 1

𝐷𝐷 δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜)δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜)δ(𝑡𝑡 − 𝜏𝜏).   (2) 

It is known that the solution to equation (1) can be presented as: 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = ∫ ∬ 𝑊𝑊(𝑥𝑥, 𝑥𝑥𝑜𝑜, 𝑦𝑦, 𝑦𝑦𝑜𝑜, 𝑡𝑡 − τ)𝑃𝑃(𝑥𝑥𝑜𝑜, 𝑦𝑦𝑜𝑜, τ)𝑑𝑑𝑥𝑥𝑜𝑜𝑑𝑑𝑦𝑦𝑜𝑜𝑑𝑑τ𝑅𝑅2
∞

−∞ . 

In our case, taking into account a specific type of moving force, we have: 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = ∫ 𝑊𝑊(𝑥𝑥, 𝑥𝑥𝑜𝑜(τ), 𝑦𝑦, 𝑦𝑦𝑜𝑜(τ), 𝑡𝑡 − τ)𝑑𝑑τ∞
−∞ . 

Applying the Fourier transform in time to equation (2), we obtain the differential equation: 

Δ2𝑊𝑊𝑜𝑜 − ω2𝑐𝑐−2𝑊𝑊𝑜𝑜 + 𝑘𝑘𝑊𝑊𝑜𝑜 = 1
𝐷𝐷 δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜)δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜)𝑒𝑒𝑖𝑖ωτ. (3) 

Using the limiting absorption principle and the Fourier transform with respect to variables x and y, and under 

the condition 𝑘𝑘 > 𝜔𝜔2

𝑐𝑐2  we can obtain a solution to the equation (3): 

𝑊𝑊0 (𝑥𝑥, 𝑥𝑥0𝑦𝑦, 𝑦𝑦0, ω2

𝑐𝑐2 ) = 𝑖𝑖
4πχ2𝐷𝐷

[𝐾𝐾0(α1𝑅𝑅) − 𝐾𝐾0(α2𝑅𝑅)], 

where    
1

2 2 2

0 0R x x y y      ; χ = √𝑘𝑘 − 𝜔𝜔2
𝑐𝑐2⁄4

; α1 = χ𝑒𝑒𝑖𝑖π 4⁄ ; α2 = χ𝑒𝑒−𝑖𝑖π 4⁄ ;  0K z  — the Macdonald function. 

Under the condition 𝑘𝑘 ≤ ω2

𝑐𝑐2  the solution to equation (3) looks like this: 

𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, ω2/𝑐𝑐2) = 𝑖𝑖
4πχ2𝐷𝐷 [π𝑖𝑖

2 𝐻𝐻0
(1)(χ𝑅𝑅) − 𝐾𝐾0(χ𝑅𝑅)], 
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Introduction. The regularities of dynamic processes in solid media caused by the action of a moving load are

of considerable interest, and solutions to such problems find numerous applications and involve the use of various

methods. In a number of works, to exclude time from the number of independent variables, a mobile coordinate system

was introduced [1−2] or a quasistatic formulation of the problem was considered [3−6]. The finite element method [7],

variational methods [8−10], as well as direct methods [11−13] proved to be quite effective in solving these problems. In

[14−15], the method of boundary integral equations was used, and in [16] — a method based on the application of

fundamental solutions to the corresponding differential equations. In this paper, the given method is used to solve the 

problem of the action of a normal force moving along a freeform open curve on an infinite plate resting on an elastic 

base.

Problem statement. Following [17, 18], this problem is reduced to solving the equation:

2 2 2
t

PU c U kU
D

     , (1)

where U — the plate deflection; 𝐷𝐷 = 𝐸𝐸𝐻𝐻3

12(1−µ2); Е — the Young's modulus; µ — the Poisson's ratio; H — the plate 

thickness; с−2 = ρ𝐻𝐻
𝐷𝐷 ;  — the density of the plate material; okk

D
 ; ko — the stiffness coefficient of the elastic base.

The solution to this equation corresponds to the energy flow directed from the excitation sources to infinity.

We will assume:

𝑃𝑃 = δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜(𝑡𝑡))δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜(𝑡𝑡)).

This force moves along an open trajectory γ, whose beginning and end go to infinity. The parametric setting of the

trajectory has the form: 
 
 

x x t
y y t  

 
 

, where t — time. It is assumed that the force starts to move at the beginning of the

trajectory, located at a sufficient distance from the place where its effect on the plate is being studied at the moment of

time t   . Therefore, there are no initial conditions in such a statement.

Materials and Methods. Consider the fundamental solution to equation (1), which can be obtained from the

equation:

Δ2𝑊𝑊 + 𝑐𝑐−2𝜕𝜕𝑡𝑡
2𝑊𝑊 + 𝑘𝑘𝑊𝑊 = 1

𝐷𝐷 δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜)δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜)δ(𝑡𝑡 − 𝜏𝜏). (2)

It is known that the solution to equation (1) can be presented as:

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = ∫ ∬ 𝑊𝑊(𝑥𝑥, 𝑥𝑥𝑜𝑜, 𝑦𝑦, 𝑦𝑦𝑜𝑜, 𝑡𝑡 − τ)𝑃𝑃(𝑥𝑥𝑜𝑜, 𝑦𝑦𝑜𝑜, τ)𝑑𝑑𝑥𝑥𝑜𝑜𝑑𝑑𝑦𝑦𝑜𝑜𝑑𝑑τ𝑅𝑅2
∞

−∞ .

In our case, taking into account a specific type of moving force, we have:

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑡𝑡) = ∫ 𝑊𝑊(𝑥𝑥, 𝑥𝑥𝑜𝑜(τ), 𝑦𝑦, 𝑦𝑦𝑜𝑜(τ), 𝑡𝑡 − τ)𝑑𝑑τ∞
−∞ .

Applying the Fourier transform in time to equation (2), we obtain the differential equation:

Δ2𝑊𝑊𝑜𝑜 − ω2𝑐𝑐−2𝑊𝑊𝑜𝑜 + 𝑘𝑘𝑊𝑊𝑜𝑜 = 1
𝐷𝐷 δ(𝑥𝑥 − 𝑥𝑥𝑜𝑜)δ(𝑦𝑦 − 𝑦𝑦𝑜𝑜)𝑒𝑒𝑖𝑖ωτ. (3)

Using the limiting absorption principle and the Fourier transform with respect to variables x and y, and under 

the condition 𝑘𝑘 > 𝜔𝜔2

𝑐𝑐2 we can obtain a solution to the equation (3):

𝑊𝑊0 (𝑥𝑥, 𝑥𝑥0𝑦𝑦, 𝑦𝑦0, ω2

𝑐𝑐2 ) = 𝑖𝑖
4πχ2𝐷𝐷

[𝐾𝐾0(α1𝑅𝑅) − 𝐾𝐾0(α2𝑅𝑅)],

where    
1

2 2 2

0 0R x x y y      ; χ = √𝑘𝑘 − 𝜔𝜔2
𝑐𝑐2⁄4

; α1 = χ𝑒𝑒𝑖𝑖π 4⁄ ; α2 = χ𝑒𝑒−𝑖𝑖π 4⁄ ;  0K z — the Macdonald function.

Under the condition 𝑘𝑘 ≤ ω2

𝑐𝑐2 the solution to equation (3) looks like this:

𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, ω2/𝑐𝑐2) = 𝑖𝑖
4πχ2𝐷𝐷 [π𝑖𝑖

2 𝐻𝐻0
(1)(χ𝑅𝑅) − 𝐾𝐾0(χ𝑅𝑅)],

Galaburdin A. V. An infinite plate loaded with a normal force moving along a complex open trajectory 

where χ = √ω2

𝑐𝑐2 − 𝑘𝑘4
;  1

0
( )H z  — the Hankel function. 

To reverse the Fourier transform, the solution 𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, ω2/𝑐𝑐2) is expanded by variable ω
𝑐𝑐  into series 

according to the system of orthogonal functions {𝑒𝑒−ω2
𝑐𝑐2⁄ 𝐻𝐻𝑘𝑘 (ω

𝑐𝑐 )}, where )(zHk  — Hermit polynomials. 

Given that function 𝑊𝑊0 (𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, ω2

𝑐𝑐2 ) is even in ω
𝑐𝑐 , only even terms will be present in the expansion. Then: 

𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, ω2/𝑐𝑐2) = ∑ 𝑤𝑤2𝑘𝑘(𝑥𝑥, 𝑥𝑥𝑜𝑜, 𝑦𝑦, 𝑦𝑦𝑜𝑜)𝑒𝑒−ω2
2𝑐𝑐2⁄ 𝐻𝐻2𝑘𝑘 (ω

𝑐𝑐 )∞
𝑘𝑘=0 , где 

𝑤𝑤2𝑘𝑘(𝑥𝑥, 𝑥𝑥𝑜𝑜, 𝑦𝑦, 𝑦𝑦𝑜𝑜) = 1
(2𝑘𝑘)!22𝑘𝑘√π ∫ 𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, 𝑧𝑧2)∞

−∞ 𝑒𝑒−𝑧𝑧2
2⁄ 𝐻𝐻2𝑘𝑘(𝑧𝑧)𝑑𝑑𝑧𝑧. 

Given the ratio: 

∫ 𝑒𝑒−ω2
2𝑐𝑐2⁄ 𝐻𝐻2𝑘𝑘 (ω

𝑐𝑐 ) 𝑒𝑒−𝑖𝑖ω𝑡𝑡𝑑𝑑ω = 2𝑐𝑐√π
2 (−1)𝑘𝑘𝑒𝑒−𝑐𝑐2𝑡𝑡2

2⁄∞

−∞
𝐻𝐻2𝑘𝑘(𝑐𝑐𝑐𝑐), 

we get: 

𝑊𝑊0(𝑥𝑥, 𝑥𝑥0, 𝑦𝑦, 𝑦𝑦0, 𝑐𝑐) = 2с√π
2 ∑ (−1)𝑘𝑘𝑤𝑤2𝑘𝑘(𝑥𝑥, 𝑥𝑥𝑜𝑜, 𝑦𝑦, 𝑦𝑦𝑜𝑜)𝑒𝑒−𝑐𝑐2𝑡𝑡2

2⁄ 𝐻𝐻2𝑘𝑘(𝑐𝑐𝑐𝑐)
∞

𝑘𝑘=0
. 

In this case, the solution to the original differential equation will have the form: 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑐𝑐) = 2𝑐𝑐√π
2 2 ∫ ∑ (−1)𝑘𝑘𝑤𝑤2𝑘𝑘(𝑥𝑥, 𝑥𝑥𝑜𝑜(τ), 𝑦𝑦, 𝑦𝑦𝑜𝑜(τ))𝑒𝑒−𝑐𝑐2(𝑡𝑡−τ)2

2⁄ 𝐻𝐻2𝑘𝑘(𝑐𝑐(𝑐𝑐 − τ)∞
𝑘𝑘=0

∞
−∞ 𝑑𝑑τ. 

Through replacing the integration variable, we get: 

2 22
0 0 0 2 22

0

2 2 2 2 12 2 2
2 2

k
( s )

k kk
k

s s ( )U( x, y,t ) W ( x,x ( t ), y, y ( t ), ) e H ( s )H ( )dsd
c c ( k )!

 
 

  


        .

This type of solution allows us to use the Gauss-Hermite quadrature formula to calculate the integral. 

To improve the convergence of the series, the Kummer method was used. Following this method, it is required 

to select a series whose sum is known, and the difference between the original series and the selected series should 

represent a rapidly converging series. As such a series, you can take:  

𝑈𝑈∗(𝑥𝑥, 𝑦𝑦, 𝑐𝑐) = ∑ ∫ ∫ 𝑊𝑊0(𝑥𝑥, 𝑥𝑥0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ),∞
−∞

∞
−∞

∞
𝑘𝑘=0 𝑦𝑦, 𝑦𝑦0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ), 𝑞𝑞) 2√2(−1)𝑘𝑘

(2𝑘𝑘)!22𝑘𝑘 𝑒𝑒−(𝑠𝑠2+τ2)𝐻𝐻2𝑘𝑘(𝑠𝑠√2)𝐻𝐻2𝑘𝑘(τ√2)𝑑𝑑𝑠𝑠𝑑𝑑τ, 

where q — some nonnegative value. 

Through integrating on variable τ and summing, we get: 

𝑈𝑈∗(𝑥𝑥, 𝑦𝑦, 𝑐𝑐) = πс√2𝑊𝑊0(𝑥𝑥, 𝑥𝑥𝑜𝑜(𝑐𝑐), 𝑦𝑦, 𝑦𝑦𝑜𝑜(𝑐𝑐), 𝑞𝑞). 

Finally, to solve equation (1), we obtain the following expression: 

𝑈𝑈(𝑥𝑥, 𝑦𝑦, 𝑐𝑐) = 𝑈𝑈∗(𝑥𝑥, 𝑦𝑦, 𝑐𝑐) +

+ ∑ ∫ ∫(𝑊𝑊0(𝑥𝑥, 𝑥𝑥0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ), 𝑦𝑦,
∞

−∞

∞

−∞

∞

𝑘𝑘=0
𝑦𝑦0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ),2τ2) − 𝑊𝑊0(𝑥𝑥, 𝑥𝑥0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ), 𝑦𝑦, 𝑦𝑦0(𝑐𝑐 − 𝑠𝑠√2 𝑐𝑐⁄ ), 𝑞𝑞)) ×

× 2√2(−1)𝑘𝑘

(2𝑘𝑘)! 22𝑘𝑘 𝑒𝑒−(𝑠𝑠2+τ2)𝐻𝐻2𝑘𝑘(𝑠𝑠√2)𝐻𝐻2𝑘𝑘(τ√2)𝑑𝑑𝑠𝑠𝑑𝑑τ.

To sum the series, the arithmetic mean method was used. At the same time, the following was supposed: q = 0. 

Having determined the plate deflections, it is possible to calculate the remaining components of the 

displacement vector and the stress tensor at any point of it using known formulas. To analyze the energy displacement 

of elastic waves in the plate, the Umov-Poynting energy flux density vector was calculated: 

�̅�𝐸 = −(σ𝑥𝑥�̇�𝑢 + σ𝑥𝑥𝑥𝑥�̇�𝑣)𝑖𝑖 − (σ𝑥𝑥𝑥𝑥�̇�𝑢 + σ𝑥𝑥�̇�𝑣)𝑗𝑗. 
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Research Results. Calculations are carried out for the case when the force moves along a trajectory consisting 

of straight lines and arcs of circles (Fig. 1). The following parameter values were taken: H = 0.25 m; с = 221 m/s; 

E = 232469 N/m2; µ = 0.36; K = 1.864 m-4.  

The parameters of the law of motion of the force along the trajectory were selected in such a way that at the 

time under consideration, the force was always at the same point of the trajectory marked with an asterisk, having 

different values of speed v and acceleration a, as well as at different values of the radius of trajectory R2. To study the 

stress-strain state of the plate, displacements and stresses near the point of application of force were calculated. 

Fig. 1. Trajectory of the concentrated force

Figures 2 and 3 show the change in displacements and stresses during the movement of a concentrated force 

along a given trajectory at v = 25 m/s, а = 0 m/s2, R2 = 5 m. The change of these values along the Y-axis does not 

practically differ from their change along the X-axis.  

 
Fig. 2. Change in displacements: W — vertical; U — along the X axis; V — along the Y axis 
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Research Results. Calculations are carried out for the case when the force moves along a trajectory consisting

of straight lines and arcs of circles (Fig. 1). The following parameter values were taken: H = 0.25 m; с = 221 m/s;

E = 232469 N/m2; µ = 0.36; K = 1.864 m-4. 

The parameters of the law of motion of the force along the trajectory were selected in such a way that at the

time under consideration, the force was always at the same point of the trajectory marked with an asterisk, having

different values of speed v and acceleration a, as well as at different values of the radius of trajectory R2. To study the

stress-strain state of the plate, displacements and stresses near the point of application of force were calculated.

Fig. 1. Trajectory of the concentrated force

Figures 2 and 3 show the change in displacements and stresses during the movement of a concentrated force

along a given trajectory at v = 25 m/s, а = 0 m/s2, R2 = 5 m. The change of these values along the Y-axis does not 

practically differ from their change along the X-axis.

Fig. 2. Change in displacements: W — vertical; U — along the X axis; V — along the Y axis
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Galaburdin A. V. An infinite plate loaded with a normal force moving along a complex open trajectory 

Fig. 3. Change in voltages: W — vertical; U — along the X axis; V — along the Y axis 

Figure 4 shows the movement of the energy of elastic waves near the concentrated force, whose position on the 

trajectory is marked with a red dot. The vectors determine the amount and direction of energy transfer at a given point. 

Fig. 4. Energy flux density vector at v = 25 m/s, а = 0 m/s2, R2 = 5 m 

The calculations have shown that with an increase in the speed of the force movement, there is no qualitative 

change in displacements and stresses, but only their quantitative growth occurs. A slight change in the qualitative 

behavior of displacements and stresses is observed only at sufficiently high speeds, when the condition v > c is met. 

This follows from Fig. 5, 6 (а = 0 m/sc2, R2 = 5 m). 
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Fig. 5. Changing vertical movements at v = 275 m/s 

Fig. 6. Changing vertical movements at v = 75 m/s

Figures 7 and 8 show the change in the maximum vertical displacements W and stresses Sx , Sy depending on the 
speed of the force movement at а = 0 m/s2, R2 = 5 m. The remaining components of displacements and stresses assumed 
sufficiently low values and therefore were not of constructive interest when analyzing the stress-strain state of the plate. 

Calculations performed at different values of acceleration and radius R2, have shown that these factors have little 
effect on the stress-strain state of the plate. The qualitative picture of wave energy propagation near the concentrated force 
also weakly depends on these factors. 

 
Fig. 7. Dependence of maximum vertical displacements on concentrated force movement speed 
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Fig. 5. Changing vertical movements at v = 275 m/s

Fig. 6. Changing vertical movements at v = 75 m/s

Figures 7 and 8 show the change in the maximum vertical displacements W and stresses Sx , Sy depending on the
speed of the force movement at а = 0 m/s2, R2 = 5 m. The remaining components of displacements and stresses assumed
sufficiently low values and therefore were not of constructive interest when analyzing the stress-strain state of the plate.

Calculations performed at different values of acceleration and radius R2, have shown that these factors have little
effect on the stress-strain state of the plate. The qualitative picture of wave energy propagation near the concentrated force
also weakly depends on these factors.

Fig. 7. Dependence of maximum vertical displacements on concentrated force movement speed

W, m10-9

-20 -10
0 10

Х, m

Y, m
10

20
30
-4

-2

0

2

Х, m
10

10 0

0

-10

2

-2

-4
30

20

Y, m -20

W, m10-9

W, m10-10

0       50   100  150        200        250  V, m/s

-2.5

-3.0

-3.5

W

Galaburdin A. V. An infinite plate loaded with a normal force moving along a complex open trajectory 

 
Fig. 8. Dependence of maximum voltages on concentrated force movement speed 

Discussion and Conclusions. The most significant effect on the stress-strain state of the plate and the 
propagation of elastic wave energy near the concentrated force is exerted by the speed of its movement. The radius of 
curvature of the trajectory and the acceleration of the force movement do not significantly affect.  

The calculation results indicate that the method of solving problems on the action of a moving load is quite 
stable within a wide range of changes in the speed of its movement. The method is economical and simple, because it 
uses already known fundamental solutions.  
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Organization of walking of the lower-extremity exoskeleton using  
the control of the supporting foot 
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Introduction. The development of robotics in many advanced countries has raised various industries to a high level. 
The demand for robots increases the share of their use in production tasks, mainly in the motor-vehicle and electronics 
industries. Advanced robotics can increase productivity in many industries by 30%, while reducing labor costs. 
Automation of technological processes of electronics production has a positive impact on the use of robots. Robots are 
used in construction, logistics, oil and gas, aerospace, plant engineering and construction, mining, healthcare, etc. The 
authors consider robots from the point of view of their application in medicine for the rehabilitation of musculoskeletal 
patients. This paper describes the mechanisms for controlling the feet and the center of mass of a humanoid robot. 
Materials and Methods.  The authors chose the simplest algorithm for searching for the law of motion control of a 
humanoid robot. The robot movement was presented as a reverse pendulum. Using the large kinematic redundancy of 
walking robots, we have developed a way to control the robot in such a way as to bring the dynamics of its movement 
to the reverse pendulum as close as possible. At the same time, the problem of determining the generalized coordinates 
is considered, at which a given position and orientation of the transferred foot and a given position of the projection of 
the center of mass (CM) of the robot onto the reference surface are provided.  
Results. The authors have developed a digitalized automatic control scheme for the movement of the feet and the center 
of mass of the human exoskeleton, which will largely reduce the load on a sick person. 
Discussion and Conclusions. When discussing the results, comparing the data of the tables obtained during the 
calculation, the following conclusion was made. The scheme for controlling the feet movement of a human exoskeleton 
developed by the authors is most effective when designing an automatic scheme for controlling the movement of the 
feet and the center of mass of a human exoskeleton using digital technology, which will largely reduce the load on a 
sick person. 

Keywords: center, mass, supporting foot, exoskeleton, robot, human, movement dynamics, reverse pendulum. 
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Introduction. In many advanced countries, the successful introduction of robotics has raised various industries 

to a high level. The demand for robots has increased the share of their use in production tasks to 25–45 %, mainly in the 
motor-vehicle and electronics industries. Advanced robotics can increase productivity in many industries by 30 %, 
while reducing labor costs by 18–33 %. Modern robotics can significantly change the entire value chain of products. It 
is estimated that there are about 1.8 million industrial robots operating in the world production systems today, 
representing a global market of about $35 billion: the possibilities of robotics continue to grow, and the costs of 
manufacturing robots continue to fall (they have decreased by about 25 % over the past decade). In production, the 
largest number of robots are used for packaging, grabbing and moving (in Russia, almost 40 % of the 1.7 million), and 
this application has the highest annual growth rate (on average, 11 % per year for 2010-2014). The second common 
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application is in the production of cars, where robots are used primarily for welding. The use of robots for assembly is 
also a fast-growing segment (the average annual growth rate in 2010–2014 was 10 %) due to the growing number of 
electronics/electrical industry products that seek miniaturization and require increased accuracy in manufacturing. 

At Russian enterprises, the density of production robotization is more than 20 times lower than the global 
average. According to the statistics of the International Federation of Robotics, in Kazakhstan, as well as in Russia, 
there are only three industrial robots per 10000 workers, while on average there are 69 worldwide, and more than 100 – 
in the leading countries in the field of digitalization. For example, the share of the Russian market of industrial robots is 
only 0.25 % of the global volume, the main consumers are China (27 %), South Korea (15 %), Japan (14 %) and North 
America (about 14 %). There is also a lag in the share of machines with numerical control: in Japan it is more than 
90 %, in Germany and the USA – more than 70 %, in China – about 30 % [1–3]. 

Modern robotics has been successfully developed in Kazakhstan. Modern factories are being built, where 
robots perform monotonous work. The growth of investments in robotics is increasing every year in Kazakhstan. 
Currently, Kazakhstani enterprises are given a chance to reduce the gap with world leaders. The great flexibility and 
intelligence of robots allow them to be used in various industries where they have not been traditionally used, including 
the production of food and beverages, consumer goods and pharmaceuticals. 

New concepts have emerged, such as wearable electronics and virtual reality, which can be used for quality 
control, work instructions, training, workflow management, various operations, security, logistics, and maintenance. In 
addition, the increased accuracy of these technologies provides improving the profitability of the enterprise by 
increasing productivity. And the instability of quality can be reduced by shortening downtime, defects and waste while 
decreasing the lead time [2]. The development of new technologies will significantly change production processes: it is 
most effective in those industries where it is important to adapt the product to customer requirements, and components 
are produced in small volumes and have a high cost. Therefore, the production of consumer goods and the motor-
vehicle industry, medical and aerospace industries are priorities in the Republic of Kazakhstan, especially in the use of 
3D printing technologies, the production of highly reliable medical devices: hearing aids, dental and other prostheses. 

Materials and Methods. Among all types of robotics, the authors distinguish the medical field. They are 
engaged in the development of exoskeletons of bipedal walking machines (BWM) [4–8]. For BWM, it is generally 
accepted to distinguish two types of walking: static and dynamic. At the static walking, the robot movements are so 
slow that it is possible to neglect the forces of inertia. This allows using a control algorithm built on the basis of only 
equations describing the kinematics of the robot. However, the device speed depends on its size, dynamic parameters, 
kinematic scheme. For many walking machines, this is the main method of control. Figure 1 shows an image of an 
exoskeleton that is being developed by the authors. 

Fig. 1. Functional scheme of the exoskeleton: 
1 — backpack with a microprocessor; 2 — arm; 3 — crutches; 4 — trunk; 5 — foot; 6 — leg; 7 — reference surface 

The equations describing the dynamics of the robot are complex and require the use of well-known methods 
for solving variational problems of large dimension. A simpler algorithm for finding the law of movement control of a 
human robot is needed. The authors from the Bauman Moscow State Technical University proposed the simplest way – 
to imagine the robot as a reverse pendulum and, using the large kinematic redundancy of BWM, control the robot in 
such a way as to bring the dynamics of its movement to the reverse pendulum as close as possible [4–5].  

Let us consider the problem of determining the generalized coordinates at which a given position and 
orientation of the transferred foot and a given position of the projection of the center of mass (CM) of the robot on the 
reference surface 7 are provided (Fig. 1). The position and orientation of the supporting foot will be considered known. 
Let S be a vector of a given position of the robot foot 5 and CM 6, having dimension 8,  

S = (XF, YF, ZF, FFF, xCM, yCM)T.
It is required to determine the vector q with dimension 14 BWM, which has 14 controlled mobility stages. 
The task is complicated by the fact that BWM has 14 degrees of mobility, the vector S is 8, and there are kinematic 

restrictions in the mobility stages, the external connections imposed on the feet of BWM change during each step. 
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application is in the production of cars, where robots are used primarily for welding. The use of robots for assembly is
also a fast-growing segment (the average annual growth rate in 2010–2014 was 10 %) due to the growing number of
electronics/electrical industry products that seek miniaturization and require increased accuracy in manufacturing.

At Russian enterprises, the density of production robotization is more than 20 times lower than the global 
average. According to the statistics of the International Federation of Robotics, in Kazakhstan, as well as in Russia,
there are only three industrial robots per 10000 workers, while on average there are 69 worldwide, and more than 100 –
in the leading countries in the field of digitalization. For example, the share of the Russian market of industrial robots is
only 0.25 % of the global volume, the main consumers are China (27 %), South Korea (15 %), Japan (14 %) and North
America (about 14 %). There is also a lag in the share of machines with numerical control: in Japan it is more than
90 %, in Germany and the USA – more than 70 %, in China – about 30 % [1–3].

Modern robotics has been successfully developed in Kazakhstan. Modern factories are being built, where 
robots perform monotonous work. The growth of investments in robotics is increasing every year in Kazakhstan.
Currently, Kazakhstani enterprises are given a chance to reduce the gap with world leaders. The great flexibility and
intelligence of robots allow them to be used in various industries where they have not been traditionally used, including
the production of food and beverages, consumer goods and pharmaceuticals.

New concepts have emerged, such as wearable electronics and virtual reality, which can be used for quality
control, work instructions, training, workflow management, various operations, security, logistics, and maintenance. In
addition, the increased accuracy of these technologies provides improving the profitability of the enterprise by
increasing productivity. And the instability of quality can be reduced by shortening downtime, defects and waste while
decreasing the lead time [2]. The development of new technologies will significantly change production processes: it is
most effective in those industries where it is important to adapt the product to customer requirements, and components
are produced in small volumes and have a high cost. Therefore, the production of consumer goods and the motor-
vehicle industry, medical and aerospace industries are priorities in the Republic of Kazakhstan, especially in the use of
3D printing technologies, the production of highly reliable medical devices: hearing aids, dental and other prostheses.

Materials and Methods. Among all types of robotics, the authors distinguish the medical field. They are
engaged in the development of exoskeletons of bipedal walking machines (BWM) [4–8]. For BWM, it is generally
accepted to distinguish two types of walking: static and dynamic. At the static walking, the robot movements are so
slow that it is possible to neglect the forces of inertia. This allows using a control algorithm built on the basis of only
equations describing the kinematics of the robot. However, the device speed depends on its size, dynamic parameters,
kinematic scheme. For many walking machines, this is the main method of control. Figure 1 shows an image of an
exoskeleton that is being developed by the authors.

Fig. 1. Functional scheme of the exoskeleton:
1 — backpack with a microprocessor; 2 — arm; 3 — crutches; 4 — trunk; 5 — foot; 6 — leg; 7 — reference surface

The equations describing the dynamics of the robot are complex and require the use of well-known methods
for solving variational problems of large dimension. A simpler algorithm for finding the law of movement control of a 
human robot is needed. The authors from the Bauman Moscow State Technical University proposed the simplest way –
to imagine the robot as a reverse pendulum and, using the large kinematic redundancy of BWM, control the robot in
such a way as to bring the dynamics of its movement to the reverse pendulum as close as possible [4–5]. 

Let us consider the problem of determining the generalized coordinates at which a given position and
orientation of the transferred foot and a given position of the projection of the center of mass (CM) of the robot on the 
reference surface 7 are provided (Fig. 1). The position and orientation of the supporting foot will be considered known.
Let S be a vector of a given position of the robot foot 5 and CM 6, having dimension 8,

S = (XF, YF, ZF, FFF, xCM, yCM)T.
It is required to determine the vector q with dimension 14 BWM, which has 14 controlled mobility stages.
The task is complicated by the fact that BWM has 14 degrees of mobility, the vector S is 8, and there are kinematic

restrictions in the mobility stages, the external connections imposed on the feet of BWM change during each step.
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In this case, various methods are used to solve the inverse problem. For example, an iterative method based on 
minimizing the objective function, and a method for solving the inverse problem in increments based on using the 
Jacobi matrix. However, to control the robot, whose kinematics is represented as a kinematic tree not attached to the 
rack, it is necessary to solve the inverse problem for the supporting foot, the transferred foot, and the projection of the 
center of mass on the reference surface [11–13]. 

The objective function used has the form: f=fF1+fF2+fСМ+fP where fF1 and fF2 – the components of the objective 
function that determine the feet positions; fCM – a component of the objective function that determines the position of 
the projection of the center of mass; fP — a penalty function that allows bringing the solution closer to the optimal one 
by some criterion. 

On the trajectories of the feet movement and the projection of the center of mass, points are selected so that 
they can then be applied to restore the original trajectory using interpolation with a given accuracy. Ti is the matrix of 
the actual position of the foot, and Ti

0 – the specified position matrix. These matrices are equal if any three points that 
do not match in the connected system have, respectively, the same coordinates in the absolute system [5–9]. 
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r is a parameter that determines the ratio of the accuracy of solving the inverse problem in angular and linear 
coordinates 
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consider the component of the objective function that determines the position of the projection of the center of mass of 
BWM on the reference surface. The coordinates of the projection of the center of mass are determined by the formula: 
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where M – robot weight; N – the total number of degrees of mobility of the human robot; m – mass of an individual 
link; rCM – vector of the CM link; P – the projecting matrix. 
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The index i changes from 6, because the links of the kinematic tree with smaller numbers are fictitious and have zero 
mass. If  T

см tсм tсмS х , y   is the target position of the projection of the center of mass, and см смt смS S S    ,

then 2
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Penalty function T
Pf q A q,    where q – change of the generalized coordinates when moving to a new point; A – a 

diagonal matrix of weight coefficients. 
Physically, the penalty function fP is proportional to the work performed by the drives when moving to a new 

point [10]. 
When considering the robot movement as the motion of an inverse pendulum, the following equations were 

adopted (Fig. 2): 

0x x l sin   , 0xarcsin
l

 

0x
l cos

 


, M g sin
J l


  



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

250

Advanced Engineering Research 2021. V. 21, no. 3. P. 247−252.  ISSN 2687−1653 

Fig. 2. The motion of the reverse pendulum with a constant height of the center of mass 

The pendulum motion along the horizontal x axis is described by the equations 
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At small angles of inclination of the pendulum, the solution to this equation is close to the solution to the nonlinear 
one written for a pendulum of constant length. Under different conditions, only the expression λ [3, 10, 11, 12] will change. 

Research Results. When analyzing the calculations with various options, it was concluded that the matrix 
method is quite time-consuming, takes a lot of time, and does not give measurement accuracy, whereas modern 
methods provide considering the dynamics of the foot movement and the center of mass with greater accuracy, and 
divide the study not into eight or twelve points, but into more, bringing closer to more accurate results. 

Discussion and Conclusions. When discussing the results, comparing the data of the tables obtained during 
the calculation, it was concluded that the scheme for controlling the feet movement of a exoskeleton-human developed 
by the authors is most effective when designing an automatic scheme for controlling the movement of the feet and the 
center of mass of an exoskeleton-human using digital technology. As a result of the obtained equations, an automatic 
control scheme using digital technology was developed, which is shown in Fig. 3 and works as follows. 

Fig. 3. Block diagram of the exoskeleton control 

C

R
2

R1X

PS DTD 

G SD Co 

ID SS PVC CD 



M
ac

hi
ne

 b
ui

ld
in

g 
an

d 
m

ac
hi

ne
 sc

ie
nc

e

251

Advanced Engineering Research 2021. V. 21, no. 3. P. 247−252. ISSN 2687−1653

Fig. 2. The motion of the reverse pendulum with a constant height of the center of mass

The pendulum motion along the horizontal x axis is described by the equations
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We obtain a homogeneous linear differential equation
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Substituting the initial conditions, we get
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At small angles of inclination of the pendulum, the solution to this equation is close to the solution to the nonlinear
one written for a pendulum of constant length. Under different conditions, only the expression λ [3, 10, 11, 12] will change.

Research Results. When analyzing the calculations with various options, it was concluded that the matrix
method is quite time-consuming, takes a lot of time, and does not give measurement accuracy, whereas modern
methods provide considering the dynamics of the foot movement and the center of mass with greater accuracy, and
divide the study not into eight or twelve points, but into more, bringing closer to more accurate results.

Discussion and Conclusions. When discussing the results, comparing the data of the tables obtained during
the calculation, it was concluded that the scheme for controlling the feet movement of a exoskeleton-human developed
by the authors is most effective when designing an automatic scheme for controlling the movement of the feet and the
center of mass of an exoskeleton-human using digital technology. As a result of the obtained equations, an automatic
control scheme using digital technology was developed, which is shown in Fig. 3 and works as follows.

Fig. 3. Block diagram of the exoskeleton control
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The control device (CD) sets the measurement cycle of the TC and generates a pulse of the first cycle with 
duration of T1. During the time interval T1, the electronic key SA is in the initial state, and the measured position of the 
feet and CM through the input device ID goes to the integrator and informs the capacitor (C) the amount of electricity 
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

At the end of the pulse Т1, the CD opens the SD key, and the counter Co starts receiving pulses from the 
generator G. At the same time, the SD key is transferred to the second stable state, and the reference value λ of the 
reverse polarity is received by the integrator. The capacitor C is discharged to the initial state during the time interval  

Тx:. x
P x

Tq U
R



At the end of the discharge of the capacitor, the voltage at both inputs SS are equal to zero, the SS gives the 
command to open S. The receipt of pulses to the counter stops. Their number determines the Тx. Since the amount of 
electricity during the charge and discharge of the capacitor is the same, then 

1

x
x C

T
U U

T


Therefore, the measurement result is proportional to the parameters.  The time interval Тx does not depend on the time 
constant of the integrator, i.e., no chains with highly stable elements are required to implement the double integration 
method. The duration of the first cycle of integration Т1 and the value of the reference values can be kept constant with 
high accuracy, and therefore the error of converting voltage into a time interval is insignificant with this method. The noise 
immunity at the multiplicity of the time of the first integration cycle Т1 to the interference period reaches 60 dB or more.   
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Investigation of the electrospark coating, alloying and strengthening technology 
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Introduction. The work objectives were the analysis and application of the technology of electrospark deposition of 
wear-resistant metal coatings on cutting tools or machine parts for their hardening or dimensional restoration. 
Materials and Methods. The technology, device and principle of operation of the modernized installation intended for 
electric spark application of wear-resistant metal coatings with composites T15K6, VK8 and VK6 are considered. 
Results. To determine the parameters of the upgraded electrospark alloying plant, experiments were carried out on 
hardening of polished samples made of steel 45 with hard alloy T15K6 with dimensions of 25×25×25 mm. As a result 
of using the experiment planning method, the possibility of selecting and adjusting the installation parameters was 
confirmed. The following parameters were selected for hardening samples made of steel 45 with hard alloy T15K6: 
current I = 1-2–A, voltage U = 40-75 V, capacitor bank capacity = 60–100 µF. 
Discussion and Conclusions. The use of carbon dioxide as a protective medium enables to increase the number of 
passes and, accordingly, the number of coating layers to twenty, to obtain a total thickness of up to 0.3 mm with a dense 
structure without oxides. Coatings of this thickness make it possible not only to strengthen, but also to restore the 
dimensions of worn machine parts. The parameters of the technological modes of electrospark alloying significantly 
affect the intensity of coating application and the quality of the resulting surface. A rise in the electrical parameters 
causes an increase in the intensity of each individual discharge and, within certain limits, contributes to an increase in 
the amount of the transferred coating material, as well as to deeper transformations of the coated surface in the 
discharge zone. Thus, an electrospark alloying plant equipped with monitoring and diagnostic tools, as well as with a 
protective gas supply system, can be used for hardening and restoring machine parts and cutting tools. 

Keywords: electrospark alloying, machine parts, cutting tool, hardening, wear resistance coating, restoration of machine 
parts. 
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Introduction. The introduction of technology for manufacturing machine parts and cutting tools with high 
mechanical characteristics is an important component of mechanical engineering in general and the production of metal-
cutting equipment in particular. The basic requirements for this technology are accessibility, cost-effectiveness, and 
efficiency. 

The materials used for manufacturing machine parts and cutting tools, as a rule, do not fully meet the 
requirements of operation, so they must be made of high-quality structural materials. But in this case, their production 
can be very expensive. In addition, it is also impossible to guarantee full satisfaction of operational requirements in this 
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case. These problems are sufficiently eliminated through applying coatings with a thickness of fractions of a millimeter 
to several millimeters to the working surfaces of machine parts and tools of various functional purposes [1−4]. 

The quality of such coatings is evaluated, as a rule, according to several specific criteria, on the basis of which 
a complex criterion is formed. Studies using the experimental planning method [5], in turn, enable to establish the 
relationship of quality criteria and the parameters of the coating process [6], optimize these parameters, and predict the 
properties of bimetal compositions [7].  

Coating layers can have various chemical compositions and structural-phase states that differ from the base 
material. Coating materials provide high performance properties or a set of properties to the working surfaces of cutting 
tools or machine parts [5, 8−18]. In addition, a small amount of expensive materials is consumed on thin coatings, 
which gives a high economic effect when they are used in production practice. 

Currently used various metal parts (bearings, shafts, axles, drills, turning tools, milling cutters, etc.) require 
increasing their wear resistance and strength. One of the inexpensive ways of applying thin metal coatings to their 
working surfaces is the electric spark processing method — electric spark alloying (ESA) [1−4]. In addition, this 
technology can be used to restore steel parts of machines with minor wear of their working surfaces — up to 0.2 mm. 

Materials and Methods. ESA enables to harden the cutting tool and restore the steel parts of machines with 
wear-resistant composites such as T15K6, VK8, VK6, and coatings of other composition [8−18]. This technology 
allows increasing the hardness, wear resistance, corrosion resistance of metal surfaces and provides a good bond with 
the base material. ESA is implemented on relatively simple equipment, whose performance does not depend on the 
hardness and other physical characteristics of the materials used. 

Until now, various models of the process have been proposed, which to one degree or another explained 
individual experimental data [1−4]. Figure 1 shows a model of the ESA technology, which is designed for high voltages 
and small values of the short-circuit current (Iк.з < 10–20 A). Providing that the short-circuit current Iк.з. > 10 A and the 
no-load voltage of the power supply Ux.x < 50 V, it will be required to refine such a model, since due to the low 
potential between the electrodes, the interelectrode gap in this case should be significantly reduced.  

      а)     b) c) d) e)    f) 

Fig. 1. Electric spark alloying model: a) moment of the interelectrode gap breakdown; 
b) detachment of a molten metal drop from the anode; c) explosion of a drop of molten metal; d) deposition of molten anode metal on

the cathode; e) contact of electrodes (mechanical shock of the anode on the cathode); f) separation of electrodes 

As the movable electrode (anode) approaches the cathode (substrate), the electric field strength increases. At a 
certain distance, the voltage reaches a value at which a spark discharge occurs, and a through conduction channel is 
obtained. An electron beam from the cathode (substrate) passes through this channel, hits on the anode surface in a 
focused manner (Fig. 1 a), and the current density increases. The electrons abruptly release the accumulated kinetic 
energy, which is converted into thermal energy released in the surface layer of the anode. At the point of the electric 
discharge breakdown, the anode melts, a drop of molten metal separates from it and moves to the cathode (Fig. 1 b), 
ahead of the moving anode. 

The falling drop, breaking away from the anode, heats up to a high temperature, boils and explodes. The 
current circuit in the channel is interrupted, the compressive forces of the electromagnetic field disappear. The metal 
particles, formed after the explosion of the drop, are no longer focused by the electromagnetic field and fall on the 
substrate with a wide front (Fig. 1 c), and when they reach the cathode, they are welded with it, partially penetrating 
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case. These problems are sufficiently eliminated through applying coatings with a thickness of fractions of a millimeter
to several millimeters to the working surfaces of machine parts and tools of various functional purposes [1−4].

The quality of such coatings is evaluated, as a rule, according to several specific criteria, on the basis of which
a complex criterion is formed. Studies using the experimental planning method [5], in turn, enable to establish the 
relationship of quality criteria and the parameters of the coating process [6], optimize these parameters, and predict the 
properties of bimetal compositions [7].

Coating layers can have various chemical compositions and structural-phase states that differ from the base
material. Coating materials provide high performance properties or a set of properties to the working surfaces of cutting
tools or machine parts [5, 8−18]. In addition, a small amount of expensive materials is consumed on thin coatings,
which gives a high economic effect when they are used in production practice.

Currently used various metal parts (bearings, shafts, axles, drills, turning tools, milling cutters, etc.) require
increasing their wear resistance and strength. One of the inexpensive ways of applying thin metal coatings to their
working surfaces is the electric spark processing method — electric spark alloying (ESA) [1−4]. In addition, this
technology can be used to restore steel parts of machines with minor wear of their working surfaces — up to 0.2 mm.

Materials and Methods. ESA enables to harden the cutting tool and restore the steel parts of machines with
wear-resistant composites such as T15K6, VK8, VK6, and coatings of other composition [8−18]. This technology
allows increasing the hardness, wear resistance, corrosion resistance of metal surfaces and provides a good bond with
the base material. ESA is implemented on relatively simple equipment, whose performance does not depend on the
hardness and other physical characteristics of the materials used.

Until now, various models of the process have been proposed, which to one degree or another explained
individual experimental data [1−4]. Figure 1 shows a model of the ESA technology, which is designed for high voltages
and small values of the short-circuit current (Iк.з < 10–20 A). Providing that the short-circuit current Iк.з. > 10 A and the
no-load voltage of the power supply Ux.x < 50 V, it will be required to refine such a model, since due to the low 
potential between the electrodes, the interelectrode gap in this case should be significantly reduced.

а)     b)         c)    d)         e)        f)

Fig. 1. Electric spark alloying model: a) moment of the interelectrode gap breakdown; 
b) detachment of a molten metal drop from the anode; c) explosion of a drop of molten metal; d) deposition of molten anode metal on 

the cathode; e) contact of electrodes (mechanical shock of the anode on the cathode); f) separation of electrodes

As the movable electrode (anode) approaches the cathode (substrate), the electric field strength increases. At a
certain distance, the voltage reaches a value at which a spark discharge occurs, and a through conduction channel is
obtained. An electron beam from the cathode (substrate) passes through this channel, hits on the anode surface in a
focused manner (Fig. 1 a), and the current density increases. The electrons abruptly release the accumulated kinetic
energy, which is converted into thermal energy released in the surface layer of the anode. At the point of the electric 
discharge breakdown, the anode melts, a drop of molten metal separates from it and moves to the cathode (Fig. 1 b), 
ahead of the moving anode.

The falling drop, breaking away from the anode, heats up to a high temperature, boils and explodes. The
current circuit in the channel is interrupted, the compressive forces of the electromagnetic field disappear. The metal
particles, formed after the explosion of the drop, are no longer focused by the electromagnetic field and fall on the 
substrate with a wide front (Fig. 1 c), and when they reach the cathode, they are welded with it, partially penetrating

Glushko S. P. Investigation of the electrospark coating, alloying and strengthening technology 

into its surface (Fig. 1 d). Following the molten metal of the electrode, the electrode-anode itself moves. In the 
meantime, the capacitor bank has time to charge, and the electric field strength in the interelectrode gap will increase 
accordingly. This is followed by a mechanical shock of the electrode on the surface of the substrate, while the electrical 
circuit is closed. 

The anode material in the presented ESA model is transferred in the liquid crystal state, starting from the 
moment of the interelectrode gap breakdown and until the anode comes into contact with the cathode surface. In the 
liquid crystal state, the mesophases of a substance are characterized by anisotropic properties and combine the 
rheological properties of liquid bodies (fluidity) with the properties of solid crystals (anisotropy of physical properties). 
In the mesomorphic state, the fluidity of a substance is limited since there is a certain ordering of the arrangement and 
mutual orientation of its molecules, which approaches the ordered arrangement of the structure of solid crystals. A 
second pulse passes through the particles of the anode material lying on the cathode that have not cooled down. Pulse 
discharges have a high current density — up to 105–106 A/mm2. 

During mechanical contact of the mobile electrode and the substrate, the particles of the electrode material are 
welded to each other and to the surface of the substrate, which is heated, and the electrode material diffuses into it. 
Together with the diffusion process, chemical reactions occur between the materials of the electrode particles and the 
substrate. The mechanical shock of the movable electrode forges the heated coating material (Fig. 1 d), increasing its 
uniformity and density. Thus, a coating with an alloying effect is formed on the surface of the substrate that is firmly 
connected to it (Fig. 1 e). Then the next cycle begins, and the electrode moves up. 

The coating process in ESA occurs under the influence of the following factors: 
— gravity, under the influence of which a drop of molten metal rushes from the anode to the cathode when 

they are open; 
— mechanical vibration of the electrodes; 
— electrical polarity, under the influence of which ions of the coating material settle on the substrate. 
An important characteristic of coating with the help of ESA is the bond strength of the coating and the base, 

which provides reliable and long-term operation of the cutting tool or part. During the formation of the coating and 
while ensuring the connection of the coating and the base, the interaction of the liquid phases of the electrode materials 
occurs. A chemical bond is formed between them, volumetric processes of diffusion of the anode into the substrate in 
the solid phase develop, intermetallides are formed. 

Physical and chemical transformations in the surface layer of the substrate occur at high temperatures and 
high-speed plastic deformation. Interaction of the anode and substrate materials, crystallization of the molten anode 
material on the substrate surface, and diffusion in its surface layer occur under nonequilibrium conditions. High 
temperatures in the interelectrode gap and alloying elements of the electrode make it possible to increase and dope the 
surface of the substrate, improving its physical and chemical properties. Therefore, ESA can be used to restore 
complex-shaped machine parts and alloying cutting tools. 

ESA advantages: 
— spot heating, in which there is no deformation of the substrate (base); 
— local (spot) coating, including on complex-shaped substrates; 
— possibility of alloying the surfaces of machine parts and cutting tools. 
Physical and mechanical properties of the surface of the tool or part being processed can be varied through 

changing the material of the electrodes. At the same time, the composition of the coating and its physico-chemical 
properties may differ significantly from the alloying material of the anode, and the alloyed base material. 

After ESA processing, the steel base consists of three areas: the white layer, the transition zone, and the basic 
material. The thin white layer contains refractory compounds with a fine-grained structure, which are formed under 
conditions of fast heat dissipation. In the transition zone of the steel base there is a diffusion layer, a heat-affected zone, 
and a transition layer. The diffusion layer is a martensitic-carbide structure. The heat-affected zone is an austenitic-
martensitic-carbide structure. The transition layer has an austenitic-sorbitol-martensitic structure. An austenitic structure 
is formed on the interface of ferrite carbide phases under rapid cooling and during diffusion saturation of steel with air 
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nitrogen if the ESA is carried out without the use of a shielding gas. It should be taken into account that the less 
nitrogen penetrates into the transition zone, the more martensitic structures will be formed under cooling. The transition 
layer is followed by the structure of the base, which is not subject to changes. The thickness and structure of the zones 
depend on the process conditions, the composition of the coating and base materials, as well as the composition of the 
environment. 

The performance of the ESA process, the quality of the coating, the grain size of the base can be adjusted 
through changing the borehole and the frequency of electrical discharges. For electrodes, it is recommended to use 
materials with high hardness and wear resistance, for example, tungsten and titanium carbides, gray or white cast iron, 
hard alloys based on titanium carbide with various bonds based on molybdenum, nickel, intermetallides and steel. It 
should be noted that the microhardness of the hardened layers obtained on hardened steels is significantly higher than 
on non-hardened ones. This is due to the active influence of the base materials on the formation of the coating. 

The ESA electrical parameters determine the degree of hardening, the purity of the coating surface, and the 
performance of the process. The electrical modes used can be conditionally divided into coarse, medium, and fine. They 
cover a significant range of power required for both finishing and rough ESA processes. Rough modes are characterized 
by a voltage of 100-200 V and a large capacity of the capacitor bank (100-300 µF). Medium modes are implemented 
through reducing the capacitance of the capacitor bank to 90-100 µF or by reducing the voltage at the same capacity. 
Fine modes can be obtained through reducing the voltage to 10-30 V or by reducing the capacitance of the capacitor 
bank to 0.5-10 µF. Accordingly, the short-circuit current increases or decreases. 

The disadvantages of the ESA technology include the limited thickness of the applied coating layers and the 
significant roughness of their surfaces. Let us consider the disadvantages with specific examples. 

Example 1. The installation operates in rough mode: the capacity of the capacitor bank С = 200 µF, the short-
circuit current Iк.з. = 3 A, voltage U = 150 V, vibration frequency of the vibrator with the electrode is 100 Hz. Assume 
that the capacitor bank is charged to 99 % of the power supply voltage. In this case, the charging time of the capacitors 
is 0.05 s. However, since the vibrator closes the electrodes every 0.01 seconds and a discharge occurs, the voltage on 
the capacitors has time to rise only to 65 V.  

Example 2. The installation operates in soft mode: the capacity of the capacitor bank С = 4 µF, the short-circuit 
current Iк.з. = 0.5 A, voltage U = 150 V, the capacitors are charged to 99 % of the voltage of the power source. In this 
case, the charging time of the capacitor is 0.005 s, but the vibrator will close the electrodes only after 0.01 s. In this 
case, the process is idle waiting for the next short circuit of the electrodes for about 50 % of the time. 

One of the major causes for the limited thickness of the coating layer is the occurrence of chemical reactions 
between the electrode material and its environment during doping. The experimental data have shown that the greater 
the inertia of the environment, the higher the permissible specific duration of doping and the more coating material can 
be applied to the cathode. However, even in inert media, with an increase in the duration of doping, a decrease in the 
amount of material deposited on the cathode is observed. 

The application of vacuum to eliminate the influence of chemical elements of the protective environment on 
the composition of the coating will require a significant complication and increase in the cost of electric spark alloying 
installations. Therefore, the use of a protective environment, e.g., carbon dioxide for ESA is preferable.  

To study the ESA technology, an upgraded EFI-25 installation was used (Fig. 2). The basis of its power part is 
a single-phase transformer with increased scattering, a selenium rectifier, and a capacitor bank. The primary winding of 
the transformer is powered from a single-phase AC network of industrial frequency with a voltage of 220 V through 
5A fuse and a two-pole switch. The installation rectifier is full wave. The cathode (the processed part) is grounded. 
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nitrogen if the ESA is carried out without the use of a shielding gas. It should be taken into account that the less
nitrogen penetrates into the transition zone, the more martensitic structures will be formed under cooling. The transition
layer is followed by the structure of the base, which is not subject to changes. The thickness and structure of the zones
depend on the process conditions, the composition of the coating and base materials, as well as the composition of the 
environment.

The performance of the ESA process, the quality of the coating, the grain size of the base can be adjusted
through changing the borehole and the frequency of electrical discharges. For electrodes, it is recommended to use 
materials with high hardness and wear resistance, for example, tungsten and titanium carbides, gray or white cast iron,
hard alloys based on titanium carbide with various bonds based on molybdenum, nickel, intermetallides and steel. It 
should be noted that the microhardness of the hardened layers obtained on hardened steels is significantly higher than
on non-hardened ones. This is due to the active influence of the base materials on the formation of the coating.

The ESA electrical parameters determine the degree of hardening, the purity of the coating surface, and the
performance of the process. The electrical modes used can be conditionally divided into coarse, medium, and fine. They
cover a significant range of power required for both finishing and rough ESA processes. Rough modes are characterized
by a voltage of 100-200 V and a large capacity of the capacitor bank (100-300 µF). Medium modes are implemented
through reducing the capacitance of the capacitor bank to 90-100 µF or by reducing the voltage at the same capacity.
Fine modes can be obtained through reducing the voltage to 10-30 V or by reducing the capacitance of the capacitor
bank to 0.5-10 µF. Accordingly, the short-circuit current increases or decreases.

The disadvantages of the ESA technology include the limited thickness of the applied coating layers and the 
significant roughness of their surfaces. Let us consider the disadvantages with specific examples.

Example 1. The installation operates in rough mode: the capacity of the capacitor bank С = 200 µF, the short-
circuit current Iк.з. = 3 A, voltage U = 150 V, vibration frequency of the vibrator with the electrode is 100 Hz. Assume
that the capacitor bank is charged to 99 % of the power supply voltage. In this case, the charging time of the capacitors
is 0.05 s. However, since the vibrator closes the electrodes every 0.01 seconds and a discharge occurs, the voltage on
the capacitors has time to rise only to 65 V.

Example 2. The installation operates in soft mode: the capacity of the capacitor bank С = 4 µF, the short-circuit
current Iк.з. = 0.5 A, voltage U = 150 V, the capacitors are charged to 99 % of the voltage of the power source. In this
case, the charging time of the capacitor is 0.005 s, but the vibrator will close the electrodes only after 0.01 s. In this
case, the process is idle waiting for the next short circuit of the electrodes for about 50 % of the time.

One of the major causes for the limited thickness of the coating layer is the occurrence of chemical reactions
between the electrode material and its environment during doping. The experimental data have shown that the greater
the inertia of the environment, the higher the permissible specific duration of doping and the more coating material can
be applied to the cathode. However, even in inert media, with an increase in the duration of doping, a decrease in the
amount of material deposited on the cathode is observed.

The application of vacuum to eliminate the influence of chemical elements of the protective environment on
the composition of the coating will require a significant complication and increase in the cost of electric spark alloying
installations. Therefore, the use of a protective environment, e.g., carbon dioxide for ESA is preferable.

To study the ESA technology, an upgraded EFI-25 installation was used (Fig. 2). The basis of its power part is
a single-phase transformer with increased scattering, a selenium rectifier, and a capacitor bank. The primary winding of
the transformer is powered from a single-phase AC network of industrial frequency with a voltage of 220 V through 
5A fuse and a two-pole switch. The installation rectifier is full wave. The cathode (the processed part) is grounded.

Glushko S. P. Investigation of the electrospark coating, alloying and strengthening technology 

Fig. 2. Electric circuit of the power supply of the interelectrode gap of the electrospark  
alloying installation: Д1 ― selenium rectifier; С — capacitor bank; R1 — ballast resistance; R2 — current limiting resistance; 

Д2 ― valves; А — ammeter; V — voltmeter 

At the output of the rectifier, the voltage changes from 15 to 220 V through switching the secondary winding. 
The valves separate the low-voltage and high-voltage parts of the installation, which prevents the breakdown of high 
voltage into the RC generator, which is designed to produce a spark discharge. The generator generates current pulses in 
the frequency range of 100-600 Hz. These are the optimal frequencies that are determined during experiments with 
different materials. The operation of the ESA installation outside this range causes performance degradation. 

Automation of the ESA process and constant monitoring of its parameters provide high productivity and 
obtaining a high-quality carbide coating. This is provided, in particular, by ammeter A, designed to monitor the current 
in the power supply circuit of the interelectrode gap, and voltmeter V — for monitoring the voltage in the power supply 
circuit of the interelectrode gap (Fig. 2). 

An autotransformer is installed as a power source on the upgraded installation, which provides stepless voltage 
regulation at the interelectrode gap up to 200 V. A panel of switches of the bank capacity is installed for stepwise 
changing the capacity of the interelectrode discharge power source. The total capacity of the bank is 120 µF, the 
number of switching stages is 16. 

The safety of operation at the installation is provided by a separation transformer with a transformation 
coefficient K = 1:1 between the transformer and the electrodes of the installation. The technological modes of operation 
of ESA installations for coating, alloying and hardening, mainly set the following parameters:  

— voltage at the interelectrode gap; 
—  capacitor bank capacity; 
— charging current or the percentage of charging capacitors from the circuit voltage. 
Research Results. To determine the possibility of regulating the ESA parameters, which should be provided 

by the upgraded installation, experiments were carried out on electric spark hardening with T15K6 hard alloy of 
polished samples made of steel 45 with dimensions of 25×25×25 mm. The experiments were carried out without using a 
protective gas in the coating area; carbon dioxide was used as a protective medium. As a result, the possibility of 
selecting and adjusting the ESA parameters was confirmed. I = 1-2 A, voltage U = 40-75 V, 60-100 µF. 

The results of experiments without using carbon dioxide have shown the following: when applying a hard alloy 
to the surface of steel 45 at a minimum voltage and minimum current, the surface of the material is strengthened 
unevenly due to the adhesion of the electrode to the treated surface; the minimum voltage causes a sharp increase in the 
porosity of the applied coating; the thickness of the applied layer is small and does not exceed 0.1 mm. The surface is 
uneven, loose, with traces of oxides, and the number of arbitrary passes of the alloying electrode, i.e., passes at which 
the thickness of the hardened layer increases, does not exceed eight. This is due to an increase in thermal stresses 
caused by local temperature drops at the interface between the cladding layer and the base, and mainly to the 
adhesive nature of the bonding of the cladding layer and the base.  In addition, the hardness of the cladding layer is 
lower than the hardness of the electrode. For example, the T15K6 hard alloy plates used in the e xperiments had a 
hardness of 85−90 HRC, and in the cladding layer, this material has a hardness of 80−85 HRC. 

Cathode 

Anode 

R2 Д2 R1

0-3 kV Д1
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In the next set of experiments, carbon dioxide was supplied to the coating area to prevent oxidation. This made 
it possible, with the same electrical parameters, to increase the number of passes, respectively, the number of coating 
layers applied, to twenty, and to obtain a total coating thickness of up to 0.3 mm with a dense structure and without 
oxides. Obtaining a coating of such thickness makes it possible not only to strengthen, but also to restore the dimensions 
of worn machine parts. 

Discussion and Conclusions. It is possible to increase the operational characteristics of machine parts and 
cutting tools without compromising economic indicators through applying coatings on their working surfaces using the 
ESA method. The considered technology, due to point heating, in which there is no deformation of the substrate (base), 
and local coating, enables to restore the dimensions of complex-shaped parts lost as a result of wear. This is possible 
due to the use of a protective environment in the form of carbon dioxide for ESA since it provides increasing the 
thickness of the coating to 0.3 mm and achieving its dense structure that does not have oxides. 

Values of the electric spark alloying parameters significantly affect the intensity of coating application and the 
quality of the resulting surface. A rise of the electrical parameters causes an amplification of the intensity of each 
individual electric discharge and, within certain limits, contributes to an increase in the amount of the transferred 
coating material and deeper transformations in the coated surface (in the discharge zone). 

Thus, an electric spark alloying installation equipped with monitoring and diagnostic tools, as well as a 
protective gas supply system, can be used for hardening and restoring machine parts and cutting tools. 
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In the next set of experiments, carbon dioxide was supplied to the coating area to prevent oxidation. This made
it possible, with the same electrical parameters, to increase the number of passes, respectively, the number of coating
layers applied, to twenty, and to obtain a total coating thickness of up to 0.3 mm with a dense structure and without
oxides. Obtaining a coating of such thickness makes it possible not only to strengthen, but also to restore the dimensions
of worn machine parts.

Discussion and Conclusions. It is possible to increase the operational characteristics of machine parts and
cutting tools without compromising economic indicators through applying coatings on their working surfaces using the
ESA method. The considered technology, due to point heating, in which there is no deformation of the substrate (base),
and local coating, enables to restore the dimensions of complex-shaped parts lost as a result of wear. This is possible
due to the use of a protective environment in the form of carbon dioxide for ESA since it provides increasing the
thickness of the coating to 0.3 mm and achieving its dense structure that does not have oxides.

Values of the electric spark alloying parameters significantly affect the intensity of coating application and the
quality of the resulting surface. A rise of the electrical parameters causes an amplification of the intensity of each
individual electric discharge and, within certain limits, contributes to an increase in the amount of the transferred
coating material and deeper transformations in the coated surface (in the discharge zone).

Thus, an electric spark alloying installation equipped with monitoring and diagnostic tools, as well as a
protective gas supply system, can be used for hardening and restoring machine parts and cutting tools.
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Introduction. The thermal calculation of a volumetric structure using the finite element method is considered. Accord-
ing to the plans of the Ministry of Energy of the Russian Federation, a powerful wind energy industry will be created in 
the country in the coming years. In this regard, calculations in the production of building structures of wind power 
plants are currently becoming a challenge. The production of such fiberglass structures is a complex thermochemical 
process, including the polymerization of the binder under strictly specified thermal conditions. The work objective is to 
develop a method for three-dimensional finite element calculation of the non-stationary heating mode of a complex-
shaped composite structure. 
Materials and Methods. The determination of the temperature fields of a complex-shaped structure made of inhomoge-
neous materials causes using numerical methods and, first of all, the finite element method. The finite element modeling 
of the behavior of composite materials under molding is still incomplete. For its partial solution, the well-known heat 
conduction equation is adapted for a specific problem based on the first law of thermodynamics. New finite element 
models describing the thermal fields in the structure during its manufacture are proposed. The accuracy of modeling 
thermal processes is specified. Numerical simulation of heating is carried out. 
Results. The solution to the problem was performed in the multifunctional software complex ANSYS with the imple-
mentation of the calculation method in the parametric programming language APDL. The temperature fields of the 
blade elements of wind power plants at the stage of their manufacture were calculated, which made it possible to identi-
fy the characteristic features of the production process of these structures and to obtain recommendations for clarifying 
the process of their gluing. 
Discussion and Conclusions. The results obtained can be used in thermal calculations of elements of complex layered 
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Keywords: finite element calculation, temperature field, nonmetallic structure, technological process, modeling. 

For citation: A. V. Maistrenko. Building structures thermal calculation. Advanced Engineering Research, 2021, 
vol. 21, no. 3, p. 260–267. https://doi.org/10.23947/2687-1653-2021-21-3-260-267 

© Maistrenko A. V., 2021 

 

Introduction. Thermal calculations in the production of building structures of wind power plants are currently 
becoming a challenge. According to the plans of the Ministry of Energy of the Russian Federation1, the wind power 
industry will be created in the country in the coming years. In 2016-2017, large Russian and foreign investors came to 
it, who committed themselves to the development of the technological and production base. The major disadvantages of 
blade wind power plants are eliminated through improving their design and manufacturing technique. First of all, this 
applies to the blades, which are the main elements of the wind turbine. They concentrate the key intellectual component 
of the installation. The production of a fiberglass blade is a complex thermochemical process, including the polymeriza-
tion of the binder under a strictly specified thermal regime. In this regard, the exact calculation of the temperature fields 
in the body of the blade during its molding is of great practical importance. 

                                                 
1Renewable energetics in Russia has established itself as an industry. Ministry of Energy of the Russian Federation. URL: 
https://minenergo.gov.ru/node/10307/ (accessed: 04.02.2021). (In Russ.). 
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Introduction. The thermal calculation of a volumetric structure using the finite element method is considered. Accord-
ing to the plans of the Ministry of Energy of the Russian Federation, a powerful wind energy industry will be created in
the country in the coming years. In this regard, calculations in the production of building structures of wind power
plants are currently becoming a challenge. The production of such fiberglass structures is a complex thermochemical 
process, including the polymerization of the binder under strictly specified thermal conditions. The work objective is to
develop a method for three-dimensional finite element calculation of the non-stationary heating mode of a complex-
shaped composite structure.
Materials and Methods. The determination of the temperature fields of a complex-shaped structure made of inhomoge-
neous materials causes using numerical methods and, first of all, the finite element method. The finite element modeling
of the behavior of composite materials under molding is still incomplete. For its partial solution, the well-known heat
conduction equation is adapted for a specific problem based on the first law of thermodynamics. New finite element
models describing the thermal fields in the structure during its manufacture are proposed. The accuracy of modeling
thermal processes is specified. Numerical simulation of heating is carried out.
Results. The solution to the problem was performed in the multifunctional software complex ANSYS with the imple-
mentation of the calculation method in the parametric programming language APDL. The temperature fields of the
blade elements of wind power plants at the stage of their manufacture were calculated, which made it possible to identi-
fy the characteristic features of the production process of these structures and to obtain recommendations for clarifying
the process of their gluing.
Discussion and Conclusions. The results obtained can be used in thermal calculations of elements of complex layered
structures made of composite materials in wind power, mechanical engineering, aircraft, shipbuilding, instrumentation, etc.
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Introduction. Thermal calculations in the production of building structures of wind power plants are currently
becoming a challenge. According to the plans of the Ministry of Energy of the Russian Federation1, the wind power
industry will be created in the country in the coming years. In 2016-2017, large Russian and foreign investors came to
it, who committed themselves to the development of the technological and production base. The major disadvantages of
blade wind power plants are eliminated through improving their design and manufacturing technique. First of all, this
applies to the blades, which are the main elements of the wind turbine. They concentrate the key intellectual component 
of the installation. The production of a fiberglass blade is a complex thermochemical process, including the polymeriza-
tion of the binder under a strictly specified thermal regime. In this regard, the exact calculation of the temperature fields
in the body of the blade during its molding is of great practical importance.

1Renewable energetics in Russia has established itself as an industry. Ministry of Energy of the Russian Federation. URL:
https://minenergo.gov.ru/node/10307/ (accessed: 04.02.2021). (In Russ.).

Maistrenko A. V. Building structures thermal calculation  

The determination of the temperature fields of a complex-shaped structure made of inhomogeneous materials 
causes the need to use numerical methods in calculations and, first of all, the finite element method (FEM). The prob-
lem of finite element modeling of composite materials under molding remains unresolved to date. This is due to com-
plexity of the behavior of the composite as an inhomogeneous material with pronounced thermally dependent physical 
properties, including rheological ones, residual internal phenomena, aging, etc. 

Modern models take into account the anisotropy of the material, its plastic behavior under a complex stress-
strain state, etc. Thus, the temperature properties of composite materials were studied in [1, 2]. To substantiate and con-
firm the influence of the distribution and orientation of strengthening particles on the coefficient of thermal expansion 
of the material, the authors performed finite element modeling. Under the geometric construction, a real microstructure 
was taken as the basis. Calculations have established that the experimentally detected anisotropy of temperature proper-
ties is explained by internal stresses in the composite that depend on the filler orientation. 

Many studies consider the calculations of two-dimensional models of reinforced composite materials. To ana-
lyze and optimize the properties of the composite, a calculated finite element scheme is proposed that takes into account 
its temperature properties [3]. With the help of FEM, the fields of residual stresses formed in the matrix as a result of 
thermal processing for a composite model including reinforcing fibers are calculated [4]. The effective elastic character-
istics of a multilayer composite material were calculated using a finite element model, with each layer being described 
by its own thermomechanical properties [5]. Modeling of the behavior of anisotropic materials and other issues of ther-
mal loading are also analyzed in [6–13]. 

Most of the studies based on finite element analysis were performed using the universal software system AN-
SYS, which provides solving linear and nonlinear, stationary and non-stationary spatial problems of heat transfer and 
heat exchange. For example, using ANSYS, the following tasks are solved: 

— non-stationary heating of the structure with time-dependent convection coefficient2
1; 

— thermal expansion of the elements under intense heating3
2; 

— heat release during plastic deformation4
3; 

— heat transfer in multilayer structures through the interface of media5
4, etc. 

S. N. Shevtsov's works are devoted to the study of the processing of polymer composite materials, e.g., in [14]. 
Despite a large number of works on numerical thermal calculations, assessment of the thermal mode of forming the 
structures of blade units is still relevant. Increasing requirements for the quality of production of wind turbine elements 
necessitates further refinement of mathematical finite element models of heat transfer based on a more complete ac-
count of external and internal factors. 

The work objective is to study the non-stationary temperature fields of a composite structure of a complex vol-
umetric shape of a blade element of a wind power plant in the process of its manufacture, taking into account physical 
features and geometric nonlinearities. One of the structures consists of a spar and a tail section, whose parts are made of 
fiberglass, rubber, foamed plastic, etc. The tail section is manufactured using adhesive technology in a special device, 
which consists of upper and lower half-body with powerful stiffeners. A blade element is laid between them. For its 
high-quality gluing, it is required to strictly maintain the heating speed and the holding temperature in the glue lines. 
Setting the thermal mode is carried out by placing the device with a section in the heating furnace. 

The task statement of the study is as follows. It is required to create a finite element model of heating a blade 
element during its molding, calculate the volumetric temperature fields at any moment of the process, determine the 
accuracy of modeling thermal processes in the body of the structure, and also form a graph of the temperature rising in 
the furnace, providing the required heating mode for the glue zones of the section.  

Materials and Methods. The basis of thermal calculations is the statement of the first law of thermodynamics 
that the amount of heat received by an isolated system is spent on changing its internal energy. Applied to an elemen-
tary volume, this statement can be expressed mathematically: 

       T T

vc( T / t V L T ) L q q      , (1) 
where ρ — material density; с — specific heat capacity; T — temperature; t — time; {q} — heat flux vector; qv — heat 
release per unit volume.  

2
1 Thermal Time-Transient Loading and Solution in Ansys. SimuTechGroup. simutechgroup.com — URL: https://www.simutechgroup.com/tips-and-

tricks/fea-articles/97-fea-tips-tricks-thermal-transient (accessed: 04.02.2021). 
3

2 Extreme Thermal Expansion Modeling in Ansys Mechanical Workbench. SimuTechGroup. simutechgroup.com — URL: 
https://www.simutechgroup.com/tips-and-tricks/fea-articles/139-extreme-thermal-expansion-modeling-in-ansys-mechanical (accessed: 04.02.2021). 
4

3 Heat Generation in Plastic Deformation Using Ansys Mechanical APDL and Workbench V14.5: Application of the New Act Module. Si-
muTechGroup. simutechgroup.com  — URL: https://www.simutechgroup.com/tips-and-tricks/fea-articles/171-fea-tips-tricks-ansys-heat-generation-
plastic-deformation (accessed: 04.02.2021). 
5

4 Heat Conduction Across a Contact Element Gap in Ansys Workbench Mechanical. SimuTechGroup. simutechgroup.com — URL: 
https://www.simutechgroup.com/tips-and-tricks/fea-articles/229-fea-tips-tricks-heat-conduction-contact-element-gap-ansys-workbench-mechanical 
(accessed: 04.02.2021). 
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Vector operator  L  and velocity vector  V  for heat transfer realized by mass: 

   
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x V
L , V V

y
V

z

 
    
        
   

  
 
 
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where x, y, z — coordinates. 
According to Fourier's law, the heat flow is associated with the temperature gradient: 

    q D L T  , (2) 
where [D] — thermal conductivity matrix: 

 
0 0

0 0
0 0

x

y

z

D
 
   
  

. 

Combining (1) and (2), we get: 

       T T

vc( T / t V L T ) L ([ D] L T ) q     .  (3) 
Opening (3), we get: 

x y z v x y z

T T T T T T Tc( V V V ) q
t x y z x x y y z z

                                        
. 

The basic equation of thermal conductivity is supplemented by boundary conditions: 
1. Setting the surface temperature: T = T*.
2. Setting the heat flow on the surface:

   T *q n q  ,
where {n} — surface normal unit vector; q* — specific heat flux. 
Heat transfer corresponds to Newton's law (surface convection): 

     T

f s bq n T T   , 
where αf — heat transfer coefficient, Ts — surface temperature, Tb — temperature of the bordering medium. 

For the case of constant thermophysical coefficients, the studied thermal processes are described by the three-
dimensional equation of non-stationary thermal conductivity (the Fourier equation): 

2 2 2

2 2 2

T T T Tc
t x y z

    
         

, 

where λ — heat conductivity factor. 
Due to the symmetry of the problem, the calculation is carried out only for half of the design. The boundary 

conditions for the section plane are determined from the condition: q = 0. 
On the docking interfaces, it is assumed that there is an ideal thermal contact, the absence of thermal re-

sistance: 

0 0T T  ; 1 0 2 0

T T
x x 

 
  

 
. 

Convective heat flows are supplied to the external surfaces of the device. Internal heat generation during heat-
ing is not taken into account. The initial conditions assume the fixation of a constant temperature over the entire area 
under investigation: T = T0. 

The problem is solved by the finite element method in the multifunctional software complex ANSYS in the 
parametric programming language APDL. The structure is heated from the outer surface through convection. The re-
sults of the division of the device and the section into blocks, as well as into three-dimensional tetragonal finite ele-
ments, are shown in Fig. 1. 
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where x, y, z — coordinates. 
According to Fourier's law, the heat flow is associated with the temperature gradient: 

     q D L T  ,  (2) 
where [D] — thermal conductivity matrix: 
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Combining (1) and (2), we get: 
        T T

vc( T / t V L T ) L ([ D] L T ) q     .   (3) 
Opening (3), we get: 
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. 

The basic equation of thermal conductivity is supplemented by boundary conditions: 
1. Setting the surface temperature: T = T*. 
2. Setting the heat flow on the surface: 

   T *q n q  , 
where {n} — surface normal unit vector; q* — specific heat flux.  
Heat transfer corresponds to Newton's law (surface convection): 

     T

f s bq n T T   , 
where αf — heat transfer coefficient, Ts — surface temperature, Tb — temperature of the bordering medium.  

For the case of constant thermophysical coefficients, the studied thermal processes are described by the three-
dimensional equation of non-stationary thermal conductivity (the Fourier equation): 

2 2 2
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    
         

, 

where λ — heat conductivity factor. 
Due to the symmetry of the problem, the calculation is carried out only for half of the design. The boundary 

conditions for the section plane are determined from the condition: q = 0. 
On the docking interfaces, it is assumed that there is an ideal thermal contact, the absence of thermal re-

sistance: 

0 0T T  ; 1 0 2 0

T T
x x 

 
  

 
. 

Convective heat flows are supplied to the external surfaces of the device. Internal heat generation during heat-
ing is not taken into account. The initial conditions assume the fixation of a constant temperature over the entire area 
under investigation: T = T0. 

The problem is solved by the finite element method in the multifunctional software complex ANSYS in the 
parametric programming language APDL. The structure is heated from the outer surface through convection. The re-
sults of the division of the device and the section into blocks, as well as into three-dimensional tetragonal finite ele-
ments, are shown in Fig. 1. 
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                                               а)                                     b)                                                 c) 

Fig. 1. Bonding device with a tail section: a) general view; b) model surfaces with their numbers;  
c) division of the analyzed area into finite elements 

The thermophysical properties of the materials used in the calculations are given in Table 1. 
 

Table 1 
Thermophysical properties of the materials 

Material λ, W/(m∙K) c, J/(kg∙K) ρ, kg/m3  
Fiberglass 0.38 1230 1710 
Al-alloy 176 798 2700 

The program created to solve this problem determines the temperature values in each calculation node throug-
hout the entire bonding process. 

The calculation algorithm consists of the following steps: 
— setting the initial data (geometry, thermophysical properties, initial temperature, etc.); 
—  division of the area into finite elements; 
— application of heat sources; 
— determining the temperature of the area at the end of the heating steps; 
— output of calculation results (heat flows, temperature fields) to print. 
To validate the program, it was tested. Figure 2 shows the experimental and calculated dependences of tempe-

rature on time in the adhesive zone (lower curves) and in the furnace itself (upper curves). The absolute error in calcula-
ting the temperature at the bonding point does not exceed 5o C, the relative error for really significant temperatures is no 
more than 6 %. 

 
Fig. 2. Dependences of calculated and measured temperatures at the control and reference points on the time 
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Research Results. The processing includes a monotonous, continuous heating of the bonding device and the 
blade element to a certain temperature and its maintenance for a specified time. The calculation results are shown in 
Fig. 3−7. So, Figure 3 shows the volume distribution at a certain time of heat fluxes in vector form, and the total amount 
of heat in the body of the device with a section. 

а)                                                                                  b) 

Fig. 3. Heat flows (a) and total heating (b) of the device with a section 

Since the heating rate of the device is relatively small, the heat flows are redistributed evenly over its volume 
and turn out to be approximately the same in all directions. minor exceptions apply only to the stiffeners. Convective 
heat flows are supplied from the sides having a large area, and are carried away by thermal conductivity into the body 
of the half-bodies through a narrow cross-section. 

Figure 4 shows the temperature gradients in the body of the device with a section at one of the heating mo-
ments. It can be seen that the heat spreads from the outer surfaces of the device to the inner areas. Heat flows are most 
actively supplied in places close to the side brass and move simultaneously both from the side brass and from the upper 
and lower half-bodies of the device. Also, Figure 4 shows a three-dimensional view of the temperature field at the same 
time. Since the blade section is non-metallic, its thermal conductivity is low, and the temperature distribution is uneven. 

а)                                                                          b) 

Fig. 4. Vector fields of the temperature gradient (a) and temperature (b) in the body of the device with a blade section 

The temperature and time dependences at particular points of the bonding zone are shown in Fig. 5-7. It is pos-
sible to obtain maximum compliance of the schedule for setting and holding the temperature in the bonding zones with 
the requirements of the process through changing the values of the setting ambient temperatures and the number of their 
switches. 
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Research Results. The processing includes a monotonous, continuous heating of the bonding device and the
blade element to a certain temperature and its maintenance for a specified time. The calculation results are shown in
Fig. 3−7. So, Figure 3 shows the volume distribution at a certain time of heat fluxes in vector form, and the total amount
of heat in the body of the device with a section.

а) b)

Fig. 3. Heat flows (a) and total heating (b) of the device with a section

Since the heating rate of the device is relatively small, the heat flows are redistributed evenly over its volume
and turn out to be approximately the same in all directions. minor exceptions apply only to the stiffeners. Convective
heat flows are supplied from the sides having a large area, and are carried away by thermal conductivity into the body 
of the half-bodies through a narrow cross-section.

Figure 4 shows the temperature gradients in the body of the device with a section at one of the heating mo-
ments. It can be seen that the heat spreads from the outer surfaces of the device to the inner areas. Heat flows are most
actively supplied in places close to the side brass and move simultaneously both from the side brass and from the upper
and lower half-bodies of the device. Also, Figure 4 shows a three-dimensional view of the temperature field at the same
time. Since the blade section is non-metallic, its thermal conductivity is low, and the temperature distribution is uneven.

а) b)

Fig. 4. Vector fields of the temperature gradient (a) and temperature (b) in the body of the device with a blade section

The temperature and time dependences at particular points of the bonding zone are shown in Fig. 5-7. It is pos-
sible to obtain maximum compliance of the schedule for setting and holding the temperature in the bonding zones with
the requirements of the process through changing the values of the setting ambient temperatures and the number of their
switches.
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Fig. 5. Temperature versus time dependences at the characteristic points of the bonding zones and in the block (green line) for the 
technological mode, which includes two switches at the setting temperatures of 160 and 140 °C 

Fig. 6. Temperature versus time dependences at the characteristic points of the bonding zones and in the block (green line) for the 
technological mode, which includes four switches with an accuracy of setting the temperature up to 10 °C 
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Fig. 7. Temperature versus time dependences at the characteristic points of the bonding zones and in the block (green line) for the 
technological mode, which includes three switches 

Discussion and Conclusions. The performed thermal calculation of the elements of building structures of 
wind power plants at the manufacturing stage made it possible to identify the characteristic features of heating and ob-
tain recommendations for clarifying the parameters of their bonding process. 
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Fig. 7. Temperature versus time dependences at the characteristic points of the bonding zones and in the block (green line) for the
technological mode, which includes three switches

Discussion and Conclusions. The performed thermal calculation of the elements of building structures of
wind power plants at the manufacturing stage made it possible to identify the characteristic features of heating and ob-
tain recommendations for clarifying the parameters of their bonding process.
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Method for assessing the current and additional load on the parallel kinematic 
structure mechanisms electric drive system 
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Introduction. The problem of the load on an electric drive system in a parallel kinematic structure is considered. The 
task of developing a fault-tolerant system that provides performing a given process in case of a failure of one or more 
drives is described. The work objective is to create a method for estimating the current and additional load on each drive 
of the mechanism of a parallel kinematic structure. The solution enables to correct the operating mode when performing 
a given process without compromising serviceable drives. 
Materials and Methods. Previously, a diagnostic method was developed. It is based on the calculation and analysis of 
the coefficients of straight lines that approximate the envelopes of the values of the wavelet transform coefficients of 
electric motor current signals, taking into account the characteristic scales. This makes it possible to determine the 
current technical condition of the electric motor and find malfunctions. The logical continuation of this approach is the 
proposed method for assessing the current and additional load. It provides finding the current load on the drive based on 
the coefficients of the lines approximating the envelopes of the wavelet coefficients of the current signal. To calculate 
the additional load, the number and location of faulty drives are taken into account. 
Results. For each scale of the wavelet coefficients, the relative coefficients and the current load on each drive are 
determined. The possibility of redistributing the load to two adjacent jacks was checked; the behavior of the system in 
this case was investigated. The load moved by the faulty jack is redistributed to two adjacent jacks in equal shares — 
14.76 % each. The total load on the drives is 44.28 %, which is safe for the servo. The load on the drive of the fourth 
jack does not change (29.52 %). The drives have a sufficient safety margin. It is established that all three operating 
modes are acceptable for the studied servo drive, and they do not cause dynamic overloads and premature failure. 
Discussion and Conclusions. The experimental studies on the method of assessing the current and additional load have 
shown its adequacy and high efficiency. It was found that when the drives were disconnected from one of the racks of 
the mechanism, the system performed a load redistribution on the drives. Thus, it was possible to avoid their dynamic 
overloads and premature failure. This means that the solution is able to ensure the reliable functioning of the complex at 
the time of renovation work. 

Keywords: parallel kinematic structure mechanism, drive system, assessment of the current and additional load, wavelet 
transform, fuzzy logic apparatus. 
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Introduction. The problem of the load on an electric drive system in a parallel kinematic structure is considered. The 
task of developing a fault-tolerant system that provides performing a given process in case of a failure of one or more 
drives is described. The work objective is to create a method for estimating the current and additional load on each drive 
of the mechanism of a parallel kinematic structure. The solution enables to correct the operating mode when performing
a given process without compromising serviceable drives.
Materials and Methods. Previously, a diagnostic method was developed. It is based on the calculation and analysis of
the coefficients of straight lines that approximate the envelopes of the values of the wavelet transform coefficients of 
electric motor current signals, taking into account the characteristic scales. This makes it possible to determine the
current technical condition of the electric motor and find malfunctions. The logical continuation of this approach is the 
proposed method for assessing the current and additional load. It provides finding the current load on the drive based on
the coefficients of the lines approximating the envelopes of the wavelet coefficients of the current signal. To calculate
the additional load, the number and location of faulty drives are taken into account.
Results. For each scale of the wavelet coefficients, the relative coefficients and the current load on each drive are
determined. The possibility of redistributing the load to two adjacent jacks was checked; the behavior of the system in
this case was investigated. The load moved by the faulty jack is redistributed to two adjacent jacks in equal shares —
14.76 % each. The total load on the drives is 44.28 %, which is safe for the servo. The load on the drive of the fourth
jack does not change (29.52 %). The drives have a sufficient safety margin. It is established that all three operating
modes are acceptable for the studied servo drive, and they do not cause dynamic overloads and premature failure.
Discussion and Conclusions. The experimental studies on the method of assessing the current and additional load have
shown its adequacy and high efficiency. It was found that when the drives were disconnected from one of the racks of
the mechanism, the system performed a load redistribution on the drives. Thus, it was possible to avoid their dynamic
overloads and premature failure. This means that the solution is able to ensure the reliable functioning of the complex at
the time of renovation work.

Keywords: parallel kinematic structure mechanism, drive system, assessment of the current and additional load, wavelet
transform, fuzzy logic apparatus.
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Introduction. During the operation of the mechanisms of the parallel kinematic structure, failures of one or 
more drives are possible. Among the likely consequences: the tilt of the platform, the curvature or jamming of the rack, 
unacceptable overloads, premature failure of the mechanism, production stoppage, and significant financial losses. To 
solve this problem, it is required to create a fault-tolerant system of drives of the parallel kinematic structure 
mechanisms that makes it possible to adjust the operating mode considering the technical condition. To this end, we 
need to determine the current load on each serviceable drive, and then, knowing the number and relative location of 
faulty drives, calculate the additional load on each serviceable drive. 

Materials and Methods. Proper operation of drive systems of mechanisms of parallel kinematic structure is 
ensured through constant monitoring and evaluation of the technical condition of each actuator in real time [1]. For this 
purpose, a highly effective diagnostic method has been developed based on the analysis of the electric motor current 
using the wavelet transform [2]. The principle of the method can be described as follows: taking into account the 
characteristic scales, the values of the wavelet coefficients of the electric motor current are calculated, then the envelope is 

constructed, and its approximating line is calculated. The analysis of coefficients k  and b of the resulting straight line 

enables to determine the current technical condition of the drive. If for all characteristic scales, 0k  , then the drive is 

serviceable, if 0k  , it is faulty. Thus, knowing the signs of coefficients k  of the approximating lines, it is possible to 
determine the current state of each drive, calculate the number and location of faulty drives relative to each other [3].  

For the subsequent adjustment of the operating mode of the parallel kinematic structure mechanism, it is required to 
determine the current and additional loads on each drive of the system. The calculation of the current load on the drive is 
based on the analysis of all the parameters of the approximating line for a known serviceable unloaded electric drive operating 
in nominal mode. The obtained data are reference coefficients 0 0,k b , to which the current values of parameters k, b are 

compared. The value of the maximum permissible coefficients max, maxk b  can be calculated from the overload capacity of 

the electric motor by current TK  [4]. 

0

0max

k k
k ,

k k


 


0

0max

b bb .
b b


 


 (1) 

To determine the possibility of increasing the load on the system drives, a model based on a fuzzy logic device 

has been developed. The inputs of the model are relative coefficients ,k b   (Fig. 1), the output is the corresponding 

coefficient showing the percentage of load on the engine. If this parameter is zero, the drive operates in the rated mode 
without load. If it is equal to 100 %, then the engine has a maximum load and it is necessary to change its operating 
mode. 
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Fig. 1. Input data of the fuzzy model for determining the load on the electric drive 

The correlation of the entered sets can be written using the following fuzzy rules: 
R1:  if k  is k0 and b is b0, then LoadПД=l1; 

R2:  if k  is maxk  and b is bmax, then LoadПД=l2.  

The fuzzy inference algorithm Sugeno [5–14] is used to determine the value of the output variable. 
The proposed model enables to determine the current load on the electric drive as a percentage of the maximum 

permissible load based on the analysis results of the coefficients of the straight line approximating the envelope of the 
values of the wavelet coefficients. In case of failure of one or more drives of the system and the permissible current load on 
the serviceable drives, it is possible to adjust the operating mode and redistribute the released load on the serviceable 
drives. To do this, we need to develop a model for calculating the additional load. 

Let us consider the solution to this problem on the example of a platform with twelve parallel racks, each of 
which is an electromechanical jack. The uniform lifting of the platform is ensured by the synchronous, uniform movement 
of all racks at a given speed. To fulfill this condition, when designing mechanisms of a parallel kinematic structure, equal 
loading of lifting columns is laid. In this case, when the mechanism is operating properly, all the drives should have 
approximately the same external load 
 1 2ПД ПД ПДnLoad Load .... Load   .  (2) 

If one of the drives fails, the load moved by it is redistributed to two neighboring drives in approximately equal 
proportions (Fig. 2). 

 

            
 

Fig. 2. Relative position of faulty jack drives and possible load correction 

In this case, the additional load is calculated from ratio (3) and depends on the load change factor ( chL ) 

 ПД j ch ПД iLoad L Load   .  (3) 
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Fig. 1. Input data of the fuzzy model for determining the load on the electric drive

The correlation of the entered sets can be written using the following fuzzy rules:
R1: if k is k0 and b is b0, then LoadПД=l1;

R2: if k is maxk and b is bmax, then LoadПД=l2.

The fuzzy inference algorithm Sugeno [5–14] is used to determine the value of the output variable.
The proposed model enables to determine the current load on the electric drive as a percentage of the maximum

permissible load based on the analysis results of the coefficients of the straight line approximating the envelope of the 
values of the wavelet coefficients. In case of failure of one or more drives of the system and the permissible current load on
the serviceable drives, it is possible to adjust the operating mode and redistribute the released load on the serviceable 
drives. To do this, we need to develop a model for calculating the additional load.

Let us consider the solution to this problem on the example of a platform with twelve parallel racks, each of
which is an electromechanical jack. The uniform lifting of the platform is ensured by the synchronous, uniform movement 
of all racks at a given speed. To fulfill this condition, when designing mechanisms of a parallel kinematic structure, equal
loading of lifting columns is laid. In this case, when the mechanism is operating properly, all the drives should have
approximately the same external load

1 2ПД ПД ПДnLoad Load .... Load   . (2)

If one of the drives fails, the load moved by it is redistributed to two neighboring drives in approximately equal 
proportions (Fig. 2).

Fig. 2. Relative position of faulty jack drives and possible load correction

In this case, the additional load is calculated from ratio (3) and depends on the load change factor ( chL )

ПД j ch ПД iLoad L Load   . (3)
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This coefficient depends on the number and relative position of faulty jack drives. Theoretically, the coefficient 
varies in the range from 0 to n in 0.5 increments. The load increase factor is decisive when calculating the additional load on 
the mechanism drive. For its calculation, a model based on the use of the fuzzy logic apparatus has been developed [7]. The 
inputs of the model are the technical condition of each drive of the parallel kinematic structure mechanism, the outputs — the 
load change factor of the drive of each jack. As a result of diagnostics, the current technical condition of the drives is 
established: “serviceable” or “faulty”. Therefore, for each input of the system in the interval [0 1], Z- and S-shaped 
membership functions are set (Fig. 3 a). The serviceable drive will correspond to the input value 1, the faulty one — 0. 
Growth of the load increase factor greater than 2 causes critical overloads of the jack, so we set five triangular membership 

functions in the range  0 2chL ,  in 0.5 increments (Fig. 3 b). 

 
 

а) 

 
Load change factor 

b) 

Fig. 3. Membership functions of the fuzzy model for calculating 

Mamdani algorithm was used to calculate the load increase factor for the electric drives of the parallel kinematic 
structure mechanisms [8−10]. The resulting model is based on the analysis of the number and relative position of faulty 
racks of the parallel kinematic structure mechanism. This data enables to determine the additional load factor for each 
serviceable drive. 

The relationship between the entered sets is recorded in the form of a knowledge base, whose fragment is 
shown in Table 1. 
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Table 1 
Fuzzy knowledge base of the model for calculating the additional load factor 

Jack number Change factor of the jack load 
1 2 3 4 5 6 … n 1 2 3 4 5 6 … n 
1 1 1 1 1 1 … … 0 0 0 0 0 0 … … 
1 0 1 1 1 1 … … 0.5 0 0.5 0 0 0 … … 
1 0 0 1 1 1 … … 1 0 0 1 0 0 … … 
1 0 0 0 1 1 … … 1.5 0 0 0 1.5 0 … … 
1 0 0 0 0 1 … … 2 0 0 0 0 2 … … 
1 0 1 0 1 1 … … 0.5 0 1 0 0.5 0 … … 

…. ….. … … … … … … … … … … … … … … 

Combining the two developed models, we obtain a general model for determining the current and additional 
loads on the drives of the parallel kinematic structure mechanism (Fig. 4). 

Fig. 4. Structure of the model for calculating current and additional loads on the drives of the parallel kinematic structure mechanism 

The given model is based on the number and relative position of serviceable drives of the parallel kinematic structure 
mechanism. At the same time, taking into account the characteristic scales, the relative coefficients of the lines approximating 
the envelopes of the values of the wavelet transform coefficients of the electric motor current are analyzed. This data and the 
fuzzy logic device help to determine the current and additional load to ensure the reliability of electric motors. 

Research Results. To check the operability of the proposed method for calculating the current and additional 
load, a stand was used (Fig. 5). It consisted of four electromechanical lifting jacks with a DC drive KY110AS0415-15B-
D2 synchronously moving the load. 

Fig. 5. Location of the faulty jack and a possible option for correcting 
the operating mode of the parallel kinematic structure mechanism 

The current load on the drives is estimated based on the analysis of all parameters of the straight line 
approximating the envelopes of the wavelet transform coefficients, taking into account the characteristic scales for a 
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Table 1
Fuzzy knowledge base of the model for calculating the additional load factor

Jack number Change factor of the jack load
1 2 3 4 5 6 … n 1 2 3 4 5 6 … n
1 1 1 1 1 1 … … 0 0 0 0 0 0 … …
1 0 1 1 1 1 … … 0.5 0 0.5 0 0 0 … …
1 0 0 1 1 1 … … 1 0 0 1 0 0 … …
1 0 0 0 1 1 … … 1.5 0 0 0 1.5 0 … …
1 0 0 0 0 1 … … 2 0 0 0 0 2 … …
1 0 1 0 1 1 … … 0.5 0 1 0 0.5 0 … …

…. ….. … … … … … … … … … … … … … …

Combining the two developed models, we obtain a general model for determining the current and additional
loads on the drives of the parallel kinematic structure mechanism (Fig. 4).

Fig. 4. Structure of the model for calculating current and additional loads on the drives of the parallel kinematic structure mechanism

The given model is based on the number and relative position of serviceable drives of the parallel kinematic structure
mechanism. At the same time, taking into account the characteristic scales, the relative coefficients of the lines approximating
the envelopes of the values of the wavelet transform coefficients of the electric motor current are analyzed. This data and the
fuzzy logic device help to determine the current and additional load to ensure the reliability of electric motors.

Research Results. To check the operability of the proposed method for calculating the current and additional
load, a stand was used (Fig. 5). It consisted of four electromechanical lifting jacks with a DC drive KY110AS0415-15B-
D2 synchronously moving the load.

Fig. 5. Location of the faulty jack and a possible option for correcting
the operating mode of the parallel kinematic structure mechanism

The current load on the drives is estimated based on the analysis of all parameters of the straight line
approximating the envelopes of the wavelet transform coefficients, taking into account the characteristic scales for a 
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known serviceable drive operating in nominal mode. In our case, we are talking about the results of the first 
measurement of the current signal of the drives when they are installed on electromechanical jacks. The obtained data is 

used as reference 0 0,k b . The current values of measured parameters k, b are compared to them. 

Relative coefficients ,k b   for each scale of the wavelet coefficients are calculated, and the current load on 

each drive is determined. The calculations have shown that the average load on all drives is approximately the same — 
29.52% of the maximum. The experiment objective is to test the possibility of redistributing the load to two adjacent 
jacks, and to study the system behavior in this case. The load moved by a faulty jack is redistributed to two adjacent 
jacks in equal shares — 14.76 % each. Then, the total load on drives 1 and 3 (Fig. 5) is 44.28 %. According to the load 
diagram, it is safe for the servo. The load on the drive of the fourth jack remains unchanged — 29.52 %. Since 
coefficient k is negative for all drives, and their absolute values are significantly greater than 0, the drives have a 
sufficient safety margin.  

To determine the impact of this load redistribution on the technical condition of the drives, the mechanical and 
electromechanical characteristics of the servos are analyzed. It is established that all three operating modes are 
acceptable for the servo drive under consideration. They do not cause dynamic overloads and premature failure. This 
makes it possible to ensure the reliable functioning of the complex during repair work. 

Discussion and Conclusions. A model for estimating the current and additional load on the electric drives of 
the parallel kinematic structure mechanisms is developed. The data obtained in this way is required for correcting the 
operating mode of the drive system in the event of a failure of the actuators. To calculate the load, the coefficients of the 
straight line approximating the envelope of the current wavelet coefficients are used, taking into account the 
characteristic scales. In addition, the number and mutual position of the faulty jacks relative to each other are taken into 
account. The experiments validate the adequacy of the methods presented. 
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Analysis of the speed and curvature of the trajectory in the problem of 
pursuing a set of targets 

А. A. Dubanov          
Banzarov Buryat State University (Ulan-Ude, Russian Federation) 
 alandubanov@mail.ru 

Introduction. A kinematic model of group pursuit of a set of targets on a plane is considered. Pursuers use a technique 
similar to parallel approach method to achieve goals. Unlike the parallel approach method, the speed vectors of pursuers 
and targets are directed arbitrarily. In the parallel approach method, the instantaneous directions of movement of the 
pursuer and the target intersect at a point belonging to the circle of Apollonius. In the group model of pursuing multiple 
goals, the pursuers try to adhere to a network of predictable trajectories.  
Materials and Methods. The model sets the task of achieving goals by pursuers at designated points in time. This 
problem is solved by the methods of multidimensional descriptive geometry using the Radishchev diagram. The 
predicted trajectory is a composite line that moves parallel to itself when the target moves. On the projection plane 
“Radius of curvature — speed value”, the permissible speed range of the pursuer is displayed in the form of level lines 
(these are straight lines parallel to one of the projection planes). Images of speed level lines are displayed on the 
projection plane “Radius of curvature — time to reach the goal”. The search for points of intersection of the speed line 
images and the appointed time level line is being conducted. Along the communication lines, the values of the 
intersection points are lowered to the plane “Radius of curvature — speed value”. Using the obtained points, we 
construct an approximating curve and look for the intersection point with the line of the assigned speed. As a result, we 
get values of the radius of the circle at the predicted line of the trajectory of the pursuer. 
Results. Based on the results of the conducted research, test programs have been created, and animated images have 
been made in the computer mathematics system. 
Discussion and Conclusions. This method of constructing trajectories of pursuers to achieve a variety of goals at a 
given time values can be in demand by developers of autonomous unmanned aerial vehicles. 

Keywords: multidimensional analysis, Radishchev plot, target, pursuer, trajectory, radius of curvature. 
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Introduction. We consider a model for calculating the trajectory of the pursuer on a plane, where at each 
moment of time, a predicted trajectory from the pursuer to the target is built, and the pursuer will try to stick to it 
(Fig. 1). 
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Fig. 1. Group pursuit of multiple goals 

Curves 𝑙𝑙1(𝑠𝑠), 𝑙𝑙2(𝑠𝑠), 𝑙𝑙3(𝑠𝑠) consist of a circular arc segment and a straight-line segment. In our model, the radius 
of the circles is the curvature constraint of the predicted trajectories of the pursuers1,2,3. 

The research task in this paper can be described as follows: pursuers, moving along a one-parameter network 
of predicted trajectories, must achieve their goals at designated times, including simultaneously. Methods of 
multidimensional descriptive geometry using the Radishchev diagram are selected for the solution. The one-parameter 
network (Fig. 2) consists of congruent lines of parallel transport. Each line is an analog of the line of sight (it is a 
straight line connecting the pursuer and the target). 

 
Fig. 2. One-parameter networks of predicted trajectory of pursuers 

A combination of a circle and a straight line is selected for the model. There are many options for providing 
curvature constraints (Cornu spiral, a cubic parabola conjugating with a straight line, etc.). To achieve the goals, the 
pursuers use a method similar to the parallel approximation method [1–4]. However, in our case, the speed of the 

                                                 
1Bannikov AS. A nonstationary group pursuit problem. Lobachevskie chteniya: Proc. 5th Youth Sci. School-Conf. Trudy matematicheskogo tsentra 
im. N. I. Lobachevskogo. Kazan: Izd-vo Kazanskogo matematicheskogo obshchestva; 2006. P. 26–28. (In Russ.) 
2Izmestyev IV, Ukhobotov VI. Pursuit problem of low-maneuverable objects with a ring-shape terminal set. In: Proc. Int. Conf. Ryazan: Publ. House 
of RSU named for S. Yesenin; 2016. P. 17–18. (In Russ.) 
3Borie R, Tovey C, Koenig S. Algorithms and Complexity Results for Pursuit-Evasion Problems. In: Proc. Int. Joint Conf. on Artificial Intelligence 
(IJCAI), 2009. P. 59–66. 
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pursuers is directed arbitrarily, and in the method of parallel approximation, the speed lines of the pursuer and the target 
intersect at a point on the Apollonian circle. 

In the test program, written using the materials of the paper, objects move around a square [−30: 30] ×
[−30: 30]. The calculation is made in meters. The studies were carried out for speeds of 20 m/s. The initial radius of the 
circles with the predicted trajectories was 2 m. If at the moment of the beginning of the pursuit, the pursuer was at point 
𝑃𝑃𝑖𝑖  with speed vector 𝑉𝑉𝑖𝑖, then the center of circle 𝐶𝐶𝑖𝑖 of radius 𝑟𝑟𝑖𝑖 will be at point:   

𝐶𝐶𝑖𝑖 = 𝑃𝑃𝑖𝑖 ± 𝑟𝑟𝑖𝑖 ∙
[
−𝑉𝑉𝑖𝑖𝑦𝑦
𝑉𝑉𝑖𝑖𝑥𝑥

]

|𝑉𝑉𝑖𝑖|
. 

Then, from the point of target position 𝑇𝑇𝑖𝑖  , a tangent to circle (𝐶𝐶𝑖𝑖, 𝑟𝑟𝑖𝑖) is constructed. The combination of the 
tangent and the circle is the baseline of the predicted trajectory of pursuer 𝑙𝑙𝑖𝑖(𝑠𝑠). Note that in the equation of the baseline 
from a one-parameter set of predicted trajectories, parameterization is performed from the arc length.   

At the new position of target 𝑇𝑇𝑖𝑖 , line 𝑙𝑙𝑖𝑖(𝑠𝑠) shifts while remaining parallel to itself (Fig. 3).  

 
Fig. 3. Iterative process of calculating the trajectory of the pursuer 

Assume that the i-th pursuer at the moment 𝑡𝑡𝑗𝑗  is at point 𝑃𝑃𝑖𝑖𝑗𝑗 , while having a predictable trajectory 𝑙𝑙𝑖𝑖𝑗𝑗(𝑠𝑠) 
between the current position of target 𝑇𝑇𝑖𝑖𝑗𝑗. In this case, the next point of the pursuer trajectory will be 𝑃𝑃𝑖𝑖𝑗𝑗+1.  

𝑃𝑃𝑖𝑖𝑗𝑗+1 — point of intersection of line 𝑙𝑙𝑖𝑖𝑗𝑗+1(𝑠𝑠), which corresponds to the position of target 𝑇𝑇𝑖𝑖𝑗𝑗+1 at the next 

moment in time 𝑡𝑡𝑗𝑗+1  and the circle with center 𝑃𝑃𝑖𝑖𝑗𝑗  and radius |𝑉𝑉𝑖𝑖𝑗𝑗| ∙ ∆𝑡𝑡 , ∆𝑡𝑡 = 𝑡𝑡𝑗𝑗+1 − 𝑡𝑡𝑗𝑗 . This is the model for 

constructing the trajectories of the pursuer 4, 5.  
Consider the task of group pursuit, when a group of pursuers catches up with a group of targets. We assume 

that each pursuer 𝑃𝑃𝑖𝑖  seeks to achieve its goal 𝑇𝑇𝑖𝑖 , although some pursuers may have the same goals (Fig. 1, 2).   
Moreover, pursuer 𝑃𝑃𝑖𝑖  reaches goal 𝑇𝑇𝑖𝑖  in a certain time 𝑡𝑡𝑖𝑖, moving at a certain speed 𝑉𝑉𝑖𝑖. To achieve the goals 

simultaneously, it is required that all  𝑡𝑡𝑖𝑖 are equal to a certain value.   
Figure 1 shows that to change the length of the baseline, you can change the radius of the tangent circle. The 

tangent is introduced so that the pursuer can smoothly switch to a straight trajectory. If this were the case, then the task 
would be reduced to the pursuit by the parallel approximation method. 

The initial speed of the pursuer is directed arbitrarily, which provides using the parallel approximation method 
with respect to curvature constraints (Fig. 2). For this, a composite baseline is used, which, when the target moves, 
remains parallel to itself; there is a smooth transition to the parallel approximation method with respect to curvature 
constraints (Fig. 3). Figure 2 is supplemented with a link to an animated image where you can see a smooth transition to 
parallel approximation6. 

The purpose of this paper is to describe the method by which the pursuer reaches the goal at the appointed time 
from the acceptable values. We can also consider the simultaneous achievement of goals by a group of pursuers [5–9].  

                                                 
4Dubanov AS, Seveen A-K. Kinematic model of the parallel approximation method: state registration certificate of computer software. Banzarov 
Buryat State University. RU 2020665641. No. 2020664886, 2020. (In Russ.) 
5Dubanov AS, Seveen A-K. Modeling of trajectory of the pursuer on the surface using the parallel approximation method: state registration certificate 
of computer software. Banzarov Buryat State University. RU 2020666553. No. RU 2020666553, 2020. (In Russ.) 
6 Dubanov A. Dognat' odnovremenno. Ploskost' 1. URL: https://www.youtube.com/watch?v=7VNHNwCbWrg (accessed: 22.05.2021). (In Russ.) 
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Materials and Methods. Based on the research results, a test program for simultaneous achievement of goals 
by pursuers has been developed, which can be viewed at the author's resource. The proposed algorithm implements an 
iterative scheme for calculating the trajectory of the pursuer (Fig. 3).  

The model assumes a dependence for pursuer 𝑃𝑃, who reaches goal 𝑇𝑇 in time 𝑡𝑡: 
𝑡𝑡 = 𝐹𝐹(𝑃𝑃𝑠𝑠, 𝑇𝑇𝑠𝑠, 𝑛𝑛𝑃𝑃, 𝑛𝑛𝑇𝑇, 𝑉𝑉𝑃𝑃, 𝑉𝑉𝑇𝑇, 𝑅𝑅). 

Here, 𝑃𝑃𝑠𝑠, 𝑇𝑇𝑠𝑠 — coordinates of the position points of the pursuer and the target at the moment of the beginning of the 

pursuit; 𝑛𝑛𝑃𝑃, 𝑛𝑛𝑇𝑇 — unit vectors of the direction of movement of the pursuer and the target at the time of the beginning of 

the pursuit; 𝑉𝑉𝑃𝑃, 𝑉𝑉𝑇𝑇 — speed modules of the pursuer and the target during the pursuit; 𝑅𝑅 — radius of the circle, whose 
meaning is shown in Fig. 1, 3.  

In fact, the model calculates the number of steps for which the pursuer reaches the goal. With a known discrete 
time interval, the number of steps can be compared to real time. 

If the target moves rectilinearly and uniformly, then the time-to-target dependence in the already started 
iterative process can be considered a function of two variables — the speed modulus of the pursuer and the radius of 
curvature of the circle:  

𝑡𝑡 = 𝐹𝐹(𝑉𝑉𝑃𝑃, 𝑅𝑅). 

In the model, it is assumed that the pursuer moves at constant speed 𝑉𝑉𝑃𝑃, but nothing prevents us from changing 
the values of the speed modulus, as well as the radius of curvature. Let us assume that the speed module takes discrete 
values from the series 𝑉𝑉𝑃𝑃𝑖𝑖, 𝑖𝑖 ∈ [1: 𝑁𝑁], and the radii of the circles in Fig. 1, 3 take the values 𝑅𝑅𝑗𝑗, 𝑗𝑗 ∈ [1: 𝑀𝑀].  

For further research, the Radishchev diagram is used, where coordinate planes (𝑅𝑅, 𝑉𝑉) and (𝑅𝑅, 𝑡𝑡) are used (Fig. 4). 

Fig. 4. Determination of the radius of the circle on the Radishchev diagram 

Figure 4 shows the experimental construction of time dependences 𝑡𝑡𝑖𝑖,𝑗𝑗 = 𝐹𝐹(𝑉𝑉𝑃𝑃𝑖𝑖, 𝑅𝑅𝑗𝑗). Graphs on the plane(𝑅𝑅, 𝑡𝑡) 

show how the time to reach the target depends on the radius of the circle 𝑅𝑅  at fixed speed value  𝑉𝑉𝑃𝑃.  

As one of the optimizing factors [10–11] on the plane (𝑅𝑅, 𝑡𝑡), equality 𝑡𝑡 = 𝑡𝑡0  is selected, where 𝑡𝑡0  — the 

required time to achieve the target. Next, to solve our problem on plane (𝑅𝑅, 𝑉𝑉), equality 𝑉𝑉𝑃𝑃 = 𝑉𝑉𝑃𝑃0 is selected as the 

second optimizing factor, where 𝑉𝑉𝑃𝑃0 — the constant speed of the pursuer. 

𝑉𝑉𝑃𝑃𝑖𝑖, 𝑖𝑖 ∈ [1: 𝑁𝑁] 

Functions of the time for which the 
pursuer reaches the target, 
corresponding to the speeds 
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The problem statement says that the speed module of the pursuer is unchanged. Nevertheless, the constructed 

series of speed values is required for calculating the radius of the circle 𝑅𝑅0 on the projection plane(𝑅𝑅, 𝑉𝑉). 

Along the communication lines on the projection plane (𝑅𝑅, 𝑉𝑉) , there are corresponding points of intersection 

with the lines of the speed level 𝑉𝑉𝑃𝑃𝑖𝑖(Fig. 4). According to the obtained points, a polynomial regression is performed in 

the test program, and as a result, we get a function of the dependence of the pursuer speed on the radius of the circle at 
which the target is achieved in time 𝑡𝑡0. 

  Then we seek the intersection point of function 𝑉𝑉𝑃𝑃 = 𝑓𝑓(𝑅𝑅) with the line of the level 𝑉𝑉𝑃𝑃 = 𝑉𝑉𝑃𝑃0. Abscissa of the 

intersection point 𝑅𝑅0 is the desired radius of the circle, at which pursuer P reaches target 𝑇𝑇 during time 𝑡𝑡0 at speed 𝑉𝑉𝑃𝑃0. 

The calculation is carried out under the condition that the target moves uniformly and rectilinearly. If the target 
changes direction or speed, then a new radius of the circle of the composite baseline is calculated (analogous to the line 
of sight of the parallel approximation method), a new time of reaching is set at the same speed of the pursuer. 

With a uniform and rectilinear movement of the target, the lowest limit of the time of achievement is fixed 
when the speed of the pursuer is directed to point K on the Apollonius circle (Fig. 5). This position was considered in 
the works of R. Aizeks [12], L. S. Pontryagin [13], L. A. Petrosyan [14-16], N. N. Krasovsky and A. I. Subbotin [17]. 

 

Fig. 5. The circle of Apollonius 

The Apollonius circle is a geometric place of points, the ratio of the distances from which to two given points 
is a constant value, other than unity: |𝑃𝑃𝑃𝑃|/|𝑇𝑇𝑃𝑃| =  |𝑉𝑉𝑃𝑃|/|𝑉𝑉𝑇𝑇| (Fig. 5). 

When considering the multiple pursuit of a group of targets in the test program, a preliminary calculation of the 
trajectories of the pursuers is made with the given initial parameters. From the times of achieving targets, the largest 
time is selected for calculating simultaneous achievement, and it will be the criterion for calculating the trajectories of 
the other pursuers7, 8. This moment is illustrated in an animated image, where three pursuers achieve two targets 
simultaneously9. 

Figure 6 shows how a shorter time was set for one of the pursuers to reach the target. Figure 6 is also 
supplemented with a link to an animated image where you can see the achievement of targets at different designated 
times10, 11, 12. 

                                                 
7 Dubanov AS, Seveen A-K. Modeling of the method of parallel approximation on the surface: state registration certificate of computer software. 
RU 2021618896. No 2021617979, 2021. (In Russ.)  
8 Dubanov AS, Seveen A-K. Parallel approach model on plane of group of pursuers with simultaneous achievement of the goal: state registration 
certificate of computer software. RU 2021618920. No. 2021614416, 2021. (In Russ.) 
9 Dubanov A. NM 1. URL: https://www.youtube.com/watch?v=tdbgoNoby3A (accessed: 22.05.2021). 
10 Dubanov A. NM 3. URL: https://www.youtube.com/watch?app=desktop&v=F6MTsWZL2BY&feature=youtu.be (accessed: 22.05.2021). 
11 Dubanov A. NM 2. URL: https://www.youtube.com/watch?v=NNJDJOJT34I (accessed: 17.08.2021). 
12 Dubanov A. NM 1. Ibid. (accessed: 17.08.2021). 



ht
tp

://
ve

st
ni

k-
do

ns
tu

.ru

280

Advanced Engineering Research 2021. V. 21, no. 3. P. 275−283.  ISSN 2687−1653 

Fig. 6. Achieving targets at different designated times 

Research Results. Figure 7 shows some results of multivariate analysis in the problem of simultaneous 
achievement of the target by two pursuers. 

Fig. 7. Multivariate analysis results in the problem on simultaneous target achievement by two pursuers 
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Fig. 6. Achieving targets at different designated times

Research Results. Figure 7 shows some results of multivariate analysis in the problem of simultaneous
achievement of the target by two pursuers.

Fig. 7. Multivariate analysis results in the problem on simultaneous target achievement by two pursuers
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Dubanov А. A. Analysis of the speed and curvature of the trajectory in the problem of pursuing a set of targets 

The target moves rectilinearly and uniformly. A number of permissible speeds was built for each pursuer. The 
permissible values of the radius of the circle are varied using the discrete variable 𝑑𝑑𝑑𝑑 (scale in Fig. 7).   

We construct a one-parameter network of lines on the projection plane(𝑑𝑑𝑑𝑑, 𝑡𝑡) . Each line corresponds to a 
certain speed value and expresses the dependence of the time-to-target on the increment of the radius of the circle. 
Figure 7 shows a one-parameter network of speed lines of one of the pursuers. A similar network was built for the 
second one in the test program of the multivariate analysis.  

For each pursuer, the first optimizing factor is selected [10–11], which is responsible for simultaneous 
achievement: 

𝑡𝑡 = 𝑡𝑡0. 
Here, 𝑡𝑡0 — the longest of the times of reaching the target if the pursuers independently caught up with the target under 
the same initial conditions. 

On the plane (𝑑𝑑𝑑𝑑, 𝑡𝑡) , we seek the intersection points of the lines of the level 𝑡𝑡 = 𝑡𝑡0 with the speed lines of the 
one-parameter network. The intersection points are found using the built-in procedures for solving equations. In the 
MathCAD computer mathematics system, this can be root procedure. Values 𝑑𝑑𝑑𝑑 and 𝑉𝑉 on the projection plane (𝑑𝑑𝑑𝑑, 𝑉𝑉) 
correspond to the found intersection points. 

The built-in polynomial regression procedure is applied to the obtained points on the projection plane, and the 
characteristic curve of the speed dependence on the radius of the circle of the composite baseline is found (Fig. 1). 

On the projection plane (𝑑𝑑𝑑𝑑, 𝑉𝑉), Figure 7 shows the same characteristic line of speed dependence for another 
pursuer. Then, the second optimizing factor 𝑉𝑉1 = 𝑉𝑉2 = 𝑉𝑉0 is applied. In the test program, objects move at the same 
speeds. The built-in means of computer mathematics find the points of intersection with the line of the level 𝑉𝑉 = 𝑉𝑉0. 
Values 𝑑𝑑𝑑𝑑1 and 𝑑𝑑𝑑𝑑2 correspond to these points. 

When starting the iterative process, the simultaneous achievement of the target by two pursuers was recorded 
(the animation to Fig. 2). At the same time, the values of the increments 𝑑𝑑𝑑𝑑1 and 𝑑𝑑𝑑𝑑2 to the initial radius of the circle 
were found and set:  

— value of the time to reach the target 𝑡𝑡0,  
—  speed modules 𝑉𝑉0, s. 
The paper describes a method for achieving multiple goals by a group of pursuers with the ability to set the 

time to achieve them. Simultaneous achievement of goals is a particular result of this approach, which the method of 
parallel approximation develops. When implementing the method in space, it should be ensured that the vectors of the 
pursuer and the target are in the same plane13. 

Let us consider the case of pursuit in three-dimensional space under the following conditions: we want to 
reduce the problem to the method of parallel approximation, but the speed of the pursuer is directed arbitrarily. In this 
case, the baseline of the predicted trajectories of the pursuer movement should be built in the plane formed by the line 
of sight and the speed of the pursuer. 

The next step of the pursuer is the intersection point of a sphere with a radius equal to the step of the pursuer, 
and the baseline, moved in parallel so that one end of it is aligned with the point of the target position.  

Let us turn to the question of finding the circle of Apollonius and point 𝐾𝐾 in three-dimensional space. The 
circle itself will be in the plane formed by the line of sight and the speed of the target. We define such parameters of the 
Apollonian circle as the center of the circle (point 𝑄𝑄), the radius of the circle 𝑟𝑟, the Apollonian point (𝐴𝐴) and point 𝐾𝐾.  
This end, the target speed vector, the speed module of the pursuer, the positions of the pursuer, and the target, are taken 
into account. There is an analytical solution to this problem in a flat coordinate system (see Fig. 5). The coordinate 
center is located at the point of the target position. The abscissa vector will be a unit vector along the line of sight 
connecting the positions of the pursuer and the target. The ordinate vector will be perpendicular to the abscissa vector, 
but in the plane formed by the line of sight and the target speed vector. 

13 Dubanov A. Simultaneous achievement of the goal on a plane.  Geometrical modeling in MathCAD. URL: http://dubanov.exponenta.ru (accessed: 
22.05.2021). (In Russ.) 
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Discussion and Conclusions. The multidimensional descriptive geometry methods used in this work are based 
on the variation of the speed modules and the radii of curvature of circles. At the same time, according to the conditions 
of the problem, the speed modules of the pursuers are unchanged. 

The paper takes into account the results achieved in works [18, 19, 20]. 
The proposed approach makes it possible to analyze the modules of speeds and directions of the initial 

movement. 
The model of four-dimensional space presented in the papers of V. P. Bolotov (Bolotov’s hypergraph)14 should 

be used to analyze: 
— speed modules, 
— radii of circles adjacent to the pursuers, 
— initial directions of movement of the pursuers. 
The research results presented in the paper can be in demand by developers of unmanned aerial vehicles that 

perform group coordinated tasks. The role of the guidance operator can be reduced to specifying goals and monitoring 
the performance of tasks. 
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Discussion and Conclusions. The multidimensional descriptive geometry methods used in this work are based
on the variation of the speed modules and the radii of curvature of circles. At the same time, according to the conditions
of the problem, the speed modules of the pursuers are unchanged.

The paper takes into account the results achieved in works [18, 19, 20].
The proposed approach makes it possible to analyze the modules of speeds and directions of the initial

movement.
The model of four-dimensional space presented in the papers of V. P. Bolotov (Bolotov’s hypergraph)14 should

be used to analyze:
— speed modules,
— radii of circles adjacent to the pursuers,
— initial directions of movement of the pursuers.
The research results presented in the paper can be in demand by developers of unmanned aerial vehicles that

perform group coordinated tasks. The role of the guidance operator can be reduced to specifying goals and monitoring
the performance of tasks.
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A method for generating a local network graph based on the analysis of address sets 
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2 Kazan Agricultural State University (Kazan, Russian Federation) 
 galushkavv@yandex.ru 

Introduction. The paper deals with the problem of automated construction of a local area network using tools and 
methods for traffic analysis at the link layer of OSI model. The problem is caused by two factors. These are difficulties 
of the manual determination of the communication between equipment and the lack of physical access to communica-
tion lines of an already functioning network. The purpose of the work is to reduce the time spent on building a local 
network diagram through automating the process of determining the communication between the equipment. 
Materials and Methods. To solve the set tasks, a method for determining the relative location of devices is proposed. 
The network adapters of a specialized software and hardware complex, which are connected to a communication line 
break at different points of the network, are used in opposite directions. The method used is based on calculations of 
intersections of address sets received from these adapters. The structural schemes of the construction of such a software 
and hardware complex and the requirements for it are given. The methods of obtaining MAC addresses from transit 
packets are described. Examples of libraries of software components for performing this operation are given. The struc-
ture of a relational database is proposed for storing the received data. The format and content of the fields of its table are 
described. 
Results. Using the developed methods, a typical example of an Ethernet network shows a way to determine the relative 
location of end devices specified by their MAC addresses, as well as at least two switches located between them. The 
signs by which it is possible to judge the presence of switching equipment in a particular segment are determined. A 
method is proposed that enables through using a set of relational operations, to sequentially refine the network topology 
until the required accuracy is achieved. 
Discussion and Conclusions. The results obtained can be used under the administration of large local networks with an 
extensive structure. The proposed approach allows you to reduce the time required for building a scheme. This is possi-
ble due to the automation of the process of obtaining information about devices operating on the network and their mu-
tual location. 

Keywords: network topology, graph, tree, local network, traffic analysis, sets, relational operations. 
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Introduction. Large local area networks are characterized by a complex configuration of physical connections, 
which to a great extent determines the efficiency of their work [1, 2]. In practice, the organization does not always have 
a detailed scheme or other documentation describing the network equipment and its interconnections. This significantly 
complicates the administration procedures and conditions the urgency of the problem of determining the structure of 
connections in the operated network for further construction of the layout and connection of nodes. 

Communication lines are most often hidden behind the elements of the structure or decoration of the building, 
only switchgear is available. In this case, it is impossible to understand to which of the network nodes each connected 
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Introduction. The paper deals with the problem of automated construction of a local area network using tools and
methods for traffic analysis at the link layer of OSI model. The problem is caused by two factors. These are difficulties
of the manual determination of the communication between equipment and the lack of physical access to communica-
tion lines of an already functioning network. The purpose of the work is to reduce the time spent on building a local
network diagram through automating the process of determining the communication between the equipment.
Materials and Methods. To solve the set tasks, a method for determining the relative location of devices is proposed.
The network adapters of a specialized software and hardware complex, which are connected to a communication line
break at different points of the network, are used in opposite directions. The method used is based on calculations of
intersections of address sets received from these adapters. The structural schemes of the construction of such a software 
and hardware complex and the requirements for it are given. The methods of obtaining MAC addresses from transit 
packets are described. Examples of libraries of software components for performing this operation are given. The struc-
ture of a relational database is proposed for storing the received data. The format and content of the fields of its table are
described.
Results. Using the developed methods, a typical example of an Ethernet network shows a way to determine the relative 
location of end devices specified by their MAC addresses, as well as at least two switches located between them. The
signs by which it is possible to judge the presence of switching equipment in a particular segment are determined. A
method is proposed that enables through using a set of relational operations, to sequentially refine the network topology
until the required accuracy is achieved.
Discussion and Conclusions. The results obtained can be used under the administration of large local networks with an
extensive structure. The proposed approach allows you to reduce the time required for building a scheme. This is possi-
ble due to the automation of the process of obtaining information about devices operating on the network and their mu-
tual location.
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Introduction. Large local area networks are characterized by a complex configuration of physical connections,
which to a great extent determines the efficiency of their work [1, 2]. In practice, the organization does not always have
a detailed scheme or other documentation describing the network equipment and its interconnections. This significantly
complicates the administration procedures and conditions the urgency of the problem of determining the structure of
connections in the operated network for further construction of the layout and connection of nodes.

Communication lines are most often hidden behind the elements of the structure or decoration of the building,
only switchgear is available. In this case, it is impossible to understand to which of the network nodes each connected

Galushka V. V., et al. A method for generating a local network graph based on the analysis of address sets 

cable leads. Therefore, the task arises on constructing a network diagram based on the analysis of data obtained from 
the traffic captured at certain points. We are talking about places that are potentially available for connecting additional 
software and hardware that analyze traffic. The objective is to reduce the time spent on building a local network 
scheme. 

The described task is complicated by the fact that all the information related to the functioning of the local 
network belongs to the second (data link) layer of the OSI model, and a significant part of the important data in the 
packet belongs to a higher level — the network [3, 4].  

Most methods of traffic analysis are designed for processing network-level information [5]. In this regard, 
there is a need to develop methods that allow you to get all the necessary data for building a network diagram from the 
packet headers of the data link layer of the OSI model. On the other hand, network topologies at the data link layer are 
simpler than at the network layer, and they are always strictly regulated by the relevant standards1. 

Materials and Methods. The Ethernet standard, which is widely used for building local computer networks, 
provides for the use of the “tree” topology for organizing connections between nodes [5]. In graph theory, a “tree” is 
defined as a connected circuit-free graph [6]. An important consequence of this definition is that there is one and only 
one path between any pairs of vertices in the tree [7]. This allows you to abandon the search for routes within such a 
network and greatly simplify the operation of the equipment. 

When constructing a graph, the set of its vertices and the connections between them is determined [8]. In 
relation to the network graph, vertices are network hardware. To address it within the local network, the MAC addresses 
assigned by the manufacturer are used. They are unique for each device and have 6 bytes in size [9]. The header of each 
network packet contains two MAC addresses: the sender and the recipient. They do not change during the transmission 
of a packet within the local network, and therefore in the problem under consideration, they can be used to identify 
network nodes. 

When building a network graph, the major difficulty is determining the connections. Each connection links two 
vertices, whose relative location, as noted above, is unknown due to their great distance or hidden telecommunications 
routing. Connections can link devices of different types: switch-computer or switch-switch. The latter constitute the 
data transmission infrastructure and are of the greatest interest in terms of analyzing the network topology. In contrast, 
the connections of switchgear with computers describe the final vertices of the graph. At the same time, computers 
connected to the same switch can be conditionally combined into a group, since their mutual location relative to other 
computers will be the same. As a group, we can also consider larger sets of nodes, including computers connected to 
two or more nearby switches (i.e., those responsible for communication within one floor of a building or several offices 
of one department). In general, nodes that are part of a set should be located closer to each other than to nodes that are 
not part of the set or are part of another set [10]. At the first approximation, the entire local network can be considered 
as such a set, because its nodes are closely interconnected and separated from other networks [11]. 

The research idea is to consistently refine the network topology. For this, we will divide the set of MAC 
addresses of the devices included in it into smaller subsets, up to the definition of groups of computers connected to 
separate switches. 

The division into subsets is performed relative to the points at which a hardware device capable of analyzing 
network packets and extracting address and other information from them is connected to the network. Such a device can 
be a laptop or a single-board computer that can work simultaneously with two network adapters. This will allow them to 
be connected to break the connection. As a result, a part of the network will be connected to each of the two network 
adapters. 

It is important to note the difference between the terms “vertex” and “point”. A vertex is a part of the network 
graph that denotes some equipment: a switch or an end device. A point is the connection point of the specified hardware 
complex, which is always located between two vertices. 

Taking into account the linking of the analyzing device to the connection break, it is required to provide the 
operability of the communication line in which this break occurs. To that end, the network adapters must be connected 
through the operating system. A “bridge” type connection is used, when packets arriving at one of the interfaces are 
transmitted to the other one using the OSI model data link layer mechanisms, that is, without taking into account IP 

1 IEEE 802.3-2018 — IEEE Standard for Ethernet. IEEE Standard Association. standards.ieee.org. URL: https://standards.ieee.org/standard/802_3-
2018.html (accessed: 11.04.2021). 
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addresses, routing, NAT, etc. This method of organizing the connection is completely transparent to other devices on 
the network, it does not change packets and does not manifest itself in any other way. 

The main task of the device under consideration is to extract MAC addresses from transit packets. At this 
(first) stage of building a local network graph, traffic capture utilities (to write it into a file and analyze) or specialized 
libraries of software components (to analyze traffic in real time) are used [12, 13]. Depending on the operating system, 
the libraries may differ; however, as a rule, they are all based on Pcap (Packet Capture). 

Regardless of the method of obtaining MAC addresses, information on them must be stored in the database. 
Taking into account the previously described features of the building a network diagram, we note the following 
requirements. For each MAC address, additional information is recorded: 

— about the point to which the device that received the MAC address is connected;  
— about the network interface from which the MAC address was received as the sender's address [14]. 
As a result, the database table will be described by relation А with the following scheme:  

A (id, address, point, side). 
Here, id — primary key used only for identifying records in the table; address — MAC address of the device in the 
network extracted from the passing packet; point — network connection point (physical location); side — symbol of the 
network interface that transmitted the packet from which the MAC address was extracted.   

After the formation of the MAC address database for a certain number of traffic capture points, the next stage 
begins — building a network diagram. It is based on information about the distribution of MAC addresses obtained for 
different connection points. Let us denote two arbitrary of them as p1 and p2. For each point, two sets of addresses 
should be received, each — from a separate network adapter. Let us denote X and Y — sets of addresses for point p1, Z 
and V — sets of addresses for point p2 (Fig. 1).  

X:
A4-57-F3�
A1-D0-4B�
AE-3A-58�

Y:
B0-0D-3F�
B7-DE-09�
C8-24-6F�
C6-2A-30�
C2-C7-88�

Подключение в точке p1

Z:
A4-57-F3�
A1-D0-4B�
AE-3A-58�
B0-0D-3F�
B7-DE-09�

V:
C8-24-6F�
C6-2A-30�
C2-C7-88�

Подключение в точке p2

Мост

Мост

Линия связи

Fig. 1. Distribution of addresses across sets when connecting to different points of the network 

From now on, only the first part is specified for the MAC addresses to shorten the record. Within the 
framework of the example under consideration, it is unique, and this is enough to reflect the work of the method. 

Based on the obtained distribution of addresses across sets corresponding to different network interfaces, it is 
possible to draw initial conclusions about the mutual location of devices. To do this, you need to calculate all possible 
intersections for two points, that is, X ⋂ Z, X ⋂ V, Y ⋂ Z, Y ⋂ V. 

It is advisable to calculate intersections by means of a database management system. This is because: 

Connection at point p1 

Connection at point p2 

 

 

Bridge 

Bridge 

Communication line 
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addresses, routing, NAT, etc. This method of organizing the connection is completely transparent to other devices on
the network, it does not change packets and does not manifest itself in any other way.

The main task of the device under consideration is to extract MAC addresses from transit packets. At this
(first) stage of building a local network graph, traffic capture utilities (to write it into a file and analyze) or specialized
libraries of software components (to analyze traffic in real time) are used [12, 13]. Depending on the operating system,
the libraries may differ; however, as a rule, they are all based on Pcap (Packet Capture).

Regardless of the method of obtaining MAC addresses, information on them must be stored in the database.
Taking into account the previously described features of the building a network diagram, we note the following
requirements. For each MAC address, additional information is recorded:

— about the point to which the device that received the MAC address is connected; 
— about the network interface from which the MAC address was received as the sender's address [14].
As a result, the database table will be described by relation А with the following scheme: 

A (id, address, point, side).
Here, id — primary key used only for identifying records in the table; address — MAC address of the device in the
network extracted from the passing packet; point — network connection point (physical location); side — symbol of the
network interface that transmitted the packet from which the MAC address was extracted.

After the formation of the MAC address database for a certain number of traffic capture points, the next stage
begins — building a network diagram. It is based on information about the distribution of MAC addresses obtained for
different connection points. Let us denote two arbitrary of them as p1 and p2. For each point, two sets of addresses
should be received, each — from a separate network adapter. Let us denote X and Y — sets of addresses for point p1, Z
and V — sets of addresses for point p2 (Fig. 1). 

X:
A4-57-F3�
A1-D0-4B�
AE-3A-58�

Y:
B0-0D-3F�
B7-DE-09�
C8-24-6F�
C6-2A-30�
C2-C7-88�

Подключение в точке p1

Z:
A4-57-F3�
A1-D0-4B�
AE-3A-58�
B0-0D-3F�
B7-DE-09�

V:
C8-24-6F�
C6-2A-30�
C2-C7-88�

Подключение в точке p2

Мост

Мост

Линия связи

Fig. 1. Distribution of addresses across sets when connecting to different points of the network

From now on, only the first part is specified for the MAC addresses to shorten the record. Within the 
framework of the example under consideration, it is unique, and this is enough to reflect the work of the method.

Based on the obtained distribution of addresses across sets corresponding to different network interfaces, it is
possible to draw initial conclusions about the mutual location of devices. To do this, you need to calculate all possible 
intersections for two points, that is, X ⋂ Z, X ⋂ V, Y ⋂ Z, Y ⋂ V.

It is advisable to calculate intersections by means of a database management system. This is because:

Connection at point p1

Connection at point p2

Bridge

Bridge

Communication line
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— information on the address belonging to a set is stored in the database, 
— operations on sets are supported in relational algebra [15]. 
You need to execute queries equivalent to the following set of expressions: 

X ⋂ Z = Пaddress (σpoint = 1 ∧ side = 1 (A)) ⋂ (σ point = 2 ∧ side = 1 (A))), 
X ⋂ V = Пaddress (σpoint = 1 ∧ side = 1 (A)) ⋂ (σpoint = 2 ∧ side = 2 (A))), 
Y ⋂ Z = Пaddress (σpoint = 2 ∧ side = 1 (A)) ⋂ (σpoint = 1 ∧ side = 1 (A))), 
Y ⋂ V = Пaddress (σpoint = 2 ∧ side = 2 (A)) ⋂ (σpoint = 1 ∧ side = 2 (A))). 

Research Results. Let us consider an example of the application of the proposed methodology for constructing 
a network topology based on the distribution of sets of MAC addresses shown in Fig. 1. Determine the required 
intersections of the sets: 

X ⋂ Z = {A4 – 57 – F3, A1 – D0 – 4B, AE – 3A – 58}, 
X ⋂ V = ∅, 

Y ⋂ Z = {B0 – 0D – 3F, B7 – DE – 09}, 
Y ⋂ V = {C8 – 24 – 6F, C6 – 2A – 30, C2 – C7 – 88}. 

You can notice that one of the intersections (X and V) — is an empty set. This result is obtained for oppositely 
directed sides. Accordingly, the other sets (Y and Z), on the contrary, represent the sides directed at each other, and the 
result of their intersection is the addresses located between the measurement points, that is, between p2 and p1.  

The remaining intersections represent the addresses located on opposite sides of the measurement points. X and 
V represent oppositely directed sides. Therefore, the remaining intersection, in which X (that is, X ⋂ Z) participates, 
includes addresses located on the side of point p1, Y ⋂ V — on the side of point p1. Thus, it is possible to make an initial 
conclusion on the relative location of all the addresses obtained under the analysis, as well as on their location relative 
to the measurement points (Fig. 2). 

p1 p2

A4-57-F3�
A1-D0-4B�
AE-3A-58�

B0-0D-3F�
B7-DE-09�

C8-24-6F�
C6-2A-30�
C2-C7-88�

Fig. 2. Mutual arrangement of devices and points 

It should be remembered that the points on this diagram are not network nodes (in particular, switches). 
However, the results obtained allow us to make the following assumption: if a set includes several addresses, it means 
that there is at least one switch inside it. We will substantiate the statement as follows: several computers cannot be 
connected directly; this requires appropriate network equipment (Fig. 3). 

A4-57-F3�
A1-D0-4B� AE-3A-58� C8-24-6F� C6-2A-30�

C2-C7-88�
B0-0D-3F� B7-DE-09�

p1 p2

Fig. 3. Network scheme 

The scheme shown in Fig. 3 is not final since there may be not one, but several switches inside each of the sets. 
At the next stages of the method, you should perform similar operations for each of the obtained sets, receiving MAC 
addresses at other points in the network. Each new measurement will provide refining the scheme and supplementing it 
with new switching nodes. 

Discussion and Conclusions. A method for efficiently constructing a network scheme is proposed. The 
approach is based on an automated analysis of open information extracted from packets transmitted over the network. 
This technique is an alternative to the physical search for communication lines and the determination of the devices 
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connected by them. The application of the proposed solutions can significantly reduce the time spent by system 
administrators on determining the location of all devices and drawing them on the network diagram. The advantage of 
the method is the possibility of sequential refinement of the topology of network connections to obtain the required 
accuracy. 
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connected by them. The application of the proposed solutions can significantly reduce the time spent by system
administrators on determining the location of all devices and drawing them on the network diagram. The advantage of
the method is the possibility of sequential refinement of the topology of network connections to obtain the required
accuracy.
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To the problem of using an automated workplace by people with disabilities 
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Introduction. Employees of the banking sector with health restrictions have negative experience of using internal 
software to interact with customers and perform their official duties. Many employees, for example, with hearing 
problems, would like to work in call centers, but do not have this opportunity due to the outdated software. The research 
objective is to analyze the priority tasks for the further development of software products, taking into account the 
existing health problems of employees. 
Materials and Methods. One of the subsystems of the automated workplace (hereinafter referred to as the AWP) was 
selected the software, which allows the employee to interact directly with the clients of the given organization. The 
analysis used the method of expert evaluation by T. L. Saati with the assistance of one of the experts in the development 
of software for people with disabilities. 
Results. Using the fundamental preference scale and expert opinion in the field of software development for people 
with disabilities, a priority matrix was built for each of the criteria (subtitles, simplified fonts, voice guidance, 
simplified and remote management) and platforms (IOS, Android, Windows OS), as well as a global priority matrix for 
all criteria and platforms. 
Discussions and Conclusions. An expert assessment of several characteristics of the software of a commercial banking 
organization of the Russian Federation was carried out to identify the disadvantages of using the software by employees 
with disabilities. During the analysis, intermediate conclusions were made: the most demanded criterion for people with 
hearing problems is “Subtitle”; for people without the ability to leave the house — “Remote control”; for people with 
amputations or irreversible limb injuries — “Simplified control”. The other parameters are not recommended for 
implementation. 

Keywords: expert assessment, automated workplace, disability, commercial software, analytic hierarchy process. 
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Introduction. Employees of the banking sector with health restrictions have negative experience of using internal
software to interact with customers and perform their official duties. Many employees, for example, with hearing
problems, would like to work in call centers, but do not have this opportunity due to the outdated software. The research
objective is to analyze the priority tasks for the further development of software products, taking into account the
existing health problems of employees.
Materials and Methods. One of the subsystems of the automated workplace (hereinafter referred to as the AWP) was
selected the software, which allows the employee to interact directly with the clients of the given organization. The 
analysis used the method of expert evaluation by T. L. Saati with the assistance of one of the experts in the development
of software for people with disabilities.
Results. Using the fundamental preference scale and expert opinion in the field of software development for people 
with disabilities, a priority matrix was built for each of the criteria (subtitles, simplified fonts, voice guidance,
simplified and remote management) and platforms (IOS, Android, Windows OS), as well as a global priority matrix for
all criteria and platforms.
Discussions and Conclusions. An expert assessment of several characteristics of the software of a commercial banking
organization of the Russian Federation was carried out to identify the disadvantages of using the software by employees
with disabilities. During the analysis, intermediate conclusions were made: the most demanded criterion for people with
hearing problems is “Subtitle”; for people without the ability to leave the house — “Remote control”; for people with
amputations or irreversible limb injuries — “Simplified control”. The other parameters are not recommended for
implementation.
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Introduction. The interaction of a client and an employee of a corporate organization is implemented through
the complex software, which is designed to control access to the company's products and accelerate the processing of
client requests. This is, for example, the customer relationship management system (CRM system) [1], which has
proven itself well in the call center. There is also software for the cybersecurity department, where logging and listening
of client or employee events takes place. All of the above, in contrast to the products used directly by customers, is
poorly adapted for employees with physical disabilities (disability).
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The analysis of some software characteristics is carried out to identify weaknesses in this problem. The 
assessment was carried out by the method of analyzing hierarchy of T. L. Saaty with the involvement of an expert on 
software for people with disabilities. 

Materials and Methods. Expert evaluation by the Analytic Hierarchy Process (AHP) is the decomposition of 
the problem and the identification of the importance of criteria with the help of experts in this field. This method is well 
suited under the conditions of complete certainty and when there are many criteria [1]. 

According to expert opinion, the solution to the most acute problems with software for people with disabilities 
can be: 

— simplified fonts for people with trouble seeing; 
— voice guidance for visually impaired people; 
— simplified management for people with amputations or irreversible limb injuries; 
— subtitles for people with hearing problems; 
— remote control for people without the ability to leave the house. 
These problems can be implemented on the three most popular platforms for employee interaction with the 

application (channels): Android, iOS, Web browser. Initially, the problem is decomposed into criteria, and the 
decomposition is complete if each platform interacts with each criterion (Fig. 1). 

To determine preferences for each platform and each problem, a pairwise comparison matrix is built. To do 
this, it is required to specify the evaluation scale (fundamental scale) [2–4], which has the form of an associative table 
(Table 1). 

Table 1 

Fundamental scale of preferences 

Degree of preference Definition 
1 Both alternatives are the same in preference 
2 Intermediate position between the same and average preference 

3 
One of the alternatives, according to the expert, 

is more preferable than the second 

4 
Intermediate position between average and 

moderately strong preference 

5 
One of the alternatives, according to the expert, 

is clearly preferable than the second 

6 
Intermediate position between moderately strong and 

very strong preference 
7 One of the alternatives, according to the expert, 

Criterion selection 

Simplified 
fonts 

Voice 
guidance 

Simplified 
management 

Subtitles 
Remote 
control 

Fig. 1. Hierarchy of selection criteria for people with disabilities 
 

Web browser Android iOS 
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Degree of preference Definition 

is much more preferable than the second 

8 
Intermediate position between a very strong and  

absolutely strong preference 

9 
One of the alternatives, according to the expert,  

is absolutely preferable than the second 

Research Results. Priority1 is calculated for each criterion [5]. To that end, a matrix is built (Table 2). Each 
criterion is compared to all the others on a scale from 1 to 9. Next, the product and sum for each criterion are found to 
analyze the local priority vector. The sum of local priorities, if calculated correctly, should be equal to one [6]. 

From the calculations, it can be concluded that the most preferred criterion is “Subtitles”. The next preferred 
criteria are “Simplified management” and “Remote control”.  

Local priority vector Vв is found from the formula: 

 𝑉𝑉в =  
√∏ 𝐾𝐾𝑖𝑖

𝑛𝑛
𝑖𝑖=1

𝑛𝑛

∏ 𝐾𝐾𝑖𝑖
𝑛𝑛
𝑖𝑖=1

,   (1) 

where n — number of criteria; K — criterion. 
Table 2 

Assessment of the criteria importance   

 
 
 
 

Criterion 

Matrix by criteria 
Calculation parameters  

from formula (1) 

 Simplified 
fonts 

Voice 
guidance 

Simplified 
management 

Subtitles 
Remote 
control 

Product √5  of 
product 

Local 
priority 
vector 

Simplified 
fonts 

1 5 1/4 1/2 1/3 0.20 0.72 0.12 

Voice 
guidance 

1/5 1 1/5 1/4 1/4 0.002 0.28 0.04 

Simplified 
management 

4 5 1 1/2 1/3 3.33 1.27 0.21 

Subtitles 2 3 5 1 1 30 1.97 0.32 
Remote 
control 

3 2 3 1 1 18 1.78 0.29 

Total 10.2 16 9.45 3.25 2.91 – 6.02 ~ 1.000 
 
Consistency index I shows the degree of consistency of the expert's estimates [7] and is calculated from the 

formulas: 

   𝐼𝐼 = |𝛼𝛼 −𝑛𝑛|
𝑛𝑛−1 ,  (2) 

 α = ∑ 𝑉𝑉𝑖𝑖 ∙ 𝑆𝑆𝑖𝑖
𝑛𝑛
𝑖𝑖=1 ,  (3) 

where V — priority vector; S — sum of criteria; n — i-th criterion. 
 
 
 
 
Consistency ratio R is determined from the formula: 

 𝑅𝑅 = 𝐼𝐼
𝐿𝐿 ∙ 100 % ,  (4) 

where L — random consistency. 

                                           
1 Krugova, I. V. Analiz kriteriev innovatsionnykh proektov PAO «Megafon» na osnove metoda analiza ierarkhii Saaty. In: Proc. III Sci.-Pract. All-
Russian Conf. Tolyatti: Izd-vo Kachalin Aleksandr Vasil'evich; 2017. P. 297–302. (In Russ.) 
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Degree of preference Definition
is much more preferable than the second

8
Intermediate position between a very strong and

absolutely strong preference

9
One of the alternatives, according to the expert, 

is absolutely preferable than the second

Research Results. Priority1 is calculated for each criterion [5]. To that end, a matrix is built (Table 2). Each
criterion is compared to all the others on a scale from 1 to 9. Next, the product and sum for each criterion are found to
analyze the local priority vector. The sum of local priorities, if calculated correctly, should be equal to one [6].

From the calculations, it can be concluded that the most preferred criterion is “Subtitles”. The next preferred
criteria are “Simplified management” and “Remote control”.

Local priority vector Vв is found from the formula:

𝑉𝑉в =
√∏ 𝐾𝐾𝑖𝑖

𝑛𝑛
𝑖𝑖=1

𝑛𝑛

∏ 𝐾𝐾𝑖𝑖
𝑛𝑛
𝑖𝑖=1

, (1)

where n — number of criteria; K — criterion.
Table 2

Assessment of the criteria importance

Criterion

Matrix by criteria
Calculation parameters

from formula (1)

Simplified
fonts

Voice 
guidance

Simplified
management

Subtitles
Remote 
control

Product √5 of 
product

Local 
priority
vector

Simplified
fonts

1 5 1/4 1/2 1/3 0.20 0.72 0.12

Voice 
guidance

1/5 1 1/5 1/4 1/4 0.002 0.28 0.04

Simplified
management

4 5 1 1/2 1/3 3.33 1.27 0.21

Subtitles 2 3 5 1 1 30 1.97 0.32
Remote 
control

3 2 3 1 1 18 1.78 0.29

Total 10.2 16 9.45 3.25 2.91 – 6.02 ~ 1.000

Consistency index I shows the degree of consistency of the expert's estimates [7] and is calculated from the 
formulas:

𝐼𝐼 = |𝛼𝛼 −𝑛𝑛|
𝑛𝑛−1 , (2)

α = ∑ 𝑉𝑉𝑖𝑖 ∙ 𝑆𝑆𝑖𝑖
𝑛𝑛
𝑖𝑖=1 , (3)

where V — priority vector; S — sum of criteria; n — i-th criterion.

Consistency ratio R is determined from the formula:
𝑅𝑅 = 𝐼𝐼

𝐿𝐿 ∙ 100 % , (4)
where L — random consistency.

1 Krugova, I. V. Analiz kriteriev innovatsionnykh proektov PAO «Megafon» na osnove metoda analiza ierarkhii Saaty. In: Proc. III Sci.-Pract. All-
Russian Conf. Tolyatti: Izd-vo Kachalin Aleksandr Vasil'evich; 2017. P. 297–302. (In Russ.)
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Random consistency is imperative values, which are given in Table 3 for matrices of different dimensions [8, 
9]. In this case, the value is taken for a matrix of 5 criteria. 

Table 3 

Random consistency values for matrices of different orders 

Matrix size 1 2 3 4 5 6 7 8 9 10 
Random consistency 0 0 0.58 0.9 1.12 1.24 1.32 1.41 1.45 1.49 

We calculate from formulas (2)–(4): 
α = 10.2 ∙ 0.12 + 16 ∙ 0.04 + 9.45 ∙ 0.21 + 3.25 ∙ 0.32 + 2.91 * 0.29 = 5.7324; 

𝐼𝐼 = |5.7324 – 5| / (5 – 1) = 0.1831; 
𝑅𝑅 = 0.1831 / 1.12 ∙ 100 = ~16 %. 

Parameter 𝑅𝑅 has a valid value (no more than 20 %). 
At this stage, priority is determined for each of the criteria, and consistency of expert opinions is checked [10, 

11]. The calculations are given in Tables 4–8. 
Table 4 

Priority matrix for the “Simplified fonts” criterion 

Platform 
Matrix for platforms Calculation parameters 

Web Android iOS Product √3  of product Priority vector 
Web 1 2 6 12 2.28 0.59 

Android 1/2 1 4 2 1.25 0.32 
iOS 1/6 1/4 1 0.04 0.34 0.08 

Total 1.66 3.25 11 – 3.87 – 

Using formulas (2)–(4) and Table 4, we calculate the consistency estimate [12]: 
α = 1.66 ∙ 0.59 + 3.25 ∙ 0.32 + 11 ∙ 0.08 = 2.8994; 

𝐼𝐼 = |2.8994 – 3| / (3 – 1) = 0.0503; 
𝑅𝑅 = 0.0503 / 0.58 ∙ 100 = 8.67 %. 

The value of parameter 𝑅𝑅 is valid 
Table 5 

Priority matrix for the “Voiced guidance” criterion 

Platform 
Matrix for platforms Calculation parameters 

Web Android iOS Product √3  of product Priority vector 
Web 1 1/3 2 0.66 0.87 0.23 

Android 3 1 5 15 2.46 0.64 
iOS 1/2 1/5 1 0.1 0.46 0.12 

Total 4.5 1.53 8 – 3.79 – 

Using the previous methodology and the data from Table 5, we calculate the consistency score: 
α = 4.5 ∙ 0.23 + 1.53 ∙ 0.64 + 8 ∙ 0.12 = 2.97; 

𝐼𝐼 = |2.97 – 3| / (3 – 1) = 0.015; 
𝑅𝑅 = 0.015 / 0.58 ∙ 100 = 2.58 %. 

The value of parameter 𝑅𝑅 is valid. 
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Table 6 

Priority matrix for the “Simplified management” criterion 

Platform 
Matrix for platforms Calculation parameters 

Web Android iOS Product √3  of 
product 

Priority 
vector 

Web 1 1 2 2 1.259 0.4 
Android 1 1 2 2 1.259 0.4 

iOS 1/2 1/2 1 0.25 0.629 0.19 
Total 2.5 2.5 5 – 3.147 – 

We calculate the consistency score for simplified management according to the data from Table 6: 
α = 2.5 ∙ 0.4 + 2.5 ∙ 0.4 + 5.0 ∙ 0.2 = 3.0; 

𝐼𝐼 = |2.95 – 3| / (3 – 1) = 0.025; 
𝑅𝑅 = 0.025 / 0.58 ∙ 100 = 4.3 %. 

And in this case, the value of parameter 𝑅𝑅 is valid. 
Table 7 

Priority matrix for the “Subtitles” criterion 

Platform 
Matrix for platforms Calculation parameters 

Web Android iOS Product √3  of product Priority vector 
Web 1 1/5 1/2 0.1 0.46 0.13 

Android 5 1 1 5 1.70 0.49 
iOS 2 1 1 2 1.26 0.36 

Total 8 2.2 2.5 – 3.42 – 

Let us calculate the consistency score using the data from Table 7: 
α = 8 ∙ 0.13 + 2.2 ∙ 0.49 + 2.5 ∙ 0.36 = 3.018; 

𝐼𝐼 = |3.018 – 3| / (3 – 1) = 0.009; 
𝑅𝑅 = 0.009 / 0.58 ∙ 100 = 1.5 %. 

The value of parameter 𝑅𝑅 is valid. 
Table 8 

Priority matrix for the “Remote control” criterion 

Platform 
Matrix for platforms Calculation parameters 

Web Android iOS Product √3  of product Priority vector 

Web 1 1/2 1/6 0.083 0.436 0.101 
Android 2 1 1/5 0.4 0.736 0.172 

iOS 6 5 1 30 3.107 0.726 
Total 9 6.5 1.36 – 4.279 – 

We calculate the consistency score based on the data from Table 8: 
α = 9 ∙ 0.101 + 6.5 ∙ 0.172 + 1.36 ∙ 0.726 = 3.01436; 

𝐼𝐼 = |3.01436 – 3| / (3 – 1) = 0.025; 
𝑅𝑅 = 0.007 / 0.58 ∙ 100 = 1.2 %. 

The value of parameter 𝑅𝑅 is valid. 
The initial data and the results of the calculation of global priorities are shown in Table 9. 
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Table 6

Priority matrix for the “Simplified management” criterion

Platform
Matrix for platforms Calculation parameters

Web Android iOS Product √3 of
product

Priority
vector

Web 1 1 2 2 1.259 0.4
Android 1 1 2 2 1.259 0.4

iOS 1/2 1/2 1 0.25 0.629 0.19
Total 2.5 2.5 5 – 3.147 –

We calculate the consistency score for simplified management according to the data from Table 6:
α = 2.5 ∙ 0.4 + 2.5 ∙ 0.4 + 5.0 ∙ 0.2 = 3.0;

𝐼𝐼 = |2.95 – 3| / (3 – 1) = 0.025;
𝑅𝑅 = 0.025 / 0.58 ∙ 100 = 4.3 %.

And in this case, the value of parameter 𝑅𝑅 is valid.
Table 7

Priority matrix for the “Subtitles” criterion

Platform
Matrix for platforms Calculation parameters

Web Android iOS Product √3 of product Priority vector
Web 1 1/5 1/2 0.1 0.46 0.13

Android 5 1 1 5 1.70 0.49
iOS 2 1 1 2 1.26 0.36

Total 8 2.2 2.5 – 3.42 –

Let us calculate the consistency score using the data from Table 7:
α = 8 ∙ 0.13 + 2.2 ∙ 0.49 + 2.5 ∙ 0.36 = 3.018;

𝐼𝐼 = |3.018 – 3| / (3 – 1) = 0.009;
𝑅𝑅 = 0.009 / 0.58 ∙ 100 = 1.5 %.

The value of parameter 𝑅𝑅 is valid.
Table 8

Priority matrix for the “Remote control” criterion

Platform
Matrix for platforms Calculation parameters

Web Android iOS Product √3 of product Priority vector

Web 1 1/2 1/6 0.083 0.436 0.101
Android 2 1 1/5 0.4 0.736 0.172

iOS 6 5 1 30 3.107 0.726
Total 9 6.5 1.36 – 4.279 –

We calculate the consistency score based on the data from Table 8:
α = 9 ∙ 0.101 + 6.5 ∙ 0.172 + 1.36 ∙ 0.726 = 3.01436;

𝐼𝐼 = |3.01436 – 3| / (3 – 1) = 0.025;
𝑅𝑅 = 0.007 / 0.58 ∙ 100 = 1.2 %.

The value of parameter 𝑅𝑅 is valid.
The initial data and the results of the calculation of global priorities are shown in Table 9.

Baskakov A. A., et al. To the problem of using an automated workplace by people with disabilities 

Table 9 

Initial data and results of the calculation of global priorities 

Platform 

Matrix of global priorities by criteria 
Global priority 

vector 
Simplified 

fonts 
Voiced 

guidance 
Simplified 

management 
Subtitled 

Remote 
control 

0.12 0.04 0.21 0.32 0.29 
Web 0.59 0.23 0.4 0.13 0.101 0.23489 

Android 0.32 0.64 0.4 0.49 0.172 0.35468 
iOS 0.08 0.12 0.19 0.36 0.726 0.38004 
Sum – – – – – ~1 

The calculation of global priority C of each platform relative to the criteria is performed from the formula [13]: 

,
n

g l
ni

С P P   

where n — i-th criterion; 𝑃𝑃𝑔𝑔  — global priority of i-th criterion; 𝑃𝑃𝑙𝑙  — relative priority of each platform for i-th criterion. 
Calculate the global priority of all alternatives: 
 for Web:(0.12 ∙ 0.59) + (0.04 ∙ 0.23) + (0.21 ∙ 0.4) + (0.32 ∙ 0.13) + (0.29 ∙ 0.101) = 0.23489;
 for Android: (0.12 ∙ 0.32) + (0.04 ∙ 0.64) + (0.21 ∙ 0.4) + (0.32 ∙ 0.49) + (0.29 ∙ 0.172) = 0.35468;
 for IOS: (0.12 ∙ 0.08) + (0.04 ∙ 0.12) + (0.21 ∙ 0.19) + (0.32 ∙ 0.36) + (0.29 ∙ 0.726) = 0.38004.
Based on the calculation results, the priority is the iOS platform aimed at the development of functionality for

people with disabilities, the Android platform is the closest to the priority [14]. 
Discussion and Conclusions. The conducted research using the hierarchy analysis method, considering the 

expert opinion, has shown that the most required criterion for people with hearing problems is “Subtitles” (index 0.32); 
for people without the ability to leave home — “Remote control” (index 0.29); for people with amputations or 
irreversible limb injuries — “Simplified management” (index 0.21). Other parameters are not recommended for 
implementation. 

For the implementation of the “Subtitles” criterion, the required platform is Android OS (index 0.49). The iOS 
operating system has also turned out to be necessary enough (index 0.36). “Remote control” is most needed on the iOS 
platform (index 0.726). The “Simplified management” criterion equally requires Android and the Web version of the 
service (both indexes are 0.4). The global platform index for all criteria has shown the highest priority of iOS 
development. 
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